
THEOREM OF THE DAY

Pascal’s trianglen = 0 . . .12. Using Stirling’s approximation (& rounding) Ratio of actual to unrounded approximation

Stirling’s Approximation For positive integers n, the value of the factorial function n! is given asymp-
totically by

n! ≈
√
τn nne−n,

where τ = 2π.

Since binomial coefficients
(

n
k

)

can be calculated as
(

n
k

)

= n!/k!(n − k)! we can use Stirling’s approximation to calculate the approximate values in Pascal’s triangle, as

shown here. The boxed values locate the so-calledcentral binomial coefficients, for which our approximation simplifies neatly to
(

n
n/2

)

∼ 2n+1/
√
τn. They indicate that

Stirling’s approximation is increasing in accuracy asn increases. The distance between the actual and approximated values grows larger withn but their ratio grows closer
and closer to one so that,asymptotically, the approximation is accurate. The approximation may also be stated as an equalityn! =

√
τn(n/e)n(1 + O(1/n)

)

. The O(1/n)
represents additional terms which vanish as quickly as or quicker than 1/n; it may be ‘expanded’ as far as desired: Knuth replaces 1+O(1/n) with 1+1/(12n)+1/(288n2)−
139/(51840n3) − 571/(2488320n4) +O(1/n5) which, rounding to the nearest integer, gives the exact value ofn! up ton = 12.

It was indeed the study of central binomial coefficients in connection with probability calculations that led Abraham De Moivre
to look for a series expansion of logn!. James Stirling sent De Moivre a solution in 1730, for whichDe Moivre found a clever
simplification at the expense of omitting the constant

√
τ. In fact, tables of logs of factorials were still published until the end

of the last century, although Stirling’s formula has long since become a standard tool in pure and applied mathematics.
Web link: theoremoftheday.org/Binomial/Stirling/Byron-Schmuland-notes.pdf(notes by Byron Schmuland)
Further reading: The Art of Computer Programming by Donald E. Knuth, Addison-Wesley, 1999 edition. Vol. 1, section 1.2.11.
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