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Preface

This book is a development of lectures given by the author numerous times at
the University of Colorado, and once at the University of California, Berkeley. A
large portion was written while the author worked at the Forschungsinstitut fur
Mathematik, Eidgennossische Technische Hochschule, Zurich.

A detailed description of the contents of the book, notational conventions, etc.,
is found at the end of the introduction.

The author’s main professional debt is to Alfred Tarski, from whom he learned
logic. Several former students have urged the author to publish such a book as this;
for such encouragement I am especially indebted to Ralph McKenzie.

I wish to thank James Fickett and Stephen Comer for invaluable help in finding
(some of the) errors in the manuscript. Comer also suggested several of the
exercises.

J. Donald Monk
October, 1975
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Introduction

Leafing through almost any exposition of modern mathematical logic,
including this book, one will note the highly technical and purely mathe-
matical nature of most of the material. Generally speaking this may seem
strange to the novice, who pictures logic as forming the foundation of mathe-
matics and expects to find many difficult discussions concerning the philos-
ophy of mathematics. Even more puzzling to such a person is the fact that
most works on logic presuppose a substantial amount of mathematical back-
ground, in fact, usually more set theory than is required for other mathe-
matical subjects at a comparable level. To the novice it would seem more
appropriate to begin by assuming nothing more than a general cultural
background. In this introduction we want to try to justify the approach used
in this book and similar ones. Inevitably this will require a discussion of the
philosophy of mathematics. We cannot do full justice to this topic here, and
the interested reader will have to study further, for example in the references
given at the end of this introduction. We should emphasize at the outset
that the various possible philosophical viewpoints concerning the nature or
purpose of mathematics do not effect one way or the other the correctness
of mathematical reasoning (including the technical results of this book). They
do effect how mathematical results are to be intuitively interpreted, and which
mathematical problems are considered as more significant.

We shall discuss first a possible definition of mathematics, and then turn
to a deeper discussion of the meaning of mathematics. After this we can in
part justify the methods of modern logic described in this book. The intro-
duction closes with an outline of the contents of the book and some comments
on notation.

As a tentative definition of mathematics, we may say it is an a priori, exact,
abstract, absolute, applicable, and symbolic scientific discipline. We now
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Introduction

consider these defining characteristics one by one. To say that mathematics
is a priori is to say that it is independent of experience. Unlike physics or
chemistry, the laws of mathematics are not laws of nature or dependent upon
laws of nature. Theorems would remain valid in other possible worlds, where
the laws of physics might be entirely different. If we take mathematical
knowledge to mean a body of theorems and their formal proofs, then we can
say that such knowledge is independent of all experience except the very
rudimentary process of mechanically checking that the proofs are really
proofs in the logical sense—lists of formulas subject to rules of inference.
Of course this is a very limited conception of mathematical knowledge, but
there can be little doubt that, so conceived, it is a priori knowledge. Depending
on one’s attitude towards mathematical truth, one might wish to broaden
this view of mathematical knowledge; we shall discuss this later. Under
broadened views, it is certainly possible to challenge the a priori nature of
mathematics; see, e.g., Kalmar [6] (bibliography at the end of this intro-
duction).

Mathematics is exact in the sense that all its terms, definitions, rules of
proof, etc. have a precise meaning. This is especially true when mathematics
is based upon logic and set theory, as it is customary to do these days. This
aspect of mathematics is perhaps the main thing that distinguishes it from
other scientific disciplines. The possibility of being exact stems partially from
its a priori nature. It is of course difficult to be very precise in discussing
empirical evidence, because nature is so complex, difficult to classify, obser-
vations are subject to experimental error, etc. But in the realm of ideas
divorced from experience it is possible to be precise, and in mathematics one
is precise. Of course some parts of philosophical speculation are concerned
with a priori matters also, but such speculation differs from mathematics in
not being exact.

Another distinguishing feature of mathematical discourse is that it is
generally much more abstract than ordinary language. One of the hallmarks
of modern mathematics is its abstractness, but even classical mathematics is
very abstract compared to other disciplines. Number, line, plane, etc. are not
concrete concepts compared to chairs, cars, or planets. There are different
levels of abstractness in mathematics, too; one may contemplate a progression
like numbers, groups, universal algebras, categories. This characteristic of
mathematics is shared by many other disciplines. In physics, for example,
discussion may range from very concrete engineering problems to possible
models for atomic nuclei. But in mathematics the concepts are a priori,
already implying some degree of abstractness, and the tendency toward
abstractness is very rampant.

Next, mathematical results are absolute, not revisable on the basis of
experience. Again, viewing mathematics just as a collection of theorems and
formal proofs, there is little to quarrel with in this statement. Thus we see
once more a difference between mathematics and experimental evidence; the
latter is certainly subject to revision as measurements become more exact.
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Introduction

Of course the appropriateness of a mathematical discipline for a given
empirical study is highly subject to revision. Experimental evidence and a
posteriori teasoning hence play a role in motivation for studying parts of
mathematics and in the directions for mathematical research. One’s attitude
toward the absoluteness of mathematics is also colored by differing commit-
ments to the nature of mathematical truth (see below).

A feature of mathematics which is probably not inherent in its nature is
its applicability. A very great portion of mathematics arises by trying to give
a precise mathematical theory for some concrete, perhaps even nonmathe-
matical, situation. Of course geometry and much of classical mathematics
arose in this way from special intuition derived from actual sense evidence.
Also, logic owes much to this means of development; formal languages arose
from less formal mathematical discourse, the notion of Turing machine from
the intuitive notion of computability, etc. Many very abstract mathematical
disciplines arose from an analysis of less abstract parts of mathematics, and
may hence be subsumed under this facet of the discipline; group theory and
algebraic topology may be mentioned as examples. This aspect of mathematics
is emphasized in Rogers [12], for example.

Finally, the use of symbolic notation is a main characteristic of mathe-
matics. This is connected with its exact nature, but even more connected
with the development of mathematics as a kind of language. In fact, mathe-
matics is often said just to be a language of a special kind. Most linguists
would reject this claim, for mathematics fails to satisfy many of their criteria
for a language, e.g., that of universality (capability of expressing usual events,
emotions, ideas, etc. which occur in ordinary life). But mathematics does
have many features in common with ordinary languages. It has proper
names, such as = and e, and many mathematical statements have a subject—
predicate form. In fact, almost all mathematical statements can be given an
entirely nonsymbolic rendering, although this may be awkward in many cases.
Thus mathematics can be considered as embedded in the particular natural
language—English, Russian, etc.—in which it is partially expressed. But
also mathematics can, in principle, be expressed purely symbolically; in-
deed, a large portion of mathematics was so expressed in Russell and
Whitehead’s Principia Mathematica.

Now we turn to a discussion of the nature of mathematical truth. We shall
briefly mention three opposed views here: platonism, formalism, and in-
tuitionism. The views of most mathematicians as to what their subject is all
about are combinations of these three. On a subjective evaluation, we would
estimate the mathematical world as populated with 65%, platonists, 309,
formalists, and 5%, intuitionists. We describe here the three extremes. There
are (perhaps) more palatable versions of all three.

According to extreme platonism, mathematical objects are real, as real as
any things in the world we live in. For example, infinite sets exist, not just
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Introduction

as a mental construct, but in a real sense, perhaps in a ‘““hyperworld.”” Simi-
larly, nondenumerable sets, real numbers, choice functions, Lebesgue measure,
and the category of all categories have a real existence. Since all of the mathe-
matical objects are real, the job of a mathematician is as empirical as that
of a geologist or physicist; the mathematician looks at a special aspect of
nature and tries to discover some of the facts. The various mathematical
statements, like the Riemann hypothesis or the continuum hypothesis, are
either true or false in the real world. The axioms of set theory are axioms in
the Greek sense—self-evident statements which form a partial basis to deduc-
tively arrive at other truths. Hence such results as the independence of the
continuum hypothesis relative to the usual set-theoretical axioms force the
platonist into a search for new insights and intuitions into the nature of sets
so as to decide the truth or falsity of those statements which cannot be
decided upon the basis of already accepted facts. Thus for him the inde-
pendence results are not results about mathematics, but just about the
formalization of mathematics. This view of mathematics leads to some
revisions of the “definition” of mathematics we gave earlier. Thus it no
longer is independent of empirical facts, but is as empirical as physics or
chemistry. But since a platonist will still insist upon the absolute, immutable
nature of mathematics, it still has an a priori aspect. For more detailed
accounts of platonism see Mostowski [10] or Godel [3].

In giving the definition of mathematics we have implicitly followed the
view of formalists. A formalist does not believe that any mathematical
objects have a real existence. For him, mathematics is just a collection of
axioms, theorems, and formal proofs. Of course, the activity of mathematics
is not just randomly writing down formal proofs for random theorems. The
choices of axioms, of problems, of research directions, are influenced by a
variety of considerations—practical, artistic, mystical—but all really non-
mathematical. A revised version of platonism is to think of mathematical
concepts not as actually existing but as mental constructs. A very extensive un-
derstructure for much of formalism is very close to this version of platonism—
the formal development of a mathematical theory to correspond to certain
mental constructions. Good examples are geometry and set theory, both of
which have developed in this way. And all concept analysis (e.g., analyzing
the intuitive notion of computability) can be viewed as philosophical bases for
much formal mathematics. Another motivating principle behind much
formalism is the desire to inter-relate different parts of mathematics; for
example, one may cite the ties among sentential logic, Boolean algebra,
and topology. Thus while mathematics itself is precise and formal, a mathe-
matician is more of an artist than an experimental scientist. For more on
formalism, see Hilbert [5], A. Robinson [11], and P. Cohen [2]. For another
discussion of platonism and formalism see Monk [9].

Intuitionism is connected with the constructivist trend in mathematics:
a mathematical object exists only if there is a (mental) construction for it.
This philosophy implies that much ordinary mathematics must be thrown
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out, while platonism and formalism can both be used to justify present day
mathematics. Even logical principles themselves must be modified on the
basis of intuitionism. Thus the law of excluded middle—for any statement A,
either 4 holds or (not A) holds—is rejected. The reasoning here goes as
follows. Let A4, for example, be the statement that there are infinitely many
primes p such that p + 2 is also a prime. Then 4 does not presently hold,
for we do not possess a construction which can go from any integer m given
to us and produce primes p and p + 2 with m < p. But (not A) also does not
hold, since we do not possess a construction which can go from any hypo-
thetical construction proving A and produce a contradiction. One may say
that intuitionism is the only branch of mathematics dealing directly with real,
constructible objects. Other parts of mathematics introduce idealized con-
cepts which have no constructive counterpart. For most mathematicians this
idealism is fully justified, since one can make contact with verifiable, applicable
mathematics as an offshoot of idealistic mathematics. See Heyting [4] and
Bishop [1].

Now from the point of view of these brief comments on the nature of
mathematics let us return to the problem of justifying our purely technical
approach to logic. First of all, we do want to consider logic as a branch of
mathematics, and subject this branch to as severe and searching an analysis
as other branches. It is natural, from this point of view, to take a no-holds-
barred attitude. For this reason, we shall base our discussion on a set-
theoretical foundation like that used in developing analysis, or algebra, or
topology. We may consider our task as that of giving a mathematical analysis
of the basic concepts of logic and mathematics themselves. Thus we treat
mathematical and logical practice as given empirical data and attempt to
develop a purely mathematical theory of logic abstracted from these data.
Our degree of success, that is, the extent to which this abstraction corresponds
to the reality of mathematical practice, is a matter for philosophers to discuss.
It will be evident also that many of our technical results have important
implications in the philosophy of mathematics, but we shall not discuss these.
We shall make some comments concerning an application of technical logic
within mathematics, namely to the precise development of mathematics.
Indeed, mathematics, formally developed, starts with logic, proceeds to set
theory, and then branches into its several disciplines. We are not in the main
concerned with this development, but a proper procedure for such a develop-
ment will be easy to infer from the easier portions of our discussion in this
book.

Inherent in our treatment of logic, then, is the fact that our whole discus-
sion takes place within ordinary intuitive mathematics. Naturally, we do not
develop this intuitive mathematics formally here. Essentially all that we pre-
suppose is elementary set theory, such as it is developed in Monk [8] for
example. (See the end of this introduction for a description of set-theoretic
notation we use that is not standard.) Since our main concern in the book is
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certain formal languages, we thus are confronted with two levels of language
in the book: the informal metalanguage, in which the whole discussion takes
place, and the object languages which we discuss. The latter will be defined,
in due course, as certain sets (1), in keeping with the foundation of all mathe-
matics upon set theory. It is important to keep sharply in mind this distinction
between language and metalanguage. But it should also be emphasized that
many times we take ordinary metalanguage arguments and ‘“translate’’ them
into a given formal language; see Chapter 17, for example.

Briefly speaking, the book is divided up as follows. Part I is devoted to
the elements of recursive function theory—the mathematical theory of
effective, machine-like processes. The most important things in Part I are
the various equivalent definitions of recursive functions. In Part IT we give a
short course in elementary logic, covering topics frequently found in under-
graduate courses in mathematical logic. The main results are the completeness
and compactness theorems. The heart of the book is in the remaining three
parts. Part III treats one of the two basic questions of mathematical logic:
given a theory 7, is there an automatic method for determining the validity of
sentences in T? Aside from general results, the chapter treats this question
for many ordinary theories, with both positive and negative results. For
example, there is no such method for set theory, but there is for ordinary
addition of integers. As corollaries we present celebrated results of Gdodel
concerning the incompleteness of strong theories and the virtual impossibility
of giving convincing consistency proofs for strong theories. The second basic
question of logic is treated in Part IV: what is the relationship between
semantic properties of languages (truth of sentences, denotations of words,
etc.) and formal characteristics of them (form of sentences, etc.)? Some im-
portant results of this chapter are Beth’s completeness theorem for definitions,
Lindstrom’s abstract characterization of languages, and the Keisler—Shelah
mathematical characterization of the formal definability of classes of struc-
tures. In both of these chapters the languages studied are of a comprehensive
type known as first-order languages. Other popular languages are studied in
Part V, e.g., the type theory first extensively developed by Russeli and
Whitehead and the languages with infinitely long expressions.

Optional chapters in the book are marked with an asterisk *. For the
interdependence of the chapters, see the graph following this introduction.
The book is provided with approximately 320 exercises. Difficult or lengthy
ones are marked with an asterisk *. Most of the exercises are not necessary
for further work in the book; those that are are marked with a prime '. The
end of a proof is signaled by the symbol .

As already mentioned, we will be following the set-theoretical notation
found in [8]. For the convenience of the reader we set out here the notation
from [8] that is not in general use. For informal logic we use * ="’ for *““im-
plies,” “< or “iff” for “if and only if,” *“ =" for “not,” “V” for ““for
all,” and ““3” for *““there exists.”” We distinguish between classes and sets in
the usual fashion. The notation {x : ¢(x)} denotes the class of all sets x such
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that ¢(x). Inclusion and proper inclusion are denoted by < and < respec-
tively. The empty set is denoted by 0, and is the same as the ordinal number
0. Welet A ~ B={x:xeA,x¢ B}. The ordered pair (a, b) is defined by
(a, b) = {{a},{a, b}}; and (a, b, ¢) = ((a, b), ¢), (a, b, ¢, d) = ((a, b, ¢), d), etc.
A binary relation is a set of ordered pairs; ternary, quaternary relations are
defined similarly. The domain and range of a binary relation R are denoted
by Dmn R and Rng R respectively. The value of a function f at an argument a
is denoted variously by °f, .f, % fu fa, f(a); and we may change notation
frequently, especially for typographical reasons. The symbol {7(i):ieI) de-
notes a function f'with domain 7 such that fi = =(i) for all i € I. The sequence
{Xgy .. -» Xm_1y 18 the function with domain m and value x; for each i e m.
The set 4B is the set of all functions mapping A into B. An m-ary relation is a
subset of ™A, for some 4. Thus a 2-ary relation is a set of ordered pairs,
{x, y>. By abuse of notation we shall sometimes identify the two kinds of
ordered pairs, of binary relations, ternary relations, etc. We write f*4 for
{fa:ae A}. Thenotations f: A — B,f: A - B, - A>> B,and f: A>~»> B mean
that fis a function mapping A4 into (onto, one-one into, one-one onto respec-
tively) B. The identity function (on the class of all sets) is denoted by I. The
restriction of a function F to a set A4 is denoted by F | A. The class of all
subsets of A4 is denoted by SA. Given an equivalence relation R on a set 4,
the equivalence class of a € A4 is denoted by [a]z or [a], while the set of all
equivalence classes is denoted by 4/R. Ordinals are denoted by small Greek
letters «, B, y,..., while cardinals are denoted by small German letters
m, n,.... The cardinality of a set 4 is denoted by |A4|. The least cardinal
greater than a cardinal m is denoted by m*. For typographical reasons we
sometimes write (exp (m, n) for m" and exp m for 2™,

One final remark on our notation throughout the book: in various sym-
bolisms introduced with superscripts or subscripts, we will omit the latter when
no confusion is likely (e.g., [a]r and [a] above).
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PART I

Recursive Function Theory

This first part is of a purely mathematical nature, not involving notions of
formal logic. We wish to give precise versions of such intuitive notions as
effective procedure, calculable function, algorithm, effective list, etc. Thus our
topic is in the field of computer science; but it has many applications in logic,
and much of its deeper theory uses concepts from logic. We find it convenient
to have these notions available when we begin the study of logic itself. Much
of logic, particularly the more classical portions, is concerned with problems
of effectiveness, e.g., to try to have an effective method for recognizing theo-
rems in a given mathematical theory. This justifies treating effectiveness before
logic.

We shall briefly talk about these intuitive notions of effectiveness now,
and in the course of this part we shall try to give intuitive versions for some
of our main theorems and proofs. In fact, such intuitive versions are frequently
enlightening and can be translated into rigorous proofs so easily that, with
practice, they can take the place of some of the usual rigorous proofs. Under-
lying all of the notions we shall discuss is the main notion of an effective
procedure. By an effective procedure we understand a purely mechanical, step
by step process which begins with a finite amount of data and proceeds to an
end result, or perhaps proceeds forever, producing output as it goes. An
effective procedure must be specified in advance, in all details, in a cookbook
fashion: first do this, then do that, etc. The specifications must be given in a
finite amount of space and must be completely unambiguous. All the data
are given in a discrete, finite form, and the operating procedure is also to
occupy just a finite amount of physical space. To avoid complications, how-
ever, we put no limit on the (finite) sizes of the data, operating specifications,
or the procedure itself. Many examples of effective procedures are familiar to
us all. There are the usual algorithms for adding and multiplying decimal



Part 1: Recursive Function Theory

numbers; for finding the roots of quadratic equations; for approximating =
to any desired degree of accuracy, etc. It is quite clear that each of these
algorithms can be specified in enough detail to qualify as an effective pro-
cedure in our sense. For most purposes it is not necessary to be any more
explicit or precise than this about what an effective procedure really is.
Mathematics abounds in algorithms, and usually they are easily recognizable
as such. With the advent of large scale computers, a great number of mathe-
matical algorithms have been worked out explicitly as effective procedures in
the hardware or software of computers. However, once we start considering
the possibility of negative results—showing that some procedure is not
effective—it becomes essential to have a precise mathematical notion of
effective procedure.

Using the notion of effective procedure, one can subject common mathe-
matical notions to a process of effectivization. Thus a function f: 4 — B is
effective if there is an effective procedure which, given any element a e 4,
mechanically produces fa in a finite amount of time. A set 4 is effective if
there is an effective procedure which, given any object @, will decide in a
finite amount of time whether a € 4 or a ¢ A. A set A is effectively enumerable
if there is an effective function f mapping w onto A, or, equivalently, if there
is an effective procedure which generates all of the members of A4, one after
another. A real number is effective if the function giving its decimal expansion
is effective. We shall see several concrete and detailed examples of the
effectivization of mathematical notions in this part.

To give a rigorous definition of effective procedure requires considerable
abstraction from the intuitive notion. We can, however, simplify the problem
of giving such a definition in several ways. First, because all such procedures
act upon finite and discrete (not continuous) data, one can restrict attention
to the natural numbers as input and output. Indeed, the natural numbers
can be used to code any finite and discrete data, simply by effectively assigning
numbers to the data; this idea is called Gddel numbering, or arithmetization,
and we shall see many applications of it. Second, among the various mathe-
matical notions applicable to natural numbers, it is reasonable to concentrate
our efforts on effectivizing just one of them, that of a function. Most of the
other effectiveness notions can be easily expressed using the notion of an
effective function, as we shall see.

These two restrictions then enable us to pose a well-defined problem of
applied mathematics: single out rigorously a class of number-theoretic func-
tions which coincides with the intuitive class of effective number-theoretic
functions. This part is devoted to this problem and to the exposition of some
deeper aspects of the theory of effective procedures. There are many rigorous
versions of the notion of effective function. For each of these versions one
can give persuasive arguments that the intuitive notion has been faithfully
captured. All of the versions turn out to be equivalent, which again makes it
plausible that they form adequate rigorous versions of the intuitive notion.
In this part we base our exposition on the version involving Turing machines.

12



Part 1: Recursive Function Theory

Roughly speaking, with them effectivity is identified with calculability by a ma-
chine. We also discuss definitions of effectivity involving closure conditions—
explicitly defining the class of effective functions. Another verson is that of
Markov algorithms, corresponding closely to the intuitive notion of (written)
algorithm. In the exercises we also discuss a version involving generalized
digital computers, and the Herbrand—Gdédel-Kleene calculus of functions. In
Part III another important version—syntactic definability in number theory—
is discussed. Thus there will be available to the reader a variety of equivalent
rigorous versions of effectiveness. Different ones of these versions appeal to
different mathematicians. Each one seems a little arbitrary, and additions to
each are natural to suggest. It turns out, though, that almost all of these
additions are superfluous in the sense that they can be effected in some way
by the original notion. We shall give a few remarks on this topic as we proceed.

13



Turing Machines

In this chapter we shall present a popular mathematical version of
effectiveness, Turing computability, which will form our main rigorous basis
for the mathematical discussion of effectivity. Actually in this section we
present only some of the basic definitions concerning Turing machines and
some elementary results which both illuminate these definitions and form a
basis for later work. The definition of Turing computability itself is found
in Chapter 3. After giving the formal definition of a Turing machine we
discuss briefly the motivation behind the definition.

In our exposition of Turing machines we follow Hermes [2] rather closely.
A Turing machine (intuitively) consists of a mass of machinery, a reading
head, and a tape infinite in both directions. The machine may be in any of
finitely many internal states. The tape is divided up into squares called fields
of the tape (see figure).

L PP PP d

Left " reading head Right

Mass of
machinery

The machine proceeds step by step. At a given step it takes an action depend-
ing on what state it is in and upon what it finds on the field that the reading
head is on. We allow only two symbols, 0 and 1, to be on a given field, and all
but finitely many of the fields have O on them. These are the actions the
machine can take:

(1) Write 0 on the given field (first erasing what is there).
(2) Write 1 on the given field (first erasing what is there).

14



Chapter 1: Turing Machines

(3) Move tape one square to the right.
(4) Move tape one square to the left.
(5) Stop.

We now want to make this rigorous.

Definition 1.1. A Turing machine is a matrix of the form

a 0 n d,
a1 v, dy
¢z 0 v, ds
¢ 1 v, d,

¢ 0 van_y dopy

Cn 1 Vagn d2n

Cn 0 Vam—1 dom-y
em 1 vgn dom

where: ¢, ..., c, are distinct members of w, vi,...,v5,€{0, 1,2, 3,4}
and dy,...,dsne{C1,. .., Cn}. C1, .- .,Cyp are called states. ¢, is called the
initial state of the machine.

We think of a row ¢; ¢ v; d; of this matrix as giving the following informa-

tion: when the machine is in state ¢; and scans the symbol ¢ on the tape, it
takes action v; and then moves into state d,. Here the action given by v, is
as follows:

Uy
Uy
]
7]
Uy

= 0: write 0 on scanned square;

= 1: write 1 on scanned square;

= 2: move tape one square to the right;
= 3: move tape one square to the left;
= 4: stop.

To make this precise, we proceed as follows:

Definition 1.2. Let Z be the set of all (negative and nonnegative) integers.

A tape description is a function F mapping Z into {0, 1} which is 0 except
for finitely many values. A configuration of a given Turing machine T
is a triple (F, d, e) such that F is a tape description, d is a state, and e is
an integer (which tells us, intuitively, where the reading head is). A com-
putation step of T is a pair ((F, d, e), (F', d’, ¢')) of configurations such
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Part 1: Recursive Function Theory

that: if the line of the Turing machine beginning with (d, Fe) is (d, Fe, w, ),
then:

ifw=0 then F' =F§ d =f, ¢ =e;
ifw=1 then F'=F¢ d =f €& =e;
ifw=2 then F'=F, d =f e =e—-1;
ifw=3 then F'=F d=f e =e+ 1.

Here F¢ is the function (F ~ {(e, Fe)}) U {(e, &)}. Thus F¢ is the tape
description acting like F except possibly at e, and Fée = e. A computation
of T is a finite sequence {(Fy, dq, €g), - . ., (Fp, dn, €,)> of configurations
such that dy = ¢y, ((Fi, d;, ), (Fi+1, di 1, €i41)) 1S @ computation step for
each i < m, and the row of the Turing machine beginning (d,,, Fe,) has
4 as its third entry.

The way a Turing machine runs has now been described. To compute a
function f, roughly speaking we hand the machine a number x and it produces
JSxas an output. Since only zeros and ones appear on a tape, we cannot literally
hand x to the machine; it must be coded by zeros and ones. The mathematically
most obvious way of coding x is to use its binary representation as a ‘‘deci-
mal”’ with base 2. However, this is inconvenient, in view of the very primitive
operations which a Turing machine can perform. We elect instead to represent
X by a sequence of x + 1 one’s. (This is sometimes called the rally notation.)
The extra “one” is added in order to be able to recognize the code of the
number zero as different from a zero entry on the tape whose purpose is just
as a blank. The precise way in which functions are computed by a Turing
machine will be defined in Chapter 3. In this chapter we want to see how
these rather primitive looking machines can nevertheless perform some
intricate operations on strings of zeros and ones. These results will be useful
in Chapter 3 and later work.

Using the intuitive notion of coding we can argue as follows that Turing
machines are really quite powerful: We have seen informally how to represent
any number on a tape. A sequence of numbers can be represented by putting
blanks (zeros) between the strings of ones representing the numbers. By using
two blanks one can code several blocks of numbers, or one can use the two
blanks to recognize a portion of the tape set aside for a special purpose. By
repeated adjoining of a one, it is possible to add with a Turing machine; and
by repeated addition, one can multiply. Since a new state depends on the
currently scanned symbol, it is possible to set up different actions depending
upon what is on the tape. And we are not really restricted to just one square
in this decision making, since by using several states we can examine any
restricted portion of the tape.

In the general theory of Turing machines, one allows several symbols
instead of just 0 and 1 (see, e.g., [2]). However, it is clearly possible to code
these different symbols by different strings of 1’s. Several tapes may also be
allowed. Again such a modification can be coded within our machines; in
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Chapter 1: Turing Machines

the case of two tapes, for example, one may instead use odd and even
numbered squares on a single tape.

These intuitive comments on the strength of Turing machines of course
would require proof. Some of them will be proved later, and we hope that
they will all seem plausible after we have worked with Turing machines a
while. For a more detailed argument on the strength of Turing machines see
the introduction to [2].

Definition 1.3. T}, is the following machine:

0 0 21
01 21
1 0 4 1
11 41

Proposition 1.4. For any tape description F and any ecZ, {(F,0,e),
(F, 1, e — 1)) is a computation of Tyigy;.

Thus Tr.y, merely moves the tape one square to the right, and then stops.

Definition 1.5. Ty is the following machine:

0 0 31
01 31
1 0 41
1 1 41

Proposition 1.6. For any tape description F and any ecZ, {(F,0,e),
(F, 1, e + 1)) is a computation of Ties.

Thus T;; moves the tape one square to the left and then stops.

Definition 1.7. T, is the following machine:
0040
0100
Proposition 1.8. For any tape description F and any e € Z, (i) if Fe = 0, then
{(F, 0, e)> is a computation of Ty; (ii) if Fe = 1, then {(F, 0, e), (F§, 0, e)>

is a computation of T,. Thus T, writes a 0 if a zero is not here, but does not
move the tape.

17



Part 1: Recursive Function Theory

Definition 1.9. T is the following machine:

0010
0140

Proposition 1.10. For any tape description F and any e € Z, (i) if Fe = 0, then
((F, 0, e), (F$, 0, e)> is a computation of Ty; (ii) if Fe = 1, then {(F, 0, e))
is a computation of Ty. T, writes a 1 if a 1 is not there, but does not move
the tape.

Definition 1.11. If @ is any set and m € w, let ™ be the unique element of
ma}y. Thus a™ is an m-termed sequence of a’s, a™ = <{a,a,...,ay (m
times). If x and y are finite sequences, say x = <{x,,..., Xp_1» and y =

{Por e+ os Yno1ps We let xy = {(Xo, - - -» Xm—15 Yos - - -» Yn—1,. Frequently we
write a for <{a).

Definition 1.12. 7 .cexo is the following machine:

00 21
01 21
1 0 41
1110

A computation with T, can be indicated as follows, where we use an
obvious notation:

—0 1™
0 1(m-1)

a

— 01" ?11la

D> > >R

011mDg
A

0 l(m) a
A

0
Reading head

Thus 7} seex o finds the first O to the left of the square it first looks at and
stops at that 0. In this and future cases we shall not formulate an exact
theorem describing such a fact; we now feel the reader can in principle
translate such informal statements as the above into a rigorous form.

18



Chapter 1: Turing Machines

Definition 1.13. T, ... is the following machine:

0 0 31
01 31
1 0 41
1 110

T, seox o finds the first O to the right of the square it first looks at and stops
at that 0.

Definition 1.14. 7., is the following machine:

0 0 21
01 2 1
1 000
11 41

T;seex1 finds the first 1 to the left of the square it first looks at and stops
at that 1. It may be that no such 1 exists; then the machine continues forever,
and no computation exists.

Definition 1.15. 7, ... 18 the following machine:

0 0 3 1
01 31
1 000
1 1 41

T, seexc1 finds the first 1 to the right of the square it first looks at and stops
at that 1. But again, it may be that no such 1 exists.

Definition 1.16. Suppose M, N, and P are Turing machines with pairwise
disjoint sets of states. By M — N we mean the machine obtained by
writing down N after M, after first replacing all rows of M of the forms
(c04dyor(c’ 1 4d)bytherows(c, 0 0 e)or(c’ 1 1 ¢) respectively,
where e is the initial state of N. By

M if 0

ifll

P

N

we mean the machine obtained by writing down M, then N, then P, after
first replacing all rows of M of the forms (¢ 0 4 d) or (¢’ 1 4 d’) by the
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Part 1: Recursive Function Theory

rows (¢ 0 0 e) or (¢’ 1 1 ¢') respectively, where e is the initial state of
N and ¢’ is the initial state of P.

Obviously we can change the states of a Turing machine by a one-one
mapping without effecting what it does to a tape description. Hence we can
apply the notation just introduced to machines even if they do not have
pairwise disjoint sets of states. Furthermore, the above notation can be
combined into large ‘““flow charts” in an obvious way.

Definition 1.17. T, is the following machine:

Start

I

if 0 if0 if 0
Trigm ———T1— Tier, = 11— Tigees — T, — Trigm — T > Tseercs — Ty

lifl lifl lifi

StOp T'lseekl Tr seek 1
T, T;
T‘r seek 1 Tz seek 1

(Here by Tigne T Stop we mean that the row (1 1 4 1) of Ty 1S not to

be changed.)

This machine just finds a 1 and stops there. It must look both left and
right to find such a 1; 1’s are written (but later erased) to keep track of how
far the search has gone, so that the final tape description is the same as the
initial one. If the tape is blank initially the computation continues forever.

Since this is a rather complicated procedure we again indicate in detail a
computation using Ty, ;. First we have two trivial cases:

Starting with 1 a Starting with 0 1
A A
la 01
A A
la 01
A A
11
A
11
A
11
A
01
A
01
A
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Chapter 1: Turing Machines

In the nontrivial case we start with — 0™ 0 0™ —; m > 0:
A

Start
O(m) 0 O(n)
A

Qm-1 0 O»+D)

A
Qm-1) 1 0(n+1)
A
om-1 1 0 om
A
0(m—i) 1 0(21—2) 0 0(n—i+1)
A
O(m—i) 1 0(2i—2) 1 O(n—i+1)
A
O(m—i) l 0(2i—2) 1 O(n—i+1)
A

O(m—i) 0 0(2i—2) 1 0(n—1‘.+1)
A

O(m—i—l) 0 0(2i—1) 1 0(n-i+1)
A

O(m—i—l) 1 0(21'—1) 1 O(n-i+1)
A

O(rn——i—l) 1 0(21’—1) 1 0(n—i+1)
A
O(M—i—l) 1 O(Zi—l) 0 0(n——i+1)
A
0(m—i—1) 1 0(2{) 0 0(1!—1)
A
Here i = 1 initially, and the portion beyond 0™~1 1 0©2-2 ( 0™ ~i+D takes
A
place only if i < m and i < n. Thus, if we start with — 1 0™ 0 0™ —, and
A

n + 1 > m, we end as follows (setting i = m):

11 0(2m—2) 0 0(n—m+1)
A

11 0(2m—-2) 1 0(n—m+1)

>

oem-2) 1 Qn-m+1
oem=-2 1 n-m+D
o@em-1 1 Qn-m+D
1 0©2m-D O(n—m+1)
Qn-m+1)

1 0(2m -1

0(n+m+1)

St SO Sk S >0 D> e
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Part 1: Recursive Function Theory

On the other hand, if we start with — 0™ 00™ 1 — andn + 1 < m we end
A

as follows (setting i = n + 1):

0(m-n-1) 1 O(Zn) 0 1
A
Qm-n-1 1 0(2n) 11
A
O(m—-n—l) 1 0em 11
A
O(in—n—l) 0 0(2n) 11
A
0(m—n—2) 0 0(2n+1) 11
A
0(m—n~2) 1 0(2n+1) 11
A
0(m—n——2) 1 0(2n+1) 1 1
A
Qm-n-2) 1 (O2n+1) 01
A
0(m—n—2) 1 0(2n+2) 1
A
0(m—n—-2) 1 0(2n+2) 1
A
Qm-n-2> ) O2n+2 |
A
0(m+n+1) 1
A

Definition 1.18. T4 is the following machine:

if 1
if 0
Start — Ty seeco —> Trigny — Tiert

T, .na moves the tape to the right until finding 00, and stops on the right-
most of these two zeros. T;.,q does not start counting zeros until moving
the tape.

Definition 1.19. T4 is the following machine:

if 1
if 0
Start — Tr seek 0 Tleft > L right

T, .na moves the tape to the left until finding 00, and stops on the left-most
of these two zeros. T,.,q does not start counting zeros until moving the
tape.
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Chapter 1: Turing Machines

Definition 1.20. T;.,.., is the following machine:

[ |

if 1
Start — Tiere — Tiege RLE To — Trgne — T

lifo
Tr!ghn
The action of T} ans 18 indicated thus, in the case of interest to us:

a0 1(b+1) 0 —
A

a 1(b+l) 0 0
A
The tape is otherwise unchanged.

Definition 1.21. 7., is the following machine:

|

if 1
Start — Tiseexo — Tiigne —> Ty — T} trans

Jiro

T'l trans

T, snire acts as follows in the case of interest to us:
0 1(x+1) 0 1(y+1) 0
A

0 1(11+1) 0 0(x+2)
A
The tape to the left and right of this portion of x + y + 5 symbols is
unchanged.

Definition 1.22. T3, is the following machine:

I |

if 1
Start — Tiseexo — Tright e Tleft, > drseek0 > Tlshlft

liro

7“1 trans

|

TlseekO

|

Tright

|

7‘1 trans
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Part 1: Recursive Function Theory

T:n acts as follows in the case of interest to us:

0@ [0+ () (X1+D () ... ( [xm-D+D () 1@+ Q
A

1@+ 0(p)
A

wherep = xo + X, +-- -+ Xp_1 + 2m + 2. Incase m = 0, it works like
this:

o@ 1(1/+1) 0
A

1@+ o @
A

In each case the tape is otherwise unchanged. Here ““fin” abbreviates

“finish.”
This machine will be used at the end of computations to erase scratchwork.

Definition 1.23. T,,,, is the following machine:

it 1 "
Start — TlseekO - Tvleft > Ty — T geeco — Trseeko — T1 = Tiseerco— Tiseexo = 1

lifo
Tr seek 0
T.opy acts as follows:

0 1+ g Q=+
A

0 1%+ 1(x+1) ()
A

The tape is otherwise unchanged.

A machine M repeated m > 0 times will be indicated by M™ in our
diagrams.

Definition 1.24. For n > 0, T, c.py is the following machine:

n
Tr seek 0

ito
,, i1 1 -
Start — TTseexo = Tlere > Ty — Tlsbexo — T1— Tlnseelko — T
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Chapter 1: Turing Machines

T copy acts as follows:

0 @0+ ( [@l+D (g ... [*-D+D ( *0+2)
A
0 [®¥0+D ( [&1+D (g ... Q ]x-D+D ( ... [*0+D (
A

The tape is otherwise unchanged. This machine copies the #th block to the

left.

These are all the basic machines needed to compute functions. We shall
return to Turing machines after discussing some classes of number-theoretic
functions.

BIBLIOGRAPHY

1. Davis, M. Computability and Unsolvability. New York: McGraw-Hill (1958).

2. Hermes, H. Enumerability, Decidability, Computability, 2nd ed. New York:
Springer (1969).

3. Minsky, M. Computation. Englewood Cliffs: Prentice-Hall (1967).

EXERCISES

1.25. Give an example of a Turing machine which gets in a loop—repeats some
configurations over and over.

1.26. Give an example of a Turing machine which never stops, but doesn’t get
in a loop.

1.27°. Prove rigorously that T;....s does what is said in the text.

1.28’. Prove rigorously that T;snr, does what is said in the text.

1.29°. Prove rigorously that T, does what is said in the text.

1.30’. Prove rigorously that T,,,, does what is said in the text.

1.31’. Prove rigorously that 7}, ..,y does what is said in the text.

1.32. Show that there is no Turing machine which, started at an arbitrary
position, will find the left-most 1 on the tape.

1.33. Construct a Turing machine which will print the sequence 11001100. ...

1.34. Construct a Turing machine that stops iff there are at least two one’s on

the tape.
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Elementary recursive and
primitive recursive functions

To show that many number-theoretic functions are Turing computable,
it is convenient to distinguish some functions by closure conditions.

The class of elementary recursive functions which we shall now define in
this way is a class of intuitively effective functions which contains most of
the effective functions actually encountered in practice. However, not every
effective function is elementary recursive. Toward the end of the chapter we
introduce the wider class of primitive recursive functions, which still does not
cover all kinds of intuitively effective functions. In the next chapter we go
from primitive recursive functions to a class of functions, the recursive func-
tions, intuitively corresponding to the entire class of effective functions. An
elementary recursive function is just a function obtainable from the usual
arithmetic operations of addition, subtraction, multiplication, and division
by composition, summation, and multiplication. Most of this chapter is
concerned with listing out some elementary functions and with giving oper-
ations which lead from elementary functions to elementary functions. This is
necessary in order to be able to easily recognize that some of the rather
complicated intuitively effective functions are, in fact, elementary recursive.
A more detailed treatment of the topics of this section can be found in
Péter [2].

Definition 2.1. A number-theoretic function is a function which is, for some
positive integer m, an m-ary operation on w. The class of elementary
recursive, or for brevity elementary functions, is the intersection of all
classes A4 of number-theoretic functions such that, first of all, the following
specific functions are in A4:

(1) +, the usual 2-ary operation of addition;
(2) -, the usual 2-ary operation of multiplication;
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Chapter 2: Elementary recursive and primitive recursive functions

(3) the 2-ary operation f such that f(m, n) = [m — n| for all m, n € w;

(4) the 2-ary operation f such that f(m, n) is the greatest nonnegative
integer <m/n (if n # 0), 0 if n = 0; we denote f(m, n) by [m/n];

(5) for each positive integer » and each i < n, the n-ary operation f on w
such that for all x,, ..., x,_; € 0, f(Xo, . . ., Xp—1) = X;; f1s denoted by
U7, it is called an identity or projection function.

Second, and last, 4 is required to be closed under the following operations
upon number-theoretic functions:

(a) The operation of composition. If fis an m-ary function, and g, . . .,

gn_1 are n-ary functions, then the composition of fwith go, ..., gn-1
is denoted by K2 (£ go, - . ., &€n-1); it is defined to be the #-ary function
4 such that for all xq,..., x,_; € w,

/Z(XO, L ] -Xn—l) :f(go(xo’ R -XnAl)’ cets gm—l(XOs revs xn—l))'

(b) The operation of summation. If fis an m-ary function, then g (m-ary)
is obtained from f'by summation, in symbols g = > f; if for all x, .. .,
Xpm—1 €E w,

g(X09 R ) Xm—l) = z {f(XO’ sy Xm—2s y) : y < xmfl}

[note that if m = 1 the definition reads

gx = > f;
y<x
for any m, we have g(xg, .. ., xn_3, 0) = 0 by convention].

(¢) The operation of multiplication. If fis an m-ary function, then g
(m-ary) is obtained from f by multiplication, in symbols g =[] f, if
for all xq,..., Xp_1 € w,

g(xo,- . 'aXm—l) = H{f(xo,- <oy Xm—2, y))’ < -xm—l}

[if x,,_, = 0, the right hand side is 1 by convention].

It should be evident that each elementary function is effectively calculable
in the intuitive sense. To convince oneself of this, it is enough to argue that
each of the functions (1)-(5) above is effectively calculable, and that the class
of effectively calculable functions is closed under the operations (a)-(c). For
(1)-(5), the ordinary school algorithms suffice for this argument. As to (a)—(c),
suppose, for example, that f, an m-ary function, is effectively calculable, and
we wish to show that > falso is. Given x,, .. ., X,_1 € w, we merely calculate
F(X0s oy Xme2:0)y f(X0s s Xy 1)y oo s fXos « v oy Xm—gy Xm—1 — 1), which
we can do since fis effectively calculable, and then we add them all up by the
school process, giving us (2 f)(xg, . . .» Xp-1)-

Proposition 2.2. Suppose fis m-ary, go, - . ., §u-, are n-ary, and hg, . . ., hy—1
are p-ary. Then

K%(KT'['(f;go, ~~-,gmal)§/7o7---,/7n—1) = K} (f; K3 (8o hoy oo s Pine)s -1,
Kg (gm—l;hO: cre hn—l))'
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Part 1: Recursive Function Theory

Proor. If xq, ..., X, 1 € w, then, with / = left hand side and r = right hand
side,

H(Xos ooy Xpo1) = (K2 (S5 805+ -0 &) 10(X0s - o3 Xp1)y o s Fn1( Xy + o s Xpo1))
=f(g0(/70(X0, ] Xp—l)’ LRI hn—l(xm e xp—l)), cees
Em-1(ho(Xos - o s Xp_1)s .y B 1(Xos - - o5 Xp_1)))
= fUKS (g0 hos -+ s Ma )Xoy« s Xp1)s oo s
(Kg (gm—l 5 hOa ceey hn—l))(x()s v -xp—l))
= r(Xgs -+ s Xp-1)- O

The following theorem is the usual set-theoretical consequence of a
definition like 2.1.

Proposition 2.3, A4 number-theoretic function f is elementary iff there is a
finite sequence <{go.,...,gu_1y Of number-theoretic functions such that
gu_1 = [, and for each i < k one of the following conditions holds:

@) &= +,
@) g = -,
(iif) g = subtraction (in the sense of 2.1(3)),
(iv) g = division (in the sense of 2.1(4)),
(v) g; = U? for some n > 0, some j < n,
(vf) g is n-ary, and for some m > O there exist j < iand kg, ..., kn_1 <1
such that g; is m-ary, gios - - -» Sem-1, are n-ary, and g, = K» (g;;
Lros -+ +» Seam— 1) (g4 is obtained from earlier functions by composition),
(vii) there is a j < isuch that g, = > (g;),
(viii) there is aj < i such that g; = [ 1(g;).

PrROOF. Let 4 be the set of all f such that there is a finite sequence of the
kind described in the theorem. By considering I-termed sequences it is easy
to see that +, -, subtraction, division, and U7} are all in 4 (for any n > 0
and j < n). Suppose f€ A, fis m-ary, ho, ..., hn_1€ A, all of ho, ..., N,_,
are n-ary. Choose a finite sequence <{gq, ..., g1, such that g,._, = f and
or each i < k one of the conditions (i/)-(viii) holds for g;. For each j < m
choose a finite sequence <{/; 4, ..., /; ,;_1> such that /; ,,_; = /i; and for each
i < a; one of the conditions (i/)—(ziii) holds for /;;. Then consideration of the
sequence

<g05 R gk—l’ ]0,0’ R lO,uO-la R lm—l,o’ LRI

[md,a(m—l)’ KR (f5 hoy ooy o))

shows that K? (f: ho, ..., h,-1) € A. Thus A4 is closed under composition.
If fe A, so that a sequence {gg, ..., &1, exists as in the theorem, then
consideration of {g¢, ..., gv_1. > f>and {go, ..., 8-1, ] 1 f> show that > f,
T1f€ A. Hence every elementary function appears in A. This proves =. If
fe A, with {go, ..., g.—1> given as in the theorem, then it is easily shown by
induction on / that g; is elementary for each i < k. In particular, f = g, _;
is elementary; this proves <=. O
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Chapter 2: Elementary recursive and primitive recursive functions

We now proceed to show that many garden-variety number-theoretic
functions are elementary and that simple operations on elementary functions
again give elementary functions.

For later purposes it is convenient to formulate results of the second kind
in a more general way. A class 4 of number-theoretic functions is said to be
closed under elementary recursive operations provided A contains all the
elementary functions 2.1(1)—(5) and is closed under composition, summation,
and multiplication. Obviously the class of all elementary functions is closed
under elementary recursive operations. So will be all of the wider classes of
effective functions which we discuss later.

Proposition 2.4, Let A be closed under elementary recursive operations. If f

is m-ary and f € A, and 7 is a permutation of {0, . . ., m — 1}, then the m-ary
Junction g such that g(xg, ..., Xn_1) = f(Xp05 + - +» Xaem—1)) JOr all xq, ...,
Xp-1 €Ew is also in A.

Proor. g = Kn(f; UR,, ..., Ufn_1n). 0

Proposition 2.5 (Identification of variables). Let A be closed under ele-
mentary recursive operations. If f is m-ary, m > 1, and fe A, then the

(m — 1)-ary function g such that g(xo, ..., Xm-2) = f(Xos - - -5 Xm—2, Xo) fOr
all xo, ..., Xp_s€Ewisin A.
PROOF‘ g= Km-l(f9 UE)n—19~", ,7;::%, Ug‘_l)' D

By means of 2.4 and 2.5 variables can be identified in an arbitrary number
of places. Thus if fis 3-ary elementary, so is the function g with g(x, ) =
f(x, y, y), forif h(x, v, z) = f(y, x, 2), his elementary by 2.4; letting k(x, y) =
h(x, y, x) for all x, y € w, k is elementary by 2.5, and g(x, y) = k(y, x) for all
X, y € w, 80 g is elementary by 2.4. Usually it is just as easy in cases like this
to use the method of proof of 2.4 and 2.5.

Proposition 2.6 (Adjoining apparent variables). Let A be closed under ele-
mentary recursive operations. If f is m-ary and f€ A, then the (m + 1)-ary

function g such that g(xo, ..., Xp) = f(Xo, ..., Xp_1) for all xq, ..., Xp € w,
isin A.
Proor. g = Kn,,(f;Ug*,..., Untd). 0
Definition 2.7

(i) Forn > 0, m € w, C% is the n-ary function such that C? (xg, ..., Xn_1)
= mforall x,,..., x,_1 € w.
(ii) sg and sg are unary functions; for x € w,

{0 ifx=0,
sgx =

1 if x #0,
_ _{1 ifx =0,
S8X =0 ifx#£0.
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(iii) 4 is a unary function:
0 fx=0
A= -1 ifx#0

(iv) By convention, 0° = 1, 0* = 0 for x # 0; 0! = 1.
(v) s is a unary function: sx = x + 1 for all x € w.

} for all x € w.

Thus C7, is the n-ary constant function with value m. The functions sg and
Sg are of a technical usefulness. / is the predecessor function and ¢ the suc-
cessor function.

Proposition 2.8. The following functions are elementary:

(i) C& (for n # 0)
(i) o
(iii) sg
(iv) sg
(v) exponentiation
(vi) factorial
(i) 4
PrOOF
(1) C§is elementary: C3 x = |x — x| for all x € w.
(2) sgis elementary: sg x = [ [, .. C} y, for all x € w.
(3) sgis elementary: sg x = 5g 5g x for all x € w.
(4) Ciis elementary: Ci x = 5g C} x for all x € w.
(5) Ci is elementary: (by induction on m) CL,; x = CL x + C} x for all
X € w.
(6) Cpn, is elementary: CZ (xq,..., X,_1) = CL U%(xo,..., x,_,) for all
Xy vy Xp_1 E @,
(7) 6:9x = x + Clx
(8) exponentiation: x¥ = [ [,., U2 (x, 2).
(9) factorial: x! = [ [, oz.
(10) £ : ix = |x — Cix]|-sg x. O

Definition 2.9

(i) By an me-ary number-theoretic relation (im > 0) we mean a set of
m-tuples of natural numbers. "w is the set of all m-tuples of natural
numbers. As usual, we identify 'w and w, in an informal way.

(ii) If R is an m-ary number-theoretic relation, its characteristic function
Xz> 1S the m-ary number-theoretic function such that for all x,, .. .,
Xm-1 € w,

_ 0 if<x0""9xm—1>¢-Ra
Xe(X0 -+ 5 Xm) = {1 if <X, ..., Xn_ 1> €R.

(#ii) An m-ary number-theoretic relation R is elementary if x5 is elementary.

30



Chapter 2: Elementary recursive and primitive recursive functions

The definition 2.9(iii) is motivated by our intuitive feeling that a relation
R is effective iff x5 is an effective function. In fact, if we have an effective
procedure for determining membership in R, then we can effectively calculate
xr as follows. Given any object a, determine whether a € R or a ¢ R. In the
first case, yza = 1, and in the second case, yza = 0. Conversely, suppose we
have an effective procedure for calculating values of x;. Given any object a,
calculate yza. If ygpa = 1, then a € R. If yza = 0, then a ¢ R.

Given any class A4 of number-theoretic functions, an m-ary number-
theoretic relation R is said to be an A-relation if yz € A.

Proposition 2.10. 0 and w are elementary; if x € w then {x} is elementary.

PrOOF. xo = C} and yx, = Cl. If xew, then for any yew, yuny =
5g (Ix — y|); hence xy = g (IC3 ¥y — U§ yD)- ad

By 2.10, {x} is always on effectively decidable set. Intuitively speaking,
to check whether y € {x} we simply check if y = x (surely an effective matter).
As an example, let B = {0} if Fermat’s last theorem is true, while B = 0 if it
is false. B is an effectively decidable set, although we do not know now
whether 0 € B or not. Thus there is a decision procedure for membership in
B, but we don’t know what it is (it is either the obvious one for {0} or the
obvious one for 0).

Proposition 2.11. Let A be closed under elementary recursive operations. If R
and S are A-relations, then so are RN S, RU S, and "w ~ R.

Proor. For all X0s + e 05 Xm—1, XRnS(-XOa ] xm—l) = XR(x09 Tt xm—l)'Xs(xo,
) xm—l)’ XT(XO’ ey xm—l) = S_gXR(XO, B xm—1)9 with T = "w ~ R, Ry
S =m0~ [("w~ R)N ("w ~ )] |

Corollary 2.12. Every finite subset of w is elementary, and so is every cofinite
set.
Proposition 2.13. The binary relations <, <, =, =, # are elementary.
Proor. Forany x, y € w,
x<(x, ) = 5g [ox/oy] = 5g [+ U3 (x, y)/s UZ (x, »)].
Thus < is elementary. Further
x#(x, ) = sg(Ix — y)),

so # is elementary. Finally, < = (<« U =), 2 = (Pw ~ <), > = (Pw ~ <),
== (%w ~ #). O]

Proposition 2.14 (Bounded existential quantifier). Let 4 be closed under
elementary recursive operations. Suppose R is an m-ary A-relation. Let
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S = {(Xps--.y Xm_1y:thereisay < x,_, suchthat{xo, ..., Xn_a, V> € R}.
Then S is an A-relation.

PROOF.  xs(Xo, .. .5 Xm—1) = S8 2 {Xp(X0s - . -» Xm-2, ¥) 1 ¥ < Xp_1}. 0

Proposition 2.15 (Bounded universal quantifier). Let 4 be closed under
elementary recursive operations. Suppose R is an m-ary A-relation. Let
T ={<{Xpy-+»Xm_1p: for every y < X,_, we have {xq, ..., Xp_2, ¥> € R}.
Then T is an A-relation.

Proor. Let S be as in 2.14, with R replaced by ™w ~ R. Then T =
Mw ~ S. O

Definition 2.16 (Bounded minimum). Let R be an m-ary relation. For all
Xgs+ -+ Xm—1 € w, let
the least y < x,_; such that {(xq, ..., Xp_2, > € R,
SXos ooy Xmo1) = if there is such a y,
0 otherwise.

S(xo, ..., Xp_q) is denoted by py < xp,_1R(Xxg, ..., Xp_as P).

Proposition 2.17. Let A be closed under elementary recursive operations. If R
is an m-ary A-relation, then the function f of 2.16 is a member of A.

Proor. Note that

(1) sg Z Xe(Xos o5 Xm—2, ) =

y<i

{1 if {xo5 .oy Xpo1, ¥y ¢ Rforally < i,
0 otherwise.

Let g(xo, ..., Xmo0,0) = 858 Dy ci xa(Xos - - -, Xm—_g, ¥) for all xq, ..., Xpn_s
i€ w. Thus g e A. From (1) we see that

X0y -+ s Xm—1) if there is a y <

z {8(x0s -+ oy Xpmogy dl) i < Xpp_y} = Xm-1suchthat {xg, ..., Xn_2, VY ER,
Xp_1 otherwise.
Hence
SOy oy Xmo1) = SE&(X0s + s Xm1)- D {&8(X0s - > Xmozy 90) 1§ < Xp_1},
so fe A. L

The rather technical proof of 2.17 may be compared with a proof of the
intuitive version of the proposition, which goes: if R is an m-ary effective
relation, then the function f of 2.16 is effective. In fact, to calculate
S(xo, . - .5 Xm-1), We test successively whether (x,, ..., X,_2, 0> € R, {x, ...,
Xm_g, 1D ER, ..., {Xps .+, Xm_g, Xm_1y € R. If at some point we reach an i
such that <{xo, ..., Xp_2, I) € R, we set f(X,, ..., Xn—1) = i and stop testing.
If we complete our testing without finding such an i we set f(xo, . . ., Xn_1) = 0.

Proposition 2.18 (Definition by cases). Let A be closed under elementary
recursive operations. Suppose g, . ..,8n_1 are n-ary members of A,
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Ry, ..., R, _, are pairwise disjoint n-ary A-relations with J;<n, Ri= "w,

and f is the n-ary function such that, for all x,, ..., X, € w,
gO(xO’--~9xn—1) l:f(.X'(),. LR} xn—1>ER09
gl(xO’--~s xn—l) U<x0:'~-’ xn—1>ER19

Slros - - sxnd) = Q7
Zm-1(Xoy -+ -5 Xn_1) if {Xoy -y Xn-1)ERp_1.
Then f< A.
Proor. For any x,,...,X,_; € w,
J(Xos -+ -5 Xp—1) = Xro(X0s - - +» Xn-1)"&o(X0s - + -5 Xn_1) + -+

+ Xrom-1(Xo0s -+ > Xno1) 8m-1(X0s - - -5 Xn_1). O

Definition 2,19
(i) for x, y e w, let
xX—y ifx >y,

YTV ifx <y
(i) x ifx <
. ~ <
mln(x,y)—{y ifx > y.
(iii) (by induction). For m > 2, min,, (X, . . ., Xp_1) = min (min,, _; (x,,

v vy Xm—2)s Xm—1), With min, (x, ¥) = min (x, y).

(iv) max (x, y), max, (xo, . . ., Xn_1) Similarly.

(v) rm (x, y) = remainder upon dividing x by y, if y % 0; rm (x, 0) = 0.
i) | = {(x, y) : x divides y} = {(x, y) : there is a z such that y = x-z}.
(vii) PM = {x : x is a positive prime}.

Proposition 2.20. A/l of the functions and relations of 2.19 are elementary.

Proor. Obvious, as concerns (i)-(iv). For (v),

For (vi), note that x|y iff there is a z such that y = x-z iff thereisa z < y
such that y = x-z; now see 2.14. Finally, p € PM iff for every x < p, either
not x[porx = 1,and p # 0, p # 1; cf, 2.15. O

Definition 2.21. For every k let p, be the (k + 1)st prime; thus p, = 2,
pl = 3,p2 = 5,....

Proposition 2.22 (Number-theoretic). For every k, p,, < exp (2, 2¥).
Proor. By induction on k. Trivial for k£ = 0, 1. Induction step, k > 0:

Pr+1 < Po- .- Pr — 1 (Euclid)
<exp(2,29-...-exp(2,2¥) — 1  (induction hypothesis)

= QZ{exp(2,)ii<k} _ ]

=exp (2t — 1) — 1 < exp (2F*Y). O
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Proposition 2.23. p is elementary.

Proor. Let N = {(x, y): x, ye PM, x < y, and y is the next prime after x}.
Thus N = {(x, y): x, ye PM and x < y and for all z < y, either z < x or
not z ¢ PM}, so N is elementary. Let Pr = {(x, k) : x is the (k + 1)st prime}.
Thus (x, k) € Prif xe PM and 3, ., xemy = k, so Pr is elementary. Finally,
Pr = px < exp (2, 2¥) + 1((x, k) € Pr), so p is elementary. J

Definition 2.24. If a =0 or a =1, let (a); = 0. If a > 1 let (a); be the
exponent of p; in the prime decomposition of a. Sometimes we write (a)i
instead of (a);.

Proposition 2.25. () is elementary.

PrOOF. (a); = px < a(pf|a and not py*1a). O
Definition 2.26. la = greatest i such that p;|x (=0 if x = 0 or 1).

Proposition 2.27. 1 is elementary.

ProOF. la = pi < a[p;|x and Vj < a(i < j = p;{a)]. O

We now proceed to study a larger class of functions, the class of primitive
recursive functions. Most of the effective functions encountered in the litera-
ture were actually shown to be primitive recursive. Actually most of them are
even elementary, and usually this can easily be shown. We feel that it is only
an historical accident that elementary functions are not more widely discussed
than primitive recursive functions.

Definition 2.28. The class of primitive recursive functions is the intersection
of all classes A of functions such that ¢, UPe 4 foralln > O0Oand i < n,
and such that A is closed under composition and under the following two
operations:

(i) The parameterized operation of primitive recursion: if fis m-ary and A
(m + 2)-ary, m > 0, then define g recursively as follows:

g(x09 s Xmo1s O) =f(x0, RS xm—l)a
g(XOs s Xmo1s dy) = h(XO, e Xm-1, )5 g(XOa cees Xm—1s J’)),

forall xq, ..., Xn_1, ¥ € w. Then g is obtained from f and h by primitive
recursion, in symbols g = R™(f; h).
(ii) The no-parameter operation of primitive recursion: if a€ w and h is
2-ary, define g:
gO = a,
gy = h(y, gy),
for all y € w. In symbols g = R%a, h).
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A relation R is primitive recursive iff y5 is a primitive recursion function.

Note that the operations of primitive recursion are rather special kinds
of recursive or inductive definitions. Many recursive definitions can be
reduced to primitive recursive ones; see, e.g., the important course-of-values
recursion, 2.33. But there are recursive definitions which cannot be reduced
to primitive recursion. See, e.g., Theorem 3.6. The class of general recursive
functions introduced in the next section encompasses all of the natural
notions of recursive definitions.

Clearly the primitive recursive schema affords an effective procedure for
calculating values of R™(f, h), if f and 4 are effectively calculable. Similarly
for R%a, #). Thus every primitive recursive function is effectively calculable
in the intuitive sense.

Analogously to 2.3 we have:

Proposition 2.29. A number-theoretic function f is primitive recursive iff there
is a finite sequence {go, . . ., &x_1y Of functions such that g, ., = f, and for
each i < k one of the following conditions holds:

(@) & =9
(i) g = U% for somen > 0,j < n,
(iii) as in 2.3 (vi) (composition),
(iv) there exist j, h < i and me w, m # 0, such that g; is m-ary, g, is
(m + 2)-ary, and g; = R™(g;, g1),
(v) there exist j < i and a € w such that g; is 2-ary and g; = R%a, g;).

A class A of number-theoretic functions is said to be closed under primitive
recursive operations provided A contains all the primitive recursive functions
s, UP and is closed under the primitive recursive operations given in 2.28,
including composition.

Theorem 2.30. If A is closed under primitive recursive operations, then A is
closed under elementary recursive operations. In particular, every elementary
Sfunction is primitive recursive.

ProoF
(1) 4 is primitive recursive. For,

40 =0,
73y = Uy, A).

(2) = is primitive recursive. For,
x = 0= U}x,
x=a9y=U3(x,y,x=y).
(3) C} is primitive recursive:

tx=Uix = Ujx.
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(4) + is primitive recursive:
x + 0 = U}x,
x+ oy =0sUS(x,y,x + p.
(5) - is primitive recursive:
x-0 = C}x,
x-ap =xp+x=+U(x, x), U3 (x, y, x-)).
©) |x=yl=G=»n+0=x.
(7) sg is primitive recursive: sg x = 1 = x.
(8) sg (x) = sgsgx.
(9) rm is primitive recursive. Define
f(x3 0) =0,
fx, ay) = of(x, y)-sg|x — of(x, y).
Then rm (x, y) = f(y, x).
(10) Division is primitive recursive. Define

Sf(x,0) =0,
f(X, dy) :f(x’ y) + —S-g IX — JIm (x, J/)|
Then [x/y] = f(y, x).
Now assume that 4 is closed under primitive recursive operations. In
particular, A is closed under composition.

(11) A is closed under summation. For, suppose f€ A4, fm-ary, and g = > f.
Then

g(xgs v e Xp_2,0) =0,
g(x0> ey Xm—2s OZ) = Z f(xo, cees Xmo2s y)

y<dIz

= Z f(x0>~">xm—2’ J’) +f(x0’--'9xm—29 Z)

y<z
= g(Xgs -+ s Xm-2,2) + f(X05 - - s X2, Z).
Hence g € A.
(12) A is closed under multiplication.
This is proved similarly. The proof of 2.30 is complete. O

The converse of 2.30 fails; see 2.45.

To express another important property of primitive recursion, we need a
new coding device. Given a finite sequence {x,, . . ., X, -1y of natural numbers,
it is natural to code it by the single integer [ [; ., pf***. The added one in the
exponents is essential for uncoding, to distinguish between the codes for
{2,3,0> and (2, 3), for example. The mapping that assigns to each finite
sequence of natural numbers its code as above is a one-one function into w.
From the code y the original sequence x is easily extracted:

X = <(y)0_ ls R} (y)ly - 1>

The following definition gives a special instance of this coding device:
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Definition 2.31. If fis an m-ary number-theoretic function, we define £, the
course-of-values function for f, as follows: f is again m-ary, and for any
X0y e 03 Xm-1 € w,

Jor o or Xmo) = [ {pfeommmm=bb1:j < 3,

Thus f(x,, - - ., Xn_1) codes the whole sequence {f(xo, ..., Xm_2,0), ...,
S(Xos - - s Xm—2y Xm_1 — 1)>. Note that f(xg, ..., Xu_g,0) = 1.

Proposition 2.32. Let A be closed under primitive recursive operations. Then
fedifffe A
PrOOF. Assume first that fe 4. Then

f~(x0>~- <5 Xm—2, 0) = l’

f(xm s X dy) — H p{(xo,...,x(m—z),i)+1

i<oy

:f(xm ey Xmegs y),pi(xo ..... x(m—2),y)+1
= h(an vy X9, y,f(xo, cees Xm—2s y)):

where (2o, . . ., Zpn) = Zp-pLEL =™+ for all z,, . . ., z, € w. Conversely,
if fe A4, then
0s+++9Xm—-1) = 05«5 Am=2y 9Am—1))x(m-1)
Sflx Xn-1) = (f(x X2, 9Xm-1))

so fe A. d

The next proposition shows that recursion in which the successor step
depends on several preceding values can still be reduced to primitive recursion.

Proposition 2.33 (Course-of-values recursion). Let A be closed under primitive
recursive operations. Suppose f is an m-ary function and h is an (m + 1)-ary
member of A such that, for all x,, ..., Xp_1 € w,

f(xO’ e xm—l) = h(xo, LRI xm—la.f(xm ey xm—l))'
Then fe A.
PrOOF
f(-xO) sy Xm—9 0) = 1’
F(Xos - -+ Xm—gy ) = I—[ PexOscsxm =20 +1

i<oy

_ 0,..., -2),
—f(xo,---,xm—z, y)_pg(x x(m—-2),»)+1

_ h(x0,..., -2),y,/(x0,..., -2),

— f(xo, s X y),py(x x(m —2),y,f(x x(m—2),y)) +1

Thus fe A. By 2.32, fe A. O
Next we show how close elementary functions are to primitive recursive

functions—the class of elementary functions is closed under a restricted kind
of primitive recursion.

37



Part 1: Recursive Function Theory

Proposition 2.34 (Bounded primitive recursion)

(i) Suppose m > 0, f and h are elementary, m-ary and (m + 2)-ary
respectively, g = R™(f, h), k is elementary, and g(x,..., x,) <
k(xo, ..., xn) for all x,, ..., x, € w. Then g is elementary.

(if) Suppose h is a binary elementary function, g = R%a, h) (with a € w),
and gx < kx for all x € w, with k elementary. Then g is elementary.

Proor. (i) For any x,, ..., X,, Z€ w let

S(xo,- . wxm) = (xm + 1) z k(XOs ces Xm-1, Z)'

kr<xm

Let R consist of all (m + 2)-tuples <xo, ..., X, > such that there is a g <
pi<'a’cl0 ..... xm) SO that

) (9)o = f(X05 - - -5 Xm—1)

and, for all z < x,,

) (@zs1 = h(Xo5 . . .5 Xm-1, 2, (9)2)

and, finally, y = (g)xn. Obviously R is elementary. Now (i) follows from
3) 8(xo, s Xp) = py < kX, .- oy X)[{Xos + + +» Xm» YD € R].

To prove (3), assume that x,,..., X, € w, let ¢ be the sequence <{g(x,, ...,

Xm-150)s ..., 8(X0s .. .» Xpm_1, Xm)p, and let

g=1]] ot

i<xm

Then for each i < x,, we have
ti < k(x0’ sy Xm—1s l) < z k(x05 sy Xmo1s Z)

and so

Furthermore, g satisfies the conditions (1), (2). Thus <{x,, . .., Xum, g(x0, . . .,
Xm)> € R.Itisalsoclear that (x, . .., x,, y> € Rimpliesthaty = g(xo, ..., Xn),
so (3) holds.

Condition (i) is proved similarly. O

As our final result of this chapter we shall give an example of a primitive
recursive function which is not elementary.

Definition 2.35. < is the binary operation on  given by the following
conditions: for any m, n € o,

a(m,0) = m,
a(m,n + 1) = m™™m,
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Thus a(m, n) is the iterated exponential, m raised to the m power n times.
Although exponentiation is elementary by 2.8(v), we shall see that iterated
exponentiation is not. The reason is that it grows faster than any elementary
function; see 2.44. Obviously, we have:

Lemma 2.36. « is primitive recursive.

Lemma 2.37. m < a(m, n) for all m, n.
ProOF. We may assume that m # 0. Now we prove 2.37 by induction on n:
a(m,-0) = m. Assuming m < a(m, n),

a(m,n + 1) = m*™™ > ;™ > m. O
Lemma 2.38. «(m,n) < a(m,n + 1) forallm > 1 and all n € w.

PROOF. a(m,n + 1) = m*™"™ > a(m, n). (]

Lemma 2.39. a(m,n) < a(m + 1, n) for all m # 0 and all n € w.

Proor. We proceed by inductiononn: a(m,0) =m < m + 1 = a(m + 1,0).
Assuming our result for #,

a(m,n + 1) = m*™"» < (m + 1)*m»
< (m+ 1)*m+im — o(m + 1,0 + 1). O

Lemma 2.40. a(m, n) + a(m, p) < a(m, max (n, p) + 1) for all m > 1 and
alln, pew.

PROOF. a(m, n) + a(m, p) < 2a(m, max (n, p)) by 2.38

<

< Ja(m,max (n,p)) < pp@m,max (n,p))

= a(m, max (n, p) + 1). O

Lemma 2.41. «(m, n)-a(m, p) < a(m, max (n, p) + 1) for allm > 1 and all
n,peaw.

Proor. If n = p = 0 then the inequality is obvious. Hence assume that
n # 0orp # 0. Then

a(m, max (n, p))? by 2.38

d(m’ n)-a(m, p) =<
— (ma(m, max (n,p) - 1))2 = pp2e(m, max (n,p) - 1)
<

meXP (2, a(m,max (n,p) —1)) m&(m, max (n,p))

a(m, max (n, p) + 1). O
Lemma 2.42. a(m,n)*™? < o(m, max (p + 2,n + 1)) for all m > 1 and
all n, p € w.
Proor. For n = 0 we have
a(m, n)*™? = m*™P = g(m,p + 1) < a(m, max (p + 2, n + 1))
(using 2.38). If n # 0 we have

a(m’ n)a(m,p) = pem.n—1)ya(m,p) < m@mmax(n-1,p)+1) by 2.41
= a(m,max (p + 2,n + 1)). O
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Lemma 2.43. «(a(m, n), p) < a(m,n + 2p) for allm > 1 and all n, p € w.
PrOOF. We proceed by induction on p:

w(a(m, n),0) = a(m,n) = a(m,n + 2-0).
Assuming our result for p, we then have

ala(m, n), p + 1) alm, p)* @M mP) < g(m, p)* T2

a(m,max (n + 2p + 2,n + 1)) by 2.42
a(m,n + 2(p + 1)). 0

oA

Lemma 2.44. [f g is a k-ary elementary function then there is an m € w such
that for all xq, ..., x._ 1 €w, If max(xg,...,Xx,_1) > 1 then g(x,, ...,
Xe_1) < @(max (xg, - .., X;;_1), M).

Proor. Let 4 be the set of all functions g (of any rank) for which there is
such an m. To prove the lemma it suffices to show that A is closed under
elementary recursive operations.

) +eA.

In fact, let m = 2: for any x,, x, € w With max (xg, x;) > 1,

Xo + x; < max (xg, X;) + max (xq, X;)
= a{max (x,, x1), 0) + «(max (x,, x1), 0)
< a{(max (xg, x1), 1) + a(max (xg, x3), 1) by 2.38
< a(max (xq, X1), 2) by 2.40
Thus (1) holds, Analogously,
2 € A.
3) fe A, where f(m, n) = |m — n| for all m, n € w.

For if max (x,, x;) > I, then |x, — x;] < max (xo, x;) = «(max (x,, x;), 0) <
a(max (x,, x1), 1). Similarly, the next two statements hold:

4) feA, where f(m, n) = [m/n] for all m, n € w.
&) Urte A, for any positive n € w and any i < n.
6) A is closed under composition.

For, suppose f is m-ary, gg,...,8n-1 are n-ary, and f, go,..., gn_1 € A.
Choose p, qo, - -->qgn_1 € @ such that max (xo,..., x,_1) > | implies that
f(x0s .+ Xp_1) < a(max (Xo, ..., Xn_1), p), and such that for each i < m,
max (Xg, . .., Xn_1) > L impliesthatg,(xy, . .., X, 1) < @(max(xg, ...,Xp_1),4:)-
Let h = KPP (f; 80, -, 8m-1)- Let

s=max{qg:i <m}+ 2p+ max{f(Xg,---s Xm_1)  Xpy-vus Xp_1 < 1} + L.

Now suppose that max (xq, ..., x,-;) > 1. Then if go(xo, ..., Xp_1),. .-,
gn-1{X0s .- -» Xn_1) < 1, we obviously have

h(x07 LR} xnfl) :f(gO(XOa RS anI)a RS} gn~1(x07 RS Xn—l))
<5 < a(max (Xg,..., Xp_1), 5) by 2.38
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Assume now that max {g,(xo, ..., X,_1):i < m} > 1. Then

h(xos . .. Xn-1) = f(80(X0, - - o5 Xn=1)y - - -5 En-1(X0, - . o5 Xn_1))
< a(max {gi(xg, ..., Xo_1) : i < m}, p)

< a@(max {a(max {x,,..., X,_1},q):i < m}, p) by 2.39

= a(a(max {x09 B xn—l}’ max {q05 et qm—l})s P) by 2'38

< a(max {xq, ..., Xp_1}, Max {qo, ..., m-1} + 2p) by 2.43

< @(max{x,, ..., X,_1}, 5) by 2.38
@) A is closed under >.
In fact, suppose fe A4, say f is m-ary, and let g = 5 f. Since fe A, choose
p€w such that max (xq,...,x,_;) > 1 implies that f(x,,..., X, 1) <

a(max (Xg, - . ., Xm_1), p). Let
g=p+ 1+ max{f(xe,..., Xn_1)IX0s--+» Xm_1 < 1}
Then forany xo, ..., Xp_1 € w, f(Xp, ..., Xp_1) < @(max (xo, ..., Xp_1,2), q),

using 2.38. Thus if max (x,, ..., x,_;) > 1 we have

g(XOs"-:-xm—l) = Z f(xo,'~"xm—2’ }’)

y<x(m-—1)

< Z a(max (xo,- vy Xm—2 y7 2)5 q)

y<x(m-—1)
< a(max (Xg, . . .5 Xn-1),4) by 2.39
y<x(m-1)
= “(max (x0a L) xm—l)a q)'-xm—l
< a(max(x, ..., Xp_1),q) - @(max (xg, ..., Xn_1),q) by 2.37
< a(max (Xg, ..., Xn-1),q + 1) by 2.41
Similarly, using 2.42,
®) A is closed under [ .
This completes the proof of 2.44. ]

Theorem 2.45. There are primitive recursive functions which are not elementary
in fact, « is such a function.

Proor. By 2.36, « is primitive recursive. Suppose « is elementary. Let
Jm = a(m, m) for all m € w. Thus fis elementary. By 2.44 choose m € w such
that x > 1 implies that fx < «(x, m). Then

am+ 2,m+2) =f(m+2) < a(m + 2, m)
<am+2,m+ 2) by 2.38
contradiction. O
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EXERCISES

2.46.

2.47.

2.48.

2.49.

Show that the following functions are elementary:

max y < z((xo, - - -, Xm-2, ¥) € R),
1 vy Xm—2, = . .
@) (o, s Xm-2, 2) {=0 if there is no such y,

where R is elementary.

(2) g(x0y - .s Xm—-2,¥) = max{f(xo,..., Xm-2, 2) : z < y}, with f element-
ary.

3) glxoy ...y Xm—-2, ) = min {f(xo, ..., Xm-2, 2) : Z < y}, with f element-
ary.

Show that the following functions and relations are elementary:

(1) (a, b) = gcd (greatest common divisor) ofaand b, =0ifa = Oorb = 0.

(2) sa = sum of positive divisors of a.

(3) the set of perfect numbers, i.e., numbers a with sa = 2a.

(4) the Euler ¢ function: ga = the number of elements of {x:1 < x < a}
with (x, @) = 1.

Let fn = [e-n] = greatest integer <e-n, for every n € w, where ¢ is the base
of the natural system of logarithms. Show that f is elementary. Hint:
write

B 11 1 1
1 n! n! 1
= ] —_ v —_— —_— P
n!(”'+1!+ +n!)+(n+1)!+

Let Sn = n! + n!/1! +..-+ n!/n!. Define S primitive recursively, but
show that is bounded by an elementary function. Let Rn = 1/(n + 1)! +.-.
(Note: R is not a number-theoretic function, since its values are actually
transcendental.) Show that for n > 1, Rn < 1/n!. Hence conclude that
[e-n] = [Sn/(n — 1)!] for n > 1, as desired.

Show that (:;) (combinatorial symbol) is elementary.

The purpose of the following two exercises is to show how one can be
rigorous in applying the results of this section in showing that functions or
relations are elementary. However, later we shall not use these exercises, since
the application of results of this section are obvious anyway. Both exercises
have to do with certain formal languages which are special cases of languages
which will be discussed in detail later.

2.50
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2.51

2.52.

Chapter 2: Elementary recursive and primitive recursive functions

each fe A introduce a symbol R;. Allow, in addition, variables v,, vy,
vs,.... We define term: any variable standing alone is a term. If fe A4,
f m-ary (m > 0), and oy, ..., 0,—; are terms, then so is R;00,...,Gp—1.
These are all the terms.

Let i be such that all the variables appearing in a certain term = are in
the list vy, . . ., v;. Define gi:

givo,...,0) =7

for all v, . . ., v; € w, where each R; occurring in 7 is interpreted as f. Show
that g; € A. [Try induction on how 7 is built up.]

(CoMPLEX EXPLICIT DEFINITION). For each elementary function fintroduce a
symbol F;, and for each elementary relation R a symbol Z;. Also let N,
N, ... be some more symbols, and v, v, . . . variables. For logical symbols
wetaked, V,u, =, v, A,—>, <>, =. Special symbols: (,), <. We define terms
and formulas simultaneously and recursively:

(1) v;is a term;

(2) if fis an m-ary elementary function and oy, ..., o, -1 are terms, then
Fi(ogy...,0m-1) is a term;

(3) N,is a term;

(4) if R is an m-ary elementary relation and o, ..., on-1 are terms, then
(0o, . ..,0m-1) is a formula;

(5) if o, 7 are terms then ¢ = 7 is a formula;

(6) if p and ¢ are formulas then so are —p, @ V ¢, ¢ A 3, @ — 3, @ <> J;

(7) if v; does not occur in a term o, and if ¢ is a formula, then v; < o, ¢
and Yv; < o, ¢ are formulas;

(8) under the assumptions of (7), uv; < o, @ is a term.

These are all the terms and formulas. Now show:

(9) if oisaterm whose variables areinthe listv,, . . ., vy, andif fi(vo, . . .,0) =
o forall vy, ..., v €w, then f% is elementary;
(10) if @ is a formula whose variables are in the list v, . . ., v, and if R, =
{Kvoy ..., U Vg, ..., 0 €Ew and @}, then R is elementary.

In (9) and (10), the symbol F; is to be interpreted as f; %y as R; N; as i,
and the other symbols are to have their natural meanings.

Suggestion: prove (9), (10) simultaneously by induction on how ¢ and ¢
are built up.

Suppose g and g’ are l-ary primitive recursive and %2 and A’ are 3-ary
primitive recursive. Define f and f’ simultaneously :

f(x,0) = g(x), fC,y + 1) = bi(f(x, ), f(x, y), X)
f(x,0)=g'(x), f(x,y+1)=HrHSf(xD),[(x),x).

Show that f and f” are primitive recursive. Hint: define f"(x, y) = 2/¢*¥.
3!’(x.y).
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2.53. Suppose that g is 1-ary primitive recursive, / is 4-ary primitive recursive and
fis defined as follows:

f©,n) =f(1,n) = gn
f(m + 1,n) = h(f(m — 1, n), f(m, n), m, n) for m > 0.

Show that fis primitive recursive.

2.54. Show that there are exactly R, primitive recursive functions. Show that
there is a number-theoretic function which is not primitive recursive.



Recursive Functions;
Turing Computability

In this chapter we shall give three versions of the notion of effectively
calculable function: recursive functions (defined explicitly by means of closure
conditions), an analogous but less redundant version due to Julia Robinson,
and the notion of Turing computable function, based upon Turing machines.
These three notions will be shown to be equivalent ; here the results of Chapters
1 and 2 serve as essential lemmas. In the exercises, three further equivalent
notions are outlined: a variant of our official definition of recursiveness, the
Godel-Herbrand-Kleene calculus, and a generalized computer version which
is even closer to actual computers than Turing machines. As stated in the
introduction to this part, none of these different versions stands out as over-
whelmingly superior to the others in any reasonable way. The versions
involving closure conditions are mathematically the simplest. The ones using
generalized machines seem the most intuitively appealing. The Kleene calculus
and the Markov algorithms of the next section are closest to the kinds of
symbol manipulations and algorithmic procedures that one works out on
paper or within natural languages. Take your pick.

Definition 3.1. Let m > 1. An m-ary number-theoretic function f is called
special ifforall x,, ..., X, _o € wthereisa ysuch that f(x,, ..., Xp_o, ¥) =
0. If fis a special function, we let
k(xq, . .., Xn-2) = the least y such that f(x,,..., Xp_2, y) = 0.
We write “puy(f(xo,...» Xm-2,y) = 0)” for “k(xo,..., xn-2)”. The
operation of passing from f to k is called the operation of (unbounded)
minimalization.
The class of general recursive functions is the intersection of all classes
A of functions such that s, U € 4 for all n > 0 and i < n, and such that
A is closed under composition, primitive recursion, and minimalization
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(applied to special functions). A relation R is general recursive iff yp is
general recursive. Frequently, both for functions and relations, we shall
say merely recursive instead of general recursive. A class A of number-
theoretic functions is said to be closed under general recursive operations
provided that 4 contains all the functions 4, U} and is closed under com-
position, primitive recursion, and minimalization (applied to special
functions).

Several comments on Definition 3.1 should be made before we proceed.
First, the minimalization operator used in 3.1 is somewhat different from the
one in 2.16, and the difference in their notations reflects this. We shall see
later that this difference is essential (see, e.g., 3.6). To see that all general
recursive functions are effectively calculable it suffices to assume that f is
an m-ary special effectively calculable function with m > 1 and that k is
obtained from f by minimalization and argue that & is effectively calculable.
In fact, given x,, . . ., X, _, € w, start computing f(xo, . . ., Xp—2, 0), f(xo, ...,
Xm—39, 1),.... Since f is special, O eventually appears in this sequence. The
first y for which f(xq, ..., Xn_a, ¥) = O is the desired value of k at <{x,,...,
Xn -2y, and the calculation can then terminate. Thus the assumption that f
is special is very crucial. Otherwise, for some arguments this procedure would
continue forever without yielding an output.

We can argue as follows, intuitively, that every effectively calculable
function is general recursive. Let f, m-ary, be effectively calculable. We then

have a finitary procedure P to calculate it. Given an argument {xq, ..., Xp_1>,
from P we make a calculation c; the last step of the calculation has the value
f(xq, ..., Xxn_1y coded in it. Let T consist of all sequences (P, Xq, . . ., X1, C>

of this sort. Presumably T itself is effectively calculable and probably more
easily calculable than f. By a coding device we may assume that P € w and
c € w. Let V be the function that finds the output f(x,,..., x,_,) within c.
Now it is reasonable to suppose that both T and V are simple enough that
they are recursive, for no matter how complicated f is, T and V must be
very routinely calculable. Also, it is reasonable to assume that ¢ is uniquely
determined by P and x,, ..., x,_;. Hence

f(x05- LR} xm-—l) = V[LC(-S—g XT(P, X0s oo 05 Xm—15 C) = 0)’

so f'is recursive. We shall see that this intuitive argument is very close to the
rigorous argument that every Turing computable function is recursive.
Church’s thesis is the philosophical principle that every effectively calculable
function is recursive. This principle is important in supplying motivation for
our notion of recursiveness. We shall not use it, however, in our formal
development. Later, especially in Part III, we shall use what we will call the
weak Church’s thesis, which is just that certain definite arguments and con-
structions which we shall make are to be seen to be recursive (or even
elementary) without a detailed proof. The weak Church’s thesis rests on the
same foot as the common feeling that most mathematics can be formalized
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within set theory. Of course we can take extensive practice with checking the
weak Church’s thesis as strong evidence for Church’s thesis itself.

Theorem 3.2. If A is closed under recursive operations, then A is closed under
primitive recursive operations. In particular, every primitive recursive
Sfunction is recursive.

Now we want to see that there is a recursive function which is not primitive
recursive. The argument which we shall use for this purpose is of some
independent interest, so we shall first formulate it somewhat abstractly.

Definition 3.3. Let 4 be a collection of number-theoretic functions. A binary
number-theoretic function f is said to be wuniversal for unary members of
A provided that for every unary g € A there is an m € w such that for every
new, f(m,n) = gn.

Theorem 3.4. Let A be a set of number-theoretic functions closed under
elementary recursive operations. If f is universal for unary members of A,
then f¢ A.

Proor. Assumethat fe A. Let gm = f(m, m) + 1forallme w. Thus g € 4.
Since fis universal for unary members of 4, choose m € w such that f(m, n) =
gn for all n e w. Then gm = f(m, m) = f(m, m) + 1, contradiction. O

The proof just given is an instance of the Cantor diagonal argument. Other
instances will play an important role in this part as well as in Part III; see,
e.g., 15.18 and 15.20.

Lemma 3.5. There is a general recursive function which is universal for unary
primitive recursive functions.

Proor. We first define an auxiliary binary function % by a kind of recursion
which is not primitive recursion, and afterwards we will show that 4 is
actually general recursive. We accompany the recursive definition with in-
formal comments. We think of a number x as coding information about an
associated primitive recursive function f: (x), is the number of arguments
of £, and the next prime factor of x indicates in which case of the construction
of 2.29 we are in. The definition of A(x, y) for arbitrary x, y € w breaks into
the following cases depending upon x:

Case 1 (Successor). x = 2. Let A(x, y) = () + 1 for all y.
Case 2 (Identity functions). x = 2"-3'*1 where i < n. Let A(x, y) = (p),
for all y.
Case 3 (Composition). x = 2"-5™"-p3-p2-... -pi™3Y, with n, m > 0.
For any y, let
h(x, y) = h(g, pg™®¥- ... -pul1~ D).

Note here that ¢ < x and r0,...,r(m — 1) < x, so the recursion is legal.
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Case 4 (Primitive recursion without parameters). x = 2-79.11¢ with
g > 0. We define A(x, y) by recursion on y:

h(x,1) = a,
h(x, 2y+1) = h(q’ 2y_3h(x. exp (2.1/))),
h(x,z) =0 for z not of the form 2*.

Case 5 (Primitive recursion with parameters). x = 2™*!.112-13" with
m > 0 and ¢ > 0. We define A(x, y) by recursion on y. First let y be given
with (), = 0. We set

h(x, y) = h(g, )
h(x, y-pa*?) = h(r, y-pa-prit = ™).

Case 6. For x not of one of the above forms, let 4(x, y) = O for all y.
This completes the recursive definition of /. We first claim:

(1) for every me w ~ 1 and for every m-ary primitive recursive function f
there is an x € w ~ 1 such that, for all yo,..., yp-1 € w,

Soy s Ymo1) = h(x, P8+ ... - DT D).
Indeed, let " be the set of all fsuch that an x exists. Then, for all y,
h2,2%) =y + 1,
so s € I'. Next, suppose i < n. Then for any y,, ..., yn_1 € v,
A3, PO LR ) =

so U? e I". To show that I' is closed under composition, suppose that fe I,
Zor--s8&m-1 €, f mary, and g, ..., gn_1 each n-ary. Choose u € w for f
and vy, ..., 0,1 €w for go, ..., gn_1 respectively so that (1) holds for f,

U800 v} 8m-1> Um—1. Let x = 2%.5m.p¥.ps0. . .p7m3D, Then for any
Yos -+ > Yn-1 € w wWe have, with z = p§®- ... -pi®T Y, gi(yo, - - -, Ya-1) = £ for
each i < m,
h(x, Z) = h(u, pg(vo,z), L .p%(g(in—l),z))
= h(u, p¥- ... -pim7v

=f(g0(y0’ B} yn—l); ey gm—1()’o, BRIEE} yn—l))'

Thus T is closed under composition. To show that T' is closed under primitive
recursion without parameters, suppose f € I, fbinary, with associated number
g so that (1) works, and suppose that x = 21-7¢-11%. Let kO = q, k(n + 1) =
f(n, kn) for all n € w. Then we show that ky = h(x, 2¥) for all y € w by induc-
tion on y:

h(x,2°) = a = kO,
h(X, 2U+1) = h(q, 2y,3h(x,exp (2.1/)))
= h(g,2*-3%)
= f(3kp) = k(y + 1.
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It is similarly show that T is closed under primitive recursion with parameters.
Thus (1) holds.

Now let f(x, y) = h(x, 2¥) for all x, y € w. Then by (1), f is universal for
unary primitive recursive functions. Hence it only remains to show that A
(and hence f) is general recursive. This proof can easily be modified to show
that almost any legal kind of recursion leads to a general recursive function.
This kind of proof is, however, very laborious. There is a much easier way of
proving this kind of thing: see the comments following the recursion theorem
in Chapter 5.

The computation of /i(x, y) can be done in finitely many steps, in which
we compute successively certain other values of /i: h(aq, b)), . . ., h(am -1, bp-1).
We identify this sequence of computations with the number pg°- ... -p&™1 b,
where, for each i < m, ¢i = 29t.3%. 508D Thjs intuitive idea should be kept
in mind in checking the following statement, which clearly shows that / is
general recursive. For brevity, we write (a),; (or (a);; or (a)(i, j)) in place of
((a),);; similar abbreviations hold for (((a);),), etc.

Statement. For any x, y € w, h(x, ¥) = (2),..9, Wwhere z is the least « such
that w > 2, (u),0 = X, (W)1,1 = », and for each i/ < lu one of the following
holds:

(2) (U)o = 2 and (u);p = (U)o + 1;
(3) Wu)o = 1 and (u)ig; — 1 < (U)ioo and (u)iz = (WG, 1, (U)o, — 1);
(4) (Wigo # 0, (Wior = 0, (W2 # 0, l(u)io < (4)02 + 3, and there is a j < i
such that (u);0 = (W)i0s, HW)j1 < (U)ioo — 1, for all k < (u);p, there is a
g < i such that ()g = (Wi0,k+40 W1 = (W), and (U)ge = (U);1x, and,
finally, ();2 = (4);2;
(5) (t)ioo = 1, (W01 = (Wio2 = 0, (U)ios # 0, lu)y < 4, and one of the
following three cases holds:
(5) (W = 1 and (4);z = (Wioe;
(5”) there is a w < (u); such that (u);; = 2***, and there is a j < i such
that (4);o = (4)ios and for some k < i, (U)xo = (U)o, (W)i1 = 2%,
(u);, = 2*-3®k2 and W)jo = (W)iz;
(5”) there is no w < (u); such that (v);; = 2%, and (u);; = 0;
(6) (oo > 1, (U)ior = (Wioz = (W)ioz = 0, (W)i0g # O, I(w);p < 5, and one of
the following conditions holds (with (u);,o — 1 = m for brevity):
(6') ()im = 0 and there is a j < i such that (u);0 = (U)ioe, W);1 = (U1,
and (u);2 = (U)i2;
(6") (W)im # 0,say (w);, = t-pn, and there exist j, k < i such that (1), =
(u)iosv(u)jl = 1-€XP (Pm+ 15 (Wi2)s Wio = (U)i0, (W)i1 = t,and (u); =
)PY

(7) none of the above, and (u);; = 0.

To check this statement carefully, let 4 be the set of all # > 2 satisfying the
condition above beginning *‘for each / < lu”’. Then the following condition
is clear:
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(8) ifu, ve A, then u-[ [j<1, pPLii1 € A4,
(9) for all x, y € w, there is a u € 4 with (¥), 0 = x and (¥),., = y; for any
such u, (U)o = Alx, p).
Condition (9) is established by induction on x.
This completes the proof of 3.5. O

Theorem 3.6. There is a recursive function which is not primitive recursive.

Theorem 3.7. There are exactly R, recursive functions.

PrROOE. Let A, consist of all of the functions s, UF with i < n. Thus |4,| =
No. Having defined A,, let 4, consist of all members of A4, together with
all functions obtainable from members of A4, by one application of com-
position, primitive recursion, or minimalization (applied to special functions).
Thus if |4,] = X,, then |4,,:| = Ry. Clearly, then, [ 4. = No.
Obviously U,e, 4, is exactly the set of all recursive functions. !

Theorem 3.8. There is a number-theoretic function which is not recursive.

Although Theorem 3.8 follows from 3.7 purely on grounds of cardinality,
we can also explicitly exhibit a nonrecursive function. Let fg, f1,... be an
enumeration of all unary recursive functions (by 3.7). Define gm = f,m + 1
for all m € w. Then g is obviously not in our enumeration, so g is not recur-
sive. We are really just repeating the proof of Theorem 3.4 here in a special
case.

We now turn to the notion of a Turing computable function.

Definition 3.9

() If g = <go,---,&m—1y 15 a finite sequence of 0’s and I's and Fis a
tape description (recall Definition 1.2), then we say that g lies on F begin-
ning at q and ending at n (where g, n € Z), provided that Fg = g0, F(q + 1) =
8- Fo=gun_1(thusn=qg + m —1).

(if) An m-ary number-theoretic function fis Turing computable iff there
is a Turing machine M, with notation as in Definition 1.1, such that for
every tape description F, allg,ne Z,and all x,, . .., X,_; € w, if 01*0+D
0-..01*m-Db+D Jies on F beginning at g and ending at », and if Fi = O for
all i > n, then there is a computation {(F, ¢, n + 1),(Gy, a1, by), ...,
(Gp_1, a,_1, b,_1)) of M having the following properties:

(1) G,_,i = Fiforalli <n+ 1;

(2) 19&0.xm=10+D |ies on G,., beginning at n + 2 and ending at
bp—l - 1;

3) G,_;i=0foralli > b,_;.

We then say that fis computed by M.

There are, of course, several arbitrary aspects in this definition of com-
putable function. Many details could be changed without modifying in an
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essential way the power of the notion. We have simply specified in a detailed
way how an input for the machine is to be presented and how the output is
to be located. The condition (1) is particularly useful in combining several
computations. Now we show that every recursive function is Turing computable.

Lemma 3.10. o is Turing computable.
PROOF. A machine for s is:

Tcopy - Tl e Tleft- ,:]

Lemma 3.11. U} is Turing computable.

Proor. The machine is T, _jcopy- OJ

Lemma 3.12. The class of Turing computable functions is closed under
composition.
PrOOF. Suppose f m-ary, go, .- ., 8n_1 H-ary. Suppose f, go, ..., &m—1 are€
computed by M, N, ..., N,_, respectively. Then the following machine
ComplItes Kg (f; o>+ -» gm—l):
neft g Tl - 711eft e 71<7;L+1)c01::y - Tlnseeko - Tright e TO — Trend e
No —> T3 4 pyeopy = N1 —> -+ = Ty 1ycopy = Nim—1 = Timt im - moeny —>
:r(m+(m—2)n)copy—) e > Tmcopy - M — Tfin- D

Lemma 3.13. The class of Turing computable functions is closed under primi-
tive recursion without a parameter.

Proor. Suppose that fis a binary operation on w, computed by a machine
M, and gew. Let g0 =aqa, gn + 1) = f(n, gn) for all new. Then the
following machine computes g:

T'lefc - Tl g Tle[t - T2 copy > Tl seek 0 — 7 Tright g TO e Trend -

a+1l if 1
Tiery = (T = Teqe) — T, copy —> Trigne —> To — Trigne — Tiere —>

if 1
T}erc - Tl - Tlert - T3 copy —> M — T4copy — Tright, - TO ~> I right ? Tleft -

lifo

Tfin
v . I

lifo

Tfin D

Lemma 3.14. The class of Turing computable functions is closed under primi-
tive recursion with parameters.

ProOF. Suppose that fis m-ary, m > 0, g is (m + 2)-ary and that they are

computed by M and N respectively. Let A(xo, - . ., Xn-1, 0) = f(X0, - . -» Xm-1)»
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hxgy .. s Xm-1, ¥+ 1) = g(x0,...s Xn_1, V. 8(X0, ..., X1, ¥)). Then the
following machine computes /:

m +1
TleIL d Tl e Tlefn e T2 copy ~7> T(m+3)copy - Tl";eeko - Trighc -
if 1
TO - Trend - M — T(m+ 2)copy ~ Trigm - TO g Trlght Tleft. g
lifo
Tfm
m if 1
T(m+ 2)copy ~> 7ﬂleff. - T1 - ﬂern - T(m+ 3)copy > N e 7W(m+4) copy ~> Trlght >
li( 0
m+1 Tfin
Tier, — Tty copy

Lemma 3.15. The class of Turing computable functions is closed under
minimalization (applied to special functions).

PrROOF. Let f be an m-ary special function, m > 1, and suppose that fis
computed by a machine M. Let g(xo, ..., Xn-2) = W[f(X0s. ..\ Xpooy y) =
0] for all xq, ..., X,_o € w. Then the following machine computes g:

\ lifo
if 1 |
Tt = Ty —> Tieqe — M — Tggny — Ty — Trigne — Ty — Trlght,
l if 0 irt
Stop O

Summarizing Lemmas 3.10-3.15, we have:
Lemma 3.16. Every general recursive function is Turing computable.

We now want to get the converse of 3.16. This requires Godel numbering.
This process, whose name is just a catch-word for the process of number-
theoretically effectivizing nonnumber-theoretic concepts (already hinted at in
the introduction to this part), has already been used twice in less crucial
contexts. In discussing course-of-values recursion, we numbered finite se-
quences of numbers; see 2.31. And in constructing a function universal for
unary primitive recursive functions essentially we numbered construction
sequences for primitive recursive functions; see 3.5. Now we want to effectively
number various of the concepts surrounding the notion of Turing machine.
Besides our immediate purpose of proving the equivalence of Turing com-
putability and recursiveness, this effectivization will be important for our
later discussion of general recursion theory.

The script letter 4 will be used for Godel numbering functions throughout
this book ; we will usually just depend on the context to distinguish the various
particular uses of ** 4.
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Definition 3.17. Let E be the set of even numbers. Let T be the class of all
Turing machines. If M is a Turing machine, with notation as in 1.1, we let
the Gédel number of M, ¢M, be the number

It

i<2m

where, foreachi < zm’ fi = 2cli+2/21, JaB)i+ D), §uiE+ 1), Jdi+ 1)
Lemma 3.18. 4*T is elementary.

Proor. Forany x € w, x € *Tif Ix is odd, x > 1, for every i < lx we have
((x))2 < 5, for every i < lx there is a j < Ix such that ((x),)s = ((x),)e, for
every [ < lx, if i is even then ((x),)o = ((xX)i+1)e, and for all i, j < lx, if
i+ 2 < j, then ((x);)o # ((x),)0, and if 7 is even then ((x);); = 0, while if i is
odd, ((x)), = 1. O

Definition 3.19. If Fis a tape description, then the Gddel number of F, ¢F,
is the number

0
ket
] I pi 5
i=0
where

F(i/2) if i is even,

ki = F(—(@i + 1)/2)  ifiis odd.

Note that a natural number m is the G6del number of some tape descrip-
tion iff Vx < Im((m), < 2) and m # 0.

Definition 3.20. A complete configuration is a quadruple (M, F, d, ) such
that (F, d, e) is a configuration in the Turing machine M. C is the set of
all complete configurations. The Gddel number g(M, F, d, e) of such a
complete configuration is the number

29M.35F.54.7n
where
"= 2e ife =0,
T l—2e-1 ife < 0.
Lemma 3.21. 4*C is elementary.
Proof. For any x € w, x € g*C iff Vi < 1(x),(((x),): < 2), (x), # 0, (x)o €
#*T, and there is an i < 1(x), such that (x); = (((x)o):)o, and lx < 3. ]

Definition 3.22. (i) For any e€ Z, let

_ [2e ife =20,
I T\ —2e—1 ife<0O.
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For any x € w, let

X+ 2 if x is even,
Sfox =40 ifx =1,

x—2 if xis odd and x > 1,

1 if x =0,

x — 2 if xis even and x > O,
fix =
x+2 if x is odd.

Lemma 3.23. f, and f, are elementary. For any e € Z we have fyge = g(e + 1)
and f, ge = g(e — 1).
ProoOF

2e + 1) e=>0
) fo2e e>0 __ o . .
ﬁ)ye—{fo(_ze_ 1) e<0}—{0 e=—1 }—y(@+1),

—2e — 3 e < —1

20e—1) e>0
- ge = fi2e ex=0 _ )] - o
frge {fl(_ze— 1) e < 0} {_2eil o } gle=1). O

Lemma 3.24. Let R, = {(x,n, ¢, y): x = gF for some tape description F,
n = ge for some ecZ, ¢ =0 or e =1, and y = g(F9)}. Then R, is
elementary.

PROOF. (x,n,e,y)e Ry iff Vi<lx((x);<?2), x#0, e<?2, and y =

[x/p&"]- ps. O

Lemma 3.25. Let R, = {(x, y) : x is the Gddel number of a complete con-
figuration (M, F, d, e), y is the Godel number of a complete configuration
(M, F',d', e) (same M), and ((F,d, e), (F', d’, €")) is a computation step}.
Then R, is elementary.

ProOF. Forany x, y, (x, y) € R, iff x € g*C, y € 4*C, (x)o = (»)o, and there

is an i < 1((x)o) such that (x); = (((x)o)i)o» (((¥)o)1)1 = ((*¥)1)(xy3» and one of
the following conditions holds:

(@) (((x)o))2 = 0, ((x)1, (x)3, 0, (¥)1) € Ro, (¥)2 = (((x)o)i)s, and ()3 = (X)a;
() (Xo))2 = 1, (X1, (X)3, 1, (1) € Ro, (9)2 = (((X)o)i)3, and (¥)3 = (x)s;
(©) (D)2 = 2, (M1 = (X1, (P2 = (X)o))s, and (¥)s = f2((x)3);

(d) ((Xo))2 = 3, W1 = (X1, P2 = ((X)o))a; and (¥)s = fo((X)a)- d

Definition 3.26. A complete computation is a sequence M = (M, F,, d,, e,),
...,(M, F,, d,, e,)> such that {(F,, do, e;), ..., (Fn, dun, €m)y iS a com-
putation in M. The Gddel number of such a complete computation is the

number
l I piM-Fode),

i<m

Let R, be the set of all Godel numbers of complete computations.
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Lemma 3.27. R, is elementary.

Proor. For any x, x € R, iff for every i < lx, (x); € #*C, and ((((x)o)o)o)o =
((x)0)2, and for every i < Ix, ((x);, (x);41) € Ry, and there is an i < 1((x)o)o

such that (((x)o)o))o = ()2 ((X)0)o))1 = (((X))1)anmrss and
((((*)0)o)))z = 4. O

Definition 3.28. If 4 is a finite sequence of 0’s and 1’s, we let

yh = pi:i+1.

i<Dmnh

For any x € w, let fox = [ i<, P?.
Lemma 3.29. f; is elementary, and fox = g1**? for any x.
Definition 3.30. For any x, y € w, Cat (x, ¥) = x-] [iz1, Pi¥%i41.

Lemma 3.31. If h and k are finite sequences of 0’s and 1’s, then g(hk) =
Cat (gh, gk). (Recall the definition of hk from 1.11.)

Definition 3.32. fix = Cat (2, f2x). For m > 1,
fg'(-an LR ] xm—-l) = Cat (fsm_l(xm R xm—2)7 Cat (2,.f2xm—1))-

Lemma 3.33. % is elementary for each m, and f%(xo, ..., Xm-1) =
y(0 10+ (...0 1(x(m—1)+1))_

Lemma 3.34. Let Rz = {(x,y,m,n): x is the Gddel number of a tape
description F, y is the Gddel number of a finite sequence h of O’s and 1’s»
m = ge andn = ge' for certain e, ¢’ € Z, and h lies on F beginning at e and
ending at e'}. Then R is elementary.

Proor. For any x,y,m,n(x,y,mnyeR; iff y #0, Vi < Ix((x); < 2),
x # 0,eithery=1and m=n,orelse y > 1, forevery i < 1y[(y); = 1 or
() = 2], and there is a z < (m + 2y)? such that (2), = m, f3((2);)) = (2)i41
foreachi < lz,1z = 1y, (z),, = n, and for each i < 1z, (X)) = (), = 1. [

The notations f, f1, f2, /5, R, Ri, Re, R; will not be used beyond the
present section. The relations T,, introduced next, however, are fundamental
for the aspects of recursion theory dealt with in Chapters 5 and 6.

Definition 3.35. For m > 0 let T,, = {(e, X, .., Xm_1, 4): € is the Godel
number of a Turing machine M, and u is the Gédel number of a complete
computation {(M, Fy, do, vo), . .., (M, F,, d,, v,)> such that 01=°+D Q...
0 1=m-b+D Jies on F, ending at —1, F, is zero otherwise, v, = 0, and
F,1=1}
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Note that for any e, Xo, ..., Xn_1 € w there is at most one u such that
(e’ X05 -+ Xm-1, u) ETm-
Lemma 3.36. T, is elementary.

ProoF. For any e, Xg,.-., Xn—1, 4, (&, X0, ..., Xm_1, Uy €T, iff €€ p*T

U € Ry, ()o)o = €, (o)1, /B(X0, - - +» Xm—-1), S, 1) € Ryand Vt < ((u)o), (¢ 0odd
and f > 5 = ((()o)1): = 0) and Vr < ((w)o); (¢ even = (((#))1): = 0) for some

s < ((@Wo)1; ((U)o)s = 0, and (((Ww)1)2 = 1. O

Definition 3.37. For any x € » let
Vx = py < x[((0h1, Cat (f23, 2), 2,2y + 4) € R5]

Obviously V is elementary.

Lemma 3.38. Every Turing computable function is recursive.

Proor. lLet M be a Turing machine which computes f as described in
Definition 3.9(ii), and let e = gM. Then for any xo, ..., Xp-1 € w,

f(xo, sy xm—l) = V/“'u[(ea X0se + o5 Xm—1s u) € Tm]a

as desired. O
Theorem 3.39. A function is Turing computable iff it is recursive.

We close this chapter with a variant of the notion of recursiveness due to
Julia Robinson [3]. It will be useful to us later on. The idea is to simplify the
definition of recursive function by using rather complicated initial functions
but very simple recursive operations.

Definition 3.40. [+/]is the function such that [4/x] = greatest integer < +/x
for each x € w. Also, for any x € w we let Exc x = x — [y/x]?; this is the
excess of x over a square.

Lemma 3.41. [+/] and Exc are elementary.

Proor. [4/x] < x for all x € w. Further,

[v0] = 0

_[Inl  ifn+ 1 # (Vn] + 13
[V + D] = [vnl + 1 otherwise

=[vnl +5g|n + 1 — ([vn] + 1)?|
Thus we may use 2.34. Finally, Excn = n =~ [v/n]> O

The next definition and theorem introduce special cases of the important
device of pairing functions, extensively used in recursive function theory.
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Definition 3.42. (i) J(a,b) = ((@ + b)® + b)> + aforalla, b € w. (ii) Lx =
Exc [v/x] for all x € w.

Theorem 3.43
(i) J and L are elementary;
(if) Exc0 = 0and LO = 0;
@iii) if Exc(a+ 1) # 0, then Exc(a+ 1) =Exca+ 1 and L{a + 1) =
La;
(iv) Exc J(a, b) = a;
(v) LI(a, b) = b;
(i) Jis1 — 1.

PrOOF. (i) and (ii) are obvious. As to (iif), choose x such that a = x? +
Exca < (x + 1) Since Exc (@ + 1) # 0, it is then clear that Exc (@ + 1) =
Exca + 1. Furthermore, clearly x2 <a<(x+ 1)2 and x2<a+ 1<
(x + 1)%,s0 x = [v/a] = [v/(a + 1)] and hence La = L(a + 1).

To prove (iv), note that

(@ + b)) + b)? < J(a, b)
<((@a+b2+b*+2a+b2+2b+1
={a+ b2+ b+ 1)
Hence Exc J(a, b) = a, and (iv) holds. Furthermore, clearly from the above
[vI(a, b)] = (a + b)® + b; since

(a + b)? < [v/1(a, b)]
<@+b?*+2a+2b+1

=(a+b+ 1)?
we infer that LI(a, b) = Exc [+/J(a, b)] = b, as desired in (v). Finally, (vi) is a
purely set-theoretical consequence of (iv) and (v). O

For the next results we assume a very modest acquaintance with number
theory; see any number theory textbook.

Theorem 3.44 (Number-theoretic: The Chinese remainder theorem). Let
my, . .., Mmy_, be natural numbers > 1, withr > 1, the m;’s pairwise relatively
prime. Let aq, . .., a,_, be any r natural numbers. Then there is an x € w
such that x = a(mod m,) for all i < r.

Proor. By induction on r; we first take the case r = 2. Since m, and m,
are relatively prime, there exist integers (positive, negative, or zero) s and ¢
such that 1 = mes + myt. Then ay, — a; = mys(a, — a;) + myt(a, — ay).
Choose u € w such that ay, — mys(a, — a,) + umem, > 0, and let x = a, —
mgs(ay — a;) + umgm,. Then x = g,(mod my),and x = a, + m,t(a, — a,) +
umem, = a,(mod m,), as desired.

Now we assume the theorem true for r and prove it with “‘r”’ replaced by
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“r + 1. Withs, t,uasabove, choose xe wsuchthat x = a, — mys(a, — a,) +
umom,(mod mym;), x = a(mod m,),...,x = a(mod m,). Then x = a,
(mod my,) and, since a, — mys(a, — a,) = a, + myt(a, — a;), x = a;(mod m,)
as desired. O

Definition 3.45. For all x, i € w let B(x, i) = rm (Exc x, 1 + (i + 1)Lx).

Theorem 3.46 (Number-theoretic: Godel’s B-function lemma). For any
finite sequence Yy, . . ., Y-, of natural numbers there is an x € w such that
B(x, i) = y; for each i < n.

PrOOF. Let s be the maximum of yo, ..., y,-1, n. Foreach i < nlet m; =
1 4+ (i + 1)-s! Then fori < j < nthe integers m; and m; are relatively prime.
For, if a prime p divides both m; and my;, it also divides m; — m; = (j + 1)-
st — (i + 1)-s! = (j — i)-s! Now pf1s!, since p|1 + (i + 1)s!. Hence p|j —
i. Butj — i < n < s, and hence this would imply that p|s!, which we know
is impossible. Thus indeed m; and m; are relatively prime.

Hence by the Chinese remainder theorem choose v such that

v = y,(mod m) for each i < n.

Let x = J(v, s!). Then Exc x = v by 3.43(iv), and Lx = s! by 3.43(v). Hence
if i < n we have

B(x,i) = rm (Exc x, 1 + (i + 1)Lx)
rm (v, m;)

=W O

Definition 3.47. If fis a 1-place function with range w, let f<"Vy = ux(fx = y)
for all y € w. We say that £~ ¥ is obtained from f by inversion.

Theorem 3.48 (Julia Robinson). The class of recursive functions is the inter-
section of all classes A of functions such that +, s, Exc, Ut € A (for0 < i <
n), and such that A is closed under the operations of composition, and of
inversion (applied to functions with range w).

Proor. Clearly the indicated intersection is a subset of the class of recursive
functions (f*"Py = ux(|fx — y| = 0), so we have here a special case of
minimalization). Now suppose that A is a class with the properties indicated
in the statement of the theorem. We want to show that every recursive func-
tion is in 4. This will take several steps.

The general idea of the proof is this: Inversion is a special case of minimal-
ization, and the general case is obtained from inversion by using pairing
functions. Primitive recursion is obtained by representing the computation
of a function f as a finite sequence of the successive values of f, coding the
sequence into one number using the B function, and selecting that number
out by minimalization.

Our proof will begin with some preliminaries, giving a stock of members
of A, which leads to the fact that the pairing functions are in 4. First note
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that for any x € w, x* < x2 + x < (x + 1)?, and hence Exc (x2 + x) = x.
Thus

) Exc has range w.
Next,
(2) Exct=V (2x) = x% + 2x for all x € w.

For, obviously Exc (x% + 2x) = 2x. If Exc (y) = 2x with y < x% + 2x, we
may write y = z2 + 2x < (z + 1)>and so z < x and hence (z + 1)? = 22 +
2z + 1 < z%2 + 2x < (z + 1)?, a contradiction. Thus (2) holds.

Again,

(3) Exc"P(2x + 1) =x2 + 4x + 2 for all x € w.

For, (x+ 12 =x24+2x+1 <x2+4x+2<xT+4x + 4= (x + 2)7
and hence Exc (x2 + 4x + 2) = 2x + 1. Now suppose Exc (y) = 2x + 1,
with y < x? + 4x + 2. Choose z such that y = z2 4+ 2x + | < (z + 1)2
Then z2 + 2x+ 1l =y < x2+4x + 2 =(x+ 1)2+ 2x + 1, and hence
z<x. Hence z+ 12 =224+2z+1 <22+ 2x+1=ypy<(z+ 1)? a
contradiction. Thus (3) holds.

From (2) we see that Cix = 0 = Exc o Exc"V(x + x) for all x€ w;
hence

4 Cle A.
Hence by composition with o,
(&) Cred forall » > 0 and all m € w.

Now let x ©y = Exc (Exc'"P (2x + 2y) + 3x + y + 4) for all x, ye w.
Thus

(6) O € A.
Now if x > y, then

x+y+2P=x+y)?+4x+4y+ 4
Sx+ ) ?P+2x+p+3x+y+4

=Exc""V(2x+2y)+3x+y+ 4 by (2)
<{x+py?*+6x+6y+9
=(x4+y+ 33>~

Hence

7N xXOy=x—y ify <x.

Let fx = x2 for all x € w. Then by (2), (7), fx = Exc""? (2x) — 2x for all
X € w, SO

(8) feA.
Next note that sg x = Exc J4(x2) and 5g x = | © sg x for all x € w. Thus
) sg, Sg e A.
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Furthermore,
(10) Exc o s has range w.

For, Exc 40 = 0, and if x # 0, then Exc o(x2 + x — 1) = x.
Now using 3.43(iii) we see that sx = Exc (Exc o ¢)"P(x) for all x € w.
Hence

(1) f£EA.
Recall that E is the set of even numbers. Next we show
(12) xE(x) = Exc 95 Exc"VYx for all x € w.

For, if x = 2y, then

Exc 90 Exc " x = Exc g5 (% + 2y) by (2)
= Exc(y* + 2y + 2)

if x =2y + 1, then

Exc o0 Exc"P x = Excos (3?2 + 4y + 2) by (3)
=Exc(®*+4+ 4
= 0.
From (12) we have:
(13) xE € 4.
Now let gx = 2 Exc x + §g yEx for all x € w. Thus
(14) ge A.
We claim:
(15) g has range w.

For, if x = 2y then, since y*> + y is even, g(3? + y) = 2Exc ()? + y) =
2y = x. If x = 2y + 1 then, since (y + 1)2 + yis odd, g((y + 1)2 4+ ») =
2y+1=nx

Let Ax = [x/2] = greatest integer y < x/2 for all x € w. Then

(16) hx = Exc g~ Vx for all x € w, and hence h e A.

For, 2 Exc g~ Vx + §g xEg'"Px = x for any x; thus if x is even, then
2 Exc g~ Vx = x; while if x is odd, 2 Exc g"Px + 1 = x, as desired.
For any x € w, let kx = [(Exc £x)/2] + sg x. Thus

a7n keA.
Furthermore,
(183) k(x?) = x for all x.

For,if x = Othe resultis obvious. If x # 0,then fx® = x> — 1 = (x — 1)®> +
2x — 2, Exc ix? = 2x — 2, and hence k(x?) = x, as desired.
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Let Ix = [4/x] for all x € w. Then by (18), Ix = k(x @ Exc x), so

(19) le A

Hence by (8) and (19)

(20) J,LeA.

21 ifx <y thenx®y=3x+y+ 3.
For,

x+y+1)P=x+y2+2x+2p+1
<(x+y*+5x+3y+4
<(x+y?+4x+ 4y + 4
=(x+y+ 2>
Sincex © y = Exc ((x + )2 + 2(x + ») + 3x + y + 4), (21) now follows.

22) 206, =5g[(xE©»OBx+ y+ 3)] for all x, yew, and
hence x . € A.

For, if x > y then

glxONOBx+y+ 3] =sgl(x —»)OGBx +y + 3)] by (7)
=sg(B3x-3y+3x+y+3+3) byl
sg (6x — 2y + 6)

=1
If x < y, then
glxONeBx+y+3]=0Cx+y+3)OGx+y+3)by(2])
=0 (by (7)
(23) ‘e A.

For, x-y = [((x + »)*© x5 O /2] for all x, yew. Let m(x, y) =
|x — y| for all x, y € w. Then

(29) meAd,

for m(x, y) = x=(x, »)-(x© ») + x-(3, ¥)-(y © x).
With the aid of the auxiliary functions which we have shown to be in 4,
we can now show how minimalization can be reduced to inversion.

Suppose f'is a 2-ary special function, fe 4. Let gx = py(f(x, y) =
0), for all x € w. Then for all x € w, gx = Luz(f(Exc z,Lz) = 0,
Excz + Lz = [v/[+/2z]], and Exc z = x) (and for each x there
always is a z satisfying the conditions in parentheses).

(25)

To prove this, let x € w be given. Let z = J(x, gx). Then f(Exc z, Lz) =
f(x, gx) = 0 by 3.43; Excz + Lz = x + gx = [v/[+/Z]] by direct computa-
tion, and Exc z = x. Clearly also Lz = gx. It remains to show that our choice
of z gives the least integer s satisfying the conditions of the u — operator.
Assume that f(Exc s, Ls) = 0, Excs + Ls = [v/[+/s]], and Excs = x. Say
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s=p>+ x<(p+ 1)® Then [+/s] = p, and Ls = Excp. Say p = ¢*> +
Ls < (g + 1) Then [v/[v/s]] = g. Thus x + Ls = ¢q. Since f(Exc s, Ls) =
0, we have gx < Ls. Hence x + gx < ¢, (x + gx)? < ¢% (x + gx)® + gx <
p, [(x + gx)? + gx]? < p%, and z = J(x, gx) < p? + x = s, as desired. Thus
(25) is established.

(26) Under the hypothesis of (25) we have g € A4.

For, let nz = sg f(Exc z, Lz)-5g (JExc z + Lz — [+/[v/2]]|)- Exc z. By (25),
n has range w, and clearly n € A. Clearly for any x € w we have gx = sg x-
g0 + Ln'"Yx,s0 ge A.

Next,

(27) if fis special, f€ A4, and g is obtained from f by minimalization,
then g € 4.
For suppose f is m-ary, m > 1. We proceed by induction on m; the case
m = 2 is given by (26). Inductively assume that m > 2. Define /' by
fl(x()’ R xm—2) = f(EXC X0s LXO’ P S TR xm—2)’

for all xg,..., xn_2€w. Clearly f’ is special, since f is. Let g’ be obtained
from f’ by minimalization. By the induction hypothesis, g’ € 4. Now if
Xgs + - -» Xm_g € w, then
g(xo, RS ) xm—2) = ,U'}’(f(xo» vy Xm—25 Y) = 0)
/“’y(f(EXC J(XOa X1)7 LJ(XOs xl)’ Xoy oo vy Xm—2, }’) = 0)
= ,U'y(f'(J(Xo’ x1)5 X2, s Xm*Z’ J’) = 0)
= g,(J(x0> xl)’ Xy ov ey Xm-—-2);
hence g € A by (20).
For all x, y € w let g(x, y) = [x/y].

(28) geA.

For, if x, y € w then

[x/y]

pz(y-oz > zory = 0)
:U‘Z(XZ(X’ )’"JZ)')’ = 0)7

so g € A by (27) and (22).
Now since rm (x, y) = x © ([x/y]-y), we have

(29) rm € A.
Hence by (20),
(30) BeA.

Now we can take care of primitive recursion.

Suppose g is obtained from fand / by primitive recursion, f m-ary

and /1 (m + 2)-ary, m > 0. Then for any xq,..., X1, V€ w,
(31) g(xo, - --» Xp-1, ¥) = Bpz[B(z,0) = f(xo, ..., Xn_y) and

uw(B(z, W) # h(xg, .. -y Xm—1, W, B(z, w)) Or W = y) = v}, »);

such z and w always exist, for any xq, ..., X1, V € w.
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To prove (31), let x,,..., X,_1, ¥ € w be given. By Theorem 3.46 choose z
such that B(z, i) = g(xo, ..., Xp-1, [) for each i < y. Thus if ow < y we have

B(Z, GW) = g(x09 ey Xm—1, dW)
= h(an e Xm-1, W, g(xm ey Xm—1s W))
= h(xOs ey Xm—1, W, B(Zs W))

Hence
,LLW(B(Z, 4W) 7é h(x0’ MRS ] xm—l’ w, B(Z, W)) orw = y) = y

Furthermore, B(z, 0) = g(xo, ..., Xn-1, 0) = f(xo, ..., Xn_1). Hence there is
a z of the sort mentioned in (31). Let ¢ be the least such z. By induction on i
it is easily seen that for any i < y we have (¢, i) = g(xo, . .., Xn_1, i). Hence
B(t, ») = g(xos - - -» Xm—1, ¥), as desired.

Under the hypothesis of (31), if in addition f and & are in A,

(32) then g € A.

For, first let
k'(xo, s Xm-1,)5 2, W) = S_g |B(Z’ dw) - h(xo, cees Xmo1, W, B(Z9 W))l 'Sg(lW - yl)
for all x,, ..., Xn-1, ¥, 2, w € w. Then k' € 4 by (9), (24), and (30). Further-
more, obviously k' is special and
g(xOs LICICE ] xm—la }’) = ﬁ(,u.Z[ﬁ(Z, 0) = f(x0’ cvey xm—l) and
.‘"W(k’(xo, ceey xm—la y9 Z, W) = 0) = y]ay)

Let K"(Xo, . . . Xm-1, ¥, 2) = uw(k' (X0, - - -; Xm_1, ¥, 2, w) = 0) for all x,, ...,
Xm-1, ¥» Z€ w. Thenk” € Aby (27). Letk"(x,, . . ., Xm—-1, ¥» 2) = sg (|B(z, 0) —
SXos oo oy Xm-D)|) + sg (|k"(X05 - - -» Xm—-1, ¥, 2) — y|). Then k"€ 4, and by
(31) k" is special; moreover,

g(x0’ ey Xm—1, y) = B(I‘Z(k”(xo, s Xm—1, Y, Z) = 0)’ y)°
Hence g € A, as desired.

If g is obtained from a and 4 by primitive recursion, a € w and A

(33) binary and 4 € A4, then g € A.

The proof is similar to that of (32).

Thus 4, U} € 4, and A4 is closed under composition, primitive recursion,
and minimalization (applied to special functions). Hence, every recursive
function is in 4, and the proof of 3.48 is complete. J

Definition 3.49. Let P be the two-place operation on one place functions
such that
P(f, &)(x) = fx + gx

for all one place functions f, g and all x € w.
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Theorem 3.50. The class of 1-place recursive functions is the intersection of
all sets A of 1-place functions such that s, Exc € A and A is closed under
K1, P, and inversion (applied to functions with range w).

Proor. Clearly the intersection indicated is included in the class of 1-place
recursive functions. Now suppose that A4 satisfies the conditions of the
theorem. Note that U} € 4, since U} = K (Exc, Exct™V). If fis a I-place
recursive function, then f = K! (f, U}). Hence in order to show that all
I-place recursive functions are in 4 (which is all that remains for the proof),
it suffices to prove the statement

*) if fis an m-ary general recursive function and g, ..., gn..1 € 4,
then KT (f; 805+ -» &m-1) € 4.

To prove (*), let B be the set of all fsuch that if fis m-ary and g, . . ., gn-.1 € 4
then K7 (f; go, - - ., &n-1) € A. Note that for funary we have fe 4 iff f€ B.
Hence +, 5, Exc, U € B(for0 < i < n < w)and Bis closed under inversion,
applied to functions with range w. To show that B is closed under composi-
tion, assume that f (m-ary) is in B, that A, ..., h,_, (all n-ary) are in B, and
that go, ..., gn—; € A. Then by 2.2,

K’ll (K,: (f, hO, LS hm~l);g0" LR gn—l)
= Knll (f’ KT{ (hO;gOa' . -,gn—l)a- . aKgll (hm-l;gm- . ',gn~1))'
NOW l('1L (hO;gO,'~-’gn—1)a-~-,l(71L (hm—l;go’”'vgn‘l)eA» SO
KQ(K': (f;/70,~-‘,hm—l);gOy--wgn—l)EA'

Thus, g, . . ., g, -1 being arbitrary, K (f; hq, . .., hn_1) € B. Hence by 3.48
the proof is complete. O
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EXERCISES

3.51. Show that the set I' in the proof of 3.5 is closed under primitive recursion
with parameters.

3.52%, Let f(O, y) =y + 1, f(x + 1,0) :f(x, 1), and f(x + l,y + 1) —
f(x, f(x + 1, »)). Show that fis recursive.

3.53*. (continuing 3.52*). Show that fis not primitive recursive. Hint: prove the
following in succession (for any x, y € w):

) y < f(x,»);
Q) f(x,y) < flx,y + 1);
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3.54.

3.55.

3.56.
3.57.
3.58.

3.59.

3.60.
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Q) flx,y + 1) < flx + 1, p);

@) flx,y) < flx + 1,»);

G fL,y)=y+2

6) f(2,y) =2y + 3;

(7) for any cy, ..., ¢, there is a d such that for all x, X, .., f(¢c;, x) <
fd, x) (prove first for r = 2, taking d = max (cy, ¢2) + 4);

(8) for every primitive recursive function g (say with » places) there is a ¢
such that for all xi, ..., x5, g(x1, ..., xn) < flce,x1 + -+ Xp);

(9) fis not primitive recursive.

What difficulty would arise in deleting ““ primitive’” from Lemma 3.5 [show
that 3.5 would then be false, but also indicate how a proof roughly similar
to that given for 3.5 would break down].

Express a Turing machine to compute + directly in terms of the machines
of Chapter 1, i.e., don’t use results of this section.

The set {#M : M is a Turing machine with exactly five states} is elementary.
Prove (33) in the proof of 3.48 in detail.

The class of recursive functions is the intersection of all classes 4 of
functions such that s, UFe€ A (each n > 0, each [ with i < n), +€ A4,
—€ A, € A, and A is closed under composition and under minimalization
(applied to special functions). Thus we have here another equivalent
definition of the notion of recursive function; this version, or slight
variations of it, are frequently found in the literature.

Let Ji(x, ) = 2*. 2y + 1) — 1 for all x, ye w, let K1x = (x + 1), and
let Lix = ([(x + 1/exp (2, K;x)] — 1)/2. Then show:

(1) Ji, Ki, L, are elementary

(2) Ji(Kyx, Lix) = x

3) KiJi(x, ) = x

@) LiJix, y) =y

(5) Jy maps w X w 1 — 1 ontow

For any x, yew, let Jo(x, y) = [(x + )% + 3x + y1/2, QOix =
[((v8x + D]+ 1)/2] = 1, Qox = 2x — (Q1x)?, Kox = (Qax — 0:X%)/2,
and L.x = O,x — Kyx. Prove analogs of 3.59(1)-(5). Hint: Define
fiw X w->w X w by putting

_Jx+1Ly-1 ify #0,
f(x’y)_{(o,x+ ) ify=0.

(The function f describes a certain easily visualized procedure of going
through all pairs (x, »).)

Prove that J.f(x, y) = Jo(x,») + 1 for all x, yew. Thus J; is the
natural mapping w X w > w associated with f. Then show successively
that J, maps w X w onto w and that for all x, y e w, Q1Jo(x,¥) = x + ¥,
QaJ2(x,y) = 3x + y, KoJao(x,y) = x,LoJo(x, ¥) = y. Then Jo( Kox, L2X) =
x follows easily since J, is onto.
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3.61*. If f is a 1-place number-theoretic function, we define f™ (temporary
notation) by induction:

fox = x for all x e w,
frtix = ff"x for all x e w.

The function g such that gn = "0 for all n € w is said to be obtained from
f by iteration.
Prove the following theorem:

Theorem (R. M. Robinson). The class of primitive recursive functions is the
intersection of all classes A of functions such that ¢, Exc, +, U} € A whenever
i < new and A is closed under composition and iteration.

Hint: As in the proof of 3.48 the essential thing is to show that each primitive
recursive function is in A4, where A satisfies the conditions of the theorem. Proceed
stepwise:

(1) C3, sg,5g€ A.

(2) Let fx = x + 2Sg Exc (x + 4) + 1. Then fe A.

(3) Let gx = x + 2[+/x]. Then g € A.

(4) Let hx = x2. Then he A.

(5) Let x©y = Exc [(x + )2 + 3x + y + 1]. Then ©e 4.

(6) Letax =5gx + 258 (x © 1). Then o € A4.

(7) Let 8 be obtained from « by iteration, yx = x + 1 + Bx, ¢ obtained from
y by iteration, kx = [x/2] for all x; then 3 > Bx = x (mod 3), and k, =
ex — x,and k€ A.

(8) Let ix = [v/x]. Then ic A.

O -,J,Le A

(10) Suppose j € 4, and k is defined from j as follows:

k0 = 0,
k(n + 1) = j(n, kn).

Then k € A. Hint: define k'n = J(n, kn) for all n € w.
(11) Suppose f1 € 4, and f; is defined from f; as follows:

f(a, 0) = a,
fola, n + 1) = fi(n, foa, n)).

Then f; € A. Hint: define I0 = 0, I(n + 1) = fo(Ln, Excn).
(12) Suppose f1, f2 € 4, and f; is defined as follows:

fs(a, 0) = fia,
fala, n + 1) = faln, fa(a, ).
Then f; € A. Hint: define l(a, 0) = a, l(a,n + 1) = J(a, f3(a, n))
(13) If f4, fs € A, and fs is defined by:

fe(a, 0) = faa,
fe(a, n + 1) = fi(a, n, fe(a, n)),

1

then fg € A.
(14) A is closed under primitive recursion.
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Using 3.61, show that the class of all 1-ary primitive recursive functions
is the intersection of all classes 4 such that s, Exce 4 and A4 is closed
under iteration, K}, and P.

(HErRBRAND—-GODEL-KLEENE CcALCULUS). We outline another equivalent
version of recursiveness. We need a small formal system:
Variables: vo, v, vo, . . . ;
Individual constant: 0;
Operation symbols: £, (m-ary), gm.. (m-ary) for all mew ~ 1, new; s
(unary).

By induction we define A0 =0, A(m + 1) = s Am for all me w;
we denote Am sometimes by m. Now we define terms:

1) <vo;

(2) <0>;

(3) if o is a term, so is g0}

4) if mew ~ 1 and o,...,0,-1 are terms, so are fno¢---0n_1 and
EmnGo* * *Opm-1 fOr each ne w;

(5) terms are formed only in these ways.

An equation is an expression ¢ = T with o, 7 terms.

A system of equations is a finite sequence of equations. If E is a system
of equations, say E = {gq, . . ., m-1, then an E-derivation is a finite
sequence <o, . . ., P, 1> of equations such that for each i < n one
of the following holds:

6) 3j < m = g3

(7) 3j < i3 variable « 3 me w (¢ is obtained from i; by replacing each
occurrence of « in ; by m);

(8) 3/, k < iy has the form o = 7, §; has the form f,x,---%X,_, = y or
8y¥o" - "Xp_1 =Yy, and ¢ is obtained from i, by replacing one occur-
rence of fyXo+ - -Xp_1 (OF 8pgXo- - -Xp—1) in 7 by Xx.

We write E | x to mean that there is an E-derivation with last member y.

Now an m-place number-theoretic function k is called Herbrand-
Godel-Kleene recursive if there is a system E of equations such that
Vxo- - -Vxm- i VW(EF fuXo-+ Xm—1 = ¥y iff k(xq, ..., Xm_1) = Y).

Show that k is Herbrand-Goédel-Kleene recursive iff it is recursive.

Hint: To show that every recursive function is HGK recursive, let 4
be the collection of all functions k (say k is m-ary) such that there is a set
E of equations and an assignment of n-ary operations to the n-ary opera-
tion symbols occurring in members of E (for all n € w), k assigned to f,,,
under which all members of E become intuitively true for any values
assigned to the variables and such that Vx,- - -Vx, .3y (EFf.Xo - X -1
y). Show that A satisfies the conditions of Exercise 3.58 and hence that
every recursive function is Herbrand-Godel-Kleene recursive.

To show the converse, do a Godel numbering. Let Ty, = {(e, xo, . . .,
Xm-1, #): e is the GOdel number of a system E of equations and u is the
Godel number of an E-derivation with last term of the form f,Xo- - *Xn—-1 =
y}. Given such a u, V'u is the y mentioned. Then see the proof of 3.38.

(INFINITE DIGITAL COMPUTER). Yet another equivalent form of recursive-
ness is obtained by generalizing a first-generation digital computer. We
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68

visualize our computer as an infinite array of storage boxes, labeled
0,1, 2,.... Each storage box is allowed to hold any natural number. By
convention we assume that all but finitely many of the boxes have 0 in
them. Box 0 is the instruction counter. Box 1 is the accumulator. All other
boxes are just fast memory cells. We supply only six instructions:

(1) add one to the contents of Box 1;

(2) subtract one from the contents of Box 1, or leave zero if already 0;

(3) replace the contents of storage n by the contents of storage 1 (for
any n);

(4) replace the contents of storage 1 by the contents of storage n (for any n);

(5) (for each n € w) if storage 1 has a zero in it, take the next instruction
from storage n otherwise proceed as usual;

(6) stop.

For technical reasons there is no szart instruction.

The machine works as follows. We set the storages initially to certain
values (programming). Then the machine starts. It looks at box 0 and
takes its instruction from the box specified there (each instruction will be
assigned a number). After performing the instruction, the instruction
counter advances one step (except possibly for instructions (5) and (6)),
and then the next instruction is executed, etc. The machine continues until
hitting the stop instruction, and then stops. It is possible that the machine
will get in a ““loop”’, and never stop.

An initial state of the machine is called a program. A program computes
a 1-place function f as follows. We put x in storage 2 and press the start
button. The machine grinds away, and finally stops; fx is then in the
accumulator.

Now we express all of this rigorously. A storage description or program
is a function F mapping w into « such that for some m e w we have
Fn = O foralln = m.

An instruction is a number of the form 2°3°, 21.30, 22.3n 23.37 2%.3n
0, where n € w. These instructions correspond to (1)—(6) above, respectively.

A computation step is a pair (F, G) such that F and G are storage
descriptions and one of the following conditions holds:

(1) FFO = 2°-3° and G = (FPo+1)F1+1
(2) FFO = 2'.3%and G = (FF00+1)11-*1;1
(3) FFO = 22.3" (for some n), and G = (Ffo+1)%1
(4) FF0O = 23.3" (for some n), and G = (Frg1+1)in
(5) FFO = 2*-3" (for some n), and
G = Floir if F1 # 0,
G=F if F1 = 0.

A computation is a finite sequence {F,, ..., F,-1> of storage descrip-
tions, with m > 0, such that (F;, F;,1) is a computation step for each
i<m—land F,_,F,-10 = 0. We say that {F, . .., F,_1) is a computa-
tion beginning with F, and ending with F,,_,;. Now an m-ary function f'is
said to be infinite-digital computed by a program F provided that for all
Xo, . . -» Xm -1 there is a computation beginning with F25:™%%_1, and ending
with a program G such that G1 = f(xo,..., Xm-1)-

Show that a function is infinite-digital computable iff it is recursive.



Markov Algorithms *

The present chapter is optional; it is devoted to another important and
widely used version of effectiveness, Markov algorithms.

The theory of Markov algorithms is described carefully and in detail in
Markov [3]. Here we shall only give enough of its development to prove
equivalence with Turing computability and recursiveness. The equivalence
was first proved in Detlovs [2]. For a brief outline of the theory see Curry [1].

Definition 4.1. Throughout this chapter, by a word we shall understand a
finite sequence of 0’s, 1’s, and 2’s. The empty word is admitted. A Markov
algorithm is a matrix 4 of the form

Qo bo Co

a b ¢

a, b, cn
such that a, . . ., am, b, . . ., by are words and c,, . . ., ¢, €{0, 1}. A word
a occurs in a word b if there are words ¢ and d such that b = cad. Of
course a may occur in b several times. An occurrence of a in b is a triple
(¢, a, d) such that b = cad. It is called the first occurrence of a in b if ¢
has shortest length among all occurrences of a in b.

An algorithmic step under A is a pair (d, ¢) of words with the following
properties:

(f) there is an { < m such that a; occurs in d;
(i) if i < m is minimum such that a; occurs in d, and if (f, a;, g) is the
first occurrence of a; in d, then e = fb,g.
Such an algorithmic step is said to be nonterminating, if with i as in (i),
¢; = 0; otherwise (i.e., with ¢; = 1), it is called terminating. A computation
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under A is a finite sequence <{d,, . . ., d,> of words such that for each i <
m — 1, (d;, d;,,) 1s a nonterminating algorithmic step, while (d,_,, d,,)
is a terminating algorithmic step.

Now an m-ary function f'is algorithmic if there is a Markov algorithm
A as above such that for any x,,..., X,_, € w there is a computation
{dy, . . ., d,> under A such that the following conditions hold:

(ill) dO — 0 1(x0+1) 0 .. 0 1(x(m—1)+1) 0 2;
(iv) (2> occurs only once in d,;
(U) 0 l(f(x(), ceax(mM=1)+1) 0 2 occurs in dn'

We then say that 4 computes f.

A row a; b; 0 in a Markov algorithm will be indicated a; — b;, while a
row a; b; 1 will be indicated a; — -b;. A Markov algorithm lists out finitely
many substitutions of one word for another, and an algorithmic computation
consists in just mechanically applying these substitutions until reaching a
substitution of the form a; — -b;. Clearly, then, an algorithmic function is
effective in the intuitive sense. Markov algorithms are related to Post systems
and to formal grammars. Now we shall give some examples of algorithms,
which we shall not numerate since they are not needed later. The algorithm
Ag:

0> — <0

works as follows: any computation under 4 is of length 2 and simply repeats
the word: {a, a), where <{0> occurs in a. Consider the algorithm A, :

0> — -<01>.
Some examples of computations under A, are:

(1) <0, <01>>
(2) <<00>, <010>>
(3) <11010}, <110110>.

Let A, be the following algorithm:

0> — <1)
1> —=LD.

The algorithm A, takes any word and replaces all 0’s by 1’s, then stops. Let
Az be

1> —=<113.

Clearly no computation under A4, exists. Starting with a word in which {1
occurs, A; manufactures more and more one’s.

Lemma 4.2. Every Turing computable function is algorithmic.
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Proor. Let f (n-ary) be computed by a Turing machine M, with notation
as in 1.1 and 3.9. With each row #i = (c;u), &i, vi, di) of M (1 < i < 2m) we
shall associate one or more rows ¢'(i, 0), . . ., ¢'(i, pi) of a Markov algorithm,
depending on vi.

Case 1. vi = 0 or 1. We associate the row

(gy 2 1€A+D 2% 5y 2 1@HD 2%
Case 2. vi = 2. We associate the rows (in order)
O g 2 1@i+th 25 5¢0 2 1@W+Dh 2 .5

1 g 2 1@+ 2y (1 2 [@+D 2 g
(eg 2 1€/+D 25 50 2 1@+ 2 g

Case 3. vi = 3. We associate the rows (in order)
ey 2 1@t 2 0>—(g 0 2 1@+DL DY

e 2 1CH+D 2 [y sde 1 2 1@FD DY
(e 2 1€+ 25 5 (e O 2 (@D DY

Case 4. vi = 4. We associate the row
ey 2 1€A+D 2% 5. lgy 2.
Now let 4 be the following Markov algorithm:
t'(1,0)

(1, pl)
1'(2,0)

t'2m, p(2m))

(2> —><2 1€+ 2%
We claim that 4 computes f. To see this, let x,, ..., x,.; € w. Since M com-
putes f; by 3.9 there is a computation {(F, ¢, 0), (Gy, a1, by), - . ., (G4_1, a4_1,
b,_1)> of M with the following properties:
(1) 0 1*0*D Q ... 0 1*m=D1+D Jjes on F ending at —1, and F is O else-

where;
(2) 1&m=D+D ( JUE0..xm=D+D () Jies on G,_, ending at b,_;.
Now let Gy = F, ay = ¢;, by = 0. Let Q_, be the word
0 1(x0+1) 0 e 0 1(x(m—1)+1) 0 2'

Now we define N;, P;, Q; for i < g by induction. Let N, be 0 1<*°+1 (Q ...
0 1=+ (O Py = 0 (the empty sequence), and Q, = 0 1*°+D Q ...
0 [&xm-D+b (g 2 1€1+D 3 Syppose now that i + 1 < ¢ and that N;, P;, Q;
have been defined so that the following conditions hold:

(3) N; # 0;
(4) N, lies on G; ending at b;;
(5) P; lies on G; beginning at b; + 1;
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(6) G, is O except for N,P;;

(7) exactly two 2’s occur in Q;;

(8) N; 2 1@+D 2 p, = Oy

(9) if i # O, then (Q;_,, Q;) is a nonterminating algorithmic step under A.

Clearly (3)-(9) hold for i = 0. We now define N,, , Pi,1, Q;,:. Let the row
of M beginning with a; G;b; be

a Gb v w.

We now distinguish cases depending on v. Note that, since i < ¢ — 1, v # 4.
In each case we define N, , P;y1, Qi.1, and it will then be evident that (3)-
(9) hold for i + 1 in that case. In each case, let Q,,, be defined by (8) for
i+ 1.

Case 1. v = 0. Let N;,, be N; with its last entry replaced by 0, and let
P i+1 = P,

Case 2. v = 1. Similarly.

Case 3. v = 2. Here we take two subcases:
Subcase 1. N, has length at least 2. Write N, = N;, e, where e = O or 1, and

set P, = eP;.
Subcase 2. N, has length 1. Let N;,; = 0>, P,,, = N,P,.

Case 4. v = 3. Again we take two subcases:
Subcase 1. P; # 0. Write P; = eP, ., with e = 0 or 1, and set N;,; = Ne.
Subcase 2. P, = 0. Let P,,, = 0, N;;, = NO.
This completes the definition of N,, P;, Q; for all i < g, so that (3)-(9) hold.
Let Q, be the word N,_; 2. Then by (9) it follows that <Q_;, Qo,..., QO
is a computation under 4. Now by (2), (6), and (4), we can write

Nq-l — N:;—l 0 19&x0,.... x(m-1)+1) 0;
hence 0 1Y*0--.¥m=D+1 ( 2 occurs in @, and 2 occurs only once in Q,.

It follows that 4 computes f. O

We now turn to the problem of showing that every algorithmic function
is recursive. This is done by the now familiar device of G6del numbering.

Definition 4.3. If a = <a,, ..., a,-1) is a word, its Godel number, ga, is

H p2n+1.

i<m

Thus the empty word has Gddel number 1.

Lemma 4.4. The set of Godel numbers of words is elementary.

PRrROOF. m is the G6del number of aword if m =1 or m > 1 and Vi < Im
[(m); < 3and 1 < (m);]. O
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Definition 4.5. If 4 is a Markov algorithm as in 4.1, its Godel number, g4,
is the number

[ 124

i<m

where ti = 279.3%%.5¢ for each i < m.

Lemma 4.6. The set of Gédel numbers of Markov algorithms is elementary.

PrOOF. n isthe G6del number of a Markov algorithm iff » > 2 and Vi < In
[((n);)o and ((n),), are G6del numbers of words, ((n),). < 1,and 1((n);,) < 2]. (I

Definition 4.7. Let R, = {(m, n): m and n are G6del numbers of words a and
b respectively, and a occurs in b}.

Lemma 4.8. R, is elementary.

PrROOF (m, n) € R, iff m is the Godel number of a word, » is the Godel
number of a word, and dx < n 3y < n[Cat (Cat (x, m), y) = n]. (Recall from
3.30 the definition of Cat.) ]

Definition 4.9. R, = {(m, n, p, q): m, n, p, g are Godel numbers of words gq,
b, ¢, d respectively, and (a, b, ¢) is the first occurrence of b in d}.

Lemma 4.10. R, is elementary.

PrOOF. (m,n,p,q)e Ry if m, n, p, g are G6del numbers of words and
Cat (Cat (m,n), p) = q and Vx < qVy < ¢g[lx < Im & x and y are Gdédel
numbers of words = Cat (Cat (x, n), y) # q]. O

Definition 4.11. R, = {(p, m, n) : p is the G&del number of a Markov algo-
rithm A, m, n are G6del numbers of words a, b respectively, and (a, b) is a
nonterminating computation step under 4}.

Lemma 4.12. R, is elementary.

Proor. (p, m, n) € R, iff p is the Godel number of a Markov algorithm, m
and n are Godel numbers of words, 3i < Ip such that (((p);)e, m) € R, and
Vi < IpVx < mVy < m[((p))o m) € Ry & Vj < i[(((p)))o, M) ¢ Ro] & (x,
((p))os ¥, m) € Ry = Cat (Cat (x, (p))1, ¥) = n & ((p)))2 = O]. O

Definition 4.13. R; is like R; except with ““terminating” instead of ““non-
terminating”’.

Lemma 4.14. R; is elementary.
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Definition 4.15. If <{d,,...,d,> is a finite sequence of words, its Godel
number is

H P{ ai

Also let R, = {(m, n) : m is the Godel number of a Markov algorithm A,
and n is the G6del number of a computation under A4}.

Lemma 4.16. R, is elementary.

Proor. (m, n) € R, iff m is a G6del number of a Markov algorithm, ln >

1,
and Vi < ln = 1[(m, (n);, (n);,1) € R2] and (m, (1)1, 1, (M)1s) € Rs. O
Definition 4.17. fix = [ <, p2.

Lemma 4.18. f, is elementary.

Definition 4.19. f3x = Cat (2, f1x)-f 53" (Xo, - - Xm) = Cat (f % (X0 + + +» Xm-15)
Sfixn).

Lemma 4.20. f7 is elementary, for each me w ~ {0}.

Lemma 4.21. fZ(xo,. .., Xn_1) is the Gédel number of

0 1®0+L o ... (0 ]&xm-1+1)

The notations Ry, R,, Rg, R, f1, f3 will not be used beyond the present
section.

Definition 4.22. T, = {(e, Xg,..-» Xm_1, ¢) : € 1s the Godel number of a
Markov algorithm A, and ¢ is the Go6del number of a computation
{dy, ..., d,y under A, (c)o = Cat (f3(xo,.--5 Xm_1), 2-3%), and 2 occurs
only once in d,}.

Lemma 4.23. T, is elementary.
Definition 4.24. V'y = px < y[(Cat (fix, 2-3%), (y)) € Ro].
Lemma 4.25. V' is elementary.

Lemma 4.26. FEvery algorithmic function is recursive.

ProOOF. Say fis m-ary and is computed by a Markov algorithm A4. Let e
be the Godel number of A. Then for any X, . .., Xn_1 € w we have

f(x0a sy xm-—l) = V’,U.Z(<e, X0y + - o5 Xm—15 Z> € Tr;l)

Thus f'is recursive, as desired. O
Theorem 4.27. Turing computable = recursive = algorithmic.
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EXERCISES
4.28. Let A be the algorithm
2 0—->0 2
2 1—-1 2
2 5. 1®
—2

Show that 4 converts any word a on 0, 1 (i.e., involving only 0 and 1)
into a 19,

4.29. Construct an algorithm which converts every word into a fixed word a.

4.30. Construct an algorithm which converts every word « into 1°* %, where n
is the length of a.

4.31. Let a be a fixed word. Construct an algorithm which converts any word
# a into the empty word, but leaves a alone.

4.32. There is no algorithm which converts any word a into aa.
4.33. Construct an algorithm which converts any word a on 0, 1 into aa.

4.34*. Show directly that any algorithmic function is Turing computable.
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Recursion Theory

We have been concerned so far with just the definitions of mathematical
notions of effectiveness. We now want to give an introduction to the theory
of effectiveness based on these definitions. Most of the technical details of the
proofs of the results of this chapter are implicit in our earlier work. We wish
to look at the proofs and results so far stated and try to see their significance.

In order to formulate some of the results in their proper degree of generality
we need to discuss the notion of partial functions. An m-ary partial function
on w is a function f mapping some subset of ™w into w. The domain of f may
be empty—then f itself is the empty set. The domain of f may be finite; it
may also be infinite but not consist of all of ™w. Finally, it may be all of "w,
in which case fis an ordinary m-ary function on w. When talking about partial
functions, we shall sometimes refer to those f with Dmn f = ™w as total.

Intuitively speaking, a partial function f (say m-ary) is effective if there is
an automatic procedure P such that for any x,, . . ., X, _; € w, if Pis presented
with the m-tuple {(x,,..., xn_,» then it proceeds to calculate, and if
{Xgy - . .5 Xm—1y € Dmn £, then after finitely many steps P produces the answer
Sf(x05 ..., Xm-1) and stops. In case (xo,..., Xn_1) ¢ Dmn f the procedure P
never stops. We do not require that there be an automatic method for recog-
nizing membership in Dmn f. Clearly if f'is total then this notion of effective-
ness coincides with our original intuitive notion (see p. 12). Now we want
to give mathematical equivalents for the notion of an effective partial function.

Definition 5.1. Let f be an m-ary partial function. We say that fis partial
Turing computable iff there is a Turing machine M as in 1.1 such that for
every tape description F, allg,ne Z,and all xo, . . ., X1 € w,if 0 10+ 0
..+ 0 1*tm-1D+D Jjeg on F beginning at ¢ and ending at n, and if Fi = 0
for all i > n, then the two conditions
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Chapter 5: Recursion Theory

(i) (xgy..., Xn_1) € Dmn F,
(ii) there is a computation of M beginning with (F, ¢;, n + 1)

are equivalent; and if one of them holds, and <{F, ¢;, n + 1), (Gy, ay, b,), . . .,
(Go_1, @1, by-1)> is a computation of M, then (1)-(3) of 3.9(ii) hold.

Clearly any partial Turing computable function is effectively calculable.

Corollary 5.2. Every Turing computable function is partial Turing computable.
Every total partial Turing computable function is Turing computable.

Next, we want to generalize our Definition 3.1 of recursive functions. To
shorten some of our following exposition we shall use the informal notation

~

to mean that --- is defined iff - - - is defined, and if --- is defined, then
- =---. For example, if f is the function with domain {2, 3} then when
we say

gx + hx ~ f(x + 2) for all x € w,

we mean that Dmn g () Dmn 4 = {0,1} and for any xe{0,1}, gx + hx =
Sflx +2).

Definition 5.3
(i) Composition. We extend the operator K7 of 2.1 to act upon partial
functions. Let f be an m-ary partial function, and g, ..., gn_, n-ary
partial functions. Then K7} is the n-ary partial function 4 such that for any
Xgy -y Xn_1 €,

h(xo, ceen xn—l) :f(gO(XO, RS xn—l)’ R ] gm—l(XO’ RS xn—l))'

(it) Primitive recursion with parameters. If fis an m-ary partial function
and 4 is an (m + 2)-ary partial function, then R™(f, 4) is the (m + 1)-ary
partial function defined recursively by:

g(-XOs sy Xm—1, 0) :f(xo,- . ‘7-Xm—1)
g(XO" sy Xm—1, ')y) jad h(xo, vy Xmo 1, y’ g(XOs ey Xmo1s y))

for all xo, ..., xpn_1, Y€ w.

(éif) Primitive recursion without parameters. If a€ w and & is a 2-ary
partial function, then R%a, #) is the unary partial function g defined
recursively by

g0 =a
g3y ~ h(y, gy)

for all y € w.
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Part 1: Recursive Function Theory

(iv) Minimalization. Let fbe an (m + 1)-ary partial function. An m-ary
partial function g is obtained from fby minimalization provided that for all
Xos+ v o5 Xp—1 €W,

g(xo, ..., Xm_1) >~ least y such that Vz < y((xo,..., Xpn-1, 2) € Dmn f)
and f(xo, ..., Xp_1, y) = O.

We then write g(xq, . - ., Xp-1) = wV(f(Xgy .- s Xn-1, ¥) = 0).

(v) The class of partial recursive functions is the intersection of all
classes C of partial functions such that s € C, U} € C whenever i < n € w,
and Cis closed under composition, primitive recursion, and minimalization.

Clearly every partial recursive function is effectively calculable. Note that
it is not appropriate to simplify the definition of minimalization to

g(xg, ..., Xm_1) =~ least y such that (xq,..., Xn_1, ¥) € Dmn fand
f(xo, ey Xm—1s y) = O;

for all x,, ..., xn_1 € w. For, even if fis calculable there may be no clear way
to calculate g. For example, suppose that (x,..., Xn-1, 0) ¢ Dmn f, while
(X05 -+ +» Xm_1, 1) € Dmn fand f(xo, ..., Xxn_1, 1) = 0. Without knowing that
(X0 -+ s Xm_1, 0) ¢ Dmn f it is unclear at what point in a computation of
g(xgs ..., Xn_1) one would be justified in setting g(xq, ..., xn_1) = 1. The
above definition of minimalization clearly avoids this difficulty. One can give
explicit examples where fis partial recursive but g, defined in this new way,
is not. (See Exercise 5.38.)

Note that there are nontotal partial recursive functions. For example,
clearly C? is partial recursive, and hence by 5.3(iv) so is the function g such
that gx ~ uy(Ci(x, y) = 0). Obviously, however, g is the empty function.

Corollary 5.4. Every general recursive function is partial recursive.

In contrast to the situation for Turing computability, it is not at all
immediately clear that every total partial recursive function is general recur-
sive; this is, however, true, as our next theorem shows. The proof of this
theorem is rather long when carried out from the beginning.

Theorem 5.5. Partial Turing computable = partial recursive.

PROOF. PARTIAL RECURSIVE = PARTIAL TURING COMPUTABLE. Here it is
only necessary to read again the proofs of Lemmas 3.10-3.16 and check that
they adapt to the situation of partial functions and the new Definitions 5.1 and
5.3.

PARTIAL TURING COMPUTABLE = PARTIAL RECURSIVE. Again one needs only
to reread 3.17-3.38. ]

Corollary 5.6. Any total partial recursive function is recursive.
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A natural question occurs as to whether every partial recursive function
can be extended to a recursive function; the answer is no:

Theorem 5.7. There is a partial recursive function f such that f cannot be
extended to a recursive function.

Proor. The rule for computing fis as follows. For a given x € w, determine
whether or not x is the G6del number of a Turing machine. If it is not, set
Jfx = 0. If it is, test in succession whether or not (x, x, 0) € Ty, (x, x, 1) € T3,
(x, x, 2)' € Ty, etc. The first time we find a u such that (x, x, u) € Ty, set fx =
Vu + 1. If we never find such a #, the computation never ends. Clearly f is
intuitively a calculable partial function, and it has the following property:
for any x € w,

fx=0 if x is not the Gd&del number of a Turing machine,
Vuu((x, x,u) e Ty) + 1 if x is the G6del number
of a Turing machine and there is such a u,

Jx is undefined, otherwise.

(M

It is routine to show that f'is partial recursive; we will prove this formally in
this case, but usually not in the future. We can define f by (1). Clearly then,
for any x € w

Jx = [Vpu(xr,(x, x,u) = 1 or xpx = 0) + 1]-xrx,

so f'is partial recursive.

Now f cannot be extended to a general recursive function. For, suppose
f < h with h general recursive. By the proof of 3.38 there is an ¢ € w such
that, for all x € w,

hx = Vyuu(e, x, u) € Ty).

In particular, ke = Vuu((e, e, u) € T,) and (by the definition of T,, 3.35) e is
the Go6del number of a Turing machine. Thus fe is defined, and
Je=Vuu((e,e, ) eT)) + 1 =he+1=fe+1,

contradiction. |

We now turn to the formulation of some basic results called the normal
Jform, iteration, and recursion theorems.

Definition 5.8. For any e € w and m € w let 7 be the m-ary partial recursive
function such that for all x,, ..., Xp_, € w,
P Xoy + - oy Xm—1) =~ Vpu((e, Xo, - + 5 X1, #) € Tp).
Note also that the (m + 1)-ary partial function ¢’ defined by
@' (Xoy+ - s Xm_1,€) ~ Vuu((e, Xo; - - 5 Xp-1, 4) € Tp)
for all x,,..., Xn-1, € € w, is also partial recursive. This remark will be

frequently useful in what follows.
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Theorem 5.9 (Normal form theorem). For any partial recursive function f
(say m-ary) there is an e € w such that f = 7.

PrOOF. By the proof of 5.5, second part. ]
This theorem, which was implicitly used already in the proof of 5.7, has

many important corollaries, which we shall now explore. First of all, its
normal form nature is made a little more explicit in the following corollary.

Corollary 5.10. For eachme w ~ 1 there exist a 1-place elementary function
fand an (m + 2)-place elementary function g such that for any m-ary partial

recursive function h there is an e € w such that for all x,, ..., x_, € w,
h(XO, st xm—l) = f:“u[g(a X0y« -5 Xm—1s u) = O]
PrOOF. Let f= Vand g = 5g © xrp. ]

This formulation suggests the possibility of improving the result by drop-
ping f. (Another possibility, dropping p, is impossible since there are recursive
functions which are not primitive recursive.) As to this possibility, see
Exercise 5.43; the answer is no.

Theorem 5.9 and its proof give rise to a certain universal phenomenon as
follows.

Corollary 5.11 (Universal Turing machines). There is a Turing machine M
with the following property. If f is any unary partial Turing computable
Sfunction and a Turing machine N computes it, and if e is the Godel number
of N, then if 0 1+ 0 1*D 0 is placed upon an otherwise blank tape
ending at — 1 and if M is started at O, then M will stop iff x € Dmn f, and
if x e Dmn f, then after the machine stops 1Y**Y 0 will lie on the tape
beginning at 1.

PrOOF. Let g be the partial recursive function defined by
g(ea X) = V[Lu[(é’, X, u) & Tl]

for all ¢, x € w. Let M compute g. Clearly M is as desired. |

In more intuitive terms we can describe the way M is to act as follows:
M is presented with two numbers e and x. First M checks if ¢ is the Godel
number of some Turing machine. If it is, say e = ¢ N, then M begins checking
one after the other whether O or 1 or - - - is the G6del number of a computa-
tion under N with input x. If there is such a number, M takes the first such
and reads off the result of the computation. It may be that e is not the Godel
number of a Turing machine or that there is no computation with input x;
then M does not give an answer.
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Corollary 5.12 (Universal partial recursive function). There is a partial re-
cursive function g of two variables such that for any partial recursive function
Jfof one variable there is an e € w such that for all x € w, g(e, x) ~ fx.

ProOOF. Let g be as in the proof of 5.11. |

In view of the proof of 3.4, the reader might view 5.12 with some suspicion.
Let us see what happens if we try the diagonal method on the g of 5.12. For
any x € w, let fx ~ g(x, x) + 1. Then fis partial recursive, so by 5.12 there
is an e € w such that for all x € w, g(e, x) ~ fx. Now if g(e, e) is defined, then
gle, e) = fe = g(e, e) + 1. Conclusion: g(e, €) is not defined. We are saved
by g being a partial function. No contradiction arises.

We now turn to the iteration theorem. This basic result, although of a
rather technical nature, is basic for most of the deeper results in recursion
theory. See, e.g., the proofs of 5.15, 6.19, and 6.25.

Theorem 5.13 (Iteration theorem). For anym,nc w ~ 1 thereis an (m + 1)-
ary recursive function sy such that for all e, y,, ..., Y, X1, ..., Xy € w,

(P;n+n(x1, s Xny Y15 e e s ym) = (‘P"(Sr'?(e, Yise oo ym)))(xls LR} xn)'

Proofr. If M is any Turing machine and y,, ..., y, € w, let M} .. be the
following Turing machine:

Start — (Tiets = T1)¥* —> (There —> T1)** —- - -
—> (Tnere —> T1)*™ — Tiepy = M — Ty, — Stop

Clearly there is an (m + 1)-ary recursive function s? such that for any
e, Yi,..., Ym€w, if e is the Godel number of a Turing machine M, then
sp(e, Y1, . - -» Ym) is the G6del number of M%, ... Obviously s7 is as desired
in the theorem. O

Actually a more detailed analysis would show that s7 in 5.13 can be taken
to be elementary recursive, but we shall not use this fact. As a first application
of the iteration theorem we give

Corollary 5.14. There is no binary function f such that for all x, y € w,

f(x,y) =1 ifyeDmng;,
f(x,»)=0 ify¢Dmngl.

ProoF. Suppose there is such an f; say f = ¢Z2. Now for any x, y € w let
g(xa y) ~ FZ[V/W((J’, X, X, u) € TZ) = O]
Hence for any x, y € w,

gx,») =0 if y is the G6del number of a Turing machine,
(x, x) e Dmn %, and ¢2(x, x) = 0;
g(x, y) is undefined, otherwise.
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Say g = 2. Then by the iteration theorem,

2

si(r, €) € Dmn ¢'(si(r, €)) iff (si(r, €), ) € Dmn ¢p?
iff f(si(r, e), si(r, €)) = 0

iff si(r, €) ¢ Dmn @'(s1(r, €)),

a contradiction. O

Thus there is no automatic method for determining of a pair (x, y) whether
y € Dmn ¢l. Otherwise stated, there is no automatic method of determining
of a Turing machine M and a number y whether M will eventually stop with
an output when presented with input y. Thus Corollary 5.14 shows the
recursive unsolvability of the Halting problem for Turing machines. We can
give a more intuitive, informal proof of this result. Suppose we have an
automatic method telling us whether a Turing machine M will stop with
input y. Then we can construct a machine N such that for any y € w the
following conditions are equivalent:

(1) N stops when given input y;
(2) y is not the Gédel number of a Turing machine, or it is the number of a
machine 7 such that T does not stop when given input y.

Let N have Godel number e. By (1) and (2) we reach a contradiction in trying
to decide whether N stops, given input e.

Theorem 5.15 (Recursion theorem). If m > 1 and f is an m-ary partial
recursive function, then there is an e € w such that for all x,, . .., Xp_o € w,

f(x0’ LRI} xm—29 e) s <P'en_1(x0, DS ] xm—-2)-
ProoOF. For any xq,..., x,_1 € wlet

g(xm L] xm—l) = f(an ces Xmo2s srlt—l(-xm—l’ xm—l))'

Thus g is partial recursive; say g = ¢*. Let e = s%_,(r, r). Then by the
iteration theorem, for all x,, ..., Xxn_2 € w,

‘le_l(xo, R § xm—2) = <?;"(xo, cees Xmo2s r)
= g(xo, <o Xm—2 r)

~ f(X0s -+ v» Xm—2, €). O

The recursion theorem is extremely useful in checking that functions
defined by rather complicated recursive conditions are, in fact, general recur-
sive. We shall illustrate its use by verifying again that the functions of 3.5 and
3.52 are recursive.

In the case of 3.5, we first define an auxiliary three-place function A’ that
is obviously partial recursive from the form of its definition, which goes by
cases as in the definition of A, as follows. Let x, y, e € w.
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Casel. x=2.Let h'(x,y,¢e) = (y)o + 1forall y.
Case 2. x = 2"-3**1 where i < n. Let #'(x, y, e) = (y); for all y.
Case 3. x = 2"-5".p%-p?- ... -pan3h, with n, m > 0.

Let

K(x,y,e) ~ @iq,pt- ... piri"),

where i ~ @2(ri, y) for each i < m.
Case 4. x = 2-7%-11* with g > 0. Let

H(x,1,e) = a,
h,(x’ 2y+l, e) = (Pc?(q9 2y‘3v)’

where v ~ @(x, 2Y),
H(x,z,e) =0

for z not of the form 2*.
Case 5. x = 2m*1.119.13" with m > 0 and g > 0. Let y be given with
() = 0. We set

H(x, y, €) ~ @i(q, y),
H(x,y-pat, @) ~ @%(r, y- P Pn+a)s

where v >~ @Z(x, y-pZ).

Case 6. For x not of one of the above forms, let #'(x, y, ¢) = Oforall y, e.

Now we apply the recursion theorem and obtain an e € w such that for all

X,y € w,

H(x, y, €) ~ @i(x, y).

Now it is straightforward to check by complete induction on x that for all
X,y €w, h(x, y) ~ @2(x, ). Thus A = ¢ is recursive.

It is similarly shown that the function in 3.52 is recursive. Namely, we
define a partial recursive function f” as follows:

O, y,e)=y+1,
f'x + 1,0, ) ~ @i(x, 1),
fx+1Ly+1 e~ @ix, @i(x + 1, y).
Let e € w be such that f'(x, y, €) ~ @2(x, y) for all x, y € w. Then it is easily
proved by induction on x, with induction on y in the induction step, that
f(x, ¥) =~ @¥(x, y) for all x, y € w. Thus f = ¢2.

Theorem 5.16 (Fixed point theorem). If fis a unary recursive function then
there is an e € w such that @} = ..
Proor. For any x, ye w let
g(x, ) ~ Vupu((fy, x, u) € Ty).

Thus g is partial recursive, and g(x, y) ~ ¢}, x for all x, y € w. Now we apply
the recursion theorem to obtain on e € w such that g(x, €) ~ ¢ix for all
x € w. Thus ¢l = ¢}, as desired. O
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An important consequence of the fixed-point theorem is given in

Theorem 5.17 (Rice). Let F be a set of one-place partial recursive functions
such that 0 # F and F does not consist of all one-place partial recursive
Sfunctions. Then A = {e : @l € F} is not recursive.

PrOOF. Suppose it is. Let ae 4 and b ¢ A. Now define

gx =a x¢A,
gx =254 xeA.

Then g is recursive. By 5.16 choose e such that ¢} = ¢l,. Then if ec 4 we
see that ¢! € F (by the definition of A), hence ¢}, € F, so ge€ A; but ec 4
implies also ge = b ¢ A, contradiction. Also, ¢ ¢ 4 implies on the one hand
@l ¢ F, el ¢ F, ge¢ A, and on the other hand implies ge = a € 4, contradic-
tion. |

Rice’s theorem has many important corollaries; we shall mention a few.

Corollary 5.18. For any unary partial recursive function f, {e : @} = f} is not
recursive.

Corollary 5.19. {x: ¢l is a constant function} is not recursive.

Corollary 5.20. {(x, y) : y is in the range of L} is not recursive.
Proor. If the given set is recursive, then clearly so is
{x:0is in the range of ¢1},

contradicting 5.17. O

Corollary 5.21. {(x, y) : @L = l} is not recursive.
Proor. If the given set is recursive, and e € w, then
{x:9%: = @i}

is recursive, contradicting 5.17. (]

Thus there is no automatic procedure for determining whether or not ¢
is a given unary partial recursive function; or whether or not ¢} is a constant
function ; or whether or not y is in the range of ¢ ; or whether or not ¢} = .
Clearly 5.14 is also a consequence of Rice’s theorem.

We can use 5.14 to establish the following result concerning the length of
computations.

Theorem 5.22. There is no binary recursive function f such that for all e,
x € w, Ju((e, x, u) € Ty) iff u < f(e, x)((e, x, u) € Ty).
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PrOOF. Suppose there is such an f. Let

g(e: x) = 1 lf au < f(e9 x)((e, X, u) € Tl)’
gle,x) =0 otherwise.

Thus g is recursive and

gle,x) =1 if x e Dmn ¢},
gle,x) =0 if x ¢ Dmn ¢},

contradicting 5.14. O

Thus there is no automatic procedure P such that, given a Turing machine
M and a number x, P determines the maximum number of steps in an M-
computation starting with x.

Our final topic of this section is the arithmetical hierarchy. The recursive
relations, as we have argued, coincide with the effective number-theoretic
relations. Certain other relations, namely those obtained by using the quanti-
fiers 3 or V on the recursive relations, are also very natural relations to
consider in many contexts. They can be arranged in the so-called arithmetical
hierarchy, according to the depth of quantifiers used in defining them. We
shall describe this hierarchy and its most important properties.

Our main result, 5.36, depends on the following normal form theorem.

Theorem 5.23. Let m > 1. If R is an m-ary recursive relation, then there exist
e, €' € w such that for all x,, . .., Xpn 5 € w,

(l) 3)’(()‘0, cr ey xm-29 J’) € R) lﬁ‘ay((‘-’, xo, [IEIEE ] xm—29 y) € Tm—l)'

(”) VJ’((xo, LERIEE ] xm—2a y) € R) va((ela X0y« + s xm—29 y) ¢ Tm—l)-
ProOOF. For any Xy, ..., Xp-2 € w let

f(x03 ey xm—Z) jad MY((xo, ey Xm—2s }’) € R)
Thus fis partial recursive, so by 5.9 there is an e € w such that for all x,, . . .,
Xm—-2 € w,
f(xo’ ey xm—2) = Vf"'u((es X0y -+ o5 Xm—2, u) € Tm—l)-
Thus
HY((XO,-'-,xm—z, y)ER) ?ﬂ‘(XO’--', xm—2)EDmnf;
lﬂ ay((e’ xo, ey Xm—2, y) € Tm—l)'

Thus (i) holds. Condition (i) is easily obtained from (7). O
Definition 5.24. Let X, = II, = set of all recursive relations. If n, m > 0,

then an m-ary relation R is in Z,, (respectively I1,) provided there is an
(m + n)-ary recursive relation S such that, if m is odd,

R={(xp,..., Xp-)E"w:IppewVycwycw: -
Vym—z €Ew 3.ym—l € w[(xo, ey Xn—15 Vs - -0 ym—l) € S]}
(respectively

R={(x0,..., Xp-1)E"w: Vpp€wIyEwVy;ew---
E‘.ym-—ze"" Vym—l Ew[(xo’ ey Xn—15 Vo5 - - - ym—l)E S]})!
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while, if m is even,

R={(xp,...,%p-1)€"w: e Vy, cwIycw---
E]ym—2 Ew vym—l Ew[(xo, e Xn—15 Yor o+ s ym—l) € S]}

(respectively

R={(x0,. ., Xp_ 1)E"w: VpscwIycwVpcw:--
Vym—2 Ew 3.ym—l € w[(xm cees Xn-1, J’o, RN} ym—l) € S]})

Members of %, (respectively 11,)) are called Z,-relations (respectively I1,,-
relations). Also let A,, = X, N 1I,,. Any member of U pcp~1 (Zn U I1,) is
said to be arithmetical.

Note that there are only X, arithmetic relations, and hence most number-
theoretic relations are not arithmetical. Now we want to describe the relation-
ships between the various classes Z,, I1,,, and indicate some operations under
which these classes are closed. The following obvious proposition indicates
how these classes can be inductively defined, and furnishes a basis for induc-
tive proofs of our further results.

Proposition 5.25
(i) An n-ary relation R is in 2, | iff there is an (n + 1)-ary relation S
in 11, such that for all xo,...,%Xp_1€w, (Xo,..., Xp_)ER Iff Iycw
((xO, sy Xno1 y) € S)'
(ii) An n-ary relation R is in 11, | iff there is an (n + 1)-ary relation S
in %, such that for all x,,...,x, 1€, (Xg,...,X,_1)ER iff Vycw
((xO’ sy Xn—1, y) € S)'

The following three propositions are now easily established by induction,
using 5.25:

Proposition 5.26. If R is an n-ary =, -relation, f,, . . ., f,_1 are n-ary recursive
functions, and

S = {(x09 HERE xn—l) : (ﬂ)(xo, s xn—l)s .- -’fn-l(xm R xn—l)) € R},
then S €X,,. Similarly for I1,, and A,,.

Proposition 5.27 (Adjunction of apparent variables). If R is an n-ary X,,-
relation and S = {(xq, ..., Xp) : (X1, . .., Xn) € R}, then S € Z,,. Similarly for
I, and A,,.

Proposition 5.28 (Identification of variables). If R is an n-ary X ,-relation,
n> l; and S = {(XO’ S ] xn~2) : (x0a X0y X15 X5 - -« xn—~2) € R}’ lhen Re
... Similarly for 11,, and A,,.

Proposition 5.29. If R and S are n-ary Z,-relations, then so are RU S and
R N S. Similarly for 11,, and A,,.
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Proor. The assertions for A, follow from those for Z,, and II,,. The asser-
tions for X, and II,, are proved simultaneously by induction on m. The case
m = 0 is trivial. Now assume the assertions for m. We take just one typical

assertion form + 1:
Assume R, Se€ X, ,; weshowthat RN SeZ, ;. By5.25, choose (n + 1)-
ary I1,-relations R’, S’ such that for all x,, ..., x,_; € w,

(X05---s Xn_1) ER iff 3y € w[(xo, ..., Xn_1, ¥) € R'],
(X0s .3 Xn_1) ES iff Jyewl(xe,..., xn_1,y)€S’].

Then for any x, ..., x,_1 € w,

(Xg5-- s Xn-1)ERN S ffJyewIzew[(x,..., Xn_1, ) ER’
and (xq, ..., X,_1,2)€S’].

Now let R” = {(Xo, ..., Xns1) : (Xo5 ..., Xx) ER} and S” = {(x0, ..., Xns1) :
(X0s -+ s Xn_1, Xnt1) € S} Using 5.26 and 5.27 it is easy to see that R”,
S” € II,,. Now, continuing from above, for any x,, ..., X,_; € w,

(X0s-- -3 Xn-1)ERNS iffdyewIzew[(xg,..., Xy 1, y,2)ER" N S"]
iff 3y € w[(xo, - - -, Xn-1, ()0, (3)1) € R" N S”].

Since R” N §” € Il,, by the induction hypothesis, we get RN SeX, ., by
5.25. O

For m > 0, neither 2, nor II, nor A, is closed under complementation;
see 5.36. The following proposition is evident.

Proposition 5.30. If R is an n-ary Z,-relation withn > 1 and m > 0, and if
S ={(x0,...»Xn_2) 1AV € w(Xy, ..., Xp_2, Y) € R}, then Se€Z,. Similarly
with I1,, and V.

Proposition 5.31. If R is an n-ary X -relation, then so are the two relations

S = {(XO’ LIRS xn—l) : 3}’ < xn—l[(xm cees Xn_2, y) € R]a
T= {(xo, R} xn—l) : Vy < xn—l[(xo’ ceey Xp_2, y) € R]

Similarly for 11,, and A,,.
PrOOF. Again we prove all cases simultaneously by induction on m. The
case m = 0 is trivial. Assume that all of the statements are true for m. We
take one typical case for m + 1:

Let R be an n-ary Z,,, ;-relation, and let 7 be as above. By 5.25, let R’ be
a Il -relation such that for all x,,..., x,_; € w,

(X0 -5 Xn_1) ER iff 3z e wl(xg, ..., Xp_1, 2) € R’].
Clearly, then, it suffices to show that for all x, ..., x,_; € w,

(1) V}’ < Xp-1 Ize w[(XOa ces Xn—2, ) Z) € Rl]
iffIzewVy < xp_a4l(xo, ..., Xng, y, (2),) € R'].
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Clearly the right side of (1) implies the left side. If the left side holds, choose
for each y < x,_; an integer w, € w such that (x,, ..., x,_3, ¥, w,) € R’, and
let z = I1, . on_1,p¥Y; clearly then z is as desired in the right side of (1). [J

The following proposition is obvious:
Propeosition 5.32. If R is an n-ary relation, then R X, iff "w ~ ReIl,,.

Propesition 5.33. 2 U lIl, < A,.,.

PrOOF. LetReZX,, say Risn-ary.LetS = {(xq,..., x,) : (X0,..., X,_1) € R}.
Then S e, by 5.26 and 5.27. Clearly R = {(xo,..., Xn_1) : Vy € 0[(xo, . . .,
Xn_1, ) EST, so Rell, . Thus £, < I, ,, and similarly IT, < 2, ,.
An easy inductive argument shows that X, < ¥ ., and IT,, < 11, ;. 0

We will return to the following important result several times later on:

Theorem 5.34. A, = A,.

ProoF. We know that A, = A,. Suppose R € Ay, say R is n-ary. Then there
are recursive S, T((n + 1)-ary) such that for all x,,..., x,_;, € w,

(xOs---9xn—1)ER ?ﬁ‘ay[(an-"’xn—lsy)ES]
lff Vy[('xO’ s Xno1, J’) € T]
Hence, as is easily seen,
Xe(X0s + - +» Xn_1)
= XS(XO’ cees Xn—1 M)’[(xo, cees Xn-1, y) €S or (x07 cees Xn—1, y) ¢ T])7

so R is recursive. O

Intuitively, to determine whether or not (x,, ..., x,_;) € R we check in
succession (Xg, . . ., Xp-1, 0), (X0, ..., Xp—1, 1), ... for membership in S and
T. Eventually one of these is in S (hence (x,, ..., x,_,) € R), or else one of
them fails to be in 7 (hence (xo, ..., X,_1) ¢ R).

Now we extend our normal form results up into the arithmetical hierarchy:

Theorem 5.35. For m, n > O there is an (n + 1)-ary Z,-relation R with the
Jfollowing properties:

(i) for every n-ary Z-relation S there is an ecw such that S =
{(x()9 IR xn—l) : (e! x07 ) xn—l) € R,’:‘};

(ii) for every n-ary Il -relation S there is an ec w such that S =
{(XOs R xn—l) : (e’ Xos -+ o xn-—l) ¢ R,’:,}

PrOOF. We construct R} by recursion on m. Let
.R'f = {(XO’ LR § xn) : ay € w[(x0’ vy Xy Y) € Tn]}
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If R% has been defined for all n, let

R1r:l.+1 = {(x05 MRS ] xn) : 3y € w[(xO: <oy Xy J’) ¢ Rr;ﬁ-l]}_

It is easily seen by induction on m, using 5.23, that the desired conditions
hold. O

Theorem 5.36 (Hierarchy theorem). For any m, n > 0 there exists an n-ary
relation T € X, ~ Il,,.. Hence "w ~ T e Il,, ~ X,,.. Furthermore, there is an
n-ary relation We A, ., ~ (Z, U II,).

PROOF. Let R? be as in 5.35. Let
T = {(XO’ ] xn—l) : (xo, X0, X15 X5+« oy xn—l) € R:rlt}'

Thus TeZ,. If TeIl,, by 5.35 choose e € w so that T = {(xo, ..., X,_1) :
(e, Xgs - .., Xp_1) & RE}. Then
et e R iffemeT iff (e)"*1 ¢ R,
a contradiction. Thus T ¢ I1,,.
For the second part of the theorem, let 7 be as in the first part. Set
W = {(x07 BREK} xn.—l) . ((XO)O’ (xl)o’ B (xn—l)O) ¢ T and
((xo)1, (X1 -+ s (Xn-)1) €T
Now 7, "o ~ T€A,,, by 533, so WeA, ... Suppose WeZ,. Choose

(f0, ..., ta—1) € T (T is obviously nonempty since 0 € I1,,)). For any x,, ...,
X,_-1 € w we have

X0y os Xn_)&T iff (2x0.3t0 ., 2*¥(n-D).3tn-1) g Iy,
s0 "w ~ T € X, contradiction. Similarly, W e I1,, leads to a contradiction. []

Thus the arithmetical hierarchy appears as in the following diagram,
where the lines indicate proper inclusions:
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5.38.
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5.42.

5.43.

5.44.
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If fis a finite function (i.e., it is a finite set and is a function), then f is
partial recursive.

Give an example of a binary partial recursive function f such that if g is
defined by

least y such that f(x, y) is defined and f(x, y) = 0,
undefined if no such y,

I

gx
gx

1

then g is not partial recursive (cf. 5.3 and following remarks).

Give an example of a binary recursive function fsuch that if g is defined by

I

gx = least y such that f(x, y) = 0,
gx =20 if no such y,

then g is not recursive.

The class of partial recursive functions is the intersection of all classes C
of partial functions such that s € C, U} € C whenever i < n, and C is
closed under composition, primitive recursion, and minimalization, all
except composition applied only to total functions.

If fis an m-ary partial recursive function and Dmn f is recursive, then f
can be extended to a general recursive function.

Give an example of an m-ary partial recursive function f which can be
extended to a general recursive function, but has the property that Dmn f
is not recursive.

There is a unary partial recursive function f such that for no binary
recursive function g is it true that for all x, fx ~ uy[g(x, y) = O]. Hint:
let fx ~ @ix-0 + x for all x. If g works as above, let Ax = @ix + 1 if
g(x, x) = 0, hx = 0 otherwise. Show # is recursive and obtain a contradic-
tion.

For any total function f of one variable the following conditions are
equivalent:

(1) there is a recursive function g of two variables such that for all x € w,
Sx = pylg(x, y) = 0]

(2) {(x, fx) : x € w} is a recursive relation.

The conditions remain equivalent if in both (1) and (2) ‘‘recursive’ is

replaced by *‘primitive recursive’’ or by ‘‘elementary.”



5.45.

5.46.

5.47.

5.48.

5.49.

5.50.

5.51.

5.52.

5.53.
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If fis a unary recursive function, then {(x, fx) : x € w} is a recursive relation.
Similarly if we replace both words ““recursive’’ by *‘primitive recursive’’
or by “elementary.”

Give an example of a unary partial recursive function f such that
{(x, fx) : x e Dmn f} is not recursive.

There is a recursive set which is not elementary.

There is a unary recursive function ffor which there is no binary elementary
function g such that for all x e w, fx = uylg(x, y) = O]. Hint: take f = x4,
where A is as in 5.47.

There is a total unary function f such that {(x, fx) : x € w} is elementary
but fis not elementary.

There is no recursive procedure for deciding for an arbitrary e whether
or not ¢} has infinite range.

Assumem > 1. Let A = {e: T is a special recursive function}. Show that
A is not recursive.

Show that the function f defined as follows is recursive.
fO, )=y +1,
fL,y=y+2
fx+2,00=f(x+1,1),
fx+2,y+ 1) = f(x, f(x + 1, f(x + 2, p))).

Show that there is no recursive function f satisfying the following condi-
tions:
O,y =y +2,
fix +1,0) = f(x, 1),
fx+1Ly+1)=f(x+1,71(xy)+ 1
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Recursively
Enumerable Sets

In this chapter we shall deal in some detail with the set X, of relations
(see 5.24). Such relations are called recursively enumerable for reasons which
will shortly become clear. The study of recursively enumerable relations is
one of the main branches of recursive function theory. They play a large role
in logic. In fact, for most theories the set of G6del numbers of theorems is
recursively enumerable. Thus many of the concepts introduced in this section
will have applications in our discussion of decidable and undecidable theories
in Part III. Unless otherwise stated, the functions in this chapter are unary.

A nonempty set is effectively enumerable provided there is an automatic
method for listing out its members, one after the other. This does not imply
that there is a decision method for determining membership in the set. The
formal version of this notion is given in

Definition 6.1. A set 4 < w is recursively enumerable (for brevity r.e.) if
A = 0 or A is the range of a recursive function.

This definition can be given several equivalent forms, each having its own
intuitive appeal:

Theorem 6.2. For A < w the following are equivalent

(i) A = 0 or A is the range of an elementary function;
(ii) A = 0 or A is the range of a primitive recursive function;
(iii) A is recursively enumerable;
(iv) A is the range of a partial recursive function;
(v) A is the domain of a partial recursive function;
(i) AeZX,.
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Proor. Obviously (i) = (ii) = (iii). To show that (iii) = (iv) we just need
to show that O (the empty set) is the range of some partial recursive function;
and obviously the only possibility for such a function is O (which is also the
empty function). O is partial recursive by the argument following 5.3.

(iv) = (v). Let A = Rng ¢l. For any x € w let

Sx = py((e, (9o, (1) € Ty and V(y); = x).

Clearly then Dmn f = Rng ¢} = A, and fis partial recursive.

(v) = (vi). Suppose A = Dmn . Thenforall x € w, x € Aiff Ip((e, x, y) €
T,),s0 AeX,.

(vi) = (i). Suppose A€ZX;. By 523 choose ecw such that A4 =
{x : 3y((e, x, y) € T1)}. We may assume that A # 0; say a € 4. Now for any
X € wlet

Jx = (x)o if (e, (x)o, (x)1) € Ty,
fx=a otherwise.

Clearly f'is an elementary function and Rng f = A, as desired. O

An intuitive proof of the equivalence of 6.2(iii) and 6.2(v) is instructive.
First assume that A4 is recursively enumerable, 4 # 0. Say 4 = Rng f,
recursive. We define a function g with domain A as follows. To calculate
gx, we look along the list f0, f1, ... for x. If we find it, we set gx = 0. If x
is never found, gx is never computed. Clearly g is effectively calculable (see
introduction to Chapter 5), and Dmn g = 4.

Conversely, suppose 4 = Dmn g, g partial recursive, and assume that
A # 0. Now we make the following calculations:

two steps in the calculation of g0
one step in the calculation of gl
three steps in the calculation of g0
two steps in the calculation of g1
one step in the calculation of g2
four steps in the calculation of g0
three steps in the calculation of gl
two steps in the calculation of g2
one step in the calculation of g3

During this process we will occasionally obtain answers. At regular intervals
we list out all the x for which we have so far calculated gx. Since 4 # 0,
eventually we will list at least one x, and then at regular intervals we put
more on our list (with many repetitions). Calling the list 0, f1, ..., clearly
fis an effectively calculable total function with range A.

Now we want to investigate the relationship between recursive and recur-
sively enumerable sets. By 5.33 and 5.36 we have

Theorem 6.3. Every recursive set is recursively enumerable. There is a recur-
sively enumerable set which is not recursive.
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The second part of 6.3 is one of the most important results of recursion
theory, so we give its proof here in a more direct form:

Definition 6.4. K = {x:3y((x, x, y) € T})}.

Theorem 6.5. K is recursively enumerable but not recursive.

Proor. Obviously K €X; so K is recursively enumerable. Suppose K is
recursive. Then so is w ~ K, soby 6.2(v) thereisan e € w suchthatw ~ K =
Dmn ¢l. Then

eeK iff e e Dmn ¢! by the definition of K,
e¢ K iff e € Dmn ¢} by the choice of e,

contradiction. O

The set K will be discussed further later on. Another important relation-
ship between recursive and recursively enumerable sets is given in 5.34, which
can be reformulated as follows:

Theorem 6.6. Let A = w. The following conditions are equivalent:

(i) A is recursive;
(ii) A and o ~ A are recursively enumerable.

This theorem can be seen in the following fashion, working directly from
Definition 6.1: Of course (if) = (i) is the main part of 6.6. Assume (if). We
may suppose 0 # A # w. Then let f and g be recursive functions with
Rngf= A4, Rngg = w ~ 4. To determine whether x € 4 or not, list out
f0, 20,11, gl,.... Eventually x will appear in the list; if x = f& for some n,
then x € A, while if x = gn for some n, then x € A. Formally, for any x € w,

1 if fuy(fy = xorgy =x) = x,
0 otherwise.

XaX
XaX

Theorem 6.7. Let A = w. The following are equivalent:

(i) A is infinite and recursive:
(ii) thereis arecursive function fwithRogf = A andVx € w(fx < f(x + 1)).

ProOF. (i) = (ii). Let a be the least member of 4. Define
fO0=a
fix+ 1) =py(yedand y > fx).

Clearly f'is as desired.
(i) = (i). Assume f as in (ii). Then by induction on x,

) Vxew (x < fX).
Thus
(2 VyeRngfix<y (fx=y).
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Hence for all y € w,

xay=1 if3x < y(fx =y)
xay =0 otherwise,

as desired. O

Theorem 6.8. Any infinite recursively enumerable set has an infinite recursive
subset.

Proor. Let A be infinite r.e., say 4 = Rng f, f recursive. We define g by
induction:

g0 = f0
glx + 1) = fuy(fy > gx).

Thus gx < g(x + 1) for all x€ w, and hence, by 6.7, Rng g is infinite and
recursive. Obviously Rng g = 4. O

Next, we want to investigate closure properties of the class of r.e. sets.
Which operations on sets lead out of the class, and under which operation is
the class closed? By 5.29, the class of r.e. sets is closed under union and
intersection. We can give intuitive proofs of these facts directly from the
definition. Let A4 and B be r.e. sets, and ignore the case when one of them
is empty. Let fand g be recursive functions enumerating 4 and B respectively.
One enumerates 4 U B by: f0, g0, f1, g1, .. .. One can enumerate 4 N B by
looking along this list and putting a number on a separate list as soon as it
appears at both an odd and even step. Both of these procedures can be given
a rigorous formulation.

By 6.3 and 6.6, the class of r.e. sets is not closed under complementation.
Some further closure properties:

Theorem 6.9. If A is r.e. and f is partial recursive, then f*A is r.e.

Proor. We may assume that 4 # 0. Say 4 = Rng g, g recursive. Clearly
f*4 = Rng (f- g) and fo g is partial recursive. O
Theorem 6.10. If A is r.e. and f is partial recursive, then f~**A is r.e.

ProOOF. Say A = Dmn ¢l. Then f~**4 = Dmn (¢} o f) as desired. O

Theorem 6.11. If A is r.e., then \J ... Rng ¢l is r.e.
Proor. For any y€ w,
y el UA Rng @)  iff 3x e A(y € Rng o}).
JX€E.

Since both 4 and each Rng ¢} are in X, it follows easily that (.., Rng ¢
is in X;. O
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Before carrying the theory of r.e. sets further we wish to back up and
extend our results obtained so far to relations.

Definition 6.12. A relation R S ™w is recursively enumerable (for brevity
r.e.) if A = 0 or there exist m recursive functions f, . .., f,_, such that

R ={(fox,..., fm-1X) : X € w}.

Theorem 6.13. For R < ™w the following are equivalent:

(i) R =0 or there exist elementary functions fo, ..., fm_1 with R =
{(foxs ...y fa-1X) 1 x € w};
(it) like (i) with ““elementary’ replaced by ‘‘ primitive recursive” ;
(iif) R is recursively enumerable;
(iv) there exist partial recursive functions fo, ..., fn_y with R =
{(foxy.. s fmo1x):xeDmn foN--- N Dmn f,_,};
(v) R =0 or there is an elementary function f with R = {((fX)o, ...,
(fx)m—l) XE€E w}"
(vi) like (v), with ‘“ elementary” replaced by “‘ primitive recursive”;
(vii) like (v), with *“elementary” replaced by ‘‘ recursive”;
(viii) there is a partial recursive function f such that R = {((fx)o, ..
(fx)m—l) XE Dmnf};
(ix) there is an m-ary partial recursive function f such that R = Dmn f;
(x) ReX,.
Proor. Clearly (i) = (ii) = (iii) = (iv).

(iv) = (v). Assume (iv), with fq, ..., fn-, partial recursive and R =
{(fox,...s fue1X):xeDmn fyN---N Dmn f,_;}. We may assume that
R # 0, say (ao, ..., an-1) € R. Say fo = @k, ..., fno1 = @Lm-1,. For any
X € w, let

gx = I_I pyRa+1) if (e;, (X)o, (x)i41) €T, foralli < m,
i<m

gx=]]p¢ otherwise.

t<m
Clearly g is elementary and R = {((gX)o, - - .» (§X)m_1) : X € w}.
Obviously (v) = (vi) = (vii) = (viii).
(viii) = (ix). Suppose fis as in (viii). Say f = ¢;. Forany xo, ..., Xn_, € w
let

iRl

&(xos - - - Xm-1) = py((e, (Mo, (1) € Ty and V(»), = | pi.

i<m
Clearly g is partial recursive and R = Dmn g.
(ix) = (x). Suppose R = Dmn ¢7. Then
R = {(xo, LR xm—l) : 3}’((6’, X050y Xm—15 .V) € Tm)}’
so ReZ,.
(x) = (i). Suppose R €X,. By 5.23, choose e € w such that
R = {(XO) RS xm—l) : 3y((e» X0s e+ Xm—15 y) € Tm)}
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We may assume that R # 0; say (ao, . - -, @n-1) € R. Now for i < m and any
X€wlet

ﬁx = (x)i lf (e’ (x)O’ DR (x)m) € Tm
fx=gq otherwise.

Clearly each f; is elementary and R = {(fyx, ..., fn-1X): X € w}. O
Theorem 6.14. Every recursive relation is recursively enumerable. For each

positive m there is a recursively enumerable m-ary relation which is not
recursive.

Proofr. The first part is true by 6.13(x) and 5.33; for the second part,
use 5.36. (]

The following result is proved just as for sets.

Theorem 6.15. Let R < ™w. The following conditions are equivalent:

(i) R is recursive;
(if) R and ™w ~ R are recursively enumerable.

The following important theorem shows that the notion of a partial recur-
sive function can be defined without resorting to the rather complicated
notions discussed at the beginning of Chapter 5.

Theorem 6.16. Let f be a unary partial function. Then the following conditions
are equivalent:

(i) fis partial recursive;
(@) {(x, fx) : xe Dmn f} is r.e.
PrOOF. (i) = (ii). Assume (7). For any x, y € w let
g(x, y) ~ pz(|y — fx| = 0).
Clearly g is partial recursive and Dmn g = {(x, fx) : x€ Dmn f}.

(i) = (i). Assume (ii), and by 6.12 let g and 4 be recursive functions such
that

{(x, f¥) : xeDmn f} = {(gx, hx) : x € w}.
Then for any x € w,
Sx = huy(gy = x),
so fis partial recursive. O

We now turn to the study of some special r.e. sets.

Definition 6.17
(i) A set A = w is productive if there is a recursive function f (called a
productive function for A) such that for all e € w, if Dmn ¢l = A then
fee A ~ Dmn ¢l.
(ii) A set A S w is creative if Aisr.e. and w ~ A is productive.
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Thus a productive set A4 is strongly not recursively enumerable: there is
an effective procedure for finding members of 4 ~ B for any r.e. subset B
of A. A creative set, while r.e., is strongly nonrecursive. The sets of Godel
numbers of theorems of many theories studied in Part III are creative, as we
shall see.

Recall Definition 6.4.

Theorem 6.18. K is creative.

ProoF. By 6.5, K is r.e. Now U} is a productive function for @ ~ K. For
if e w and Dmn @l = w ~ K, then e € (o ~ K) ~ Dmn ¢!; for

ec K = ee Dmn ¢! by definition of K, 6.4
=ecw~K by assumption Dmn ¢! € o ~ K
so e € w ~ K, and hence by definition of K, ¢ ¢ Dmn ¢l. ]

The next theorem shows that, in a sense, any r.e. set can be obtained from
a creative set; cf. 6.10 and the initial section of Chapter 7.

Theorem 6.19. If A is r.e. and C is creative, then there is a recursive function
[ such that A = f~1*C.

PrOOF. Say A = Dmn ¢}, and let g be a productive function for w ~ C.
For any x, y, z€ w let
Iz, y, x) ~ pulz = gsi(x, y)] + Pay.
Thus / is partial recursive. By the recursion theorem (5.15) choose e € w such
that for all y, z € w,
Iz, y, e) ~ 9z, y).

Let fy = gsi(e, y) for all y € w. We claim that 4 = f~*C. Since fis obviously
recursive, this will complete the proof.
First suppose that y € 4. Then

1 Dmn @'(sie, y)) = {gsi(e, y)}-
In fact, by 5.13 we have
z € Dmn ¢*(s}(e, y)) iff (z, y) € Dmn ¢p?

iff (z, y, €) € Dmn / (by choice of e)

iff z = gsi(e, y) and y € Dmn ¢}

iff z = gsi(e, y).
Thus (1) holds. Now if fy ¢ C, this means that gs}(e, y) ¢ C and so by (1)
Dmn '(s}(e, »)) < w ~ C. Since g is a productive function for w ~ C we
would get

gSi(e, y) € (w ~ C) ~ Dmn (pl(s}(e, .V)),

contradicting (1). Thus fy € C.

98



Chapter 6: Recursively Enumerable Sets

Second, suppose that y ¢ 4. Then y ¢ Dmn ¢}, so Vz(z, y,e) ¢ Dmn/,
hence Vz((z, y) ¢ Dmn ¢32), so by 5.13 Dmn ¢*(si(e, y)) = 0. Thus, since g is
productive,

Sy = gsi(e, y) € (w ~ C) ~ Dmn @*(si(e, y)),
in particular fy ¢ C, as desired. O
The following result will not play a role in our logical discussion, but is

important in the general theory of r.e. sets. See also the definition and results
concerning simple sets below.

Theorem 6.20. If A is productive, then A has an infinite recursive subset.

Proor. By 6.8 it suffices to show that 4 has an infinite r.e. subset. Let f be
a productive function for 4. For any x, y, let

k(y,x) ~ pi(i < lxand y = (x); = D).
Clearly k is partial recursive; say k = ¢Z2. Now for any x € w,
1) Dmn ¢*(si(e, x)) = {(x); = 1:i < Ix}.
In fact, for any y € w,

y € Dmn ¢(si(e, x)) iff (y, x) e Dmn ¢p2 iff (y, x) e Dmn k
iff 3 < Ix(y = (x); = 1).

Now let r be such that ¢} = 0, and define

gx,y)=fr ify=0orl,
g(x,y) =fsile,y) ify#0Oandy# 1.

Thus g is recursive. Now define ¢#: w — w by setting, for any x € w, tx =
2(x, Ix). Here #x is defined in 2.31, and by 2.33, ¢ is recursive. Now we claim
for all x € w,

2 txeA~{ty:y < x}.
We establish (2) by induction on x. For x = 0,
10 = g(0,#0) = g(0,1) = fre 4

(since @} = 0 = A4 and fis a productive function for 4). Thus (2) holds for
x = 0. Suppose (2) holds for all x' < x, where x # 0. Then 7x = g(x, x),
and #x # 0, 1, so tx = fsi(e, fx). Also

Dmn @*(si(e, x)) = {ty:y < x} = 4

by (1) and the induction hypothesis. Since fis a productive function for A4,
tx = fsi(e,ix) € A ~ {ty : y < x}, as desired. Thus (2) holds. Hence Rng ¢ is
an infinite r.e. subset of 4, and the proof is complete. O
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We now give a method to arrive at creative sets.

Definition 6.21

(i) Two sets A and B are recursively separable if there is a recursive set
Csuchthat A < Cand B< w ~ C.

(ii) A and B are recursively inseparable if they are disjoint but not
recursively separable.

(iii) A and B are effectively inseparable if they are disjoint and there is a
2-ary recursive function f such that for all e and r, if 4 € Dmn ¢},
b = Dmne?, and Dmn ¢! N Dmn ¢! = 0, then f(e,r) e w ~ (Dmn
¢@: U Dmn 7).

Effectively inseparable sets will be constructed in abundance in Part I1I;
most undecidability results actually yield such sets.
Obviously we have:

Theorem 6.22. If A and B are effectively inseparable then they are recursively
inseparable.

The converse of 6.22 fails; see Exercises 6.47, 6.48.

Theorem 6.23. If A and B are recursively enumerable and effectively insepar-
able, then both A and B are creative.

ProOOF. By symmetry it suffices to show that A is creative, i.e. that w ~ A4
is productive. Let f be as in 6.21(iii). Say A = Dmn ¢; and B = Dmn .
For any e, x € w let

g(x, e) ja fLJ’((e, X, ,V) € Tl or (S, X, J’) € Tl)
Thus Dmn g = {(x, ¢) : x € Dmn ¢! U B}. Clearly g is partial recursive; say
g = . Now for any e € w we have, by 5.13,
(1) Dmn !(si(r, €)) = {x: (x, ¢) € Dmn ¢?} = Dmn ¢} U B.

Let for any e € w he = f(u, si(r, ¢)). Thus A is recursive; we claim it is a
productive function for w ~ A. In fact, suppose Dmn ¢! < w ~ A. Then,
using (1), A = Dmnl, B < Dmn @*(si(r,e)), and Dmn ¢, N
Dmn !(s}(r, ¢)) = 0. Hence, by 6.21(i), he = f(u,si(r,e)) ew ~
(Dmn ¢ U Dmn @!(si(r, €))), ie., hecw ~ (4 U Dmn @l U B), so hee

(w ~ A) ~ Dmn ¢, as desired. O

Theorem 6.24. There exist two recursively enumerable effectively inseparable
sets.

Proor. Let

Ky = {x:H(x)o, x, ») T, and Vz < p(((x)1, X, 2) ¢ T},
K, = {x: l((x)1, x, y) € T, and Vz < p(((x)o, X, 2) ¢ T)]}-
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Clearly K; and K are r.e. and K; N K, = 0. For any e, re w let f(e,r) =
27-3¢ To verify 6.21(iii), assume that K; < Dmn ¢} and K, < Dmn ¢} with
Dmn ¢} N Dmn ¢} = 0. Suppose f(e,r) e Dmn ¢} U Dmn ¢!. By sym-
metry, say f(e, r) € Dmn ¢}. Thus 3y((e, 2"- 3¢, y) € T,), and since Dmn ¢} N
Dmn ¢! = 0, obviously Vz((r,27-3%,z) ¢ T,). Thus 2"-3°€ K,, so 2'-3%¢
Dmn ¢}, contradiction. O

The next theorem gives an important method of producing new effectively
inseparable sets from old ones:

Theorem 6.25. Suppose that A and B are effectively inseparable, f is a unary
recursive function, C, D < w, CN D =0, A< f~*C, and B < f~'*D.
Then C and D are effectively inseparable.

PrROOF. Let £ be a function given by 6.21(iii) because 4 and B are effectively
inseparable. For any e, x € w, let g(x, ¢) = py((e, fx, y) € T;). Thus g is
partial recursive; say g = ¢2. Now we can define a function k intended to
satisfy 6.21(iii) for C and D: for any e, u € w, let k(e, u) = fh(s}(r, e), si(r, u)).
Thus k is recursive. In order to verify 6.21(iii), assume that C < Dmn ¢}
and D < Dmn ¢}, where Dmn ¢} N Dmn ¢l = 0. It follows that 4 <
S Dmn @}, B< f~* Dmn ¢, and f~'* Dmn ¢! N f~'* Dmn ¢ = 0.
Now for any x € o,

x € f~* Dmn ¢} iff fx e Dmn ¢!
iff Eiy((e’ fx’ y) € Tl)
iff (x, ¢) e Dmn g = Dmn ¢?
iff x e Dmn ¢si(r, e).

Similarly, f~!* Dmn ¢; = Dmn ¢!s}(r, u). Thus 4 < Dmn ¢*(s}(r, €), B <
Dmn ¢si(r, ), and Dmn ¢?s}(r, ¢) N Dmn ¢'si(r, ) = 0. Hence by choice
of h, h(si(r, e), s}(r, u)) € w ~ (Dmn 'si(r, ) U Dmn ¢'si(r, ©)), and hence
k(e, u) € w ~ (Dmn ¢} U Dmn ¢l), as desired. O

As our final topic in this chapter we briefly consider a kind of r.e. set much
different from creative sets. We introduce them partly to give a class of sets
which are not creative, and partly because there is a big literature concerning
them.

Definition 6.26. A set A < w is simple if A is r.e., o ~ A4 is infinite, and
BN A # 0 whenever B is an infinite r.e. set.

Theorem 6.27. A simple set is neither recursive nor creative.

Proor. If A is simple and recursive, then w ~ A is an infinite r.e. set and
A N0 (w ~ A) = 0, contradiction. If 4 is simple and creative, by 6.20 choose
B infinite recursive such that B < w ~ A. Contradiction. OJ
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Theorem 6.28. Simple sets exist.

PrOOF. Let g be a recursive function universal for unary primitive recursive
functions (see Lemma 3.5). For any e € w let

Sfe =~ (uylg(e, (»)o) = (¥). and (y); > 2e));.

Thus f is partial recursive. For each e € w let ¢.x = g(e, x) for all x € w.
Clearly for any e € w,

) if e € Dmn £, then fe € Rng ¢, and fe > 2e;
2 if Rng ¢, is infinite then ¢ € Dmn f.

Now Rng fis simple. For, it is obviously r.e. Suppose B is any infinite r.e.
set. By choice of g, choose ¢ € wso that Rng ¢, = B. By (2) and (1), fe € Rng ..
Thus B N Rng f # 0. Finally, to show that w ~ Rng fis infinite, note

3) if n € w, then 2n N Rng f < f*n.
For, let ie2n N Rng f. Say i = fj. By (1), 2j < fj, so 2j < i < 2n. Thus
j < n,soief*n.

Since (3) holds, |2n N Rng f| < n, hence |2n ~ Rng f| = n, for any
n € w. Thus w ~ Rng fis infinite. O
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EXERCISES
6.29. Let f: w — w. Then the following conditions are equivalent:

(1) fis recursive;
(2) {(x, fx): x € w} is an r.e. relation;
Q) {(x, fx) : x € w} is a recursive relation.

6.30. Prove that the class of r.e. sets is closed under union and intersection using
the argument following 6.8, but rigorously.

6.31. Show that if 4 is a Z,-set, n > 0, and f is partial recursive, then f*4 is Z,.

6.32. If A and B are r.e. sets, then there exist r.e. sets C, D such that C < 4,
Dc B CuD=AUVB,and CNnD=0.

6.33. Suppose that f and g are unary recursive functions, g is one-one, Rng g is
recursive, and Vx(fx > gx). Show that Rng f is recursive.
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6.38.

6.39.

6.40.
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6.43.

6.44.
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6.46.
6.47.

6.48.
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For each of the following determine if the set in question is recursive, r.e.,
or has an r.e. complement:

(1) {x:there are at least x consecutive 7’s in the decimal representation of 7};

(2) {x: there is a run of exactly x consecutive 7’s in the decimal representa-
tion of =7};

(3) {x: @l is total};

(4) {x: Dmn ¢} is recursive}.

There are X, r.e. sets which are not recursive.

There is a recursive set 4 such that M., Dmn % is not r.e.

If A is productive, then so is {e: Dmn ¢} < A}.

There are 2% productive sets. Hint: Let A = {e: Dmn ¢} < w ~ K}.

Show that 4 € w ~ K, (w ~ K) ~ 4 is infinite, and any set P with
A S P < w~ K is productive.

Any infinite r.e. set is the disjoint union of a creative set and a productive
set. Hint: say Rng f = A. Let gn = fui(fi # g/ for all j < n). Show that
g*K is creative and 4 ~ g*K is productive.

If Bis r.e. and A N B is productive, then 4 is productive.

There is an r.e. set which is neither recursive, simple, nor creative. Hint:
let A be simple and set B = {x : (x), € 4}.

For A < w the following are equivalent:

(1) A isrecursive and A # 0;
(2) there is a recursive function fwith Rng f = A and Vx e w(fx < f(x + 1)).

For A = w the following are equivalent:

(1) A is productive;
(2) there is a partial recursive function f such that Ve € w (if Dmn ¢! < A4
then fe is defined and fe € 4 ~ Dmn ¢}).

If A is creative, Bisr.e.,, and A " B = 0, then 4 U B is creative.
There is a set 4 such that both 4 and w ~ A are productive.
If A is productive and B is simple, then 4 N B is productive.

Two sets A and B are strongly recursively inseparable if AN B =0, w ~
(A v B) is infinite, and for every r.e. set C, C ~ A infinite = CN B # 0,
C ~ B infinite = C N 4 # 0. Show that if 4 and B are r.e. but strongly
recursively inseparable, then:

(1) A and B are recursively inseparable.
(2) AV B is simple.

(3) neither A nor B is creative.

(4) A and B are not effectively inseparable.

Show that there exist two r.e. strongly recursively inseparable sets. Hint:
let E = {(e, x) : 3y((e, x, y) € T1)}. Show that there exist recursive functions
f, g such that

E={(figi):i < w}.
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Show that there exist recursive functions 4, k such that

hO = pi(gi > 3fi);
kO = pi(gi > 3fiand gi # gh0);
A + 1) = pi(gi > 3fi &Vj < n(gi # gkj) &
Vi < n(fi # fhj) &Vj < n(gi # ghj));
k(n + 1) = pi(gi > 3fi&Vj<n+ 1(gi # ghi) &
Vi < n(fi # fkj) & Yj < n(gi # gki)).

Let A = Rng (g h), B= Rng(geck).
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Survey of
Recursion Theory

We have developed recursion theory as much as we need for our later
purposes in logic. But in this chapter we want to survey, without proofs, some
further topics. Most of these topics are also frequently useful in logical
investigations.

Turing Degrees

Let g be a function mapping w into w. Imagine a Turing machine equipped
with an oracle—an inpenetrable black box—which gives the answer gx when
presented with x. The function g may be nonrecursive, so that the oracle is
not an effective device. Rigorously, one defines a g-Turing machine just like
Turing machines were defined in 1.1, except that vy, ..., vy, are arbitrary
members of {0, 1, 2, 3, 4, 5}. And one adds one more stipulation in 1.2:

Ifw=25,and Fle — 1) =0or Fe = 1,then F' = F,d’' = f,

e = e, whileif w = 5and 0 1***1 0 lies on F ending at e, then
0 1>+ Q 19**D (lies on F'ending ate’, e’ = e + gx + 2,
F' is otherwise like Fand d' = f.

Then the notion of g-Turing computable function is easily defined.

One can also define g-recursive function: in 3.1, each class A4 is required
to have g as a member. These two notions, g-Turing computable and g-
recursive function, are shown equivalent just as in Chapter 3. In fact, most
considerations of Chapters 1 through 6 carry over to this situation. If 4 is
g-recursive, we also say that / is recursive in g. One can extend the notion in
an obvious way to a set of F of functions, arriving at the notion of a function
being recursive in F. At present we restrict ourselves to the simpler notion.
We say that & and g are Turing equivalent if each is recursive in the other.
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This establishes an equivalence relation on the set of all functions mapping
w into w. The equivalence classes are called Turing degrees of unsolvability.
Each equivalence class has at most 8, members (actually exactly X, as is
easily seen), since there are only X, possible Turing machines with oracles.
Clearly then there are exp X, degrees. Let D be the set of degrees. For o,
Be D we write « < B provided there exist f€ « and g e B with f recursive
in g. This relation < makes D into a partially ordered set. Clearly the degree
of recursive functions, denoted by O, is the least element of D.

Many of the important results about D are concerned with trying to
describe the partial ordering <. A complete description is far from being
known. The rather scattered results which we now want to mention are
among the strongest facts known. Some of their proofs are quite complicated,
involving priority arguments, a kind of argument seemingly unique to this
area.

Proposition 7.1. Any two elements of D have a least upper bound.
Theorem 7.2. There exist two elements of D without a greatest lower bound.

Theorem 7.3. In D, no ascending sequence oy < oy <--- has a least upper
bound.

Proposition 7.4. Every element of D has only countably many predecessors.

An element « of D is minimal, if 0 < « and there is no B with 0 < B < «.

Theorem 7.5. There are exp K, minimal degrees.

A subset E of D is an initial segment of D provided that for all «, B e D,
if« < BeEE, then e € E.

Theorem 7.6. Any finite distributive lattice can be embedded as an initial
segment of D; likewise any countable Boolean algebra and any countable
ordinal.

One of the main open problems in the theory of degrees is the conjecture
that every finite lattice can be embedded as an initial segment in D.

There are some special degrees of particular importance for applications
to logic. A degree « is recursively enumerable (r.e.) provided that y, € « for
some r.e. set 4. Note that there are only 8, r.e. degrees. We let 0’ be the
degree of yx. We know from Theorem 6.19, p. 98 that x5 € 0’ for any creative
set B; and 0’ is the largest r.e. degree.

Theorem 7.7. No r.e. degree is minimal.
Theorem 7.8. There are two minimal degrees with join 0.
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Corollary 7.9. There are degrees <0’ which are not r.e.

Theorem 7.10. For every nonzero r.e. degree o there is a minimal degree <a.

Partial Recursive Functionals

A partial functional is a function F such that for some m, n € w, the domain
of Fis a subset of "(“w) X "w, while the range of F is a subset of w; addi-
tionally we assume m + n > 0. In case m = 0 we are dealing with the partial
functions of Chapter 5. In case the domain of Fis all of "(“w) x ™w, we call
F total. An (m, n)-relation R is any subset of ™(“w) x "w. We now wish to
give a reasonable meaning to F and R being recursive, and to R being recur-
sively enumerable. Since a function cannot be presented in its entirety to a
machine it is natural to seek a definition of these notions in which only initial
segments of functions are given. If A = (fy, ..., fm-1, Xoy:--» Xn_1) €
™(®w) x "w, we let for any y e w

Q.[y = (f:)y, - -’f:l—ly’ Xos - - -,xn—l)em+nw-

Now we say that an (m, n)-relation R is recursively enumerable (r.e.) provided
that there is an (m + n + 1)-ary recursive relation S < ™*"*1w such that
for all A € "(“w) X "w,

Ae R iff 3x € w[(@x, x) € S).

Obviously this definition coincides with the definition of r.e. relationif m = 0.
The definition is motivated as follows. We generate the members of S one
after the other. Having generated a member (Yo, ... Ym—1s Zos + + +5 Zn—1, X)
of S, we have implicitly generated each member % of R such that 2x =
(Yos -+ +> Ym—15 205 - - -» Zn—1)- Eventually each member of R is generated in
this fashion. A partial functional F is partial recursive provided that its graph

R ={@,x):2eDmn F, FA = x}

is r.e. Again this notion coincides with the old definition for m = 0. Given
2 e Dmn F, clearly the above generation of R constitutes an effective calcu-
lation of F2 (provided there is some way to recognize effectively that %x =
Vos - - s V=15 Z0s + - - » Zn—1) fOr given (yo, . . ., Ym_1, Zoy - - - » Zn-1)). An (m, n)-
relation R is recursive provided yj is recursive. These definitions form the
basis for a generalized recursion theory. This generalization, expounded at
length in Shoenfield [9], has many of the properties of ordinary recursion
theory; the enumeration, iteration, and recursion theorems carry over, as
well as the considerations concerning the arithmetical hierarchy. As is sug-
gested above, there is a strong connection between generalized recursion
theory and relative recursiveness:

Theorem 7.11. A function f: w — w is recursive in a function g: v — w iff
there is a total recursive functional F: “w X o — w such that for all x € w,

Jx = F(g, x).
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The notion of a functional also enables one to clarify the role of the sets
A, in the arithmetical hierarchy:

Theorem 7.12. A relation is A, ., iff it is recursive in {x,: A is IL} iff it is
recursive in {y,: A is Z,}.

The notion of recursive functionals also makes possible the construction
of a new hierarchy. An (m, n)-relation R is 2} (resp. I1}) where m > 1 pro-
vided there is a recursive relation S so that for all % € "(“w) X "w we have

Ae R iﬁQl"'Qm+1[(Q13%)ES]’

where Q, ..., O, are quantifiers V or 3 on functions (members of “w),
alternately V and 3 (with Q, = 3 (resp. Q, = V), while Q,,, is a quantifier
Vx or dx on numbers. By collapsing quantifiers, it is easy to see that any
second-order prefix can be put in this form (see Chapter 30). The classification
of relations in the sets X1 and Il forms the analytical hierarchy. Again we
set AL = XL N TII}. The theory of this hierarchy shows considerable simi-
larity, in results and proofs, to the classical topological theory of analytic
sets. For example, we have

Theorem 7.13 If P and Q are disjoint 1 relations, then there is a At relation
R such that P < Rand Q < ~R.

Isols

Two sets 4, B < w are said to be recursively equivalent if there is a one-one
partial recursive function fsuch that 4 € Dmn fand f*4 = B. This estab-
lishes an equivalence relation on the set of all subsets of w; the equivalence
classes are called recursive equivalence types (RET’s). They are the effective
version of cardinal numbers.

Proposition 7.14. [f « and B are RET’s, then there exist A € o« and B € B such
that A and B are recursively separable.

Proposition 7.15. If o« and 8 are RET’s, A, A'€«, B, B'€B, A and B are
recursively separable, and A’ and B’ are recursively separable, then A U B
is recursively equivalent to A’ U B'.

By 7.14 and 7.15, we can define a binary operation + on RET by setting
a + B = recursive equivalence type of 4 U B, where A € o, B€ f8, and 4 and
B are recursively separable.

Recall the function J, from 3.60. It is a one-one function mapping v x
onto w.

Proposition 7.16. [ «, 8 RET, 4, A’ €, and B, B' €8, then J%A x B)
is recursively equivalent to J%(A' x B').
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It follows that we can define - on RET by setting «-8 = recursive equiv-
alence type of J¥(4 x B), where A € « and Bef.

Proposition 7.17. Addition and multiplication of RET’s are commutative and
associative. Multiplication is distributive over addition.

The structure (RET, +, -) is not, however, a ring, and it cannot be em-
bedded in a ring. This can be seen for example, from the fact that « + 8 = «
where « and B are respectively the recursive equivalence types of w and of 1.
Since B + B # B, B is not the additive zero of (RET, +, -), so this structure
cannot even be embedded in a ring.

For each n € w, let 7 be the recursive equivalence type of n. Then
isomorphic embedding of (w, +, -) into (RET, +, -).

The structure (RET, +, -) has a simple substructure which is much more
closely related to (w, +, -). To define it, let us call a set A = w isolated if it
is not recursively equivalent to any proper subset B < 4. An RET « is an iso/
if it has an isolated member. We denote by ISOL the collection of all isol’s.

is an

Theorem 7.18. ISOL is closed under + and -. For any o, B, v € ISOL we
have:

(i) o + B=ca+ yimplies B = v;
(1) «-B=c-yand o« # 0imply B = v;
@iii) (w, +, -) is a substructure of ISOL, +, -).

The structure (ISOL, +, -) can be embedded in a ring ISOL*, which has
the ordinary ring of integers as a substructure. It has many interesting
properties. Since it has zero divisors, it cannot be embedded in a field.

Recursive Real Numbers

It is natural to try to effectivize common notions of mathematics, such as
the notion of a real number. We give here a few of the relevant definitions
and results.

Let Q be the set of rational numbers. A sequence r € “Q is recursive iff
there exist unary recursive functions f, g, 4 such that for all n € w,

rm = (fn — gn)/(1 + hn).

Thus if en = 12" for all n € w, then e is recursive. In fact we may take fn = 1
forall n,gn = Oforall n,and hn = 2" — 1 for all n. Now a recursive sequence
r € °Q recursively converges to a real number « provided there is a unary
recursive function k such that foralln € wand alln > km we have [rn — «| <
em. A real number « is recursive if there is a recursive sequence of rationals
which recursively converges to «.
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Theorem 7.19. The set of recursive real numbers forms a subfield F of the
field of real numbers. Every rational number is recursive. F is countable.

There is a Cauchy recursive sequence of rationals which does not converge
recursively.

Theorem 7.20. If r € ®Q is recursive, strictly monotone, converges to a recur-
sive real number o, then r recursively converges to .

A sequence r € “Fis recursive provided there are binary recursive functions
f, g, h, k such that for all m, n € w and all p > k(m, n) we have

lra = {Lf(p, m) — g(p, WY1 + h(p, M]}| < em.

Many other concepts of ordinary mathematics can be given effective formula-
tions in a similar way.

Word Problem for Groups

There is a classical problem in group theory which has been given a
negative solution using notions of recursive function theory. We shall give a
precise formulation of it. Let X be a nonempty set. We form the free group
generated by X as follows. For each x e X let x’ = (X, x). Note that " is a
one-one function whose range is disjoint from X. A finite sequence (perhaps
0) of elements of X U Rng’ is called a word on X; we let Wy be the set of all
words on X. Let = be the smallest equivalence relation on Wy containing
all pairs (0, aa’) and (0, a’a) with a € X. It is easily seen that if a, b, ¢, d € Wy,
a = b, and ¢ = d, then ac = bd. Hence there is a binary operation - on the
set Fy of equivalence classes under = such that [a]-[b] = [ab] for all a,
b e Wy. Under this operation Fy becomes a group, called the free group
generated by X. A defining relation over X is a pair (a, b) of words over X.
If R is a set of defining relations over X, we let R* be the normal subgroup
of Fyx generated by all elements [a]-[p] ! with (a, b) € R. Let Fy = Fyx/R*.
A group G is determined by generators X and defining relations R if it is
isomorphic to Fx r; then (X, R) is a presentation of G. It is easily seen that
every group has a presentation. If X and R are finite, then (X, R) is a finite
presentation and G is finitely presentable. If f is a one-one map of X U X’
into w, then any word x of Wy can be given a Gédel number g,x by

71X = H p{xi+1
where x is of length m. We say that the word problem for (X, R) is recursively
solvable provided that for some such f,

{(gsa, g:b) : hla] = h[b]}

is recursive, where 4 is the natural homomorphism of Fx onto Fx 5. For X
and R finite, this definition does not depend on the choice of f.
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Theorem 7.21 (Novikov). There is a group G with a finite presentation (X, R)
which is recursively unsolvable. Thus there is no automatic procedure for
determining of a pair of words (a, b) whether they become equal upon
applying the relations in R.

Solvability of Diophantine Equations.

A diophantine equation is an equation of the form P(x,, ..., x,-1) = 0,
where P(x,, ..., X,_-1) 1S @ polynomial in indeterminants x,, ..., X,-; with
integer coefficients. A classical problem of number theory, called Hilbert’s
tenth problem (see Davis [2]) is whether there is an automatic method for
determining whether an arbitrary diophantine equation has an integral solu-
tion. By means of Gddel numbering this question can be given a rigorous
form. The answer (Theorem 7.24) is negative, and follows from an even
stronger result which we now want to formulate. An n-ary relation R < "w
is called diophantine if there is a polynomial P(xg, ..., Xn_1, Yos-++» Vm—-1)
with integral coefficients such that

R = {x € "w : there exist yo, ..., Ym_1 € w such that
P(xo, ey Xp-1s yO: ce ey ym—l) = 0}

Theorem 7.22 (J. Robinson, M. Davis, Y. Matiyasevic). A relation is r.e. iff
it is diophantine.

As an interesting corollary we have

Theorem 7.23. There is a polynomial with integral coefficients such that its
positive values, when members of w are substituted, are exactly all positive
primes.

It is also easy to derive the solution to Hilbert’s tenth problem from 7.22:

Theorem 7.24. There is no automatic method which, presented with a dio-
phantine equation e, will decide whether ¢ has a solution.
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PART II

Elements of Logic



We now begin the study of logic proper. In this part we shall introduce the
basic notions of a first-order language and the structures appropriate for it.
We shall only present here the most basic definitions and results, up to and
including the completeness theorem—which expresses the most important
relationship between the syntactical and semantic notions. In Parts III and
IV many deeper results in these two domains will be found. The emphasis
throughout this book, as well as in the mathematical world, is on first-order
languages. There are many other languages, some of which will be briefly
discussed in Part V. First-order languages are, roughly speaking, the simplest
languages with which one can conveniently formulate any mathematical
theory. Moreover, one can prove about these languages and their structures
many interesting and useful results which cannot be extended to more
involved languages.



Sentential Logic ¥

Before considering first-order languages we consider some simpler lan-
guages, whose study will be a simplified model of the more involved study
of first-order languages themselves. These sentential languages enable one to
express only such primitive logical notions as not, implication, and, or, etc.
These connectives between sentences are such that the truth of a complicated
sentence can be inferred just from the truth or falsity of its components.

We shall choose two of these connectives, negation and implication, as
primitive, and show at a later stage that all other connectives can be ex-
pressed in terms of them. We show how the notion of a sentence can be
rigorously defined, how axioms for valid sentences can be given, and the
connection between the axioms and the notion of truth. In the exercises we
outline the theories of some nonclassical versions of logic, such as three-
valued and intuitionistic logic.

Definition 8.1. A sentential language is a triple (n, ¢, P) such that n # ¢,
{n,cyn P =0,and P # 0.

We think of # and ¢ as a negation symbol and implication symbol respec-
tively, while P is a set of atomic, indivisible sentences. With these intuitive
meanings it is possible to define in a rigorous way additional intuitive
notions, such as an expression—any sequence of symbols—and a sentence—
an expression which has a meaningful form:

Definition 8.2. Let # = (n, ¢, P) be a sentential language. The set {n, c} U P
is the set of symbols of 2. An expression of 2 is any finite sequence of
symbols of Z; the empty set (=empty sequence) is admitted. We define
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one-place and two-place operations — and — on the set of expressions
by setting

—p = (e,
o= = {cHpy,

for all expressions ¢ and . Recall from 1.11 that ¢ is just the juxta-
position of the two finite sequences ¢ and . Sentg, the set of sentences of
&, is the intersection of all classes I" of expressions of £ such that (s> e I'
for each s € P and T is closed under — and —.

Note that we have not used parentheses in our language; the notation used
here and later on is parenthesis-free, or Polish notation. Of course we shall
use parentheses freely in our informal language (metalanguage). For example,
@ = (¢ = x) has a clear meaning for expressions ¢, i, y; in fact, it is the
same as the expression {c)p{c)¢y. The most important feature of the paren-
thesis-free notation, as well as the more usual notation with parentheses, is
the unique readability of sentences (Theorem 8.5).

Throughout this section, unless otherwise indicated, # = (n, ¢, P) will be
a fixed but arbitrary sentential language; also, we shall use small Greek letters
to denote sentences, and large ones to denote sets of sentences. The following
two obvious results will be used frequently:

Proposition 8.3 (Induction principle for sentences). If <{s> € I" for each s € P
and T is closed under — and —, then Sentp < T.

Proposition 8.4 (Construction sequence for sentences). ¢e€ Sentyp iff ‘there
is a finite sequence {i, ..., ¥, 1> of expressions of P such that n > 0,
Yn_1 = @, and for each i < n one of the following condition holds:

(&) ¢y = s> for some s € P;
(ii) ¢ = —w; for some j < i;
(i) ¥ = ;> oy for some j, k < i.

With regard to 8.4, cf. Proposition 2.3.

Theorem 8.5 (Unique readability)
(i) Every sentence is of positive length.

(it) If ¢ is a sentence, then either ¢ = (s for some s € P, p = —w for some
sentence , or @ =  —> x for some sentences i, x.

(i) If @ = {@os - - -, Pn—1y is a sentence and i < m — 1, then {p,, ..., ¢
is not a sentence.

(iv) In (ii), the three possibilities are mutually exclusive, and the sentences
s and x are uniquely determined by ¢.

Proor. Conditions (i) and (i) are easily established using 8.3; for example,
to prove (i) we let I' be the set of all expressions of positive length. We estab-
lish (iif) by induction on m. If m = 1, then by (ii) and (i), ¢ = <{s> for some
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s € P. Then (iii) holds, by (i). Now assume, inductively, that m > 1. By (if)
we have two cases. First suppose ¢ = —w) for some sentence . Thus ¢, = n,
and ¢ = {p1,..., Pm-1>. If {py, ..., @ is a sentence, then by (if) we easily
infer that <g,, ..., ;> is a sentence, contradicting the induction hypothesis,
since ¢ is a sentence. Second, suppose ¢ = ¢ — x for sentences ¥ and y,
and suppose the hypothesis of (iii) holds. Then ¢, = ¢, and there is a j with
l<j<m-—1and ¢ =<p1,..., 00, x = {Pjs1,--.» Pm_1y. Suppose that
{@g, - .., @y 1s a sentence. Then by (if) there are sentences 6, o such that
{pg, - - -, p;» = 8 —>o; hence there is a k with 1 < k < i such that § =
@1, ..., o> and ¢ = {@y11,...,p. Since k, j < m — 1 and ¢ and @ are
sentences, the induction hypothesis gives k = j. But then o is a proper initial
segment of y, contradicting the induction hypothesis.

Part (iv) is easily established using (iif). O

From 8.5 the following result of a purely set-theoretical nature follows.

Theorem 8.6 (Recursion principle for sentences). Let A be any set, f a
Sfunction mapping P into A, g a function mapping A x Sentg into A, and h a
Junction mapping A x A x Sentp x Sentyp into A. Then there is a unique
JSunction k mapping Sentg into A such that the following conditions hold:

() k(s> = fsforall seP,
(ii) k = ¢ = glke, @) for every sentence o,
(iii) k(p = ) = hike, ki, ¢, ) for all sentences , .

We shall now define the syntactical notion of theorem in a sentential logic.
Here we meet in its most primitive form the very important process of
axiomatization in mathematics. In this case we wish to axiomatize the notion
of logical truth appropriate for the primitive logic we are now dealing with.

Definition 8.7. A sentence is a logical axiom of & iff it has one of the
following forms (where ¢, #, x are arbitrary sentences):
AD ¢ > —>9),
(A2) [p>EF—=> > (e —>¥) > (@—> W]
(A3) (me—> ) > (b —>9).
Now let I be a set of sentences. The set of I'-theoremsy is the intersection
of all sets A of sentences such that I' = A, each logical axiom is in A, and
Y €A whenever ¢ €A and ¢ - ) e A. We say that ¢ is obtained from ¢
and ¢ — s by detachment or modus ponens. We write ' b ¢ to abbreviate
“@ is a I-theoremy,” and we write e for 0 ks . The subscript 2 is
frequently omitted.

We give one of the usual consequences of a definition like 8.7:

Theorem 8.8. T'F o iff there is a finite sequence iy, ..., $n_1>, m > 0, of
sentences of P such that $,,_, = ¢ and for each i < m one of the following
holds:
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(i) ¢ is a logical axiom of Z,
(”) lﬁi € F)
(iii) . = yp; = ¢ for some j, k < i.

A sequence (o, .. ., ¥, -1 as in 8.8 is called a formal proof of ¢ from the
hypotheses T.

Some simple but frequently useful properties of I are given in the following
theorem.

Theorem 8.9. Let I', A < Senty and ¢, i € Sente. Then:
@) ifAsTandAt o, thenT o
(@) if T' @, then O F @ for some finite subset © of T';
(iit) if 'k x for each xe A and A+ o, then I' & ¢;
() ifTroand 't o >3, then T' & .

Lemma 8.10. tp — ¢.

Proor. Just this once we give a formal proof, with justifications listed in
the column to the right.

D {fe=>lle=> o) =l >{lp=>(@e—>9]—=>(p—> )} A2
2 ¢=>lp—>9) =] Al
B lp=>@—=>p]l=>(@—>9 (1), (2), detachment
4 p—>(p—>9) Al
G p—>e (3), (4), detachment [

Theorem 8.11 (Deduction theorem). IfT' U {g} b, then T'F o — 3.

Proor. By induction on m we show that for every nonzero me w, if
{Xo» - - -» Xm—1y is @ formal proof of ¢ from I' U {g}, then I" - ¢ — . Suppose
this is true for all n < m, and suppose {xo, ..., Xm_1, iS a formal proof of
i from I" U {¢}. By 8.8 we have four cases:

Case 1. i is a logical axiom. Now Fj — (¢ — ¢§) by Al, and obviously
ki, so b =y and hence I' F ¢ — 4.

Case 2. e T This is treated similarly to Case 1.

Case 3. ¢ = @. By 8.10 we have ¢ — ¢; hence I' F ¢ = 4.

Case 4. 3j, k < m — 1 such that x, = x; > . Now by the induction
assumption I' F ¢ = x, and T" F ¢ — y;. The following I'-proof shows that
I'te—>i:

: } a [-proof of ¢ — x;

: } a -proof of ¢ = x;

lp = ;> P = o = x) > (9 > )] A2
(p=>x) > (=) detachment
o= detachment []
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The deduction theorem is a formalization of a common method of proof
in mathematics. Frequently when one wants to establish an implication
¢ — i in common mathematical reasoning, one first adjoins ¢ to the mathe-
matical assumptions I'. After arguing that ¢ holds, one concludes that ¢ — ¢
follows from the original assumptions.

Now we show F0 for various sentences 6. These facts will serve as lemmas
for the completeness theorem, which enables us to check for F8 in a routine,
mechanical way.

Lemma 8.12. Ho —>¢)—> [ —=x) = (¢ = )]

PRrROOF

o> d—>x ot te
{lp=>dv—>x. ooy
lp=>ddy>x, 0t by
{lp=>d >y, ot b —>x
o>,y >x, 9} bx

>, d>xite—>y

{p>Pr@—=>x)>@@—=>x
Flo—=>$) > [ —>x) = (e —>x)] O

Easy applications of the deduction theorem give:
Lemma 8.13. Ho—> (= x)]—=> [ = (p > 0]

Lemma 8.14. Fp — (—p = ).

PRrOOF
{p, @} F o> (> —g) Al
{p, Tp} F g
{p, 7@}t - g
{p, @} (W= ) > (p—> ) A3
{p, @}t >y
{p, 9} to
{9, Tp} ¢

Two applications of the deduction theorem finish the proof. O
By a similar proof, or using 8.13, we get:
Lemma 8.15. F =g — (p = ¢).

Lemma 8.16. F—1—p —> .

ProOOF
e Y N e e B e T e P using Al
{"—g}F mp—> g A3
{7}k p—>ep A3
{~g}te
Fa—p—e O

119



Part 2: Elements of Logic

Lemma 8.17. He —¢) > (g — —¢).

PROOF
{fp=>4, W, " pllte 8.16
{lp—=>¢, g, ngi by
{p—=>4¢, 2, npi b

{p=>¢, ), mmp} b 8.15
{p=>¢, Wk e
o>y, Wt W g A3
=, Wit e
Flo—=>¢) > (4 —> —g) O

Lemma 8.18. Fp —> —1 -9,

PROOF
{p, 7}k e 8.16
{ppF 9= —p
{pthp— —m1p A3
{ppF g
Fo—> g O

Lemma 8.19. Ho — —g¢) —> —g.

PRrROOF
{p > "p, "p} kg 8.16
{p—> 7o, 7@tk g
{p > 9, gl E (9 —>9) 8.14

{fp—> 9}t 7p > (e —>9)

lp=> witle=>9—> 9

{p = =@}t —p 8.10
Fle—> ) > 79 O

Our last two lemmas are easily obtained using the methods in the proofs
above.

Lemma 8.20. H(—¢ —> ¢) = o.

Lemma 8.21. tep — (= —> —(p = ¥)).

Now we introduce a semantical consequence relation I' F¢. Roughly
speaking, the difference between syntactical notions like F and semantical
ones like F is this: Syntactical notions are defined purely in terms of the
formal symbols, with only the mathematical notions being used which are
essential for the definition. In semantical notions, however, mathematical
ideas of a very different sort from formal notions play an essential role;
almost always some version of the idea of a model, or mathematical realization,
of the formal notions plays a role, along with a rigorous notion of zruth.
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Definition 8.22. Let # = (n, ¢, P) be a sentential language. Members of 2
are called models of 2. (Intuitively, O means falsity, 1 means truth, and a
function f€ 2 is just an assignment of a truth value to each sentence of
P.) Using the recursion principle for sentences, we can associate with each
feFP2afunctionf*: Sente — 2 such that for any s € P and any o, ¢ € Sentg

[Hs> =S5,

froe=1 iff*e=0,

froe=0 ifffe=1,
fr—>¢)=0 iff f*p=1andf*p = 0.

(f* intuitively tells us about the truth or falsity of any sentence of £,
given the truth or falsity of members of P.) We say that f'is a model of
pif f*o = 1; fis a model of a set T" of sentences iff f*¢ = 1 forallpe .
We write I' k» ¢ iff every model of I' is a model of ¢, and we write Fpe
instead of 0 F» . Sentences ¢ with kg are called zautologies.

Whether or not a sentence ¢ is a tautology can be decided by the familiar
truth table method: one writes in rows all possible f'€ £2 and for each such
f calculates f+¢ from inside out. Of course instead of all fe 2 it suffices to
list only the f' 92, where Q is the set of s € P which occur in . For example,
the following table shows that {s,> — ({s5> = {s51)) is a tautology:

§1 S2 {890 —> 851> (81 = (s = <s1))

OO ==
S = O~
— O e
Ptk ek

The following table shows that —{s;> = (—{s;> = {s1)) is not a tautology:

81 s sy > <5 s = (s = {5p))

1 0 1 1
0 1 0 0

Clearly this truth table procedure provides an effective procedure for deter-
mining whether or not a sentence is a tautology. This statement could be
made precise for sentential languages ¢ = (n, ¢, P) with P countable by the
usual procedure of Gédel numbering. (See 10.19-10.22, where this is done in
detail for first-order languages.) In practice, to check that a statement is or
is not a tautology it is frequently better to argue informally, assuming the
given sentence is not true and trying to infer a contradiction from this. For
example, if (s;> = ({s5> = {51)) is false, then s, is true and {sy)> = {51 is
false; but this is impossible; {(s,> = {5, is true since s, is true. Thus {s;> =
({s2> —> {sy>) is a tautology.
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We are going to show shortly that the relations F and F are identical.
To do this we need some preliminary statements.

Lemma 8.23. IfT'to, then Tk o.

PROOF. Let A = {p: every model of I' is a model of ¢}. It is easy to check,
using truth tables for the logical axioms, that I' < A, every logical axiom is
in A, and A is closed under detachment. Hence all I'-theorems are in A. The
lemma follows. O

Definition 8.24. T’ is consistent iff T' ¥ ¢ for some ¢.

Theorem 8.25. The following conditions are equivalent:

(i) T is inconsistent.
(ii) T'F =(p — @) for every sentence ¢.
(iii) T'F =(p — @) for some sentence .

ProoF. Obviously (i) = (ii) = (iii). Now suppose 't =(p = ¢) for a
certain sentence ¢. Let ¢ be any sentence. By Al, I'lF(p—>¢)—
[ ¢ — (¢ = ¢)]; from 8.10 we infer that I' b =y — (p — @), and then 8.17
yields ' F =(p = @) > — ). Hence I' b ==y, So by 8.16, " F¢: 4 being
any sentence, I" is inconsistent. O

Theorem 8.26. I' U {¢} is inconsistent iff ' b —e.

Proor. =: Since I' U {@} I 4 for any sentence ¢, we have I" U {¢} I —g, s0
by the deduction theorem I' F o —> —p. By 8.19, ' F —p. <: ' U {p} F —p
and I' U {@} F ¢, so by 8.14, I' U {p} I ¢ for any sentence . ]

Theorem 8.27. 0 is consistent.

Proor. Since —(p —> @) always receives the value O under any model, for
any sentence ¢, by 8.23 we have not (F = (¢ —> ¢)). |

Theorem 8.28 (Extended completeness theorem). Every consistent set of
sentences has a model.

Proor. Let I' be a consistent set of sentences. Let & = {A:T' € A, A is
consistent}. Since I' € .7, &7 is nonempty. Suppose & is a subset of .7 simply
ordered by inclusion, #Z # 0. Then I' < | J #. Also, | J & is consistent, for,
if not, there would be, by 8.25, a sentence ¢ such that | J ZF —(p — ¢).
Then by 8.9, {0, . . ., ¥m_1} F (@ — @) for some finite subset {o, . . ., Pn_1}
of | JA. Say poeAo€B, .. ,¥n_1€A,_; €Z. Since & is simply ordered,
thereis ani < msuch that A; € A;forallj < m. Thusyg €A, ..., ¥, €A,
so A; F =(p — ¢). Thus A, is inconsistent by 8.25, contradicting A; € #. Thus
U & is consistent.
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Hence we may apply Zorn’s lemma to obtain a member A of .2/ maximal
under inclusion. Now we establish some important properties of A.

1) A b ¢ implies that p € A,

For, if AF g and ¢ ¢ A, then A U {g} is inconsistent, so by 8.26, A F =g.
Then by 8.14, A is inconsistent, contradiction.

2) if p € Sent, then p €A or —pe A,

For, suppose ¢ ¢ A. Then A U {g} is inconsistent, so by 8.26 A + =g, and (1)
yields =p € A.

3) >y eAiff mpeAorpeA,

To prove this, first suppose =ipeA. By 8.15 and (1), p > A, If Yy €A,
then ¢ = ¢ €A by Al and (1). Thus <= in (3) holds. Now suppose —p ¢ A
and Y ¢ A. By (2) wehavep e Aand = € A. Hence by 8.21 and (1), "(p—>¢) €

A, so ¢ = ¢ ¢ A since A is consistent. Thus (3) holds.
We now define the desired model f. For any s € P let

fs=1 if (s> €A,
fs=0 otherwise.

We claim:
©) for any sentence ¢, f*p = 1 iff p €A,

For, let ® = {p:f*p = | iff p € A}. By the definition of f, (s> € ® for each
s € P. Now suppose ¢ € ®. Then

() =1 iff ffo =0 definition of *
iff fro# 1
iff p¢A since p € ©

iff mpeA (2), consistency of A

Thus —p € Q. Finally, suppose ¢, ¢ € O. Then

fHo—=>¢d) =1 iffifte=00rf"¢ =1 definition of *
iff f*te # lorf*y =1
ifpégAorgeA since @, p € ©
iff "pelAorygel (2), consistency of A
iffo>y¢eA 3)

Thus ¢ = € ©. Hence Sent, < ©, and (4) holds. If ¢ € I, then ¢ € A and
hence f*¢ = 1 by (4). Thus fis a model of I, as desired. ]
Theorem 8.29 (Completeness theorem). I'F @ iff ' F ¢.

PrROOF. = : by 8.23. <=: Suppose not (I' F ¢). Then not (I' F = —¢) by 8.16,
so ' U { =g} is consistent, by 8.26. By 8.28, let f be a model of " U { —g}.
Thus f'is a model of I" but not of ¢, so not (I' F ¢). O
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Part 2: Elements of Logic

This completeness theorem is our first result of a modern model-theoretical
character. It shows the complete equivalence of the syntactical notion + and
the semantical notion k. Hence in considering various problems in sentential
logic we can use syntactical or semantical methods with equal right. Another
interesting consequence of the equivalence, k¢ iff Fep, is that there is an
automatic method for determining whether ke or not (the truth-table method
above). From just the definition of Fe¢ it is difficult to infer that such a
decision method exists. This does not mean that for any I" there is an effective
procedure to determine whether I' F ¢ or not. For example, P may be infinite,
we may have I' € P, and under a natural Gédel numbering I' may be non-
recursive; in this case there is no such decision method.

We have now seen that our axioms for sentential logic formulated for
negation and implication are sound and complete. Next, we indicate how
various other notions of sentential logic can be expressed in terms of negation
and implication. Some important results, like duality and normal form
theorems, can be formulated using the new notions.

Definition 8.30. For any sentences ¢ and ¢ let
@ Vv § = —p = (disjunction of ¢ and ¢);
@ A Y = —(e —> ) (conjunction of ¢ and );
p e = (p—=>y¢) A — @) (biimplication between ¢ and ).

The following obvious proposition enables one to tell easily whether a
sentence formulated using these defined symbols is a tautology or not:

Proposition 8.31.  If fis a model of # and ¢ and y are sentences of 2, then

O frfevdh=1 iffre=lorf*y=1;
() f*@ad)=1 iff fro=landf*) =1
i) fH@ed) = 1 iff fro = f*4

Having all of these sentential notions available, we can discuss the notion
of the dual of a sentence:

Definition 8.32. For any sentence ¢ we define the dual of ¢, denoted by
¢4, as follows (using 8.6):

(@) (s> = (s> for each s e P;

i) (79 = s
(i) (p > )" = =" A 4.

The following proposition shows that A and v are dual notions. The
most useful part of the proposition is probably (viii), by which one can
conclude that ¢ <> 4% is a tautology after proving that ¢ «» ¢ is.
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Chapter 8: Sentential Logic

Proposition 8.33
() He A ) e ¢t v 4
(i) Ho v )t o ¢t A Y%
(iii) Fp e ¢
(iv) if f and g are models of 7 and fs = g* =1 <{s) for all s€P, then
fte = g*(—e?) for every sentence o;
@) Phoiff {—t: e}t g
(i) Fp iff F =1 9%
i) Fo =>4 iff 1 —> ¢
(wiii) tp o iff Fo o Jd.
Proor. In the case of (i) and (i) it is just necessary to apply Definition 8.32
to the sentences (¢ A ¢)? and (p v ¥)? in order to see what combination of
#® and ¢ they are and then check that then (i) and (ii) are tautologies. For
example,

(@ A ) = (le—> W) = (e > W)
= (7t A (7)) = (et A Y,
and (79 A W) e o' v ¥ is a tautology (by, say, the truth-table
method).

We prove (iii) by induction on ¢. For ¢ of the form (s> with s e P, we
have ¢ = ¢, and (iii) is clear. Now we assume (iii) for ¢ and prove it for
=1p. Now (1¢)? = =g, and (¢ > ¢3%) = (g > —9d9) is a tautology, so
(iii) for ¢ clearly implies (iii) for —¢. Finally, assume (iii) for ¢ and #; we
establish it for ¢ — . We have

(p =>4 = (9® A g0 = (=(7g > —y))°
= (=gt > W) = =(=(mgt) A ()
= (17 A W) = a (et - o i),
thus (¢ & ¢ > (¥ & ¥ = [(p = ¢) & (p = ¢)*)) is a tautology, so (iii)
follows for ¢ — 3. Therefore (iii) holds in general.

Assume the hypothesis of (iv). We prove its conclusion also by induction
on ¢. The case ¢ = (s> with se P is trivial from the hypothesis of (iv).
Assuming f*e = g* =1 ¢% we have

ffoe=0 iff fre=1
iff gt —gd=1
iff gt = =gp? =0
iff g* () = 0.
Thus if the conclusion of (iv) holds for ¢, then it also holds for —g. Finally,
assume that f*e = g*(—¢%) and /"¢ = g*(—w?). Then
o> =0 il f*ep=1andf*y =0
iffgt=¢?=1landg* 4?2 =0
iff gt =1and gty =1
iff g*(—g® A P9 =1
iff gt (> =1
iff g* = (p—>¢)° =0.
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Hence the conclusion of (iv) holds for ¢ — ¢ if it holds for ¢ and for .
Hence (iv) holds.

We can derive (v) from (iv) easily using the completeness theorem. First
assume ' I . Thus by the completeness theorem I' F ¢. We shall now estab-
lish that {—¢: eI} F m¢d To this end, let g be any model such that
gt=yt =1 for all yeI'. Define fs = g* s> for all se€P. By (iv),
frg = g™ =y forevery sentence . Hence fis a model of I', and so f*p = 1.
Therefore g* -1 ¢% = 1. Since g is arbitrary, { —%: e I'} F —¢% By the
completeness theorem, {—wd:4yeI'} | —g?. The converse is proved in
exactly the same way; (v) follows.

The condition (vi) is a special case of (v). Concerning (vii), recall that
(p=> )¢ = —¢p* A ¢4 Hence F —(p = )% e (Y% = ¢), so (vii) follows
from (vi). Finally, (viii) follows from (vii) since Fy <> 8 is equivalent to the
conjunction of Fy = 6 and 0 — ¥, for any sentences y and 6. O

Some other important sentential connectives are the finite generalizations
of conjunction and disjunction:

Definition 8.34. Let {g,, ..., ¢,_1> be a finite sequence of sentences, with
m > 0. We define the general conjunction A;<; ¢; and the general disjunc-
tion V;<; ¢ for j < m by recursion:

/\ ‘Pi=\/¢i=(Po;

i<0 i<0

/\ P = (/\ <Pi) A Py
isj+1 i<f

VA (\/ qoi) v gian
i<i+1 i<7

We sometimes write ¢, A -+ A ¢; instead of A;<; ¢, and o V - -+ Vv ¢,
instead of V/;<; ;.

The following proposition shows how to calculate truth values with these
new connectives; it is easily established by induction on j.

Proposition 8.35. Under the assumptions of Definition 8.34, for any j < m
and any model f we have

D f* Nissoe = 1iffVi < j(fre = 1);
@) f* Visso=1iffi < j(f*o = 1).

With the aid of generalized conjunction we can formulate a generalized
form of the deduction theorem 8.11 which is frequently useful in the further
study of sentential logic:

Theorem 8.36. IfT' UAtFandA # 0, then thereisanme w and a p € "*1A
suchthat ' Fgg A -+ A @, > .
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Proor. By 8.9(ii) we may assume that A is finite. Hence it is enough to
prove by induction on m that for all me w and all ¢ € "*!Sentp, if I' U
{p;:i < m} b4 then T' F A<, ¢y — 3. This statement for m = 1 is just the
deduction theorem. Now we assume our statement for m (and for all sen-
tences ), and we assume that ¢ € "*2Sentp and 'U {p;:i < m + 1} 4.
By the deduction theorem, I' U {g; : i < m} F ¢,,,; = 3. Hence by the induc-
tion assumption, I' F A ;< @ = (pn+1 —> ¢). Now using Proposition 8.35 it
is easily checked that the following sentence is a tautology, and hence is a
I-theorem:

[/\ <Pt—>(?’m+1—>'/')] —)( /\ %"‘/’)-

ism ism+1

It follows that I' F A; < ny1 @ = ¢, as desired. g
We can also give a useful criterion for inconsistency:

Theorem 8.37. For any set I' of sentences the following conditions are
equivalent:
(i) T is inconsistent;
(ii) thereisanme w and a € "I such that V \/izpn — ..

ProoF. (i) = (ii). Assuming (i), we have I' F 4 A = for any sentence ¢;
we fix 4. From 8.27 we know that I" # 0. Hence by Theorem 8.36 there is an
me w and a ¢ € "*1I" such that

l’/\(p‘-—)l,b A

i<m

It remains only to notice that the sentence

(Awbn =) >V -

i=m ism
is a tautology.

(#i) = (i). Assume (ii). Then for any sentence ¢ we have I' F 4. In fact,
let £ be a model of I'. Then in particular f*¢; = 1 for all i < m. But, by
virtue of Proposition 8.35, this contradicts the fact that \/;., g is a
tautology. Conclusion: I' has no models. Thus, vacuously, every model of I'
is a model of . Hence, indeed, I F 4, so I } ¢ by the completeness theorem.
Thus I' is inconsistent. O

The following theorem is perhaps the most important result in the classic
theory of sentential logic:

Theorem 8.38 (Distinguished disjunctive normal form). Let # = {m,c,
{So, - . ., Sp}> be a sentential language, with m € w. Let ¢ be a sentence which
has at least one model. Then there is a function  such that:

(i) the domain of Y is (p + 1) x (m + 1) for some p € w;
(i) for eachi < p andj < m, §y; = {s;) or iy = {s;);
@ii) fo e Vi<p Njsm s
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PrOOF. Let M be the set of all models of ¢; M # 0 by assumption. Let g
be a one-one function mapping some integer p + 1 onto M. For each i < p
and j < m let

¢' . <Sf> 1f 8iS; = 15
T s if gi5; = 0.

Thus gt Aj<n by = 1, whilef* A;cn¢; = 0if f# g, foreachi < p. From
this it follows easily that f*e¢ = f* iz, A\;=m ¥i; for every model f. as
desired. [

By duality we obtain

Theorem 8.39 (Distinguished conjunctive normal form). Ler 2 = n, c,
{S0s - - os Sm_1}> be a sentential logic, with m € w. Let ¢ be a sentence which
is not a tautology. Then there is a function § such that:

(i) the domain of yis (p + 1) x (m + 1) for some p € w;
(if) for each i < p and each j < m, ; = {s;> or fy; = —ls; ;

i) Fp e Nicp Vizm iy
PrOOF. Assume the hypothesis. Thus not(ke), so by 8.33(si), ¢ has a
model. Hence by 8.38 we can choose ¢ so that (i) and (if) hold and
Fold > \/ /\ Pyje
ispism
Now an application of 8.33(viii) gives the desired result (8.33(/) and 8.33(i7)
must first be generalized in the obvious way).

As the final topic of this chapter we want to systematically consider pos-
sible variants of our choice of connectives negation and implication, and show
that all other connectives can be defined from these two. The full meaning
of our sentential logic is given by a sentential language (n, ¢, P) together with
the definition of f* for fe 2, which amounts to assigning the usual truth
tables for the meanings of #» and ¢. We shall see that any connective, with its
meaning given by some truth table, can be expressed in terms of » and c.
There are also other connectives which can serve, like #» and ¢, to express
any connective. To prove all of this rigorously, we need a notion of general
sentential logic:

Definition 8.40. For each set P, a P-truth function is any function mapping
P2 into 2. [Thus, for example, the 2-truth function f corresponding to ¢ is
given by the stipulations

KL 1 =1,
K1,05 =0,
Ko, 1> =1,
KO,0> = 1]
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A general sentential logic is a quadruple Z = (K, P, f, g) such that P # 0,
KNP =0, fis a function mapping K into o ~ 1, and g is a function
assigning to each k € K an f-truth function g,. Symbols of & are the
members of K U P; expressions of & are finite sequences of symbols. With
each k € K we associate an f,-ary operation k on expressions:

k(‘P09 ey (Pm—l) = <k><Po‘ T Pm-1

where m = f,, for any expressions ¢, . .., ¢,_1. The set of sentences of
&Z is the intersection of all classes I' of expressions of # such that
{¢s> :se P} < T and Tis closed under all the operations & for k € K. On
the basis of these definitions, analogs of 8.3-8.6 are easily established. This
enables us to extend the notion * of 8.22. A model of & is again any
mapping of P into 2. Given a model 4, a mapping A+ of the set of sentences
of Z into 2 is defined by recursion as follows:

h*is> = hs forseP,
h+f“Po' “Pm-1 = g(ht o, .. s hrpn_y),
where m = f, and ¢, . . ., ¢, -1 are sentences of 2. Then with any sentence
¢ we can associate a P-truth function J, such that 7, f = f+¢ for any

fe 2. The logic Z is functionally complete provided that {7, : ¢ a sentence
of #} is the set of all P-truth functions.

We can identify sentential logics in our earlier sense (language together
with semantic notions) with certain general sentential logics, namely those
of the form ({n, ¢}, P, f, g), wheren # ¢,{n,c} NP =0,fn =1, fc = 2, g, is
the function given by g{1> = 0, g0> = 1, and g, is the function mentioned
above in 8.40. Then we have

Theorem 8.41. Let Z = {{n, ¢}, P, f, g> be a sentential logic in the original
sense, with P finite. Then 2 is functionally complete.

Proor. Note that there are exp exp |P| P-truth functions. Hence it suffices
to show that there are at least that many truth functions of the form .
Let |P| =m + 1, say P = {s;:i < m}. For each he?2 we define y,, an
(m + 1)-termed sequence of sentences of : forj < m, x,; = (s> ifhs; = 1,
xns = s if hs; = 0. Now for any nonempty subset I' of P2, Jet

‘P1*=V/\th-

her’ jsm
Then it is easily verified that I' is the set of all models of ¢r. (cf. the proof of
8.38). Hence I+ # J,4 if I' # A. Furthermore, clearly 7. # 7, for all
nonempty I' € 2, where i is a sentence with no models. Thus we have
exhibited exp exp |P| different functions 75, as desired. dJ

This theorem is a rigorous expression of the above mentioned fact that
any connective can be defined in terms of » and ¢. As also stated, other
choices of connectives can be used for this purpose. To show this, the follow-
ing lemma is useful.
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Part 2: Elements of Logic

Lemma 8.42. Let neg be the truth function corresponding to n in any sentential
logic, and imp that corresponding to c. Let ? = (K, P, f, g) be a general
sentential logic such that KN 2 = 0, P finite, neg {7, : ¢ a sentence of
K, 1, 1, g)}, and imp € {7, : ¢ a sentence of (K, 2, f, g}. Then 2 is function-
ally complete.

Proor. Let Z' = (K, 1,1, 2), ?" = (K, 2,f, g), and let " = ({n', '}, P,
f’, &) be a sentential logic. For ¢ a sentence of 2’ and ¢ a sentence of £, let
o[] be the sentence of & obtained from ¢ by substituting i for (0> throughout
o. If h is a model of & and ¢ is a sentence of &, then 4y, is the model of #’
such that 4,0 = A*y. Now

) if g is a sentence of &',  a sentence of &, and /4 is a model of £,
then h*o[y] = At e

This is easily proved by induction on . We work similarly with #”. For ¢
a sentence of 2" and ¢, y sentences of £, let o[y, x] be the sentence of &
obtained from ¢ by substituting ¢ for (0> and y for {1} throughout ¢. If
is a model of # and ¢ and y are sentences of &, then £y, is the model of 2"
such that 4,0 = A*¢ and Ay,1 = A*y. By induction, one easily establishes

if p is a sentence of Z”, s and y sentences of 2, and 4 a model of 2,
then h* g, x] = Ky* o,

Now by hypothesis choose a sentence ¢ of &’ and a sentence ¢ of 2" so that
neg = 7, and imp = ,. With each sentence y of #” we now associate a
sentence x* of 2, defined by recursion:

sd* =<s);
(0)* = olx*];
(xo = x)* = $Ix%, x11;
for any sentences y, xo, x1 of " and any s € P. Now we prove the following
statement by induction on y:

)

(3) for any sentence y of " and any model 4 of 2", h*ty* = h'*y.

The statement is clear for y = <{s)>, s € P. Now assume it true for y. Then

h*(x0)* = h*olx*] = Ko by (1)
= T M = neg hys

and neg Ky = Oiff u<0) = 1iff A*y* = 1iff hty = 1iff At (—y) =0, ie,
neg hyx = h* —x. Similarly, h*(xo = x)* = imp Hx,x, and imp hyg,x = 0 iff
M0 = land Hygel = 0,ie,iff A*xd = 1and Aty = 0,ie., iff Aty = 1
and hty, = 0, that is, iff A*(x, —)X1) = 0. Hence imp Hxx = h* (3o — x1)-
Thus (3) holds. It follows directly from (3) that, since 2" is functionally com-
plete, so is Z: for, if / is any truth function, write / = 7, with x a sentence of

2". By (3), 7, = T, as desired. O
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Theorem 8.43. Negation and conjunction give rise to a functionally complete
sentential logic. That is, if 7 = {{n, k}, P, f, g> is a general sentential logic
with fn = 1, fk = 2, and g given by:

80> =1, g<1)>=0;
g8ll, 1D =1,  &<1,0) = g0, 1> = £0,0> = 0;
and if P is finite, then 2 is functionally complete.

PrOOF. We may assume that PN 2 =0. Let —p =<ndp and ¢ A ¢ =
<k>ey for all sentences ¢, . Clearly neg = 7, in {{n,k}, 1, f, g>, and
imp = 7, in {n, k}, 2, f, g>, where o is the sentence

(0> A D).

Thus the theorem follows from Lemma 8.42. d
Similarly:

Theorem 8.44. Negation and disjunction give rise to a functionally complete
sentential logic.

It is of some interest that a single connective can be used in sentential
logic:

Theorem 8.45. Let 7 = {{s}, P, [, g) be a general sentential logic such that
f5 = 1 and g is given by

g1, 1> =0,
gs<0, 1> = gs<19 0> = gs<09 0> =1,

and with P finite. Then 2 is functionally complete.

PrROOF. o]y = {sDgy for any sentences ¢, 4. (The connective here is called
the Sheffer stroke.) Then neg = 7, and imp = J, where ¢ is <O>|<0> and
P is COOJK1DK1)). Thus Lemma 8.43 implies. O
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EXERCISES

8.46. Let Z = (n, ¢, {s, t}) be a sentential language, with s # ¢. Determine which
of the following expressions are sentences: <{s), {c,c,n, s, n,t,c, 1,8,
c, s,¢,8, 1,5, <n,n,n,s,s><c,np,cp,q.
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8.47.

8.48.

8.49.

8.50.

132

By a sentential language with parentheses we mean a system & = (n,c,l,r, P)
such that n, ¢, I, r are all distinct, P # 0, and {n,c,,r} NP = 0. We
introduce operations =, — on expressions as follows:

“p = <nde
@ = = DEleYry,

for all expressions ¢, . Sentz is the intersection of all sets I' of expressions
such that <s)> € I" for each s € P and =, ¢ — ¢ for all ¢, y € I. Prove an
analog of 8.5.

Modify 8.2 by changing the definition of —:
ey = el

for all expressions ¢, . Show then that parts (ii7) and (iv) of 8.5 fail.

Show that the following schemas, due to Lukasiewicz, can replace (Al)-
(A3) of 8.7:

@ @G>0 —=>x—=>0—>E—>0)
®) (> -
© $—>(—>x)

Hint: prove the following schemas in succession from the above schemas:

M) [(x =)= (=Pl =[x = (=)

Q) (= ) =[x = (= )]

BG) (W= ) > ([ W= =>¢l—=> (x> )

@ S>> >fl— (x—P)

(5) x = (=) =]

©) (W= >l —> (x> ) > [ =) —> (x—> )]
DU —=>hH o>l =) > =P

@ Pp>x—=¥

9) (W= )= (x—=>¢)

10) x—=>(x—=>¥)

an x—=¢) —=>xl—->x

12) x> x—=>PI=>Ux =P —=>x]1=> =)

) x=>K—=>PI=>Kx—=>P

a4 x> ((x =P =>[x—=>P—=>4D

15) x =[x =) =¥

16) (> —>01>x—=>N)>—>Kx— 0]

A x> @ —=>0l—->Y—>x—> 0]

A8 =0 —>lx—=>h)—(x— )]

A (=== GF—= 0D —[F—x)—F— )]
) >N [—=x)—>F— D]

Show that the following single schema, due to Meredith, can replace the
schemas (A1)—(A3):

@ (e—=>P)—=>(x— )] —=>x} = 7)—>[(r—>9) > (0 > ¢)]
Hint: prove the following formulas from this schema:
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8.52.
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D> 0>l (p—=>P}=>[x—=(@—=>P]

Q {Ix—=(po—=>Pl=>11—>(@—>1)

3 lp—=p)—>xl=>(0—>x)

@ $—>0—->@@—>9)]

G 0> (p—=>Pl>x>EF—x)

©6) (==l >Kx—>9)

N 1= (r—>p)—> (0 —>¢)]

@ [x—=>(p=>P]>1t=>(@e>N]=>pw—=>0—>w

@ {0—=p>x—=>(p=>P=>{r>[x—=> ("p=>P]}
10) (p—=> ) = (e —>)
1) x = A{[—x) = ¢l = (0 > @)}

12) {([r=>{llp—=>Ph)—=>(x—> )=y l=> W —>E—>pl—>e)—> (0 —>¢)
13) (0> )= [r = {l(¢p =) = (mx —> D] —>x}D

> pu—=>r=>{lpg=>P)—=(Tx— D= xD
14 [0 > ) >yl = {lle—=P) > (x— )] —>x}
13 lp—=> P =>{"[lr=> @ =l —=>x} = (@ —>x]— 6]
= [lr—=> 0= @)l—=>x—>@—=>x]

16) {[([r=> {0 >0 =>dBl=>=>@—=>0]=> > V—>9)
AN =) > {r=>l>@=>Pl > x> {r>[0—>(@—> ]
18) [p = (@ > Y1 — [0 = (¢ = P)]
19) [p > (@—=>Pl—> (@)
(20) o = (@ —>3)
C) {p—=P)—>("p=>Ph)]l>x—> 0 —>x)
22) (=P > (> Pl —>x} —>x
23) (> @)= (0 —>9)
Q) (mp—>p)—o
(25) 0—)(—I'ﬂx——)x)
26) (0> (x> ]—>pt—=> (=)
CH{>( x> ]=>pl—>e
28) {0 > (x> ]—>e—>p
29 [—=>["{d > (x> P]l=>pt > ) > T]>(u—>17)
(30) ([x = [0 = (x> )] = @}l =) > (g —>¢)
(31 o= {0 > (x> x)]—> g}
B {f—>@—> {0>(x—>)]> )]l >1t1>(@p—>1)
BN [olp— > (ny—=>x]—=> p)>7]—>7
34) (p—=>P) > [0 — (nxy = ] = g =]
335) {[r=> (-l (=)} = {0 — (mx—> ] = gl —> ]
36) ({0 = (" x =] = gl =Yl = 7) = [(p = ¢) — 7]
G (=)= [F—>x) > (@—=>x)]
Let Z = (n,c, P) and &’ = (0, ¢/, P’) be two sentential languages. We
write 2 < # iff n =n’, c = ¢, and P < P’. Assume that # < 2’ and
prove the following:
(1) Sentz < Sentgz;
2) if f1P"—2,then f* [ Sentp = (f | P)*;
(3) if T U {p} < Sentz, then Ttz @ iff T tap. .
Let ISent be the set of all sentences (of a fixed but arbitrary sentential

language) in which the negation symbol does not occur. Our aim is to
outline an independent development of sentential languages without
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negation. Let TAxm be the set of all sentences of the following kinds
(where ¢, ¢, x € ISent):

P> —>9)
[p—=>@—=>0]—=log—=>¢)—(@—=>xI
[(p—> ) —>pl—> .

Let ' — IThm be the intersection of all sets of I-sentences including
I' U IAxm and closed under detachment. We write I' F; ¢ forp e I' — IThm.
Establish the following, where all sentences and sets of sentences are taken
from ISent:

(@) Otrp—o.

(b) the deduction theorem for F;.

© Oh(p—=P) > [ —x)—~>(@—> ]

(d) If T +; (s for each s € P, then I" F; @ for each ¢ € ISent.

(&) Ok (p— ) = ((p—>x) =] =)

(f) Call a set T of I-Sentences I-consistent if not (I }; @) for some I-sentence
@. If T is I-consistent, then I" has a model which is not identically 1.

Hint: use these steps:

(1) there is an s € P such that not (I" F; {s));

(2) there is a maximal A 2 I' such that not (A F; {s));

(3) & e implies that p € A;

@) p—PecAiffp¢Aorfel;

(5) continue as in the proof of 8.28.

(8 Tho iff Tke iff T'+@. Hint: for the hard direction, assume not
(T tr ). Then not (I'V {p =>4 : ¢ cISent} F ¢), so by (f) let f be a
model of I' U {¢p — 3 : ¢ € ISent} which is not identically 1. Show that
fre=0.

We work in a sentential logic in which negation and disjunction are taken
as primitive. For any sentences ¢ and ¢ let ¢ >3 = —p v . Take as
axioms all sentences of the following forms:

(@ (p V @) > o;

®) p—>(p Vv P);

©@vPh—>vVve);

@ @=>Ph—=>xve—>KVvPL

Prove analogs of 8.28 and 8.29. Hint: apply the result of 8.49. In order to
do this it suffices (proof!) to derive the following:

@ @—=P)=>x—=>9) = x—=>PI;

f) p—>o;

(® o— 1 7p;

(h) e — p;

(i) tp—>Jand tg’ =Y imply F=p v @' =>4 v 5
(j) tp—>pand te' > ¢ imply tp v ¢’ —> ) v §;
&) He—¢)—> (T — ")

O Hop—> )= G —);
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(m) Hy =) = [ = x) = (@—=> 01;
(n) Hp—>g)—>p;

©0) tp—>("p—>Y);

) H—>(@e—9);

@ Ftp—@)—>4.

Again we work with a sentential logic in which negation and disjunction
are taken as primitive.

We want to describe now a definition of ““tp’’ in which rules of inference
rather than axioms take precedence. We define four rules of inference.

(1) Association. This rule is a relation R, < Sent x Sent. If ¢ is a
sentence, (b v x) v 0 is a consecutive part of ¢, with #, x, 0 € Sent (i.e.,
@ =0 v yx) v 6)§” for some expressions ¢, 8”), and if o is obtained
from ¢ by replacing a consecutive part of ¢ of this sort by ¢ v (x v 0)
(ie., ifo = 0@ v (x v 8))8” with notation as before), then (@, o) € R,.

(2) Commutation. We define R, < Sent x Sent. If ¢ is a sentence, ¢ v y
is a consecutive part of @, with ¢, y Sent, and o is obtained from ¢ by
replacing a consecutive part of ¢ of this sort by y Vv #, then (¢, o) € Ry,

(3) Double negation. R, is to consist of all pairs of the following sort,
where i, x, 6eSent: (Y v ) v 8, v ) v O);(x v 8, iy v 0);
@vx.pv 1, & W

(4) Conjunction. R; consists of all triples of the following sort, where
P, x, 0, o € Sent:

@v mve@Gv 0yvo,@Gv xvo)yv
(mxv b, oV 8 (xv o) v b);
W@ v wyv o, ¢ v Ay v o) (Ty, T0o, (x v o).

A set I' < Sent is closed under R, ..., R; provided that ¢ € I' whenever

(ﬁ and X eRO al'ld (lp’ (P) € RO’ ('ﬁ’ (P) € Rla ("/’: (P) € R2’ or ((l” X ¢) € RS- We
call a sentence ¢ basic if it has one of the following forms:

(s> v sy withseP,
Y v x with y basic,
x V ¢ with y basic,

(6 v x) v § with x basic,

(formulate this as a recursive definition). Thm is the intersection of all
classes of sentences including all the basic sentences and closed under
Ry, Ry, R, and R;. We write tg for ¢ € Thm. Prove that to iff F¢. Hint:
the following facts lead to an easy solution:

WD IEY v (x v OIVo, thenkp v -1x) voand K v 10) v o.

Q) If s v ) v 0, then K v x) v 6.

(3) If Fp and ¢ cannot be obtained from some other sentence by f> or fs
(after applying association and commutation), then ¢ is basic.

Show that a logic with negation alone is not functionally complete. Similarly
for implication, disjunction, conjunction.

(Three-valued logic). It is natural to consider sentential logics in which
three or more truth values are allowed. We describe here a version of
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three-valued logic. The truth values are 0 (falsity), 1 (truth), and 2 (indeter-
minate). The truth tables for - and — are as follows:

A
A

Y

—p P>

N =0 | 8
N o =
NN NO OO R ==
NO=RNOFRDNOM
— N bk ek ke N O

(a) Show that the following sentence is not always true in three-valued
logic, but is never false:

[p—=>@—=>]=>e—=¢) - (-]

Now we shall describe an axiom system for three-valued logic. The axioms
are all sentences of the following forms:

A o> —>9)

A2) (> P> [F—=x) > (@—=>Y]

(A3) (mp— W) > —>9)

(A4) (p—~> ") —>¢)—>0o

AS) {p=lp=> G- > {lp=>(@—=>P]—>p—> (=]
(A6) [p = (p— Pl —=>{[W—> (>l — (=)}

A7) o= [(p =) =]

(A8) {lp > (p—> )] — “p—>(p—> )} —>¢

Let detachment be the only rule of inference. This gives a new notion F.
Let F be the semantic notion for three-valued logic.

(b) Show that I' } @ implies I" k ¢.

(¢) For further purposes, prove the following:

(1) g —>(p—>¥);

@ HW—>lp—>(@@—=>P;

3) P>

@) tp— 1 p;

) Fm(p—> ) — )

(6) Atp—>iand A+ = imply A + —ip.

(d) Prove analogs of the completeness theorems 8.28 and 8.29.
Hint: to prove the analog of 8.28, begin as in the proof of 8.28, obtaining
the set A. Show:

AU {p}ty impliesAtp—(p—>),
e ¢A implies A Fp — (p — —p),
—p¢A implies A b p— (T —> @),
Atg implies p €A.
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Now define for each basic sentential symbol s

fi=1 if (s> €A,
fs=0 if —(s>eA,
fs=2 otherwise.

Prove by induction on ¢ that

ffp=1 implies p € A
fte=0 implies —p € A,
[fp=2 implies @ ¢ A and —p ¢ A,

To prove the analog of 8.29, note that if I' } ¢ then T U {p — (¢ = —p)}
is consistent.

(e) Define the appropriate notion of functional completeness for three-
valued logic. Show that our connectives are not functionally complete.

(Intuitionistic logic). We outline here a short introduction to intuitionistic
sentential logic (see the introduction to the book). According to intuitionism,
every mathematical assertion, to be called mathematical and not theological,
should be expressible in the form “I have effected a certain construction A
in my mind.”” If @ and # are assertions, then:

(1) We can assert ¢ A 3 iff both ¢ and i can be asserted.

(2) We can assert ¢ v 3 iff at least one of the sentences ¢ and ¢ can be
asserted.

(3) We can assert —¢ iff we possess a construction which leads from the
supposition of ¢ to a contradiction.

(4) We can assert ¢ — 4 iff we possess a construction which, when joined
to the construction mentioned in ¢ (which is not, however assumed to
exist), leads to a construction of the sort mentioned in ).

Examples:

(a) ¢ v —¢ cannot be asserted for every assertion ¢, for this would
imply the existence of a general method such that, given a construction A,
the method tells us how to carry out A, or else how to infer a contradiction
from the assumption that 4 has been carried out. For example, let ¢ be:
“I have constructed integers x, y, z, m such that m > 2, and x™ 4 y™ =
z™.”” I cannot assert ¢. But also I cannot obtain a contradiction from the
assumption that the construction mentioned in ¢ has been carried out,
i.e., I cannot assert —¢. Thus I cannot assert ¢ v — .

(b) ——¢ — @ cannot be asserted for every assertion . Indeed, take the
following example of Brouwer. Write the decimal expansion of =:

3.14159...
.33333...

K

P

1]

Underneath write .3333. .., breaking this off as soon as the sequence of
digits 0123456789 has occurred in the expansion of = (classically it is un-
known whether this will ever occur). Let ¢ be the assertion: p is rational.
Classically ¢ is obviously true. Intuitionistically ¢ is to be interpreted as
“I possess a construction of integers m, n such that p = m/n.”’ Suppose
—@; then p cannot have the form .33...300...,s0 p = 1, i.e., ¢ holds, con-
tradiction. Assuming —¢ we get a contradiction. Hence (intuitionistically)
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— —@. But we cannot assert ¢ intuitionistically, and hence we cannot assert
e e

Now we seek to axiomatize those assertions which are intuitionistically
valid. We take negation, conjunction and implication as primitive. As
axioms we take all sentences of the following kinds:

1) g @Y —¢);

) [p=> @G> => =) —>(@—>;
13) (p = ) = —p;

(14) —p > (p = ¥);

I5) p=> =9 A P);

(16) ¢ A Yy —>@;

A7) ¢ A p— 4.

Detachment is the only rule of inference. ‘¢ is defined analogously to
the classical case.

() Check that the axioms are intuitionistically valid in the intuitive
sense.

(B) Check that the deduction theorem goes through.

Our notion of intuitionistic validity is informal, and hence we cannot
hope to prove a completeness theorem until we find a mathematical version
of this validity. Without trying to justify it, we introduce the following
mathematical version of intuitionistic validity:

Given a sentential language 2, an intuitionistic model for 2 is a function
f mapping P into the collection of open sets in some topological space X.
Given such a function f, we define

f¥(s) =fsforallseP;
f* 1 = interior of (X ~ f*¢);
fr@end)=Ffonfy;
f*(@—> ) = interior of [(X ~ fHe) U fr].
This gives rise to a notion I' F, ¢.
(y) Prove that T' b, @ implies T" F; ¢.
(3) Show that if T is consistent, then there is a model f with associated
topological space X such that for any sentence ¢, I' F @ iff f*@ = X. Hint:
let X = {A:T < A, A consistent}. For each sentence ¢, let

U, ={Ae X:Atg}

Show that the U,’s form a base for a topology on X. Let fs = Uy, for
each s € P, and show that f*¢ = U, for each sentence ¢.

(&) THoeiff T Fo.

() An interesting connection between intuitionistic and ordinary logic is
given by the following result: I' F @ iff { =y : y € I'} +; =7 —g; in particular,
ke iff 1, = —p. Hint: pick a suitable set of axioms A for classical logic and
show that

TuAc{y:{"wW:¢gel}k 1y,

and that the latter set is closed under detachment. Then use (¢).
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8.58 (Modal logic). We now briefly discuss the addition of new connectives to
sentential logic which express such intuitive notions as possibility or neces-
sity. A modal language is a quadruple Z = (n, c, d, P) such that |{n, ¢, d}| =
3,P # 0, and {n, ¢, d} " P = 0. The symbol d is the necessity symbol. For
any expression ¢ we write Op = <{d>@. Other notation is carried over from
the sentential case. If @ is a sentence, then [l expresses, intuitively speaking,
that @ is not only true, but is true in all possible worlds. Thus if ¢ is the
sentence ‘It is sunny now,” then ¢ may be true at a given place and time,
but it is not necessarily true. On the other hand, if ¢ is ‘A rose is a rose,”
then ¢ is necessarily true. The notion of necessity is, however, somewhat
unclear and indefinite in its intuitive meaning, much more indefinite than
the notions in three-valued logic or intuitionism. For example, is the
sentence O — OO¢ to be accepted, or not? Debate over these matters
has led to a large number of systems of modal logic, of which we present
only one.

Our axioms are as follows:

M1 o=@ —9),

M2) [p—> @ —=>x]1=>(p—=>¢) = (=¥,
M3) (mp—> W) = =),

(M4) Qg — ¢,

(M5) O — 009,

(M6) O(e = ¢¥) — (O — OY)

For rules of inference we allow detachment, and the inference of O¢ from
¢. This gives a notion T k, ¢. If X is a topological space and f: P — SX,
we define f*: Senty — SX as follows:

fHs>=fs
fr(e) =X~ frp
fHe—=¢) =X~ frpUfte
f*Oe = interior of f*o.

Of course this gives a notion of I' Fy, ¢.

(«) Show that I' ky ¢ implies T Fp, ¢.

(B) If T is consistent, then I'" has a model f such that for every sentence
¢, T by @iff fre = X. Hint: let X = {A : Ais maximal consistent in ordinary
sentential logic and for every sentence ¢, I' b, ¢ implies ¢ € A}. For each
sentence o, let

U, ={Ae X:A}Og}

Show that these sets form a base for a topology on X. Let fs =

{Ae X:At+<{s>}. Show that f*p = {A € X: A} ¢} for every sentence .
&) T b @ iff T by, @, and in particular by @ iff Fy .

Now for any sentence ¢ not including [J we associate a new sentence ¢™:

s>™ = OKs>,
(_'(P)m =0 _“Pm’
(p—=P= = O™ =>¢™).
(8) h @ iff by @™, Hint: Assume that F @, and let f: P — SX, X a topo-
logical space. For each s € Plet gs = interior of fs. Show that g +'p = f* ™™
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for any sentence ¢ (g *! is the extension of g defined in Exercise 8.57, while
f*™ is the extension of f defined in this exercise). This easily leads to k,, p™,
hence F ™. A similar argument works for the converse.

We have considered several different systems of sentential logic: two-valued,
three-valued, and intuitionistic logic. How many different systems are there
altogether? Here is a “‘best possible’” answer: Let Z = (n, ¢, {s}) be a
sentential language. Given any set I' < Sent», let S- be the intersection of
all classes including I' and closed under detachment. Let & = {S§: T <
Sentz}. Show that |&| = exp R,. Hint: define ¢, recursively:

@o = {5 —=> {5}
Prn+1 = QDn_)<s>'

For each subset M of w let TM = {ps,: ne€ M} U {pgn+1 : 1 ¢ M}. Show
that M # N = Sty # Sta.



Boolean Algebra %

In this chapter we give a brief introduction to the theory of Boolean alge-
bras. As we shall see, these are algebraic structures which stand in an intimate
relationship to sentential logics. They will also form a source for some of the
applications of logic which we shall give later. Boolean algebras are actually
most simply motivated by a reference to elementary set theory, however, as
follows:

Definition 9.1. A field of setsis a set & such that | J A e &, | & ~ XeA
whenever X € o, and X U Y € &/ whenever X, Y € . We also say that o/
is a field of subsets of ) #.

Proposition 9.2. Let &/ be a field of sets. Then

(i) 0es;
@) if X, Yel then XN Ye

We now want to consider an abstraction from the concrete notion of a
field of sets. We consider algebraic structures {4, +, -, —, 0, 1> where 4 is
intended to correspond to a field of sets &7, + to U, - to N, — to ~ (relative
to U &), 0 to the empty set 0, and 1 to |_J &/ We write down axioms on
+, -, —, 0, 1 intended to axiomatize the concrete notions fully; later we show
that in fact our axiomatization captures all the true identities among the
concrete notions. Note that we treat +, -, —, 0, 1 as variables ranging over
the corresponding notions in all Boolean algebras. Of course 0 and 1 are
also used in an entirely different sense for the integers 0 and 1.

Definition 9.3. A Boolean algebra (BA) is a system A = {4, +, -, —,0, 1>
such that + and - are binary operations on 4, — is a unary operation on
4,0, 1€ A4, and the following conditions hold for all x, y, z€ 4:
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@)x+y=y+xand x-y =y x;

@ x+(+2)=Ex+y)+zand x-(y-2) = (x-y)-z;

@iii) x-y + y=yand (x + y)y = y;

iv) x(y+2)=xy+xzandx + y-z=(x + y)-(x + 2);
(v) x»—x=0and x + —x = 1.

We define x < yiff x + y = y. 4 is called the universe, or underlying set,
of 2.

By routine checking we have

Corollary 9.4. If o is a field of sets, then (s, U, N, ~, 0, J /> is a BA,
called a Boolean set algebra of subsets of | .

Throughout this chapter, unless otherwise indicated, we deal with an
arbitrary BA 2 as above, and with arbitrary elements x, y, z, etc. of 4. Note

the following proposition, which is obvious from the form of the axioms in
9.3:

Proposition 9.5. If % = {4, +,-,—,0,1>isaBA, thensois<4,-,+,—,1,0).

A duality principle follows from 9.5: if we have proved a statement about
all BA’s, then a second dual statement, obtained from the first one by inter-
changing + and - and also 0 and 1, is true. We shall not bother to make this
principle more precise, since our applications of it can be justified by 9.5
directly.

The following proposition summarizes the elementary arithmetic of BA’s,
It will be used later without specific reference to it.

Proposition 9.6
() x+ x=x;
(i) x-x = x;
(iii) x < x;
(iv) if x < yandy < x, then x =
() ifx<yandy < z,then x < z;
@) x<yiff x-y = x;
(vii) x-0 = 0;
(viii) x-1 = x;
(ix) x +0 = x;
)x+1=1;
(xi) x < yiffx-—y =0;
xiil) x=—yiff x+y=1land x-y = 0;
(xiii) ——x = x;
(xiv) —(x +y) = —x-—y;
(xv) ~(x-y) =—x+ —y;
(xvi) 0 < x < 1;
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(xvii) if x < zandy < z, then x + y < z;
(xviii) if x < yand x < z, then x < y-z.

Proor. For (i), we calculate:

XxX=xx+x 9.3(iii)
=X+ xx 9.3(7)
=x+x)x+x 9.3(iv)
=xMx+x)+x(x+x 9.3(iv)
=x+x)x+(x+x)x 9.3(i)
=x+x 9.3(iii)

By duality we have (ii), and (iii) is immediate from (i) and the definition of
<. To prove (iv), assume that x < y and y < x. Then, using the definition
of < and 9.3({),y = x + y = y + x = x. Condition (v) is proved similarly:
assume that x < yand y < z. Thusx + y=yand y + z = z, so

x+z=x+Q+2)=x+py +z 9.3(ii)
=y+z=2z

For (vi), assume first that x < y. Thusx + y = y,s0x-y = x-(x + ) = x
by 9.3(iii). Thus x + y = y implies x-y = x. By duality the converse holds,
and this establishes (vi). Condition (vii) is proved as follows:

x-0=x(x—x) 9.3(v)
= (x-x)-—x 9.3(%ii)
=x—x=0 (ii), 9.3(v)

Condition (viii) is easy, using 9.3(v), 9.3(i), 9.3(iii):
xl=xx+-x)=(-x+x)-x=x

By duality, we obtain (ix) and (x) from (viii) and (vii) respectively. To prove
(xi), first assume x < y. Then by (vi), x-—y = (x-y)-—y = x-(y-—y) =
x-0 = 0 (using also 9.3(ii), 9.3(v), and (vii)). Now assume x-—y = 0. Then

xy=xy+0=xy+x-—y (ix)
=x-(y+-y)=x1=x 9.3(v),9.3(v), viii)
Hence x < y by (vi). The direction = in (xii) is clear from 9.3(i) and 9.3(v).
Now assume x + y = 1 and x-y = 0. Then

x=xl=x@+-y)=xy+x-—y (viii), 9.3(v), 9.3(iv)
=0+x—y=x—-y+0=x—y+y—y 9.3(9), 9.3(v)

Now (xiii) is immediate from (xii). To prove (xiv) we also use (xii):

X+ x+-—x)y+—x-y
X+xy+-—xy+-—-x-—=y
xX+-xQ+=-y=x+-x=1;
x+y)—x-y=x—x-y+y—x-—y=0.

x+y+—x-—y
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Thus —(x + y) = —x-—yby (xii). By duality we have (xv). (xvi) is immediate
from (vii), (viii), (vi). To prove (xvii), assume x < z and y < z. Thus x +
z=zandy + z =z Hence x + y + z = x + z = z. (xviii) follows by du-
ality (note that the dual of x < yis y < x). dJ

Now we shall consider several common algebraic notions in their special
form for Boolean algebras. Many of these notions and the theorems we prove
about them apply to much more general situations; see for example Part IV.

Definition 9.7. Let % = {4, +, -, —,0,1> and 8 = (B, +', -, =, 0, 1"
be BA’s. We say that U is a subalgebra of 8if A < B,0 =0,1 =1, and
for all x, yed, x+y=x+"y, x-y =x-"y, and —x =—"x. For any
X < B, Xis a subuniverse of 3if 0’, 1’ € X and X is closed under +’, -/, —'.

Thus if AU is a subalgebra of B, then A is a subuniverse of . Any sub-
universe of B is the underlying set of some subalgebra of B. A subuniverse
is just a subalgebra with the structure ignored. Some useful equivalent
definitions of subuniverse are given in

Proposition 9.8. Let A be a BA, X < A. Then the following conditions are
equivalent:

(i) X is a subuniverse of ¥;
(i) X # 0, and X is closed under + and —;
(iii) X # 0, and X is closed under - and —.

Proor. Obviously (i) = (if). Now assume (ii). Then X is closed under -,
since x-y = —(—x + —y); hence (iii) holds. Assume (iii). Then X is closed
under + by the dual of the argument just given. Choose x, € X. Then 0 =
Xo—Xo€ X,and 1 = x, + —xo € X. Thus X is a subuniverse of . O

Proposition 9.9. If <7 is a nonempty collection of subuniverses of a BA ¥,
then (N & is a subuniverse of .

The proof is trivial. Proposition 9.9 justifies the following definition
(observe that A is always a subuniverse of ):

Definition 9.10. If X < 4, U a BA, then the set ({Y: X < Y, Y a sub-
universe of 2} is called the subuniverse of % generated by X.

The following theorem expresses this notion in a simpler fashion. Note
the similarity to 8.38.

Theorem 9.11. If X is a subset of A, then the subuniverse of 2 generated by
X consists of 0, 1, and all elements of A of the form

1) z H Jigs

i<m j<ni

where for each i, j, either y;; € X or —y;; € X.
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Proor. Clearly each such element is in the subuniverse of 2 generated by
X. Thus it suffices to show that the set S of all such elements is a subuniverse
of A containing X. Obviously X € S and S is closed under +. By 9.8(i) it
remains only to show that S is closed under —. Let z be any element of S,

as in (1). Then
—z = H Z — iy = ZH —Vi,ris

i<m ji<ni feF i<m

where F = P, ., n;. Here we have used a generalization of the distributive law
9.3(iv) which is easy to establish by induction on m. Thus —ze S, as
desired. O

The next general algebraic notions we shall consider for Boolean algebras
are homomorphisms and isomorphisms:

Definition 9.12. Letd = {4, +, -, —,0, Dand &' = <4, +', ', =, 0, 1D
be BA’s. A function f mapping A into A’ is a homomorphism of U into A’
provided that fO = 0’, f1 = 1’, and for all x, ye 4, f(x + ») = fx +' f,
Sflx-y) = fx'fy, and f(—x) = —'fx. If f maps onto 4’ we say that fis a
homomorphism of % onto A'. An isomorphism into is a one-one homo-
morphism. The BA’s % and AU’ are isomorphic provided there is an iso-
morphism from 2 onto A’. A homomorphism of % into itself is called an
endomorphism of AU.

As is usual in algebra, one is only interested in the properties of BA’s up to
isomorphism.

Proposition 9.13. Let A and A’ be BA’s, as in 9.12, and let f be a map of A
into A'. Then the following conditions are equivalent,

(i) fis a homomorphism;
@) f(—x) =="fxand f(x + y) =fx+"fyforall x, ye A;
@) f(—x) =—"fx and f(x-y) = fx'fy for all x, ye A;
@) fO=0,f1l=1,f(x+y)=fx+'fyforall x,ye A, and fx-'fy = 0’
whenever x-y = 0.

Proor. Obviously (i) = (if). Now assume (ii), and let x, y € 4. Then

Jx-p) =f(=(=x + =) =="(=fx+'="1y) = fxf»,
so (iii) holds. Analogously, (iii) = (ii). If (ii) holds, then f preserves -, as
already proved. Furthermore, f0 = f(0-—0) = f0-'—'f0 = 0’ and f1 =
S + =1) =f14+'—'f1 = 1'. Hence (i) holds. Thus (i)-(ii{) are equivalent.
Obviously (i) = (iv). Now assume (iv); to show (ii) it suffices to show that f
preserves —. We have for any x € 4

1 =f(x + —x) = fx +'f(—x);
fxf(—=x) =0 by hypothesis of (iv).

Thus f(—x) = —'fx, as desired. O
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Proposition 9.14. Let U and A’ be BA’s, as in 9.12, and let f be a map of A
into A'. Then the following conditions are equivalent:

(i) fis an isomorphism of YU onto A';
(ii) f maps A onto A', and for all x, yc A, x < y iff fx <’ fy.

PrOOF. Obviously (i) = (ii). Now assume (ii). Now if fx = fy, then
fx <'fyand fy <’ fx,so x < yand y < x, hence x = y. Thus fis one-one.
Now we shall apply 9.13(iv). For any x, y € 4 we have fx <’ f(x + y) and
fy <'fix + y),since x < x + yand y < x + y. Thus fx +'fy <’ f(x + y).
Let fx +' fy = fz (since f is onto A’). Then fx <’ fz, so x < z. Similarly
y<z,sox +y <z Butfz < f(x + y)impliesz < x + y. Thusz = x + y,
and hence fx +' fy = fz = f(x + ). Next, choose x so that fx = 0’. Then
0 < x, 50 f0 <’ fx = 0’ and hence f0 = 0. Similarly f1 = 1. Now assume
x-y = 0. Write fx.'fy = fz. Then fz <’ fxand fz <’ fy,s0z < xand z < y,
hence z < x-y = 0, and z = 0. Thus fx-'fy = f0 = (', as desired. O

Now we introduce the important notions of ideals and filters, which as
we shall see, enable one to study homomorphisms within a given BA rather
than between two BA’s.

Definition 9.15. A subset  of 2 is an ideal of Aif I # 0, a + b € I whenever
a,bel, and acl whenever a < bel. A subset Fof A is a filter of A iff
F+# 0, a-be Fwhenever a, be F, and a € F whenever a > be F.

Note that 0 is a member of any ideal . In fact, since 7 # 0 choose be I.
Then 0 < b e, so 0 el Similarly, 1 is a member of any filter. The notions
of ideal and filter are dual. Later we give a more exact description of the
relationship of the notions.

Proposition 9.16. Let Ibeanideal of U. Let R = {(x, y) : x-—y + y-—x e I}.
Then R is an equivalence relation on A. Moreover,

(i) if xRy, then —xR — y;
(ii) if xRy and x'Ry’, then (x + x)R(y + )');
(iii) if xRy and x'RYy’, then (x-x)R(y-y’).

Proor. Risreflexive on 4:if x € 4, then x-—x + —x-x = 0 € I. Obviously
R is symmetric. R is transitive: assume that xRyRz. Thus x-—y + y-—x€el
and y-—z + z.—y el Now

x—z=x(y+—-y)—z=xy—z+x—-y—2z

But x.y-—z<y-—-z<y-—z+z-—yel,sox-y-—zel And x-—y-—z <
x—y<x—y+y—xel, so x-—y-—zel. Hence x-—z=x-y-—z +
x-—y-—zel Similarly, z-—xel, so x-—z + z-—x eI, ie., xRz. Thus R is
an equivalence relation on 4.
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Now we turn to (i). Assume that xRy. Thus x-—y + y-—x € I. Hence
—Xx ==y + -y ——x=—xy+—y-xel

so —xR — y. To prove (ii), assume that xRy and x'Ry’. Thus x-—y +
y-—xeland x’-—y" + y'-—x’" eI Hence

x+x)=(+))=x+x)—y—=y =x=p=y +x"=y—y
<x—y+x-=yel

and hence (x + x')-—(y + y)el Similarly (y + y)-—(x + x) €1, so
(x + x)R(y + y’). Finally, (iii) clearly follows from (i) and (ii). O

Proposition 9.16 justifies the following definition.

Definition 9.17. Let I be an ideal of a BA U = {4, +, -, —, 0, 1>. Let 4/1
be the set of all equivalence classes under the equivalence relation R of
9.16; the equivalence class of an element a € I is denoted by [a],, or simply

[a]. Operations +’, -, and —’ on A/I are uniquely determined by the

stipulation that, for all @, b€ 4,

[a] +' [b] = [a + b];
[a]-'[b] = [a-b];
—’la] = [—a].

We let A/I = {A/I, +', ', —', [0], [1]). Let I* be the function mapping 4
onto A/I defined by I*a = [a], for all a € A. /I is called a quotient algebra
of 2.

The following proposition is easily established :

Proposition 9.18. If I is an ideal of a BA %, then U/l is a BA, and I* is a
homomorphism from 2 onto AU/I.

The most important facts about the relationship between ideals and
homomorphisms are expressed in the following theorem:

Theorem 9.19 (The homomorphism theorem). Let f be a homomorphism from
aBAAontoa BAB. Let I = {x:x€ A and fx = 0}. Then I is an ideal of
AU, and U/I is isomorphic to B. I is called the kernel of f. Furthermore, f is
one-one iff I = {0}.

Proor. Since fO0 = 0, we have 0 e/ and hence / # 0. Suppose x, yel
Thenf(x + ) =fx + fy =0+ 0=0. Thus x + ye Il Suppose x < yel
Then fx < fy = 0, so fx = 0 and hence x € I. Thus 7 is an ideal. Now let
g = {([a), fa) : a € A}. Then g is a function: if [a] = [b], thena-—b + b-—a €
I, hence f(a-—b + b-—a) = 0; since fis a homomorphism, it follows that
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fa-—fb + fb-—fa = 0,s0fa-—fb = 0 = fb-—fa,hence fa < fb < fa, hence
fa = fb. Thus g is a function mapping A/ onto B. g preserves —

g(—la]) = gl—a] = f(—a) = —fa = —¢la].
And g preserves +:
g(la] + [b]) = gla + b] = fla + b) = fa + fb = gla] + g[b].

This completes the proof that g is an isomorphism of /7 onto B. If fis one-
one, obviously I = {0}. Conversely, if I = {0} and x # y, then x-—y +
—x-y# 0, so

0# flx-—=y + —=xy) =fx-—fy + —fx-fy
and fx # fy.

O
It is time to tie up the notions of ideal and filter; the following proposition
is easily proved:

Proposition 9.20. There is a one-one correspondence between ideals and filters

on a given BA . In more detail, if I is an ideal of % and F is a filter of U,
then:

(@) I' = {x: —xel}is afilter of U,
(fi) F* = {x:—x¢€ F} is an ideal of U,
@) 1 = I,
(iv) FY = F.

The following proposition is also clear:

Proposition 9.21. The intersection of any nonempty family of ideals ( filters)
is an ideal (filter).

This justifies the following definition:
Definition 9.22. For any X < A4, the ideal (filter) generated by X is the ideal
(filter)

N{Y: X € Y, Yis an ideal (filter) of }.

Corollary 9.23. For any X < A, the ideal generated by X is the set
{y : for some finite sequence x,,

> Xm-1€X, Y < Xo+ -+ Xnoa)y
while the filter generated by X is the set
{y : for some finite sequence X, ..., Xp_1 € X, Xo* ... *Xm_1 < Y}

Now we turn to the study of some special ideals and filters.
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Definition 9.24. An ideal I of A is maximal if I # A and there is no ideal
J such that 7 < J < 4. Maximal filters, usually called ultrafilters, are
similarly defined.

Welet 2 =<2, +,, —,0,1>, where 0, 1, 2€w, and +, -, — are
operations on 2 given by the following table:

x y x+y X-y —X
1 1 1 1 0
1 0 1 0 0
0 1 1 0 1
0 0 0 0 1

The algebra 2 is a BA, as is easily checked. Maximal ideals are sometimes
called prime ideals. It is also easy to check that maximal ideals and ultrafilters
correspond to each other under the correspondence described in 9.20. The
following proposition gives some useful equivalent definitions for maximal
ideals.

Proposition 9.25. For any ideal I in a BA U the following conditions are
equivalent:

(@) Iis maximal;

(i) I # A, and for any x, ye A, if x-yelthenxeloryel;
(iii) I # A, and for any x € A, either xelor —x€l;

(iv) the algebra U/I is isomorphic to 2.

PROOF

(i) = (if). Assume that 7 is maximal, but that there are elements x, y € 4
with x-y e I while x ¢ I and y ¢ I. Then the ideal generated by 7 U {x} is 4,
so by 9.23 there is a u € I such that 1 = u + Xx. Similarly, there is a v € I such
that 1 = » + y. Hence

l=u+x)@w+y=uv+uy+xv+xy
Ssu+v+xyel,

so 1 € I. But then, since y < 1 for any y € 4, A = [I. This contradicts 7 being
maximal.

(i) = (i@ii). Assume (ii). Now 0 = x-—x € I, so by (if), xelTor —xel

(iii) = (iv). Assume (iif). Then [0] # [1] since I # A. For any x e I, [x] =
[0] and [—x] = [1], so [0] and [1] are the only elements of /I, by (iii).
Clearly the tables for +, -, — are just like in 9.24, so /I is isomorphic to 2.

(iv) = (i). Since |4/I| > 1, Iis proper. If Jis an ideal such that I = J < 4,
choose x e J ~ I. Then [0]; # [x]; since I # J, and [x]; # [1], since J # A.
Thus |4/I| > 2, contradiction. O

There is a theorem dual to 9.25 concerning filters; we will apply it when
needed. The same applies to our next theorem. Of course the dual of 9.25(iv)
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requires a careful formulation of the notion U/F, F a filter. This is straight-
forward using 9.20. For example, the associated equivalence relation is
{Cy):xy + —x-—yeF}

Now we prove a fundamental existence theorem for maximal ideals.

Theorem 9.26 (Boolean prime ideal theorem). If I is a proper ideal of A
(i.e., Iis an ideal of AU, and I # A), then there is a maximal ideal J of A
such that I < J.

Proor. Let & = {J:I< J,Jis a proper ideal of A}. Then & # 0, since
obviously 7 € . Let # be a nonempty subset of &/ simply ordered by inclu-
sion. We now show that | J # € #. Since & is a nonempty collection of ideals
21, clearly U# # 0, and I |JZ. Let x, yelU%. Say xeJeZ and
y e Ke %. By symmetry we may assume that J & K. Then x, y € K, and since
K is an ideal it follows that x + ye K and hence x + ye(J&%. If x <
yelU#, say yeJe#. Then xeJ since J is an ideal; thus xelJ &. If
1elJ 4, then 1 eJe #Z for some J, contradicting J proper. Thus |J & is
proper, and we have established that | & € &

We can now apply Zorn’s lemma to obtain a member J of & maximal
under inclusion. Clearly J is as desired. O

The Boolean prime ideal theorem has been studied extensively from the
point of view of axiomatic set theory. It is weaker than the axiom of choice
(which is equivalent to Zorn’s lemma), but it cannot be established on the
basis of the usual axioms of set theory without choice, both statements
assuming those axioms are consistent.

The prime ideal theorem can be used to establish the following important
result. In its proof we make a switch from working with ideals to working
with filters. Ideals seem more appropriate in purely algebraic contexts, as
above, while filters are natural when considering matters, like here, which
verge on topology; see Exercise 9.69.

Theorem 9.27 (Boolean representation theorem). FEvery BA is isomorphic to
a Boolean set algebra.

Proor. Let A be a BA. Let X = {F: F is an ultrafilter of }. It suffices to
find an isomorphism f of % into the BA (SX,u, N, ~,0, X>. For each
ac A,letfa ={F:a€ Fe X}. Then for any Fe X and any a, b€ 4,
Fef(—a) iff —aeFiffa¢F (by 9.25(iii))
ff F¢faiff Fe X ~ fa;
sof(—a) = X ~ fa;

Fef(a + b) iffa + beFiffaecForbeF (by 9.25(ii))
iff Fefaor Fefb
iff Fe fa v fb;
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thus f(a + b) = fa U fb. It remains to show that fis one-one. Suppose x € 4,
x#0.Let F={z:2z€ A, x < z}. Clearly F is a proper filter. By 9.26, let G
be an ultrafilter such that F = G. Now x € G, so G € fx, as desired. |

The Boolean representation theorem shows that our axioms for BA’s are
complete, in the sense that the only models of these axioms are the Boolean
set algebras, up to isomorphism. By this theorem, we can establish properties
of arbitrary BA’s by establishing them for the more special Boolean set
algebras. On the other hand, we can apply ordinary algebraic constructions,
some of which, like homomorphisms and quotient algebras, lead out of the
class of Boolean set algebras, to establish properties of Boolean set algebras
themselves.

We now turn to some important notions special for Boolean algebras.

Definition 9.28. An element x € 4 is an atom of U if x # 0, while for all y,
0 < y < ximplies 0 = y or y = x. A is atomic if for every nonzero x € 4
there is an atom a < x. 2 is atomless if A has no atoms.

In the BA of all subsets of a set X, the singletons {x} for x € X are the
atoms, and this BA is atomic. An easy example of an atomless BA is the BA
of subsets of the set of rational numbers generated by all half-open intervals
[r, s). There are BA’s which are neither atomic nor atomless. A fundamental
property of atomless BA’s is given in 9.48 below. With the aid of the notion
of an atom we can determine all finite BA’s; see 9.30.

Proposition 9.29. FEvery finite BA is atomic.

Proor. Suppose 2 is nonatomic. Choose a nonzero a, € A such that there
is no atom <a,. Having found ay,...,a,€ 4 withay, >a;, >---> a, > 0,
since there is no atom <a, choose a,,, € 4 with a, > a,,.; > 0. The so
constructed sequence a € “A4 is one-one, so |4| = N,. O

Proposition 9.30. If A is a finite BA with m atoms, then U is isomorphic to
the Boolean set algebra of all subsets of m.

ProOF. Let a € ™4 enumerate all atoms of A. For each x € 4, let
Sfx={i:a < x}.

Thus f maps A into the Boolean set algebra B of all subsets of m. Suppose
ief(x + y), while i ¢ fx. Thus g; < x + y but a; £ x. Hence a;-x < a;, so
a;-x = 0 since g; is an atom. Therefore a; = a;-(x + y) = a;-y < y, ie,
i € fy. This proves that f(x + y) < fx U fy; the converse inclusion is obvious,
so f(x + y) = fx U fy. Clearly fx N f — x = 0. For any i e m we have q; =
a-(x +—-x)=a;-x + a,-—x, s0a;-x # 0 or a;-—x # 0; these two alterna-
tives imply (since g; is an atom) a; < x or @; < — x respectively. Thus i € fx
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orie f(—x). Hence fx U f(—x) = m,som ~ fx = f(—x). Thus fis a homo-
morphism of 2 into B. If x # 0, then, since A is atomic by 9.29, there is an
iem with a; < x; thus fx # 0. It follows by 9.19 that fis one-one. Finally,
suppose 7' < m. Let x = 3. a;; we claim that fx = T. If i e 7, obviously
a; < xand i € fx. Now suppose i € fx. Thus a; < x,s0a; = 2.y a;-a;. Hence
there is a j € T with a;-a; # 0. Since g; and a; are both atoms, @; = a;-a; = a;
and so i = je T, as desired. O

Corollary 9.31. For any n € w the following conditions are equivalent:

(i) there is a BA of power n;
(ii) n = 2™ for some m.

Corollary 9.32. If AU and B are finite BA’s, then A ~ B iff |[A| = |B|.

Definition 9.33. Let 2 be a BA, X < A. The least upper bound of X, if it
exists, is the unique element 2 X such that Vxe X (x < £2X) (e, ZX is
an upper bound of X)andVye 4 [Vxe X(x < y) = ZX < y]. Dually, the
greatest lower bound of X, if it exists, is the unique element I1.X such that
Vxe X (IIX < x) (ie, I1X is a lower bound of X) and Vye 4 [Vxe X
(y <x)=y<IlX]

Propeosition 9.34. The following conditions are equivalent:

(i) AU is atomic;
(ii) for every ae A, Z{x : x < a, x is an atom of U} exists and equals a.

PrOOF

(?) = (if). Assume (i), and let a € A. Obviously a is an upper bound for
X = {x:x < a, x is an atom of A}. Suppose that b is another upper bound
for X.If a £ b, then a-—b # 0, and there is an atom x with x < a-—b. Thus
x <a,soxe Xand x < b. Thus x < b-—b = 0, contradiction. Thus a < b,
as desired.

@ii) = (i): obvious. m

Corollary 9.35. If A is atomic and has only finitely many atoms, then A is
finite.

Proposition 9.36. If XX exists, then II{—x : x € X} exists and equals —% X,

Proor. If xe X, then x < XX and hence ~2X < —x. Thus ~ZX is a
lower bound for ¥ = {—x: x € X}. Let a be any lower bound for Y. Thus
VxeX(a < —x),s0Vxe X (x < —a). Hence ZX < —gand a < —3X.

Proposition 9.37. If X exists and ac A, then Z{x-a:x <€ X} exists and
equals a-ZX.
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ProOF. Forany xe X, x < ZX and hence a-x < a-2X. Now suppose that
b is any upper bound of {x-a: x € X}. Then for any x € X, x-a < b and so
X< —a+ b Thus2X < —a+ b,soa-2X < b. O

The next general algebraic notion we shall consider for BA’s is that of
direct or Cartesian products.

Definition 9.38. Let (2, : i€ /) be a system of BA’s,
A = <Ai; AR TINTIN Oi: li>

for each iel. By the product of the system (2, :ie/, we mean the
structure

PiEI QI1 = <87 +, ) _aoa l>a
where B = Pi; A; = {f: fis a function with domain [ and f; € 4, for all

ieljand +, -, — are defined as follows (for arbitrary f, ge B, i€ I):
(f+8gh=rfit+tigs
(f-8) = fi-8:;
(=f) =—ifi;

The members 0, 1 of B are of course given by hypothesis. If each 2, = €,
we denote Py, ¥ by ‘€ If 1 =2, we denote P;; % by 2, x ;. Thus
A, x 2, consists of all pairs {x, y) with x € Ay, y € 4;, with the operations
given by

(X0, Yoy + X1, ¥10 = {Xo +0 X1, Yo +1 V1)»
{Xo, Yoy {X1, Y1) = {Xo*0X1, Yo 1 V10>
—<{Xos Yoy = {—0X0, —1Y0)>
0 = <0, 05>,

1 = (1o, 11).
The following proposition is straightforward:
Proposition 9.39. If <{%;:ie ) is a system of BA’s, then Pi; ¥, is a BA.

Proposition 9.40. The BA (SX, U, N, ~,0, X is isomorphic to *2.

Proor. Foreach Y < X, let xy be the characteristic function Y, i.e., for all
x€ Xlet

xyX = 1 ifxeY,
xyx =0 ifxeY.

It is easily verified that y is the desired isomorphism. O
If we combine this proposition with the representation theorem, we obtain
Corollary 9.41. Any BA can be isomorphically embedded in *2 for some set X.
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This corollary shows another completeness property of our axioms for
BA’s. Namely, if we wish to check that an equation holds in all BA’s, it is
enough to check that it holds in the two-element BA 2. For, then it will also
clearly hold in ¥2, and any subalgebra of ¥2, and hence by 9.41 in any BA.
This gives a decision procedure for checking when equations hold in all
BA’s; in fact, under a natural Gédel numbering the set of G6del numbers of
equations holding in all BA’s is recursive, indeed even elementary recursive.
The decision procedure really coincides with the truth table method described
for sentential logic.

Another important fact about products of BA’s can be expressed using the
notion of relativized BA:

Definition 9.42. For any BA2A = {4, +, -, —,0, 1) and any ae 4 we let
Ala=A]a +', -, —",0,ay, where

Ala={xeAd:x < aj},

x+'y=x+y,
x-ly:x-y’
_'x:a._-x’

for any x, y € A. A | a is the relativization of 2 to a.

It is easy to check the following proposition:

Proposition 9.43. 2 | a is a BA.

Proposition 9.44, For any a € A, AU is isomorphic to (A | a) x (A [ —a).
ProOOF. For any x € A4, let fx = {x-a, x-—a). It is easily checked that fis
the desired isomorphism. O

Definition 9.45. Given a product P;.; %; of BA’s, and any i e [, pr; is the
function mapping P;.; 4; into 4; given by prix = x; for all x € Py; 4.

Corollary 9.46. pr; is a homomorphism from P Y; onto ;.

The following lemma expresses an important property of the notion of
relativization.

Lemma 9.47 (Vaught). Let R be a binary relation between countable BA’s
such that the following conditions hold:

(i) if ARDB, then BRY;
(ii) if AR, then |A| = |B|;
(iii) if URDB and a € A, then there is a b € B such that (A | a)R(B | b) and
QA —aRB | -b).

Then 4 ~ B whenever URB.
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PrOOF. Assume AR3. If A is finite, then A ~ B by (if) and Corollary 9.32.
Hence assume A is infinite. By (ii), B is also infinite. Let a: w>» 4 and
b: w>» B. We now define two sequences {x; : i€ w) e “Aand {y;: i € w) € B
by recursion so that for every m € w and every z < m,

Let x, = ao, and by (iii) choose y,€ B so that (U [ xo)R(B | yo) and
(U | —=x0)R(B | —yo). Thus (1) holds for m = 1. Now suppose x; and y;
defined for all i < n, where (1) holds for all m < n, and » > 1. For each

t< nlet
ut=nxi'n - Xi,

iet ien~t
U = I l Yi l | - i
iet ien~t

For n odd we proceed as follows. Let j be minimum such that b, ¢ {y; : i < n},
and set y, = b;. Now let t < n. We have (A [ 4)R(B [ v;) by (1), so by (i)
and (iif) choose w,e 4 | u, so that [(% [ u) | wJR[(B | v) | (v;-y,)] and
[(&ATu) =" wlRI(®B | v) | —"(v:y,)], where —' and —" are the minus
operations in ¥ [ , and B | v, respectively. Thus

) [% T wIR[B [ (v-ya)] and [A [ (- —w)IR[B | (0 —yn)],

where w, < u,. Set x, = >,c, w;. We now check (1) for m = n + 1. Given
any subset s of n + 1, we take two cases.

Case 1. nes. Then we write s = t U {n}, where t < n. Thus [ x;-
[Ticns+ y~s — Xi = Xy and [ ics Vi [ Tiens 1y~s — Vi = U yn. Now if t' S 1
and ¢t # t', clearly u,-u, = 0. Hence u,-x, = w,. Hence the desired result is
immediate from (2).

Case 2. n¢s. Thus s € n, and [Jics Xi- [ Liems1y~s — Xi = Us-— X, While
[Ties Vi'T Liens n~s — Vi = Us-—y,. Clearly ug-—x, = u;-—w,, so again the
desired conclusion follows from (2).

If n is even, we proceed as above except with the roles of A and B, a and b,
x and y interchanged. Thus our sequences are defined, and (1) holds for every
m € w and ¢t < m. In particular, for any m € w and t < m, using (ii),

3 I—Ixi'n _thOiHnyi‘l—I -y =0

iet fem~t iet iem~t

Now we claim
4 ifi,j < w, then x; < x; iff y; < y;.

For, let m = max{i, j} + 1. By induction on » one easily shows that for every
new,

-2 (1L )

ien~t
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and hence

X —X; = Z{ka H —xk:tgm,iet,j¢t},

ket kem~t

and, similarly,

=y = Ziﬂ Vi

Thus (4) follows from (3). By induction, the following statement is easily
established:

—yk:tgm,iet,jet}.

kem~t

) forall iew, a;e{xo, ..., xou} and b; €{yo, ..., Vait+1}-

Combining (4) and (5), we see from 9.14 that {(x;, y;) : i € w} is the desired
isomorphism. O

Theorem 9.48. Any two denumerable atomless BA’s are isomorphic.

ProOF. Let R = {(%,B):|4| = |B| = 1 or A and B are denumerable and
atomless}. The hypothesis of 9.47 is easily verified. O

The final algebraic notion which we shall consider for BA’s is that of a
free algebra:

Definition 9.49. A is freely generated by X provided:

(i) X generates «;
(if) if B is any BA and fis any function mapping X into B, then fcan be
extended to a homomorphism of % into B.

If A is freely generated by X, we say that 2 is a free BA with free
generators X.

We first note that free BA’s are determined up to isomorphism by their
sets of free generators:
Proposition 9.50. If 2 and B are each freely generated by X, then they are
isomorphic.

PrOOF. Let fbe a homomorphism from U into B extending Id | X (identity
on X), and let g be a homomorphism from B into A extending Id | X. Then
{a€ A :gfa = a} is a subuniverse of 2 including X; since 2 is generated by
X, this set is equal to A. Thus g o f = Id | 4. Similarly, fo g = Id | B. Hence
J'is the desired isomorphism. O

To prove the existence of free algebras we need a couple of lemmas.

Lemma 9.51. If X generates U, then |A| < | X| + X,.
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PrOOF. Let ¥, = X and, for m € w,
Yni1 = YoU{—x:xeY }U{x+y:x,ye Y, U{0, 1}

It is easily checked that | e Y = A. Furthermore, by induction on m one
easily shows that | Y,,| < |X| + X, for each m € w. Hence

U Yu| < D 1Yl = D (1X] + Ry

mew new mew

=(IX| +xo)'xo= le +N0. D

4] =

Lemma 9.52. If U is a BA and f is a one-one function from A onto B, then
there is a BA B with universe B such that f'is an isomorphism from U onto B.

Proor. Let A =<4, +, -, —,0,1>. We define the operations of B as
follows. For any b, c € B,

b+"c=f(fb+ f o),
b'c = f(f~'b-f0c),

='b = f(—f"1b),
0’ = 10,
' = f1.
Then we set B = <{B, +', -, 0", 1’>. The conclusions of the lemma are then
routine. g

Theorem 9.53. For any nonempty set X there is a BA freely generated by X.

ProoF. Let 4 be any set such that |4| = |X| + N,. Let I = {(B,f): Bisa
BA, B < 4, and fis a function mapping X into B}. Let € = P ;,e; B. We
define a function g mapping X into C by setting (gx)g; = fx for all xe X
and (3B, f) e I. Then

€)) g is a one-one function.

For, assume that x, y€ X and x # y. Now there is a BA 3 with |B| > 1
and B < 4; to see this, consider the BA 2, note that |4| = 2, and apply
9.52. Let f be any function mapping X into B such that fx # fy. Thus
(B,f)el, and

(gx)pr = fx # fy = (8))2s-

Thus (1) holds. Now let ® be the subalgebra of € generated by g*X. Let A
be any one-one function with domain D such that g=* < A. Finally, by 9.52
let & be a BA such that 4 is an isomorphism from ® onto §. We claim that
& is the desired algebra freely generated by X. Since g*X generates ® and
the isomorphism /4 maps g*X onto X, clearly X generates &. Now let k be
any function mapping X into some BA €. Let  be the subalgebra of €
generated by k*X. Then 9.51, |H| < |X| + 8, = |4|. Let / be any one-one
function mapping H into A4, and by 9.52 let & be a BA such that / is an
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isomorphism of $ onto R. Note that (R, /o k)e Il Now set k* = ["1o
Pr®.,x © h~1; we claim that k* is the desired extension of k. Obviously k* is
a homomorphism of & into €. If x € X, then

ktx = 17 prganh™'x = 17" " X) 00 = | 78X 10k
= 1"Ylkx = kx,

as desired. O

We shall give another proof of 9.53 below; see Theorem 9.58 and the
remark after it. This new proof will be based on the correspondence between
Boolean algebras and sentential logics, to which we now turn. We shall see
that there is a full correspondence between these two kinds of mathematical
objects.

Definition 9.54. Let # be a sentential language and I' < Sentp. We let
=¢ ={(p,¢):p, Y eSentp and I' by ¢ & ¢}

We shall sometimes write =, or even =, when no ambiguity is likely.
The following proposition can be routinely checked.

Proposition 9.55. Let & be a sentential language and I < Sentg. Then for
any o, ¢, ‘P', l/', € Sentg!,

(i) = is an equivalent relation on Sentg;
(ii) if o = ¢, then —p = —f;
(i) if o=+, and ¢' =, then (p v ¢) = v {) and (p A ¢) =
@ A §);
(@) (p A @)= (b A W),
@ @V 79)=Ev .

This proposition justifies the following definition:

Definition 9.56. Let & be a sentential language and I' = Sentz. We let
MZ be the algebra (Sents/ =£, +, -, —, 0, 1) with the operations deter-
mined by the following stipulations, where ¢, i € Sentg:

[Pl + [¥] = [ v ¥],
[]-[¥] = [p A ¢],

—[p] = [¢],
0=1[p A 9]
l=[pvVv 9]

The following proposition is easy to check:

Proposition 9.57. If & is a sentential language and T' = Sentg, then ME is
a BA.
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Theorem 9.58. If # = (n, ¢, P) is a sentential language, then Mg is freely
generated by {[{s>]: s € P}, and {[{s>]: s € P) is a one-one function.

ProoF. We check the second statement first. If s, € P and s ## ¢, clearly
(s> {t> and hence W#s) e (t>, so [{s)>] # [(¢>]. By induction on
sentences it is easily seen that [¢] is in the subalgebra generated by X =
{[<s>]: s € P}, for each sentence ¢. Thus X generates F. Now let f be any
function mapping X into a BA . By recursion (8.6), we define a function g
mapping Sentp into A4:

g$s> = fIKs)],
g e =—49,
glp—>y¢) = —gop + gy,

for any s € P and any ¢, ¥ € Sentz. We now claim
€)) if ke, then gp = 1.

To prove (1), let T' = {p: p € Sentp, gp = 1}. It is easily seen that each
logical axiom is in I'. For example, to check (A3) we note

g(np—> W) > >9) = —g(Tp—> W) + g —>9)
—(—g(79) + g() + —g¢ + go
~(——gp+ —gf) + —gf + gp
—gp-gh + —gY + gp
—8p-8Y + —gp-—gd + g9
—gp + 89 = 1.
Also, clearly I' is closed under detachment. Thus each logical theorem is in
I, and (1) follows.

Now if Fp ¢, then g(p & ) = 1, and hence it follows easily that g =
g. Thus there is a function f* mapping MZ into A4 such that f*[p] = go
for any sentence ¢. It is easily checked that £+ is the desired extension of . [

i

v

From 9.58 one easily obtains a new proof of the existence of free algebras.
In fact, given any set X, there is a sentential language & of the form (n, ¢, X).
By 9.58, ¥ is freely generated by {[<s>]: s € X}, and [{[Ks)]:s€ X}| = | X|.
Thus by 9.52 we can easily infer that there is a BA freely generated by X.

There is a natural correspondence between notions in sentential logic and
notions in Boolean algebra. We give one instance of this correspondence
next, and state some others in the exercises.

Proposition 9.59. Let F be a filter in a BA?EZ, and set A = \J F. Then
I' = A, and MZ|F is isomorphic to MZ.

Proor. Note first that I' is a subset of the unit element 1 of MZ; since 1 € F,
clearly I' = A. We write below [¢]r, [x]F, [l for the equivalence classes under
the equivalence relations associated with I', F, A respectively. Assume that

[lelrlr = [[¥lrlr- Then [plr- [l + — [l —[¥]r € F. Recalling the defini-
tions of the operations in MZ, we see that [(¢ A ¥) Vv (¢ A =) € Fand
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hence, using an easy tautology, [p « Y] € F. Thus ¢ & ¢y € A and so [p], =
[15. Similarly [p], = [#], implies that [[¢]-]r = [[¢]r]s- Hence there is a
one-one function f mapping MZ/F onto MZ such that f[{elrlr = [pla for
every sentence . Clearly f is the desired isomorphism. O

The preceding two results lead to the following theorem, which is another
kind of completeness theorem for Boolean algebras. It shows that any BA
is one of the algebras MZ, up to isomorphism. Hence we may say that the
theories of Boolean algebras and of sentential logics are equivalent, in some
sense.

Theorem 9.60. Any BA is isomorphic to WZ for some sentential language P
and some I' < Sentg.

Proor. Let 2% be any BA. Let Z = (n, ¢, A) be a sentential language, and let
f be the function such that f[{a)] = a for ae 4. By 9.58, we can extend f
to a homomorphism f* of MZ onto A. Let F be the filter-kernel of £+, i.e.,
F={x:xeMZ, f+x = 1}. By the homomorphism theorem we have %«
isomorphic to MZ/F. Let I' = |J F. Then by 9.59, MZ/F is isomorphic to
MZ. Thus Y is isomorphic to MZ, as desired.
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EXERCISES
9.61. Show that in any BA we have

—(—x+-y+2D+—-(—x+»+-x+z=1.

9.62. Show that there is a natural one-one correspondence between Boolean
algebras and rings with identity such that x-x = x for all x. (Only the most
elementary facts about rings are needed to solve this problem. Given a
BAUA =44, +,-, —,0, 1), letx+'"y=x:—y +y-—xforanyx, ye A,
and show that under +’ and -, 4 forms a ring of the above sort. Given a
ring of this sort, expand (x + y):(x + y) to show that the ring is com-
mutative and x + x = 0 for all x in the ring; then let —'x =1 + x,
x+’y =x+ y + x-y and show that A4 with these operations, -, and the
0 and 1 of the ring is a BA.)

9.63. There is a BA 2 and a nonempty subset X of 4 such that0, 1 € X, and X
is closed under + and -, but X is not a subuniverse of U.

9.64. For each infinite cardinal m, there is a BA with exactly m elements.

9.65. 1f AU is a finitely generated BA, say generated by X, X finite, then U is finite,
in fact has at most exp exp | X| elements. This bound can be attained.

9.66. There is an infinite BA with exactly 3 atoms.

160



9.67.

9.68.

9.69.

9.70.

9.71.
9.72.
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9.74.
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Chapter 9: Boolean Algebra

Every infinite BA has an infinite subset X such that if x, ye X, and x # y
then x-y = 0, and an infinite subset Y such that if x, ye Y, then x < y
ory < x.

Without using any principle beyond ZF (set theory without the axiom of
choice) show that the following two statements are equivalent:

(1) the Boolean prime ideal theorem,

(2) every BA with at least two elements has a maximal ideal.

For any BA 2, let FAU be the set X = {F: F is an ultrafilter on 2}, with the
topology on X given by the base {{F:xe Fe X}:xec A}. Then F2 is a
compact Hausdorff space in which the simultaneously closed and open sets
form a base. F2is called the Stone space of A. Infact, {{F: xe Fe X} : x € A}
is the set of all closed and open sets in F2. The space F2 is homomorphic
to the closed subspace of 42 consisting of all homomorphisms from 2 into
2, with the discrete topology.

A Stone space is a compact Hausdorff space in which the closed-open sets
form a base. For any topological space X, the set of closed-open sets forms
a field of sets; ® X is the associated BA. Then for X a Stone space, X is
isomorphic to the BA, a subalgebra of the direct power ¥2, whose universe
consists of all continuous functions mapping X into 2 (latter with discrete
topology). Furthermore, F® X is homeomorphic to X. Finally, if 2 is any BA,
then ®F2 is isomorphic to A.

There is a BA 2 such that 2/ is isomorphic to 2.

For any set X, the BA associated with the product space *2 (2 discrete) is
freely generated by {{f: f; = 1} :ie X}.

If X generates U, then X freely generates U iff for every me w ~ 1, every
one-one x€™X, and every e€™2, []i<m x{' # 0, where for any ye€ 4,
¥ =—yandyt =

Without using any principle beyond ZF, show that the following statements
are equivalent:

(1) extended completeness theorem for sentential logic,

(2) Boolean representation theorem.

Hint: For (1) = (2) it suffices by 9.68 and the proof of the Boolean repre-
sentation theorem, along with 9.60 and its proof, to show that (1) = (in
any BA #¢ with at least two elements there is an ultrafilter). Let A =
{p : @ a sentence of Z, [p] = 1}. Assuming |MZ| > 1, show that A is con-
sistent, and apply (1) to get a model f. Show that F = {[p]: f*e = 1} is an
ultrafilter in #Z. For (2) = (1), assume that I' is a consistent set of sentences
in a sentential language £. Let & be an isomorphism from #Z onto a
Boolean set algebra of subsets of a set X. Since I' is consistent, X # O.
Choose x, € X, and let f be the model of £ such that fs = 1 iff x, € A[<sD].
Show that fis a model of T".

(Tarski). Let U be the Boolean set algebra of recursive subsets of w. Show
that a BA B is isomorphic to ¥ iff B is denumerable, atomic, and for every
be B, if B | b is infinite then there are ¢, d < b withe-d = 0,¢c + d = b,
and both3B | ¢ and B | d infinite. Hint: use Vaught’s Lemma 9.47.
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Syntactics of
First-order Languages

In this chapter we give the basic definitions and results concerning the
syntax of first-order languages: terms, formulas, proofs, etc. As we proceed
we shall also check the effectiveness of many of the notions, although at a
later stage we shall just appeal to the weak Church’s thesis (see the comments
preceding 3.3). This long section contains only very elementary facts, which
will be used later mainly without citation. The basic definitions of syntactical
notions occupy 10.1-10.18. The remainder of the chapter is concerned with
elements of proof theory; this plays an important role in our discussion of
decidable and undecidable theories in Part III, but will not be used in the
discussion of model theory (Part IV). The basic notion of a first-order
language, with which we shall be working for most of the remainder of this
book, is as follows:

Definition 10.1. A first-order language is a quadruple & = (L, v, 0, %#) with
the following properties:

(i) L, v, 0 and Z are functions such that Rng L, Rng v, Dmn 0, and
Dmn £ are pairwise disjoint.

(ii) Dmn L = 5, and L is one-one. L, is the negation symbol of £, L,
the disjunction symbol of &, L, the conjunction symbol of £, L, the universal
quantifier of £, and L, the equality symbol of ZL.

(iii) Dmn v = w, and v is one-one. v, is called the ith individual variable.

(iv) Rng 0 < w. For O e Dmn 0, O is called an operation symbol of
rank 0O; in case 0O = 0, we also refer to O as an individual constant.

(v) RngZ < w ~ 1. For Re Dmn %, R is called a relation symbol of
rank ZR.

In an intended interpretation (model) of a first-order language, a certain
set A is chosen as the domain or universe over which the variables v; are to
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range. Also, corresponding to each O € Dmn ¢ an ¢O-ary operation on 4
is selected as the ““meaning’” of Q. Finally, corresponding to each R € Dmn #
an ZR-ary relation on A is chosen as the meaning of R. The logical symbols,
i.e., members of Rng L, are interpreted in their intuitive senses. We shall make
all of this precise in the next chapter.

We will shortly define precisely the notions of term, formula (grammatical
expression), etc. First let us give some examples of first-order languages.

Language of equality. WeletL =<{w +i:ie5,v={n:mew), 0 =
Z = 0. This language is suitable just for expressing statements about equality
alone. For example, the statement that equality is a symmetric relation is
expressed by the formula

Vv, Voi(vo = vy = v, = 1)

and the statement that the universe has at least three elements is expressed
by the formula

Avo v, Fva( W =0, A "W =V, A Ty = V).

(For the meaning of some of the symbols here, see below.) Note that there
are other languages which are clearly equivalent in all respects to this lan-
guage. For example, we might let L = {i:ie5),v=<m+ 5:mewd, 0 =
A = 0. In general, if we have two languages £ = (L, v, 0, #) and ¥’ =
(L', v, @, Z") and there is a one-one function f from Rng L U Rngo U
Dmn 0 U Dmn £ onto RngL’'U Rngv' U Dmn ¢ UDmn £’ such that
foL=L, fovr=0, O'of=0, and #' of= AR, then ¥ and &’ are
equivalent in all senses of interest to us. For this reason, we usually do not
specify a language in full detail; any exact specification the reader imagines
should be all right for our purposes. In particular, there is no need to specify
L or v. It is enough just to indicate the number and rank of the operation and
relation symbols.

Language of set theory. There are no operation symbols and only one
relation symbol, e, which is to be binary. The statement that the union of
two sets exists is:

Vv, Vv, 30, Yoi(v; € 0, V3 € Uy Vv 13 € 1,).

Language of rings. ' There are no relation symbols. The operation symbols
are: 4, - (binary); = (unary); O, 1 (0-ary). In this language, specific poly-
nomials with integer coeflicients can be expressed. For example, the poly-
nomial x® + 3x — 1 is expressed by

((©o+v0)*vo + (1 + 1) + 1)-vo) + (=1).

Language of ordered fields. This is like the language of rings, except that
we add a binary relation symbol <.

Full language of a nonempty set A. Here we have for each operation (say
m-ary) fon A an m-ary operation symbol Oy, and for each relation (say n-ary)
R on A an m-ary relation symbol Ry on 4. More precisely, let B and C be
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two disjoint sets with o : (Upeo "4 >» B and B : Upew~1 S("4) > C. Then
£ is alanguage (L, v, 0, #Z) such that Dmn ¢ = B,Dmn £ = C, Ouf = arity
of ffor each finitary operation fon A4, and ZBR = arity of R for each finitary
relation R on 4.

As we see from the last example, some of the languages we consider can
have uncountably many symbols. For many of the countable languages it is
of interest to consider the effectiveness of various notions to be introduced.
For this purpose we make the following definition:

Definition 10.2. If & = (L, v, 0, %) is a first-order language, then members
of Dmn 0 U Dmn # are called nonlogical constants. The set Symge =
Rng L U Rng v U Dmn ¢ U Dmn Z is the set of symbols of .

An effectivized first-order language is a quintuple & = (L, v, 0, %, g)
such that (L, v, 0, #) is a first-order language and in addition the following
conditions hold:

(i) # is a one-one function mapping Symge into w;
(ii) g o v is recursive, Rng(g o v) is recursive, and v~'o g~ is partial
recursive;
(iii) g* Dmn O is recursive and 0 - g~ ! is partial recursive;
(iv) ¢* Dmn 2 is recursive and # o 4! is partial recursive.

Most of the languages appropriate for ordinary mathematical theories can
be effectivized. For example, the language of equality above which was
explicitly described as a certain quadruple & = (L, v, 0, %) can be effectivized
as &' = (L, v, 0, Z#, g), where g(w + i) = iforeachie5Sand gym = m + 5
for each m € w.

The Godel-numbering function ¢ of 10.2 will be extended to various
concepts introduced later, and the extension will always be denoted by g*.
Unless otherwise indicated, the statements which follow refer to an arbitrary
first-order language .#; when appropriate, to an arbitrary effectivized first-
order language .Z. The following proposition is obvious.

Proposition 10.3. ¢* Symg is recursive.

Intuitively, of course, 10.3 says that there is an automatic method for
recognizing a symbol of a given effectivized first-order language.

Definition 10.4. Exprg, the set of expressions of Z, is the set of all finite
sequences of symbols of #. The empty sequence is admitted. If ¢ =
{00, - . .» Om_1y 1S an expression of .#, we define

f+°' — n pgai+1_

Proposition 10.5. 4** Expre is recursive.

Proor. For any x € w, we have x € g** Exprg iff x = 1 orelse x > 1 and
Vi < Ix((x); — 1 € g* Symg). [
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Thus there is an effective method for recognizing expressions in a given
effective language.

Definition 10.6. We introduce some operations on expressions ¢, :

() e = Loy,
(@) o v § = <Lpey,
@) @ A Y = Lo,
(iv) Vap = {L3>{«)p, where o is any individual variable,
©) p=¢ = Loy,
V) p=>9¢ = —p v i,
i) pop = (p—=>¢) A > o),
(viii) Jop = —Va =1 @, where « is any individual variable.

Now we introduce analogous operations on w. For the definition of Cat,
see 3.30. For m, n € w, let

(i)' —'m = Cat (2#L°%1 m),
(i) m v’ n = Cat (Cat 2#:1*1, m), n),
@iii)’ m A’ n = Cat (Cat (2222%1 m), n),
(iv)’ V'mn = Cat (Cat (2531, m), n),
(v) m="n = Cat (Cat (2¢'4*1, m), n),
i) m—>'n= ""mv’'n,
@Wii)) me'n=(m—>"n) A’ (n>"m),
(viii)’ A'mn = ='V'm ' n.
In addition we use \/;., ¢; and A;., o; for the finite iterations of v and
A

V‘Pi=‘Po, \/‘Pi=\/¢iV‘me0rm>0§

i<l i<m+1 f<m
/\‘Pi=‘Po’ /\ ‘Pi=/\‘Pi/\‘me0rm>0-
i<l i<m+1 i<m

Strictly speaking, all of the operations in 10.6 are relative to .#. We might
indicate this sometimes with a subscript, e.g., -, —>%. Note that, as for
sentential languages, our languages do not have parentheses but yet we can
use ordinary notation as in 10.6. The actual expressions of a language will
rarely be written. That is, we will usually prefer to write an expression in the
form Vovo(v, = v, = v; = v,) for example rather than in the equal form

{Ls, Vo, L1, Lo, Ly, g, 01, Ly, 01, 0p).

We use the boldface symbols for operations —, =, etc. on expressions to
distinguish from the intuitive symbols. Note that the operations on « given
in 10.6 act on Go6del numbers of expressions just like the corresponding
operations act on expressions. Thus, forexample, g* —¢ = Vg%, g*Vap =
V2#%*15% g, etc. The following proposition is obvious.

Proposition 10.7. The operations —', v', A’ V', =", >’ &', 3 are recursive.
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Definition 10.8
(i) For mew ~ 1 we define an m-ary operation Con,, on w by induc-
tion on m. For any x, yo, ..., Vn € w,

Con; x = x,
Conm+1 (}’o, ceey ym) = Cat (Conm (}'o, BRI ym—l)a Vm)

Also, we define Con’ by primitive recursion. For any x, y € w,

Conl (.X, O) = (.X)(),
Con’ (x, y + 1) = Cat (Con’ (x, ), (X)y+1)-

Finally, we set Con” y = Con’ (x, lv) for any x € w.
(i) Trmg, the collection of terms of £, is the intersection of all classes
I' of expressions such that the following conditions hold:
(1) <v,»> eT foreach me w;
(2) if OeDmn 0, say with ¢O = m, and if ¢, ....¢,_ €1, then
KO>o- - tpm-y €T

Note, with regard to 10.8(ii), that if ®O = O, then the condition merely
says that (O) € I'. The number-theoretic functions in (/) are introduced so
that the following properties of Goédel numbers will hold. If ¢, ..., @,_1
are expressions, m > 0, then

Cong, (9 @os s 7 Pm-1) = g (@0 Pm-1):
and if x = [ ;. p%**, then

Con"x = g*(@o- - ~Pn-1)-

The notion of term in 10.8 is the generalization to arbitrary first-order

languages of the common mathematical notion of a polynomial. In case the

first-order language is a language for rings (see above after 10.1), then we

obtain exactly the ordinary notion of a polynomial with integer coefficients.
The following construction property of terms is easily established.

Proposition 10.9. An expression o is a term [ff there is a finite sequence
{Tos - --s Tn-1y Of expressions with ,_, = o such that for each i < n one
of the following conditions holds:

(i) = = {vp) for some m € w,
(ii) there is an O € Dmn 0, say with OO = m, and there are jo, . . ., j,-1 < i
such that 7, = {O)7;5- - Tjep_1)-

There is an effective procedure for recognizing when an expression is a-
term:

Proposition 10.10. The functions Con,,, Con’, and Con" are recursive. The
set g% * Trm is recursive.
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Proor. The first statement is obvious. To prove the second, the reader
should check the following statement, using 10.9. For any x € w, x € 4 ** Trm
iff x > I and there is a y < p{%'* such that (y),, = x and for each i < 1y
one of the following conditions holds:

(1) there is an m < (y); such that (y); = 2#"m+1;

(2) thereis a k < x such that k € y* Dmn 0, Oy 'k = 0, and (y), = 2¢*1;

(3) there exist k < x and z < p{g!* such that k€ y* Dmn ¢, (4 'k > 0,
lz= 0y 'k — 1, for each j < Iz there is an s < / such that (z); = (y),,
and (y); = Cat (2¥**, Con” z). O

The following proposition follows directly from the definition of terms
and is frequently of use.

Proposition 10.11 (Induction on terms). If <v,>e ' for all me w, and
{00y +-6,_1 €T whenever 0 Dmn €, €0 = m, and o, ..., 0,_,€T,
then Trm < T,

Proposition 10.12 (Unique readability)
(i) Every term is nonempty.

(ii) If o is a term, then either ¢ = <v,,) for some m € w, or else there exist
O e Dmn 0, say with 0O = m,and 7, . .., 1,,_, € Trm such that o =
{O>7y- -+ Tm—1-

(iii) If o is a term and i < Dmn o, then {ay, ..., o;_> is not a term.

(iv) IfO,PeDmn 0, say 0O = m, CP = n, and o € "Trm, r € "Trm, and
{O)oy- -0y = PPrg -1y, thenm = n, O = P, and o = .

PrOOF. In each of the cases (i) and (i), let T be the collection of terms o
for which the desired condition holds, and apply 10.11. We prove (iii) by
induction on Dmn o. The case Dmn ¢ = 1 is clear by (/). Now assume that
Dmn o > 1 and that (i) is true for all terms = such that Dmn r < Dmn o.
By (ii) we may write ¢ = {O)7,---7,,_;, where O € Dmn @, €O = m, and
7€™rm. If i = 0, then 0 = {0y, ..., 0;_,> is not a term, by (i). If i = 1,
then <oy, . .., 6,_1)> = <{O), which fails to be a term because (1) i < Dmn o
implies m > 0 and (2) by (ii), for {O> to be a term we would have to have
00 = 0. So, assume that i > 1. Then {oq,..., 0,.1> = {OD7y---7;_,p for
some j < m and some expression p which is an initial segment of 7,. Assume
that {oy, ..., 0;_,) is a term. By (i7) there exist terms &,, . . ., &, such that
gy ..y 011> = {OY&,- - - £, _,. By the induction hypothesis we easily infer
that £, = 7o,..., &1 = 7;_,. Hence p = &;---£,,_,. Hence &, is an initial
segment of 7;, so by the induction hypothesis ¢ = 7, and j = m — 1. But
then <oy, ..., 0;_1> = a, contradiction.

Condition (iv) follows from (iii) in an obvious fashion. O

The following useful proposition follows from 10.12 purely set theoretic-
ally:
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Proposition 10.13 (Recursion on terms). Let f map Rng v into a set A, and
for each O € Dmn O (say with 00 = m), let go map ™A x ™"Trm into A.
Then there is an h: Trm — A such that:

(i) v,y = fo, for allne w;
(i) h{O)oy---0p_y = golhog, ..., hop_1, 0o, ..., Om_1) whenever O e
Dmn 0, 0O = m, and 0 € "Trm.

Now we can define the most important syntactical notion, that of a formula
(grammatically built expression).

Definition 10.14. An expression of the form ¢ = r, where ¢ and = are terms,
is called an atomic equality formula. If R € Dmn %, say ZR = m, and
Gg, ..., Oy are terms, then (R)oy---0,_; IS an atomic nonequality
Sformula. These two kinds of expressions together constitute the atomic
JSormulas. The set of formulas, Fmla, is the intersection of all sets I' of
expressions such that each atomic formula is in I" and I' is closed under all
the operations =1, v, A, Vo (for each individual variable «).

There is an automatic method for recognizing when an expression is a
formula:

Proposition 10.15. 4** Fmla is recursive.

Proor. The proposition becomes obvious after checking the following state-
ment whose proof is based on a proposition for formulas which is entirely
similar to 10.9. For any x € w, x € ¢** Fmla iff there is a y < p{'* such that
(31, = x and for each i < 1y one of the following conditions holds:

(1) There are u, v € g** Trm such that (y); = u =" v.

(2) Thereexistak < xandz < p{'*suchthatk € g* Dmn 2,1z = Oy~ k —1,
(z); € Trm for each j < lz, and (y); = Cat (2"*+1, Con” 2).

(3) There is a j < i such that (y); = —'(p),

(4) There exist j, k < isuch that (»); = (»); V' (V).

(5) There exist j, k < i such that (»); = (3); A" (V).

(6) There exist m < (y); and j < i such that (y); = V22" +1(y),, O

The following results are established in a fashion analogous to the corre-
sponding results for terms:

Proposition 10.16 (Induction on formulas). If ' is a set of formulas con-
taining each atomic formula and closed under all operations =, v, A, Vo
(for each individual variable &), then Fmla < T.

Proposition 10.17 (Unique readability)

(i) Every formula is nonempty.
(i) If @ is a formula, then one of the following holds:
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(1) ¢ is an atomic equality formula, i.e., there are terms o and v with ¢ =
g=r;

(2) ¢ is an atomic nonequality formula, i.e., there is an R € Dmn %, say
with ZR = m, and there are oy, ...,6,_, € Trm such that ¢ =
(RY0¢*++Op_1;

(3) ¢ = = for some formula ;

(4) ¢ = ¢ v x for some formulas ¢, x;

(5) @ = ¢ A x for some formulas i, x;

(6) ¢ = VYap for some individual variable o and some formula .

@ii) If ¢ is a formula and i < Dmn ¢, then {py, ..., 9;_ 1) is not a

Sformula.

(iv) for each formula ¢, exactly one of (1)—(6) above holds, and the terms,

Sformulas, etc. o, 7, Y, . .. asserted to exist are uniquely determined by ¢.

Proposition 10.18 (Recursion on formulas). Let f map the set of atomic
Sormulas into a set A, let g map A x Fmla into A, h and k map 24 x 2Fmla
into A, andlet Imap A x Rngv x Fmlainto A. Then there is an s: Fmla —
A such that for any formulas @,  and any variable o,

(@) s = fo if ¢ is atomic;
@) s(—e) = g(sp, 9);
(i) s(p v ) = h(sp, s, ¢, ¥);
(i) s(p A ) = k(sp, s, @, ¥);
©) (Vo) = l(sp, o, ).

This takes care of the basic facts about grammar in first-order languages.
Now we want to formulate precisely the basic proof-theoretic notions of
logical axioms and theorems. Essentially we want to give a mathematical
analysis of the intuitive notion of a proof. To begin with, we need to define
the notion of rautology in a first-order language. Intuitively speaking, a
tautology is a formula which is logically valid purely on the basis of the
intended meanings of =, v, A alone. They were discussed in detail in
Chapter 8, but our treatment here is self-contained.

Definition 10.19
(i) A truth valuation is a function f mapping Fmla into 2 with the
following properties, for any formulas ¢, ¢:

(M) f(—e) = 1iff fo = 0;
@ flevidh)=1iffo=1orfp=1;
B fload)=1iff fp=1and fy = 1.
(i) A formula ¢ is a rautology iff fp = 1 for every truth valuation f.
(iii) An expression y occurs in an expression ¢ iff ¢ = x40 for some
expressions y, 0.
(iv) ¢ is a subformula of ¢ iff both ¢ and ¢ are formulas and ¢ occurs
in ¢.
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The following lemma gives a simplified definition for the notion of a
tautology:

Lemma 10.20. For any formula ¢ the following conditions are equivalent:

(i) @ is a tautology;

(it) for any f, if f maps the set S of subformulas of ¢ into 2 and satisfies
the following conditions,
(a) for any 4, if e S and —p € S, then f( ) = 1 iff fib = 0;
(b) for any i, x, if b, x, b v X€S, then f(b v x) =1 iff (ff=1 or

Jx =1);
(c) for any o, x, if , x, b A x€S, then f(y A x) =1 iff (fp =1 and
Jx =1);
then fp = 1.
PRrROOF

(7) = (ii). Assume that ¢ is a tautology, and let f satisfy the hypothesis of
(ii). By recursion on formulas we define a function 4: Fmla — 2 as follows:

hp = fi if ¢ is an atomic formula € S,
hp=0 if ¢ is an atomic formula ¢ S,
) =1— hy for any formula i,
hg vy =1 ifhp=1orhy =1,
hpvyx)=0 if = hy =0,
h(§ A x) = hj-hy,
hVap = fVai if Vb € S,
hVop =0 if Vo) ¢ S.

Clearly #4 is a truth valuation, so ip = 1. Now it is easily shown by induction
on formulas that

VyeFmla (Y €S = h = ff).

Hence fo = 1, as desired.

(ii) = (i). Assume (ii), and, in order to show that ¢ is a tautology, let A
be any truth valuation. Let f = 4 | S. Clearly fsatisfies the hypothesis of (i),
so hp = fo = 1. ]

Clearly 10.20 gives an automatic method for checking whether a given
formula ¢ is a tautology. We simply list out all members of S, then check for
each of the finitely many f: S — 2 whether the condition (ii) holds. Now we
want to make this argument rigorous.

Proposition 10.21. {(g*¥¢, #* @) : ¢ is a subformula of ¢} is recursive.

PrOOF. Let R be the set in question. Then for any m, n € w, (m, n) € R iff
m, n€ g** Fmla and 3x, y < n(n = Cat (Cat (x, m), »)). O

Proposition 10.22. The set of Godel numbers of tautologies is recursive.
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ProOF. Let R be the relation of 10.21. Using 10.20, it is easy to check that
for any m € w, m is the Gédel number of a tautology iff:

In<pp™{n>1&Vp <mlpm)eR=3i<In(p =n)] &
Vi<In[((n),m)eR| &)y, =m&Vf<ph[lf=ln&Vi<If
[(f)i=1or (f)=21&Vi<IfVi < lf[7'(m); = (n); = ((f)s =
2 (f)=D1&Vi< Vi< UfVk <If[(n); v’ (n) = (n); >
(=2 (f)y=20t (=D &Vi<IfVj<IfVk < If
[(); A () = ()i = () = 2iff (f); = 2 and (f) = 2)] =
(s = 2.

Note here that n is used to code the set S of all subformulas of ¢, if m =
g* o, while f'is used to code any function as in 10.20(ii). Of course, the form
of the above displayed expression shows that {m : m is the Gédel number of
a tautologys} is recursive. O

Tautologies are by no means the only logically valid formulas in a first
order language. Some additional ones are, for example, the formulas v, = v,,
Voo(vy = v1) = vy = v, Vulvo =0, v —(vy = 1v;)]. We now want to for-
mulate the notion of a logically valid formula, or theorem, in a general way,
but still syntactically. We defer to the next section the proof of the complete-
ness theorem, which states that the theorems are exactly the logically valid
formulas. See also the next section for the rigorous definition of a logically
valid formula.

Definition 10.23
(i) Axmg, the set of logical axioms of %, is the set of all formulas of
the following forms (where ¢ and ¢ are formulas, i < w, and o and = are
terms):

(1) @, ¢ any tautology;
(2) Yolp = ¥) > (Yoip — Vogb);
(3) ¢ = Vu;p, if v; does not occur in ¢;
(@) Jv(v, = o), if v; does not occur in o;
() o=7—=>(p—=>1), if ¢ and ¢ are atomic formulas and ¢ is obtained
from ¢ by replacing an occurrence of o in ¢ by 7.
(ii) Let I be a set of formulas. Then I'-Thmg, the set of all I'-theorems
of &, is the intersection of all subsets A of Fmlag such that

(1) T Axmg € A;

(2) y € A whenever ¢, ¢ —> iy € A (closure under detachment or modus
ponens);

(3) Vup € A whenever ¢ € A and i < w (closure under generalization).

We write Thmg instead of 0-Thmg, I' t ¢ instead of ¢ € I-Thmg, and

k@ instead of 0 k& @. Formulas ¢ with e are called logical theorems. If

I' b @, we call ¢ a (syntactical) consequence of I". Of course when no

confusion is likely we shall omit the subscript % in all these cases.
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As usual, we give an equivalent version of this closure definition of
theorems:

Proposition 10.24. For I' U {¢} < Fmla, I' F ¢ iff there is a finite sequence
gy - - os Y1) Of formulas such that y, ., = ¢ and for each i < m one of
the following conditions holds:

(i) ¥ € Axm,

(@) el
(i) 3j, k < i such that §; = . > o,
(iv) 3j < idkew (Y; = Vo).

A sequence of the sort described in 10.24 is called a formal proof of ¢ from
I, or a I'-formal proof of p. We denote by I'-Prf the set of all I'-proofs. This
is our rigorous formulation of the intuitive notion of a proof. In fact, as
stated in the introduction, we consider mathematics itself to be formalized
on the basis of set theory. More precisely, mathematical language can be
identified with a certain definitional expansion of the language of set theory
describing following 10.1. The axioms I' of mathematics are just the usual
axioms for set theory together with definitions of all the defined symbols. It
is our conviction that any mathematical proof can be expanded, somewhat
routinely, to eventually reach the form of a formal proof from I' in the above
sense. Of course, this conviction is another instance, like the weak Church’s
thesis (see the comments following 3.1), of a judgement of applied mathe-
matics that is not subject to a rigorous proof. We are just stating that our
rigorous notion of proof is a fully adequate mathematical version of the
mathematical proofs actually found in articles and books.

It is clear that there is an effective method for recognizing when an
expression is a logical axiom. More rigorously, we have the following theorem:

Proposition 10.25. ¢** Axm is recursive.

Proor. For any xe€w, x€g** Axm iff one of the following conditions
holds:

(1) x is the Godel number of a tautology;

(2) 3y, z,w < x[y, ze g** Fmla and w € Rng (g o v) and
x = V2¥i(y =’ z) =" (V'2¥+ly ' Y2v+iz)];

(3 3y,z < x[yeg**Fmlaand ze Rng(gov)and —Ju, w < y
y = Cat (Cat (u, 2**1), w) and x = y =" V'22*1y];

4) 3y, z < x[yeg** Trmand zeRng(gov) and —Ju, w < y
y = Cat (Cat (u, 2°*1), w) and x = 3'22+1(2*+1 =" y)];

(5) 35,1, ¥,z < x[s, te g** Trm and y and z are Gédel numbers of atomic
formulas and 3m, n < y[y = Cat (Cat (m, s), n) and z = Cat (Cat (mm, t), n)]
and x = (s="1) =" (y > 2)]. O

Since there is an automatic method for recognizing logical axioms, it is
clear from 10.24 that if there is an automatic method for recognizing members
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of I', then there is an automatic method for checking when a sequence of
formulas is a I'-formal proof. We now proceed to prove this rigorously.

Definition 10.26. We extend g and ¢* further to finite sequences of expres-
sions. If ¢ = (g, ..., p,_1) is a finite sequence of expressions, let
f+ + @ = I_I p gto,
i<m
Proposition 10.27. Let I' be a set of formulas such that g**T is recursive.
Then g* *(I'-P1f) is recursive.

Proor. For any x € w we have: x € g* **(I'-Prf) iff x > 1 and for every
i < lx one of the following conditions holds:

1) ()i eg** Axm,

(2) (x)ieg**T,

) )k <i(x); = (x)p > (x)s

(4) 3j < i3k < x[k e Rng(g - v) and (x); = V'2%+1(x),]. O

From this proof we also obviously obtain:

Proposition 10.28. If I' is a set of formulas such that g**T' is recursively
enumerable, then g* **(I'-Prf) is recursively enumerable.

The following easy consequence of this proposition is one of the most
important results of elementary logic.

Theorem 10.29. Let T' be a set of formulas such that 4**T is recursively
enumerable. Then ¢**(I'-Thm) is recursively enumerable.

PrOOF. For any x € w, we have x € g**(I-Thm) iff 3y[y € g* **(I'-Prf) and
(P = x]. O

An intuitive proof of Theorem 10.29 runs as follows. We assume that T'
can be listed by some effective procedure 4. Let B be an effective procedure
which lists all formulas. Now we describe an effective procedure C listing all
I-theorems. We start the procedures 4 and B going simultaneously. At the
kth stage of the procedure C, having accomplished the kth stage of both A
and B, we list out all sequences of length <k of formulas already produced
by B. For each such sequence ¢, we check whether it is a [-proof using for
members of I' only the formulas already produced by A. For each sequence
@ for which the answer is affirmative, procedure C produces as an output
the last term of ¢. Clearly the procedure C so described generates precisely
the I'-theorems.

It is quite possible in 10.29 to have ¢**(I-Thm) nonrecursive; this is in
fact the defining characteristic of the undecidable theories which will be
discussed extensively in Part III.
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Most of the remainder of this chapter is devoted to establishing elementary
results about the relation | defined in 10.23. Some high points of this develop-
ment, which is rather tedious because of our economical system of axioms,
are as follows: a formal expression of the principle of substitution of equals
for equals, 10.49; the principle for changing bound variables, 10.59; universal
specification—dropping a universal quantifier, 10.61; substitutivity of equiv-
alent formulas, 10.71; prenex normal form theorem, 10.81; provability for
sentences alone, 10.85; and the notion of consistency, 10.89-10.93.

Proposition 10.30. For any m € w, if « € "Rng v and ¢ and  are formulas,
then
FVao: - Van_1(@ =>¥) = (Vag- - Ve 19 = Voo - Vo _13h).

PrOOF. We proceed by induction on m. The case m = 0 is trivial, since
(p = ¢) = (p = ¢) is a tautology. Now assume the result for m, and suppose
that ¢ € "*! Rng v. Then

FVay - - Veau(p = ¢) = (Voy - - -Vaup — Vo, - - - Vo)

by the induction hypothesis. Generalizing on «,, noticing an instance of the
axioms 10.23(2), and applying detachment, we get

Voo« Vo (p = ) = Voo (Ve - - - Vo,p = Vo - - - Va,i).

Now by another instance of 10.23(2), a tautology, and detachment, we get
our desired result for m + 1. O

Related to 10.30 is the following important theorem, to the effect that there
is a version of I not involving the rule of generalization:

Definition 10.31. Let I' < Fmlage. We let I'“Thm’ be the intersection of all
sets A © Fmlag satisfying the following conditions:
(i) ifpe Axmgy U T, me w, and « € "Rng v, then Vo, - Vo, _,p €A;
(ii) 4 € A whenever g, p > € A,
We write Thme instead of 0-Thmle, I" b ¢ instead of ¢ € I-Thm’, and
Fep instead of 0 Fg o.

Theorem 10.32, T' ko iff I' F ¢.

Proor. I'-Thm clearly satisfies the conditions 10.31(¢) and 10.31(ii). Hence
I-Thm’ < I'-Thm, i.e.,, ' F ¢ = I' } ¢. To prove the converse, let

A ={peFmla:forallmewand allae™Rngv, ' M Vey- - - Ve, _ 1},

Obviously Axm U I' € A and A is closed under generalization. To show that
A is closed under detachment it is clearly sufficient to establish

1 ifnew, ce™Rngov, I' M Veq- - - Ve, _,9, and
M T'F Vay- - Ve _1(@ — ), then T F Vaq- - -Vay _ .
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We prove (1) by induction on n. The case n = 0 is trivial. Suppose true for
n,I'FMVey o -Ve,p, I' M Vg - - -V, (o = ). Now

I'H Ve Vo _y(Yan(p = ) = (Yanp —> Veau))

and I' F'Veq- - - Ve, _; Vo, (¢ = ), so by the induction hypothesis, I' F' Vg - - -
Vo, _1(Ve,p = Vo). By the induction hypothesis again, I' F Ve - - Vo if, as
desired, hence I'-Thm < A. In particular (taking m = 0 in the definition of
A, Ttep=>THFe d

In the following proposition we summarize some simple properties of F
which will be used frequently without citation.

Proposition 10.33. Let I', A < Fmla and ¢, iy € Fmla. Then
(@) ifT=AandT o, then At g;
(@) if T+ g, then © F @ for some finite subset ©® of T';
@@ii) if T'F x for each xe A and At o, then T I ¢;
(@) if Troand T'F o —> 3, then T' 3.

In what follows, «, B will denote arbitrary variables, o, 7, p will denote
arbitrary terms, and ¢, ¢, y arbitrary formulas.

Proposition 10.34. o =o.

PrOOF. Let o be a variable not occurring in o. Then

te=oc—>(e=0c—>0=0) by 10.23(5)
F=(o=0) > (e =0) by a tautology, detachment
Fea[ =1(o = 0) > (e = 0)] generalization
FWoa (0 =0) >Va 1 (e =0) 10.23(2), detachment
F(oc=0)—>Va m1(c=0) 10.23(3)
F=(oc=0)>Va 1 (e« =0) tautology, etc.
Fe(e =0) >0=0 tautology, etc.
to=o using 10.234) O

Proposition 10.35. to=7—7=o0.
Proor.

fo=rt>(c=0c—>7=0) 10.23(5)
to=r—>7=0¢ using a tautology [

Proposition 10.36. to=7—>(r=p—>o0=p).
PROOF.

fr=oc—>(r=p—>0=)p) 10.23(5)
to=tr>(r=p—>o0=)p) using 10.35 and a tautology [
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Lemma 10.37. If O is an operation symbol of rank m, i < m, oq, ..., 0p_1
are terms, and T is a term, then

Foy=7—> 0001 = O0g+-+0,_1705,1"* " Op_1.
Proor. The following formula is an instance of 10.23:

o =T >

(Ogg: -2 0p-1 = 00¢ 01 >004 - 0_1 =00+ -0,_170,, 1 - Op_1).

Hence 10.34 and a suitable tautology give the desired resuit. O

Using this lemma, we give our first form of the principle of substitution of
equals for equals:

Theorem 10.38. If O is an operation symbol of rank m, and oy, .

c ey Ot
Toy - - -5 Tm—1 Are terms, then
Foo=T1g A A Op 1 =Tpo1—=>00p 0y 1 =O071g-- 7 _ 1.
ProoF. By 10.37 we have, for each i < m,
Fo,=7=>075 7, 100141 01 =07 - - Ti054 1 01,
Hence 10.36 and an easy but long tautology give the desired result. O

Lemma 10.39. Ifto = 7 — (¢ = ¢) and « € Rng v does not occur in ¢ or in 7,
then ro = 7 > (Vap = Voib).

PRrOOF.
Fo=7—>(@p—>¢) hypothesis
Fa(o = 7) — Va(p = ¢) generalization, 10.23(2)
tfo=71—>Va(o = 1) 10.23(3)

Fo=17— (Vap > Vaib) using 10.23(2) and a tautology [

To proceed further, we must introduce the basic notions of free and bound
occurrences of variables in formulas. The definitions are based on the follow-
ing Proposition, which is easily proved by induction on ¢, using 10.17.

Proposition 10.40. Let ¢ = {@q, ..., pn-1y be a formula, and suppose that
i < m. If p;e Rng L, then there is a unique j such thati < j < m — 1 and
@iy -« .5 @iy is a formula.

Definition 10.41. Let ¢ = <{gy, ..., ¢._1» be a formula, and let i < m. We
say that V is a quantifier on « at the ith place in ¢ with scope ¢ if ¢, = L,
Qi1 = o, and ¢ = {g,, ..., ;> is the unique formula given by 10.40. A
variable o occurs bound at the kth place of ¢ if ¢, = o and there exist i,
J < m such that V is a quantifier on « at the ith place in ¢ with scope
{pi, ..., p;y and i < k < j. If ¢, = o but « does not occur bound at the
kth place of ¢, we say that « occurs free at the kth place of ¢.
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Before returning to proof-theoretic matters concerning these notions, we
as usual want to briefly discuss the effectivity of the notions. It is, in fact, ob-
vious that there is an effective procedure for recognizing if a certain variable
occurs bound or free at a given place in a formula. The following three
propositions give a rigorous formulation of this fact.

Proposition 10.42. Let R = {(m, i, x, y) : m = g« for some variable o, x =
gYpandy = g*y for some formulas ¢, $,i < Dmn ¢, and V is a quantifier
on « at the ith place in ¢ with scope J}. Then R is recursive.

Proor. (m,i,x,y)e R iff meRng(gov) and x, yeg** Fmla and i < Ix
and (x);=4L; +1 and (x);, =m+ 1 and i+1ly<lIx and Vj<
I(3); = (xiss]. O

Proposition 10.43. Let S = {(m, k, x) : m = go for some variable o, x =
¢™* @ for some formula p, k < Dmn @, and « occurs bound at the kth place
of ¢}. Then S is recursive.

Proor. (m, k,x)eSiff meRng(gov), x€eg** Fmla, k < Ix, (x), = m +
1 and 3/ <Ix3Jy < x[yeg**Fmla, i <k <i+ 1y, and (m, i, x, y) e R],
where R is as in 10.42. O

Proposition 10.44. Let T = {(m, k, x) : m = g« for some variable «, x = g* ¢
Jfor some formula ¢, k < Dmn ¢, and « occurs free at the kth place of ¢}.
Then T is recursive.

Proor. (m,k,x)eTiff me Rng(gov),xeg**Fmla, k <Ix, (x), =m + 1,
and (m, k, x) ¢ S, where S is as in 10.43. 1

The following proposition is analogous to 10.40, and is proved similarly:

Proposition 10.45. Let ¢ = {pq, ..., -1y be a formula, and suppose that
i < m. If p;e Dmn 0 U Rng v, then there is a unique j such that i < j <
m— 1and<e,..., 9, is a term.

We now extend the notion of free variable to terms:

Definition 10.46. A term o occurs free at the ith place in ¢ provided there is
a jwith i < j < Dmn ¢ such that ¢ = <{g;, ..., ¢;> and for any k, if i <
k < jand a variable « occurs at the kth place in ¢, then « occurs free at
that place in ¢.

This notion, too, is effective:

Proposition 10.47. Let U = {(x,i, y): x = g*o for some term o, y = g% ¢
Jfor some formula ¢, i < Dmn ¢, and o occurs free at the ith place in ¢}.
Then U is recursive.
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PrROOF. (x,i,y)eU iff xeg**Trm, yeg**Fmla, i <ly, and 3j <
Iyli <j and Vk < jli < k= () = (x)x-;] and Vk < j(i < k and (x),€
Rng (g o v) = ((x), k, y) € T)], where T'is as in 10.44. O

Now we return to proof-theoretic matters, still aiming toward our main
theorem on substitution of equals for equals.

Lemma 10.48. If ¢ and y are formulas, and i is obtained from ¢ by replacing
one free occurrence of o in ¢ by a free occurrence of T in i, then bo = 7 —

(pe ).
Proor. We proceed by induction on ¢. For ¢ atomic,

Fo=1—>(@p—=>1) 10.23(5)
Fr=o0c—> =) 10.23(5)

Hence by 10.35 we have
Fo=7—>(pe ).

The induction steps from ¢ to =g, p and Y to ¢ v ¢, and p and fto @ A ¢
are all trivial, using suitable tautologies. Now suppose that our result holds
for ¢, « is a variable, and Ve« is obtained from Vagp by replacing one free
occurrence of o in Vag by a free occurrence of = in Vaip. Then « does not
occur in o or in 7, and ¥ is obtained from ¢ by replacing one free occurrence
of o in ¢ by a free occurrence of = in . Hence

bfo=71>(pe ) induction hypothesis
bo =7 —> (Vap & Vob) 10.39, suitable tautologies

This completes the proof. O

Theorem 10.49 (Substitution of equals for equals). If ¢ and i are formulas,
and i is obtained from ¢ by replacing zero or more free occurrences of o in
@ by free occurrences of T in i, then Fo = 7 — (p &> ).

This theorem is obtained from 10.48 by induction on the number of free
occurrences of ¢ in ¢ which are replaced to obtain .

Corollary 10.50. If p and ¢ are terms, and ¢ is obtained from p by replacing
zero or more occurrences of ¢ in p by T, then to =17 —> p = £.

PrOOF. By 1049, to =7—>(p=pe p=¢. Hence the desired result
follows by 10.34. O

We now introduce another important notion connected with the notion
of free occurrence of a variable.

Definition 10.51. For any variable o, term o, and formula ¢, let Subfgp be
the formula obtained from ¢ by replacing every free occurrence of « in

¢ by a.
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This definition contains a hidden assumption, easily established, that the
indicated substitutions always convert a formula into another formula. Note
that we do not insist that the substitutions be what is sometimes called proper:
it may be that some of the substituted occurrences of o in Subfip do not
occur free in Subf%p. For example, Subf§ VB(« = ) = VB(B = B). Clearly
the formation of Subf?p is an effective procedure starting from «, o, and ¢.
Formally:

Proposition 10.52. If m is the Gddel number of a variable o, x is the Géidel
number of a term o, and y is the Godel number of a formula e, let f(m, x, y)
be the Godel number of Subflp; otherwise, let f(m, x, y) = 0. Then f is
recursive.

Proor. We will indicate a simple procedure for obtaining Subf%p which
makes the effectiveness very clear. First, it is clearly an effective matter to
take the first free occurrence of « in ¢ (if any) and replace it by ¢. Formally,
for any m, x, y € w we define a function f’ by considering two cases:

Case 1: m = go for some variable «, x = g*o for some term o, y = g*¢
for some formula ¢, and « occurs freely in ¢. Let ¢ be obtained from ¢ by
replacing the first free occurrence of « in ¢ by ¢, and set f'(m, x, y) = g*¢.

Case 2: Case 1 does not hold. Let f'(m, x, y) = y.

This function f” is recursive, since for any m, x, y € w we have

fm,x,y) = pz{(meRng(gov) & x€g**Trm & y € g** Fmla

&3 <ly{im, i, y)eT &V <il(m,j,»)¢T] &

Ju,w < y[llu=i—1&y = Cat(Cat (4,2™), w) & z =

Cat (Cat (4, x), wl}) or [(m¢ Rng(gov) or x ¢ ¢** Trm

ory¢ ¢** Fmla or Vi < Iy[(m, i, y) ¢ T]) and z = y]}.
where T is as in 10.44, Thus f” is recursive. Second, we obtain f from f’ in a
certain way. Unfortunately, we cannot obtain fjust by iterating f”, in general.
The reason is that « may occur in ¢; then iterating f* would not only not give
the desired result but would give longer and longer formulas. We can circum-
vent this difficulty by first replacing all free occurrences of o by a new variable
B, and then replacing each free occurrence of 8 by o; both of these procedures
can be obtained by iterating f’. We obtain a suitable 8 by a function f”:

S'm,x,y) = pz{zeRng(gov) &z# m&Vi < Ix
[z # ()] & Vi < ylz # (V)]
Now we iterate f” to replace « by 8:
Sr(m, x, y,0) = »,
f(m, x, y,n + 1) = f'(m, f"(m, x, y), f"(m, x, y, n));
and set f®(m, x, y) = f"(m, x, y, 1y + 1). Finally, we again iterate f’ to
replace B by o:
f(m, x, y,0) = f*(m, x, y),
fom, x, y,n + 1) = f/(f"(m, x, y), x, f*(m, x, y, n)).
Clearly then f(m, x, y) = f*(m, x, y, 1f*(m, x, y) + 1). O
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Important properties of SubfZp will be given shortly. At the moment we
need this notion only to establish an important theorem allowing change of
bound variables, for which we need several lemmas. The first two are special
cases of important resuits which will be established later.

Lemma 10.53. If « is a variable which does not occur bound in ¢ and does
not occur in o, and if no free occurrence of « in @ is within the scope of a
quantifier on a variable occurring in o, then F¥ap — Subffe.

ProOF

Fa = o — (p = Subf?yp) 10.49

Fe —> ( aSubfép - —e = o) suitable tautology
FYap — (Vo =1 Subfép > Ve m1a = o) using 10.23(2)
FaVa 1a= 00— (Vap - =V« =1 Subfie) suitable tautology
FaVe e = o 10.23(4)
FYap = =V« = Subfle

F =Subf®p — Va = Subfée 10.23(3)
FVap — Subf i suitable tautology [

Lemma 10.54. [If s is obtained from ¢ by replacing an occurrence of y in ¢
by 0, and if by & 6, then Fp o .

™

PrOOF. Induction on e¢. i

Lemma 10.55. If « and 8 are distinct variables, « does not occur bound in ¢,
and 8 does not occur in @ at all, then FNap > Y5 Subfie.

PROOF
FVap —> Subfée 10.53
FVB Vap — VB Subfie using 10.23(2)
FVop — Va Vag 10.23(3)

FVap — VB Subf e

Now we can apply the result just obtained to S, «, Subf4p instead of «, 53, ¢
and obtain FVB Subfép — Vu Subfg Subfiep. Since Subff Subffe = ¢, the
desired theorem follows. O

Definition 10.56. By Subbfep we mean the formula obtained from ¢ by
replacing each bound occurrence of « in ¢ by 8.

Again one should check that Subbge is really always again a formula.
The formation of Subb%p from ¢ is clearly effective. The following proposi-
tion is established analogously to 10.52.

Proposition 10.57. [If m is the Gddel number of a variable «, x is the Gddel
number of a variable B, and y is the Gédel number of a formula ¢, let
h(m, x, y) be the Gddel number of Subble; otherwise, let him, x, y) = 0.
Then h is recursive.

180



Chapter 10: Syntactics of First-order Languages

Lemma 10.58. [f o occurs bound in ¢, then there is a formula Vo which occurs
in @ such that o does not occur bound in .

Proor. Induction on ¢. O

Theorem 10.59 (Change of bound variables). If B does not occur in ¢, then
Fe <> Subbie.

Proor. We proceed by induction on the number m of bound occurrences
of « in @. If m = 0, the desired conclusion is trivial. We now assume that
m > 0, and that our result is known for all formulas with fewer than m bound
occurrences of «. By Lemma 10.58, let Vg be a formula occurring in ¢ such
that « does not occur bound in . Let y be a variable not occurring in ¢
(hence not in ¢) with y # «, 8. Then by 10.55 we have

(1) FVop <> Vy Subfap,

Now let x be obtained from ¢ by replacing an occurrence of Vi in ¢ by
Vy Subf%p. Then by (1) and 10.54 we have

(2) Fp e x.

Now B does not occur in y, and y has fewer than m bound occurrences of «.
Hence by the induction assumption,

3) Fx <> Subb%y.

Now clearly Subbfp can be obtained from Subb%y by replacing an
occurrence of Vy Subf§ in Subbgy by V8 Subf%). Thus by 10.54 it suffices to
show

(4) FVy Subfiy < VB Subf &y

In fact, y # B, y does not occur bound in Subf%), and 8 does not occur in
Subf§y at all; furthermore, Subf} Subf%y = Subf%p. Thus 10.55 yields (4),
and the proof is complete. O

The restriction on 8 in 10.59 is necessary, as one sees intuitively by the
example ¢ = 3¢ "« = with « # 8. Here Subblp = 38 - =4, and
@ —> Subbje is obviously not a valid formula, so #f¢ — Subb%e. This can be
rigorously established after we have introduced the notion of truth (see
11.50).

We now turn to properties of Subf%. The main result, 10.61, removes
unnecessary hypotheses from 10.53.

Lemma 10.60. [f the variable « does not occur in o, and if no free occurrence
of « in @ is within the scope of a quantifier on a variable occurring in o, then
FVYap — Subfie.

Proor. Let 5 be a variable not occurring in ¢, not occurring in o, and
different from «. Then by change of bound variables,

Fp <> Subbfep.
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Hence using 10.23(2) we infer that
(1) FVYap <> Vo Subble.
Now « does not occur bound in Subbjp, so by 10.53 we see that
(2) FVea Subb%p — Subf? Subb4p.
Now « does not occur at all in Subf¢ Subb%p, and clearly
Subb? Subf? Subb%e = Subfip,
so by change of bound variable,
3) FSubf? Subb%e <> Subf%p.
Conditions (1), (2), (3) immediately yield the desired result. (]
Theorem 10.61 (Universal specification). [If no free occurrence in @ of the

variable « is within the scope of a quantifier on a variable occurring in o,
then FV¥ap — Subf%p.

PrOOF. Let 8 be a variable not occurring in ¢ or in o, and distinct from «.
Then

FYap — Subfée 10.60
1) FVB Vap — VB Subfie using 10.23(2)
) FYap > VB Vag 10.23(3)

Now no free occurrence of 8 in Subf4e is within the scope of a quantifier
on a variable occurring in o. Clearly also Subf’ Subf§e = Subf%p. Hence by
10.60

3) FVB Subf ¢p — Subf%p.

Conditions (1), (2), (3) immediately yield the desired result. O
Theorem 10.61 gives the most important property of Subf%p. This prop-

erty is frequently taken as one of the axiom schemas for derivability. Again,

the hypothesis on « is necessary, as is seen by the example ¢ = 38 =1 (a = f);

Vap — Subf4e is not logically valid. We say here that a clash of bound

variables has occurred.
We now give some important corollaries of 10.61.

Corollary 10.62. Foap — ¢.

Corollary 10.63. [f the variable « does not occur free in @, then Fp <> Vagp.
Proor. By 10.62,

¢)) FYap — ¢.
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For the other direction, let 8 be a variable not occurring in ¢. Then by change
of bound variable,

) Fe <> Subbjp.

Hence using 10.23(2) we obtain

A3) FYo Subbfp — Vagp,

and by 10.23(3) we obtain

4 FSubbje — Vo Subbe.

From (1)-(4) the desired conclusion easily follows. O
Proposition 10.64. Ifthe variable « does not occur free in ¢, then FV (e — ) —

(p => Vo).
PROOF. |t <> Vagp by 10.63; hence use 10.23(2). O

Proposition 10.65. F«VBp — VBVagp.

PRrOOF
FVYaVBp —> ¢ 10.62 (twice)
FYaVaVBp — Vagp 10.23(2)
FYaVBp — YaVaVpp 10.63
FVaVBp —> Vogp
FYaVBp — VBV ap similarly
The desired result now follows easily by symmetry. O

The following proposition is easily established.

Proposition 10.66
() FVep e 3a n g
@fi) Vo mp e —3ap
(iii) FVoap e —3a m @

Corollary 10.67. If no free occurrence of « in ¢ is within the scope of a
quantifier on a variable occurring in o, then FSubf %p — Jogp.

Proor

FVYa = @ — Subf? = ¢ universal specification
FSubf %p — Jagp suitable tautology [

Corollary 10.68. ¢ —> Jagp.
Corollary 10.69. FVap —> Jagp.
Proposition 10.70. FaVBp - VBIagp.
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PROOF
Fo = Jagp 10.68
FVBp — VB3ap 10.23(2)
F=VBap —> VB tautology
F=VBIep — Ve = VBp 10.23(2), 10.64
FIaVBp — VBap tautology [J

The formula VB3ap — IV Byp is not, in general, valid.
The following important syntactical theorem is a version for formulas of
the principle of substitution of equals for equals:

Theorem 10.71 (Substitutivity of equivalence). Let o, ¥, x be formulas and
« € "Rng v. Suppose that if B occurs free in ¢ or in  but bound in x then
Bel{o;:i < m}. Let 0 be obtained from y by replacing zero or more occur-
rences of ¢ in x by . Then

g - Ve 1(p e ) = (x & ).

Proor. We proceed by induction on y. We may assume that ¢ # y. If x
is atomic, then y = ¢ and ¢ = 8; this case is trivial. Suppose y is —y’. Then
8 is of the form =6’, and the induction hypothesis easily gives the desired
result. The induction steps involving v and A are similar. Now suppose
x = VBx'. Then by the induction hypothesis,

FVeo - - Vog_1(per ) = (x & 0).

Note that 8 does not occur free in Veq- - -Ve,, _1(p «> ). Hence, using 10.61,
we easily obtain

FVoq: - Vo, _1(p o ) = (VBY & VBY'),
as desired. . g

Again note that implicit in 10.71 is the assertion that the expression 8 formed
from y is again a formula; this is easily established.

Now we introduce a notation which will be frequently used in the remainder
of this book.

Definition 10.72. Let ¢ be a formula, m € w, 0 € "Trm. Choose k maximum
such that v, occurs in ¢ or in ¢, for some j < m, k = 0if no variable occurs
in ¢ or in any o;. Let o, ..., a,_; be a list of all variables which occur
bound in ¢ but also occur in some o;, with «y <--- < «,_; in the natural
order vy, vy, . . . of the variables. Let ¢ be the formula

0 -1
Subbgg 1) Subbf ;o) - - Subbiiz 3 @,

and let ¢(oy, . . ., o,—1) be the formula obtained from ¢ by simultaneously
replacing all free occurrences of v, . . ., vy_1 by oy, . . ., o1 respectively.
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The purpose of first forming i is to eliminate any possible clash of bound
variables. The following two corollaries give the essential properties of this
notation.

Corollary 10.73. FVvy---Vu,_190 = @(og, . . ., 0pn_1)-

Corollary 10.74. Fe(og, ..., 0p-1) => Jvp- - v, 19.

Both of these corollaries are immediate consequences of earlier results,
upon noticing that simultaneous substitution can be obtained by iterated
ordinary substitution; in the notation of 10.72,

@(0g, - . ., Opq) = Subfif+n+L SubfrE+n+2. .. Subfrktntm
0 1 ~1
Subf i n+ 1 SUbf s n ey - - SUbfYE I m 4.

This fact is also useful in checking formally that this substitution notion is
effective:

Proposition 10.75. If x is the Gédel number of a formula ¢, me€ w, y,, . . .,
Vm_1 are Godel numbers of terms oy, . . ., o, respectively, let s(x, yo, . . .,
Ym-1) = g (00, ..., 0n-1); if x and y,, ..., yn_1 do not satisfy these
conditions, let s(x, Vo, ..., Ym-1) = 0. Then s is recursive.

Proor. First we need a function picking out the integer k& described in
10.72. For any X, Vo, ..., Ym—1 € w, let

g(x, Yo, . . o5 Ym-1) = uk[(3i < IX{((x); = gvk + 1) or

Vien 3 < Iyl(7) = gok + 11} and Vi < Ix[(x); =
leRng(gov) > v~} ((x); — 1) < k] and

Ni<n Vi < yl(y)i = 1€Rng(gov) = v (¥ — 1) < k)
or (Vi < Ix[(x); = 1¢Rng(gov)and A\;., Vi <

y;l(y: = 1 ¢ Rng(g > v)]].

Now let f be the function of 10.52, let f’ be the function of 10.57, and let S
be the relation of 10.43. We now define a function f” which codes the set of
variables which occur bound in ¢ but also occur in some o;:

S7(x, 2oy -+ o5 Zm=1) = py((¥)y = 1 and Vi < Iy(3j <

Ix[((»)i, J, X) €S] A ViemIu < z;IW < z,[z; = Cat (u, Cat

Q@+ w)] and Vj < Ix Vk < x{(k,j, x) € S and

Vaem U < 2, Iw < z,[z, = Cat (u, Cat (2¥+1, w))] =3i <

Wl(y) = kI and Vi, j < Dli < j = v7%7H(p) < 0772 ())).
Next we define a function f* yielding the formula ¢ of 10.72, via an auxiliary
function f:

f,”(x, Yos o5 Ym-1s O) = X,
fm(x’ Yos -5 Ym—1, i+ 1) =f,((f”(x’ Yos- - ym—l))b
;v(h(x, Yos- - ym—l) +i+ 1)9
f”(x’ Yos -+ s Vm-15 l))
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and

fiv(x’ Yos---s ym—l) = f’”(x05 Yos o5 Ym—-15 [_f”(X, Yos v e ym—l))~
We then define a function s’ using the fact stated after 10.74:

S'(X,)’Oa .- -’ym—l) =f(yv(h(X, Yos - - -’ym—l) + lf”(x’yOa . -,ym~1) + 1)9
yO’f(fU(h(x, Yos -+ o ym—l) + lf”(x’ Yos oo ym—l) + 2)’ BATIIR
f(fv(h(x’ Yo - - -5 ym—l) + lf”(x’ Yos - ym—l) + m, ym—l:f(fvo’
yv(h(X, Yos -+ ym—l) + lf”(x9 Yos - - -5 ym—l) + 1)’f(fvl,
g0(h(x, Yo, . - o, Ym=1) + 1" (X, Y05+« s Ym-1) + 2)5 .. o, fgo(m — 1),
yv(h(xy Yos oo ym—l) + lf”(x’ Yos .- ym—l) + m),fiv(x, Yos s
Ym-1))- )

The desired function s is obtained from s’ by a simple and obvious definition
by cases. Ul

Our next main result 10.81 concerns prenex normal form.

Lemma 10.76. If « does not occur free in iy, then FNap v i & Va(p v ).

PROOF

FYap —> @ 10.62
FVeap V > v ¢
FYa(Vap vV ¢ —> @ V )
1) FYop v = Va(p v ) using 10.64
Fa(p v ) > vV ¢ 10.62
FVa(p V ) A >
FYa[Va(p v ) A =) — ]
FVa(p vV ) A = > Vap 10.64
@) We(p v §) > Vap v §

Now (1) and (2) give the desired conclusion. O
The proof of the following lemma is just like that for 10.76.
Lemma 10.77. If o does not occur free in i, then FNoap A > Va(p A ).

Lemma 10.78. If « does not occur free in i, then Flap v ¢ o Ja(p v ).

PrOOF
Fa(p v ) e Vo 21 (p v )
FaVe 21 (p v ) e V(9 A )
FaVa(p A "W)oo (Ve e A ) 10.77
Fa(Ve o A ) o Jap Vv . O
Similarly:

Lemma 10.79. If « does not occur free in i, then Fap A o> (e A ).
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Definition 10.80. A formula ¢ is quantifier-free if Ly does not occur in it.
A formula ¢ is in prenex normal form provided there is an mew, a Q €
m{¥, 3}, an « € "Rng v, and a quantifier-free formula ¢ such that

‘/’ = Qoo 'Qm—l“m—l‘P-

The formula ¢ is called the matrix of ¢; Qqeg- - - Qp_10m_1 is the prefix
of .

Theorem 10.81 (Prenex normal form theorem). For any formula ¢ there is a
JSormula i in prenex normal form such that tp < i, and such that a variable
occurs free in o iff it occurs free in .

Proor. By induction on ¢. The only difficult step is the passage from ¢,
and @, to ¢, vV @, (Or to ; A o). Since these cases are symmetric, we deal
only with the first. Thus assume, with obvious notation,

b1 e Qoo+ Qm_10m_131
Feo > QoBo- - - Qn— 1B - 1.
By change of bound variable we may assume that none of «y, . . ., ,_; occur

in QuBo: -+ Qrn_1Bn_12, and that none of B, ..., B,_1 occur in Qe - -
Qn_1¢n_1¥:. Thus by 10.76 and 10.78,

Fpr Vv @2 e Qoo+ - Qs 10m—1Q0Bo - - Qro1Bn— 11 V ),
as desired. 0

Definition 10.82. ¢ is a sentence, in symbols ¢ € Sent &, if no variable occurs
free in ¢.

Intuitively speaking, only sentences express complete statements. A formula
with free variables has no definite meaning until values are assigned to the
free variables. Obviously the notion of sentence is effective:

Proposition 10.83. 4** Sent is recursive.

Because one is generally only interested in sentences, and not formulas
in general, it is convenient to have notions of theorem and proof where only
sentences are mentioned:

Definition 10.84. Let I' = Sente. We let I'-Thm” be the intersection of all
sets A < Sentg satisfying the following conditions:

() f pe AxmgUT, mew, « e™Rngo, and Voq- - Ve, _,p is a sen-
tence, then Vg - -Vo,,_1¢ €A; also, Vap - ¢ € A for any « € Rng v and
any sentence ¢;

(ii) $ € A whenever ¢, ¢ > p € A,

We write Thm’y, instead of 0-Thm’y, I' Fy, ¢ instead of ¢ € I“Thm’,
and Fye instead of 0 Fy, o.
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Theorem 10.85. For I' U{p} < Sente, I'Fo iff I' M ¢.

Proor. (I'-Thm) N Sent in place of A clearly satisfies 10.84 (i)-(if). Hence
P-Thm” < (I"'Thm) N Sent,so ' M o = ' F ¢.
To prove the converse, let

A = {peFmla: for all m € w and all @ € "Rng v, if V- - - Voo, _19p
is a sentence then I' M Vg - - - Ve, 19}

Clearly Axm U I' € A and A is closed under generalization. To show that A

is closed under detachment it clearly suffices to show

I ifnew, ce™Rng v, Vay-- -V, _(p = ) is asentence, [' ' Voq- - -
Ve, ¢, and I'F' Vg - Vo, _1(p > ¢), then ' M Vg - - Ve, 4.

This is established just like (1) in the proof of 10.32.
Hence I"Thm € A, so ko = I'H o, O

Theorem 10.86 (Deduction theorem). If ¢ is a sentence and T U {p} F i,
then 't p — 4.
PROOF. Let A = {y:I'F ¢ —>}. If ¥ is an axiom or a member of I, then

X
x=>(@—>x)
P—>X
is a [-formal proof of ¢ = ¥, so x € A. Obviously ¢ € A. It is easily seen that
A is closed under detachment. Now suppose that y € A and « € Rng v. Then

Nreg—>yx since x € A

I'kFVe(p = x)

'@ Vay using 10.64
Thus Vay € A. Hence (I' U {p})-Thm < A, as desired. ]

The deduction theorem formalizes an important procedure in intuitive
proof theory. Frequently when one wishes to prove an implication ¢ — 4 one
will add ¢ to the standing assumptions I' and then derive 4. The deduction
theorem then says that ¢ —> ¢ is derivable from I' alone.

The deduction theorem does not hold if ¢ is merely assumed to be a
formula. For example, {v, = v,} F v, = v, (as is easily seen), but Fv, = v; —
vy = v, (see Exercise 11.52). This comes about because the free variables in
formulas of I', where I' I ¢, are treated as though they were universally
quantified for most practical purposes.

Corollary 10.87. Assume I' < Sent, m € w, and ¢ € "Sent. Then the following
conditions are equivalent:

(l) F U{(P07' LX) (Pm—l} }_l)l”
() Pbgg A" A @1
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Proof. (i) = (if). We proceed by induction on m, the case m = 0 being
trivial (condition (i) is then to be interpreted as I' F ¢, just like (i)). Assume
that the implication holds for m, and suppose that I' U {gy, . . ., @,} I ¢. Then
by 10.86, I' U {@g, ..., pu-1} F ¢ =, so by the induction assumption,
I'Fog A+ A -1 —> (pn = ). Asuitable tautology then gives I' F g A -+
A @, —> i, as desired.

The implication (if) = (i) is trivial. O

Recalling 10.33(if), we easily obtain

Corollary 10.88. Assume I' U A U {p} < Sent. Then the following conditions
are equivalent:

O TUAtg;
@) T'Fipg A-v A y_y = @ for some m € w and some € ™A,

The notion of a consistent set of formulas is one of the most important
notions of elementary logic:

Definition 10.89. A set I' © Fmla is consistent if I' ¢ for some .
Some obvious equivalents of this notion are as follows:

Proposition 10.90. For any I' = Fmla the following conditions are equivalent:

(i) T is inconsistent;
(i) 'Fpand I' t =g for some formula ¢;
@iii) ' F o A = for some formula .

Theorem 10.91. O is consistent.

Proor. For any formula g, let ¢’ be obtained from ¢ by first simultaneously
replacing all atomic formulas in ¢ by v, = v, = v, = v, and then deleting all
quantifiers. Let A = {p : ¢’ is a tautology}. It is easily checked that Axm < A
and A is closed under detachment and generalization. Hence Thm < A by
Definition 10.23. Since, for example, —(v, = v,) ¢ A, it follows that O is
consistent. O

Of course 10.91 is an important result, showing that all of our work concern-
ing the notion F is not completely trivial. It is obvious on intuitive grounds,
since Fp implies that ¢ is intuitively true, while there are certainly formulas
that are not intuitively true. This can be made precise using the model-
theoretic notions of the next chapter.

The following two facts concerning consistency are frequently useful:

Proposition 10.92. Assume I' UA < Sent and A # 0. Then the following
conditions are equivalent:
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(1) T' VU A is inconsistent,;
(i) there exist an mew ~ 1 and a o™\ such that TF —py v - .-
vV T Pn_g.

PROOF
(7) = (ii). By 10.88 we obtain m € w and ¢ € ™A such that

Dhgy Ao A @1 = V(0 = 1p).

We may assume m # 0. Since I' F Vu,(v, = v,), we easily obtain using a
suitable tautology I' F =gy V- -+ v g, _;.

(ii) = (). Since I'F =(po A - A @p_y) and TUAF @y A A @p_1,
I" U A is inconsistent. ]

Proposition 10.93. If I < Sent, then the following conditions are equivalent:

(@) T is inconsistent;
(ii) there exist me w ~ 1 and ¢ € ™" 50 that F =gy v -+ v =g, _,.

To derive 10.93 from 10.92 it is necessary to use 10.91.

Since, as mentioned earlier, we are mainly interested in sentences, as
opposed to formulas in general, it is useful to have a standard method for
forming a sentence from a formula:

Definition 10.94. Let ¢ be a formula. Then there is a unique m € w and
« € "Rng v such that {«,, . . ., «,_,} is the collection of all variables occur-
ring free in @ and vy <--- < v 0, _;. We let [[p]], the closure of ¢,
be the sentence Vo - - - Ve, _ 1.

The following proposition summarizes some usual facts about this notion:

Proposition 10.95
(@) Hlell — o;
(@) if T' ko, then T+ [[g]];
(iii) if I' < Fmla and I'" = {[[¢]] : p € T}, then I-Thm = I"-Thm.

In conclusion of this section, we wish to indicate a modified notion of
effectiveness for first-order languages which is frequently useful. An ele-
mentary effectivized first-order language is a quintuple as in 10.2, except with
(i), (iii), (iv) replaced by the following conditions:

(ii") #ov is elementary, Rng(gov) is eclementary, and (v=tog U
{0:mew ~ Rng(gev))is elementary;

(iii’) 4* Dmn 0 is elementary and (0o g 1)U 0:mew ~ ¢* Dmn O) is
elementary;

(iv") #* Dmn £ is elementary and (Z° g ) U<0:mew ~ g* Dmn #) is
elementary.
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Most of the languages naturally occurring in mathematics can be con-
sidered as elementary in this sense. Furthermore, the various effectiveness

results

of this chapter extend with minor modifications of proofs to prove

elementariness of the various notions. Some exercises below indicate where
some of these modifications must occur.
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EXERCISES

10.96.

10.97.

10.98.
10.99.
10.100.

Show that in 10.2(ii) the requirement that v~ o g~ is partial recursive
can be replaced by the requirement that (v™1o =) U <0 : m ¢ Rng (g o v)>
is recursive.

Let & be a first-order language, as in 10.1. Let P = {¢ : ¢ is a formula of
£ whose first symbol is either in Dmn &, or is Lz or Ls}. Let n, ¢ be
distinct sets not in P. Then & = (n, ¢, P) is a sentential language. With
each sentence ¢ of & we associate an expression ¢’ of £:

Gy =4 for Y e P;
(mg) = ¢’
=)y = >

Also, with each formula ¢ of £ we associate an expression ¢’ of Z;

ot = <> if @ is atomic;

(@t = T9f, (v =¢" Vi, (AP =9¢" Al
(Vap)t = (Vag).

Show that “ maps Sents into Fmlag (but is not onto), and * maps Fmla g
into Sents (but is not onto). For any sentence ¢ of £, kpp+> ¢'t. For
any formula ¢ of £, pe» ¢" is a tautology. For any sentence ¢ of .2,
@ is a tautology iff ¢’ is a tautology. And for any formula ¢ of Z, @ is a
tautology iff ¢' is a tautology.

Prove a version of 10.52 for elementary effective languages.
Prove a version of 10.75 for elementary effective languages.

Let o be a variable not occurring in o and such that no free occurrence
of « in ¢ is within the scope of a quantifier on a variable occurring in a.
Prove:

(a) FSubfip e Va(e = o — ¢);
(b) FSubfip e Ja(ac =0 A ¢).
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10.101.

10.102.

10.103.

Elements of Logic

Let «, 8, y be distinct variables. Prove:

(@) FMo(e=B A "e=y) e =7 A Fe3B(—e = H)]
VIB=yATABIy(na =B A B=y A Ta=9)];
(b) Falp A 6 A 8@ A )] —>3BFaxp A —a = f);
(©) FyAe[3y@ap A BY) A a=y] A By} &
[IEy(FelIy@BY A B=7y) A = y]1 A 3Bx} A B=7y) Adeg];
(d) Fap A B A Tyx —> 33BIy[Fa(TFBx A i)
A 383y A Aay) A Iy(Aaup A FBe)].

Prove the following generalization of the deduction theorem: if ¢ is a
formula and I" U {¢} + ¢, then ' + [[p]] - .

For any I < Fmla, let I“Thm” be the intersection of all sets A < Fmla
such that:

(1) ' Thm < A;

(2) A is closed under detachment.

We write I' H” ¢ for ¢ € I'-Thm”. Prove:

(3) if T’ < Sent, then I' b ¢ iff I' " ¢p;

@ ifTU{pt", then I'H o > ¢

(5) if I' V" p and « is a variable which does not occur free in any formula
of I', then I" " Vagp.

Exercise 10.103 gives a common definition of I'-theorem, which differs
from ours in the case of T" having formulas with free variables.

The next exercise gives the most common selection of logical axioms:

10.104.

Let Axm” consist of all formulas of the forms in 10.23(1), 10.34, 10.48,
10.61, and 10.64. Let I'-Thm® be the intersection of all A = Fmla such
that ' U Axm* < A and A is closed under detachment and generalization.
Show I'-Thm = I’-Thm®.

Axioms and rules widely used by Hilbert and his followers are given in the
next exercise.

10.105.

Let Axm® consist of all formulas of the forms in 10.23(1), 10.34, 10.48.
10.61, and 10.67. Let I'-Thm® be the intersection of all A = Fmla such
that ' U Axm’ € A and:

(1) A is closed under detachment;

(2) if p—> € A and « does not occur free in ¢, then ¢ =>Voh € A;
(3) if p > € A and « does not occur free in ¢, then Jep =P € A,
Show that I'-Thm = I'-Thm®.

The following axiom system is due to Quine:

10.106.
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Let Axm® consist of all sentences of the following forms:

(a) [[¢]], ¢ a tautology;

(b) [[VaVBp —VBVapll;

© [Vl = ) = (Vap = Vaih)ll;
(d) [[Vap — ¢l];



10.107.

10.108.

Chapter 10: Syntactics of First-order Languages

(e) l[[p =>Vapl] if « does not occur free in ¢;
() [l  as in 10.23(4);
() [ell, @ as in 10.23(5).

For T' < Sent, let I'-“Thm* be the intersection of all sets A < Sent such
that I' U Axm¥ < A and A is closed under detachment. Show that I'-
Thm" = Sent N I'-Thm.

Let £ be a first-order language in which ¢ = 0. An atomic formula
Roio: - *Vigm-1y is standard if i0 = 0, ..., i(m — 1) = m — 1; any atomic
equality formula is standard. A formula is standard if all of its atomic
parts are standard. Let Fmla® be the collection of all standard formulas.
Prove that for any formula ¢ there is a standard formula ¢ with the same
free variables as @ such that Fe <> .

(Continuing 10.107.) Let Axm? consist of all standard formulas of the
following kinds:

(a) ¢, ¢ a tautology;

(b) Vel — ) — (Varp — V)

(¢) @ >Vagp, if « does not occur in ¢;

(d) WVoap >Va 21 Vop;

(e) VaVBp = VBVap;

(f) Jola=B);

@ a=B—>(e=y—>p=1y);

(h)y c=B—>(p >Va(ec =B — ) if « # 8.

For I' € Fmla®, let I'"'Thms be the intersection of all sets A = Fmla® such
that I' U Axm® < A and A is closed under detachment and generalization.
Prove that if I' € Fmla®, then I'-Thm® = I'-Thm N Fmlas.
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Some Basic Results of
First-order Logic

We now introduce the basic notions of model and truth for first-order
languages. Then we prove the completeness theorem, which shows the
equivalence between the proof-theoretic notion F and the corresponding
semantic notion. Following this we give a series of simple but basic results
concerning first-order logic. Namely, we will discuss compactness, the
elimination of operation symbols, extensions by definitions, Skolem functions,
Herbrand’s theorem, and interpretations from one language to another. These
results will be useful in discussing decidable and undecidable theories as well
as in the model-theoretic portion of the book.

Definition 11.1. Let & = (L,v, 0, #Z) be a first-order language. An #-
structure is a triple 2 = (4, f, R) such that:

(@) 4 #0;
(ii) Dmn f = Dmn 0, and for each O € Dmn 0, f; is an ¢O-ary operation
on A (with simply fo € 4 if 0O = 0);
(iii) Dmn R = Dmn %, and foreach R € Dmn £, Ry is an ZR-ary relation
on A.

Thus an #-structure gives a domain A over which the variables of % can
range, and assigns a meaning to each nonlogical symbol of .#. Frequently
ZL-structures will be written in other forms, e.g. A = (4, f;, R, jes, Where
I=Dmn0,J =DmnZ, 4 =(A4,f)if Z =0, etc. Or we may write A =
(4, R¥%, OMrepmn #,0epmn 0- FOr Re Dmn £, Ry is called the denotation of
R in ¥; and fj is the denotation of O in ¥, for O € Dmn @. Note that if
A = (A, f, R) is any mathematical object with 4 # 0, f a function with
range a collection of (finitary) operations on 4, and R a function with range
a set of (finitary) relations on 4, and if Dmn f N Dmn R = 0, then there is a
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first-order language % such that « is an Z-structure. In this case we call &
an A-language. Let us now consider Z-structures for the languages &
described following 10.1.

Language of equality. The £-structures are (essentially) just the nonempty
sets.

Language of set theory. The Z-structures are the pairs (4, R), where 4
is a nonempty set and Ris a binary relationon 4. If R = {(x, y) : x, ye A and
x € y}, then we obtain a particularly natural £-structure.

Language of rings. Any %-structure has the form 4 = (4, +, -, —, 0, 1)
where A is a nonempty set, + and - are binary operations on 4, — is a unary
operation on 4, and 0, 1 € 4. In particular, every ring is an #-structure. Of
course, there are also many #-structures which are not rings.

Full language of a nonempty set A. An Z-structure has the form Z =
(D, f, R) of the general sort; D in general has no relationship to 4, and may
even have smaller or larger cardinality than 4. One particular #-structure
is 4 = (4, f, R), where fand R list all of the operations and relations on A4;
thus if € |Upeo ™4 then fof = fand if R € Upew~1 S(™A) then RBR = R.

Our next objective is to describe precisely how an #-structure determines
the meaning of terms and formulas.

Definition 11.2. For any term o of ¥ and any #-structure U we define
o%:24 — A: for any x € “4,

vix = x;;
(000' ) 'am—l)Q‘x = OQl(O%(x9 LRRE) cg—lx),

where 0O = m. We say that o term-defines the function ¢% in 2.
Note that if O is O-ary, then O%x = O% for any x € ©A4.

Proposition 11.3. If every variable occurring in o is in the set {v; : i € I'}, where
I' € w, then o®x = oy whenever x | T = y | T.

This proposition is easily established by induction on o. It justifies the
following definition:

Definition 11.4. If ¢ is a term with variables among v,, . .., v,., let "c¥ be
the n-ary operation on A such that "e%x = ¢¥y whenever x € "4, y € “A,
and x < y. We say that o term-defines "o® in 2.

Note that n = 0 is possible in 11.4, this being the case if ¢ is built up from
individual constants alone, with no variables occurring in it. Then %% is just
a certain element of A. Now we turn to the meaning of formulas; naturally
this also depends on the values assigned to the variables, as follows:
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Definition 11.5. For any formula ¢ of % and any #-structure 2 we define
@ < “4: for any x € “4,

xe(o = 'r)m iff o%x = TQly;

x€(Rog- - -om_)iff (c¥x, ..., c%_1x)eRY,
where ZR = m; (@)% = “4 ~ ¢¥;

(p v P =¥ U

(@ A ¥ = ¥ Ny,

x e (Vo) iff for all ae 4, x}, € p*.

We say that ¢ elementarily defines % in 2. If x € p™ we say that x satisfies
@ in 2, and write A F p[x].

It is easy to give rules for the effect of our defined connectives on the truth
of x € *. For example,

x € (p—=> ) iff (x € ¢ implies x € y¥);
x € (Jvip)® iff there is an a € 4 with x} € 2.

Proposition 11.6. If every variable occurring free in a formula ¢ is in the set
{v;:ieT}, where ' € w, and if x | T = y | T, then xe ¥ iff ye¢®. In
particular, if ¢ is a sentence, then * = ©4 or % = 0.

This proposition is easily established by induction on ¢, and justifies the
following definition.

Definition 11.7. If ¢ is a formula with free variables among v,, ..., v,_,
we let

"o = {xe"4:3ye®A(x < ye o).

We say that ¢ elementarily defines "% in .

If x e "p* we say that x satisfies ¢ in 2, and again write 2 F @[x]. In
general, a formula ¢ holds or is true in A if ¥ = ©A; we also say that &
satisfies @ or is a model of ¢ and we write % F . We write 2 F A if each
@A holds in A; K F e if each 2 €K is a model of ¢, and KEA if K F ¢
for each ¢ € A. Furthermore, we write I' F ¢ if each model of I' is a model
of ¢, and I' EA if I F ¢ for each ¢ € A. We say that ¢ is universally valid
if @ holds in every #-structure, and we then write Fo.

In this definition we have given the main semantic notions that we will
work with in the model-theoretic portion of the book. We now turn to the
discussion of the relationships of these notions with the proof-theoretic
notions. The main result we want to establish is that I' F ¢ iff T k ¢. This will
enable us in the second part of this section to establish some important proof-
theoretic results by model-theoretic means. One half of this important
equivalence is rather easy to establish:
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Lemma 11.8. I'F ¢ implies " F ¢.

PrOOF. Using a simple inductive argument based on 10.24, it obviously
suffices to show that each logical axiom is universally valid. We consider the
five kinds of logical axioms given in 10.23:

(1) ¢ is a tautology. Let x € “4; we wish to show that x € p%. For any
formula ¢, let

fb=1 ifxey?
fb =0 ifxgyd

Clearly f1s a truth valuation in the sense of 10.19. Hence fp = 1, i.e., x € ¢,
as desired.

(2) @ is the formula Vo,(¢ = x) = (Voib = Vux). Again let xe“A4. To
establish that x € ¢*, we use the remark following 11.5: we assume that x €
(Vo = x)¥, x e(Vogh)®, and prove that x € (Vo,y)®. Let a € A be arbitrary.
Then x% € (4 = x)* and x, € %, so xi € ¥, as desired.

(3) ¢ is = Vugh, where v; does not occur in 3. Obviously ¢* = 4, by
Proposition 11.6.

(4) @ is vi(v; = o), where v; does not occur in o. Let x € “A4, and set ¢ =
a¥x. Then by 11.3, e®x = o%xi. Hence

vI(x) = a = o¥x = o%xi,

so A F (v; = o)[x%]. Hence A F v, (v; = o)[x], as desired.

(3) ¢ is o= 71— (y = x), where ¢ and y are atomic formulas and y is
obtained from # by replacing an occurrence of o in ¢ by 7. The desired result
clearly follows from the following lemma:

(5') if ¢ is obtained from the term p by replacing one occurrence of ¢ in
p by 7, and if x € “4 and ¢%x = 7%, then p¥x = &¥x.

The lemma is easily proved by induction on p. O

Lemma 11.8 is already of some interest. In particular, using it we can
establish that a formula ¢ is not derivable by exhibiting a model of —g.
Thus if @ has the form iy A —, clearly any #-structure is a model of —p,
and so fp by 11.8. This provides another proof that the empty set is consistent
(cf. 10.91).

We can now establish rigorously that various restrictions on axioms and
theorems in Chapter 10 are essential in order to preserve the property given
in 11.8. For example, consider the restrictions in 10.23(3) and 10.23(4).
Formulas of the form ¢ —Vu,p are not universally valid, in general, if v,
occurs in ¢. For example, let i = 0 and consider the formula ¢ = (v, = v;).
Let A be any #-structure with at least two elements, and let x € “4 be such
that x, = x,. Clearly then 2 F ¢[x], while if ae 4 ~ {x,}, then A F —p[x?7]
and hence A F —Vu,p[x]; thus x does not satisfy ¢ —Vu,p in . For an
example concerning 10.23(4), let £ be a language with a unary operation
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symbol fand let ¢ be the formula v, = fv,. Let A be an #-structure in which
A = wand fis interpreted by s. Clearly then 2% F —3v,e. Thus the restriction
in 10.23(4) is also necessary.

To prove the converse of 11.8, it is enough to restrict attention to a
sentence ¢ and a set I" of sentences. The contrapositive of the converse of 11.8
then says that if I' ¥ ¢, then I' ¥ @; by 10.89, this means that: if I' U { —¢} is
consistent, then I' U { -} has a model. Thus our task is really to show that
any consistent set of sentences has a model. We shall first show this for
special sets of sentences where, in a sense, quantifiers can be eliminated:

Definition 11.9. Let % be a first-order language. A set I' of sentences of &
is rich if for every sentence of . of the form Jug there is an individual
constant ¢ of &% such that I' F Jap — Subf%p. A set I' of sentences of .¥
is complete provided that for any sentence ¢ of &, I' F @ or I' F —p.

Note that FSubf%p — Jugp; hence the requirement in 11.9 essentially
ensures that any existential quantifier can be eliminated. In fact, the following
proposition is easily established by induction on ¢:

Proposition 11.10. Let I be a rich set of sentences. Then for any sentence ¢
there is a sentence ¢ in which no quantifier occurs such that I' F g & .

The following proposition expresses some simple but useful properties of
complete sets of sentences:

Proposition 11.11. For any I' < Sentg the following conditions are equivalent :

() T is complete and consistent;
(ii) {@ : ¢ € Sentgp, I' F ¢} is a maximal consistent set of sentences;
(iii) for any sentences ¢, , if ' b @ v o, then 't or T' b4, and T is
consistent.

ProOOF

(i) = (ii). Obviously A = {p:peSenty, I' F ¢} is consistent. Suppose
Ac @Q;saype ® ~A. Thus ' ¥, so by (i) ' F —ip. Hence mpeA < 0O,
so both ¢ and —¢ are in ©. Hence @ is inconsistent.

(i) = (iii). Assume that ' ¢ and " ¥4, and let A be as above. Then
A = AU {g}, so A U {g} is inconsistent. Hence by 10.92, A I =g, so I' F —g.
Similarly I' F —w and so by a suitable tautology, I' F =(p v ¢). Thus
I' ¥ @ v ¢ since I' is consistent.

(iii) = (7). Given a sentence ¢, we have I' F o v =g, so by (i), I' b ¢ or
'k —g. Thus I' is complete. O

We now show, by a direct construction, that any complete, rich, consistent
set of sentences has a model:
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Theorem 11.12. If I' is a complete, rich, consistent set of sentences in a
language £, then I' has a model U such that the cardinality of A is at most

[{o : o is a term of & in which no variable occurs}|.

PrOOF. Let B ={oc:0 is a term of %, and no variable occurs in ¢}. We
define = to be the set

{(6,7):0, 7€ Band ' F 0 = 7}.

By 10.34-10.36, = is an equivalence relation on B. Recall that [] is the

function assigning to each o € B its equivalence class under =. Let 4 =
B/=.By 10.38, for each O € Dmn 0, say of rank m, there is an m-ary operation
0% on A such that for any oy, ..., 6,_1 € B,

091([00], BRI [Um—l]) = [00'0' . 'Um—1]-

For any R € Dmn £, say R m-ary, we let R¥ be the collection of all m-tuples
of the form ([og], ..., [6n_1]) such that T'+ Rog- - -0,_,. This defines .
We claim that 2 is the desired model of I. The proof of this is based on the
following auxiliary considerations. First, the following statement is easily
established by induction on 7:

¢)) for any r € B, °% = [+].

Next, let o € ®B. If 7 is any term, we let S, be the term obtained from 7
by simultaneously replacing each variable v; in 7 by ;. Then by induction
on 7 it is easily shown that

®) for any term 7, 7¥([] o ¢) = [S,7].

Similarly, for any formula ¢, let S,p be obtained from ¢ by simultaneously
replacing each free occurrence of »; in ¢ by o; for each i < w. Then:

3) For any formula @, A k ¢[[ ] o o] iff A E S,¢.

Of course (3) is also established by induction on ¢; we consider two steps as
illustration. If ¢ is 7 = p, then

Akg[[loa] iff 7¥([Doo) = p*([]o0)
iff °(S,7)* = °(S,p)* by (1), (2)
iff 2 F S,0.

Now, suppose ¢ is Vogh. Assume first A F ¢[[ ] o ¢]. Then S, has the form
Vougl', where ¢ is obtained from ¢ by simultaneously replacing each free
occurrence of v; in ¢ by o, for each je w ~ {i}. To show that S,¢ holds in
A, let a = [7] be arbitrary. Then A FJ[([ ] 0)t], i.e., A FY[[ ] ol]. By the
induction hypothesis, % F S(o!)¢. Clearly S(ot)y = S(ol)y’, so again by the
induction assumption, A F¢'[[ o o], ie., AFY'[([] o 0)L]. Thus S,e holds
in 2, as desired. The converse is similar.
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Now we return to the proof that 20 is a model of I'. This is immediate
from the following stronger statement:

(4) for any sentence ¢, I' F @ iff ¢ holds in 2.
We prove (4) by induction on the sentence ¢. If ¢ is ¢ = 7, then
Nto=r iff [o] = [7]
iff 00 = 07 by (1)
ffAFo =1

Next, let @ be Rog- - -0,,_,. First suppose I" | . Then by the definition of R¥,
([ool, - - -, [om-1]) € R*. By (1) it follows that 2 F Rog- - -0, 1. Conversely,

suppose 2 FRog- - -0, 1. Thus (%3, ..., %2 _) e R¥ ie., by (1), ([oo), ...,
[o,_1]) € R*. Hence by the definition of R*, there exist =g, . . ., 7.1 € B with
[oo] = [7o]s. . s [om-1] = [Tm_1), and I' F R7y- - -7, ;. By an easy argument

using 10.23(5), I' F ¢.
For ¢ = —) we have

I'ke iff 'y (by consistency and completeness)
ff A ¥y (induction hypothesis)
iff A E .

The cases ¢ = ¢y v xy and ¢ = ¢ A y are similar. Finally, suppose ¢ is Vo
First suppose I' F ¢. To show that ¢ holds in 2, let a = [r] be arbitrary.
Since kg — Subf¥} by universal specification, we have I' F Subft%4. Hence
2L F Subf?i), by the induction assumption. By (3) we have 2 k [ ] o o], where
o € “Bis any sequence with o; = 7. Thus ¢ holds in . Conversely, suppose
@ holds in . Since I is rich, let ¢ be an individual constant of % such that
I'F3p; 2 — Subf? = 4. Thus ' F Subfiy — Voy. Let o € B be any
sequence such that o; = ¢. Since ¢ holds in 2, A F4[[ ] o o]. By (3), Subf?
holds in 2, so I' F Subf¥ by the induction assumption. Hence I' | ¢, as
desired. |

To obtain the completeness theorem, we still need to see how any con-
sistent set I" of sentences can be extended to a complete, rich, consistent set.
First we deal with the case of extension to a complete consistent set. The
theorem in question has many applications in addition to our immediate
concern with the completeness theorem:

Theorem 11.13 (Lindenbaum). If T is a consistent set of sentences of £, then
there is a complete consistent set A of sentences in £ such that T’ < A.

Proor. Let o/ = {A:I' = A < Senty, A consistent}. If # is a nonempty
subset of o7 simply ordered by <, then I' € | JZ < Sentg. Also, | JZ is
consistent. For, otherwise, by 10.93 there is an mew ~ 1 and a p € "(JZ
such that k=g, v ---v -, _,. Since Z is simply ordered, ¢ € ™A for some
A e 4. Thus by 10.93, A is inconsistent, contradicting our assumption that
# < «/. Now we can conclude by Zorn’s lemma that %/ has a maximal
member A. By 11.11, A is complete. O
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To extend a consistent set I' to a rich consistent set I' is technically some-
what difficult. If .2 has no individual constants, then it is obviously impossible
to do this extension within % itself. In general we must expand the language.
We now briefly discuss the idea of expansion of languages.

Definition 11.14. A language %' = (L', v, ¢', #') is an expansion of a
language & = (L, v, 0, %) provided that L =L, v =1/, 0 < ¢’ and
R < R'; we also say then that £ is a reduct of ¥’. In case &£’ =
£L,v,0,%,4)and £ = (L,v, 0, X, 4) are effectivized first-order lan-
guages, then we insist additionally that 4 = ¢’, and we call &£’ an effective
expansion of &. Assume that ¥’ is an expansion of Z. If A = (4, f, R)
is an Z-structure and B = (B, f, R') is an .¥’-structure, we say that 2 is
the #-reduct of B, or that B is an F’'-expansion of A provided that 4 = B,
f<f,and R € R'. We then write 4 = B | .Z.

In discussing expansions we will usually not be as rigorous as in 11.14.
Thus we might say “let £’ be obtained from % by adjoining a new binary
relation symbol” or “let £’ be obtained from .# by adjoining m individual
constants.” Note that the ways of making such statements precise are all
equivalent, in some sense; see the comments following 10.1.

In the following proposition we summarize the most important elementary
facts about expansions.

Proposition 11.15. Let &, ¥, U, B be as in 11.14. Then:
(() Trmg < Trmg, Fmlay < Fmlagy, Axmgy < Axmg., and Senty <
Sentg:;
(i) if o € Trmg, then ¥ = o%;
(iii) if p € Fmlag, then ¢% = ¢%;
(iv) if I' = Fmlag, then U is a model of T' iff B is a model of T';
() if T'U{p} < Fmlag, then T kg @ iff T Eg. ¢.

This proposition is easy to prove; (i)-(iii) are proved by induction, and
(iv) and (v) follow from (i)-(iii). By the completeness theorem which we will
shortly prove, 11.15(v) also holds for the notion F. This statement is needed
in our proof of the completeness theorem, however, so we will give a proof-
theoretic proof of it:

Proposition 11.16. Let %’ be an expansion of &, and assume that T U {¢} <
Fm]a_g. Then T |'_g(p lﬁ'F l‘_gz ®.

PrOOF. Obviously I' by ¢ = T' ko, . Now assume that T' bg. @. Say that
Yo, . . ., Ym—_1 is a I-formal proof in £’ with ,,_, = @. Nonlogical constants
of #’ which do not appear in % will be called new constants. Let « be a
variable not occurring in any of the formulas i, . . ., ¢,,_ ;. We now associate
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with any formula or term y of ¥’ a formula or term x~ of %, defined by
recursion:

)~ = v

(Ogy- - 64m_1)" = Ocg -+-05_, if Ois an old operation symbol;
(Oop-op-1)” =« if O is a new operation symbol;
(=71~ =(c"=717);

(Rag - 0p-1)" =Rog -0, if R is an old relation symbol;
Rog: - 0p-1)” = (e =a) if R is a new relation symbol;
(7)™ = 797

(pvi)™ =9 v,
(pAd)™ =@ AYT;
(Vo)™ =Voep~.
We claim:
(1) ifi < mand ¢;is alogical axiom, then ;" is a logical theorem in %

To prove (1) we take up the five possibilities for ¢; according to 10.23. First
suppose that ¢; is a tautology. Then ¢; is a tautology. For, let f be any truth
valuation in .Z. Define f*¢ = fp~ for any formula ¢ of #’. It is clear that f *
is a truth valuation, so f*¢; = 1. Thus fy; = 1, as desired. Second, suppose
; has the form Vv,(p = x) = (Voip = Vouix). Then ¢ is

Vo(p~ —>x7) > (Vop~™ > Vox ),

so ;7 is still a logical axiom. Third, suppose #; is the formula ¢ — Vo,
where v; does not occur in ¢. Then ¢; is the formula ¢~ —> Vo™, and, by
choice of «, v; does not occur in ¢~. Thus ;" is a logical axiom. For ¢; of
the form 3v,(v; = o) where v; does not occur in o, a similar argument works.
Finally, suppose ¢; has the form ¢ = 7 — (¢ = ), as in 10.23(5). If ¢ has
the form Rpy- - -p,-; where R is a new relation symbol, then ¢; is o~ =
77 — (¢ = ¢ — « = «), which is a logical theorem. If ¢ does not have this
form, then the desired result follows easily from the following statement:

@) if p = wovand p’ = p7vare terms, then either p~ = p’~ orelse p~
and p'~ have the respective forms p'oc™v', u'v7v'.

This statement is easily established by induction on p. Thus (1) holds. Clearly:

3) for o a term of £, 0~ = o; for p a formula of &, ¢~ = o.

Now using (1) and (3) it is easily checked that ;" is a I'-theorem in & for

each i < m. Hence I' k& ¢, as desired. O

The same method of proof gives the following proposition which is also
needed in our construction of rich extensions:

Proposition 11.17 Let ¢ be an individual constant not occurring in any
formula of T' U {@}. Assume that T + Subflp. Then I' |- ¢.
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PROOF. Let (o, ..., ¥n-1> be a I'-formal proof with ¢,_, = Subf%. Let
B be a variable not occurring in any of the formulas ¢, .. ., $,_;. For any
i < mlet Y be obtained from ¢; by replacing ¢ throughout ¢; by B. As in
the proof of 11.16 it is seen that {¢g, ..., $n_1> is a I'formal proof. Since
(Subfip)~ = Subfgp, we have I' I Subfép. Hence I' FVB Subf4p and '} ¢
by universal specification. O

Finally we are in a position to construct rich extensions:

Lemma 11.18. Let £ be any first-order language and let T be a consistent set
of sentences in £ . Let £’ be an expansion of & obtained by adjoining| Fmla g|

new individual constants. Then there is a consistent rich set A of sentences
of &’ such that T' = A,

PROOF. Let {p,:a < m) be a list of all sentences of £’ of the form 3By,
where m is an infinite cardinal number. Note that m = |Fmlag|. We now
define a sequence {d, : « < m) of new individual constants. Suppose we have
already defined dB for all B < «, where o < m. Then

{dB: B < «} U {c: ¢ is a new individual constant
occurring in some ¢; with 8 < «}

has cardinality <m, so we can let d, be some new individual constant not in

this set, say the first one under some given well-ordering of all the new

individual constants. This completes the definition of the sequence <d, : & < m>.
Now for each « < m let ¢, be the sentence 3B,4,. For each o < m let

0, =T v{3B4, > Subfie:y < a}.

We claim that each set @, is consistent in %', and we shall establish this by
induction on «. We have @, = I', so 0, is consistent in %’ by 11.16. The
induction step to a limit ordinal is clear from 10.92. So now assume that ©,
is consistent; we prove that ®,,, is consistent. If @, , is inconsistent, then
by 10.92 we have

0, F —(3B.p — Subfiy,).
Hence
(1 0, F 3B
and also
0, F —Subfi%,.
We may apply 11.17 to this, by choice of de. Thus @, + —,, and hence
2 Oy F 23834,

By (1) and (2), ©, is inconsistent, contradicting the induction assumption.
Thus each set ®, is consistent. Clearly @, is rich and contains T, as
desired. O
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Now we can prove the completeness theorem.

Theorem 11.19 (Completeness theorem, first form). Any consistent set of
sentences has a model. The model can be taken to have power <|Fmlagy|.

Proor. Let I be a consistent set of sentences in the language Z. Let %’ be
obtained from % by adjoining |Fmlag| new individual constants. By 11.18,
let A be a consistent rich set of sentences in ¥’ with I' € A. By 11.13, let
O be a complete consistent set of sentences in %’ such that A £ ©. Obviously
© is still rich. By 11.12, ©® has a model 2. Clearly (by 11.15(iv)), A | L is a
model of I'. From all of these results it also follows that |4| < |[Fmlag|. [

As already observed informally, 11.19 leads to the equivalence of | and F:

Theorem 11.20 (Completeness theorem, second form). T' Fe iff ' F o.

ProoF. =:by 11.8. <=: Assume I' ¥ @. Thus by 10.95@i0), {[[¢]] : €T} ¥
[[¢]] so by 1092, A = {[[¢]] : ¥ € I'} U { =[[e]]} is consistent. Hence A has
a model 2, by 11.20. Clearly 2 is a model of I" but not of ¢, as desired. [J

Because of this theorem, we can formulate results from now on using
either F or . Since we shall use model-theoretic methods almost exclusively,
it seems more appropriate to formulate them using F, as we shall do. In the
future our only use for the notion + will be in proofs of model-theoretic
results where we use the completeness theorem. The following theorem ex-
presses one of the main model-theoretic results, proved very- essentially
using +:

Theorem 11.21 (Weak completeness theorem). If £ is an effectivized first-
order language, then { 4" ¢ : F @} is recursively enumerable.

Proor. By the completeness theorem, the given set is identical with
{#*®: F @} This set is r.e. by Theorem 10.29. O

The following important theorem follows immediately from the first form
of the completeness theorem.

Theorem 11.22 (Compactness theorem). If IT' is a set of sentences such that
every finite subset of I has a model, then T has a model.

Proor. By 11.19 it suffices to show that I' is consistent. Suppose not: say
'kt A —p. By 1033, At ¢ A =g for some finite subset A of I'. By 11.20
(in fact, the easy part of 11.20 given in 11.8), A ¢ A —p. By hypothesis,
A has a model %. Hence ¢ A —¢ holds in ¥, which is impossible. O

The compactness theorem lies at the start of model theory, and it will
play a very important role in Part IV. For some motivation for the name
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compactness theorem, see Exercise 11.59. We give here just a few corollaries
to indicate the flavor of applications of the compactness theorem (see also
the exercises).

Corollary 11.23. Let & be any first-order language. Then there is no set I’
of sentences of & such that for any L-structure U, U is a model of T iff
A is finite.

PrOOF. Assume the contrary. Expand .# to .#”’ by adjoining new individual
constants c,, for m € w. Let A be I" together with all sentences —(c; = ¢;) for
i # j. Every finite subset A’ of A has a model. For, choose T < w finite so
that A = TU{—(c;=¢)):i,jeT,i# j}. Let A be any finite .&’-structure
in which ¢ # c¥ for all distinct i, j € T, where ¢} is the denotation of ¢; in
A for each i € T. Thus A | & is a finite #-structure, so by assumption on TI',
A [ & is a model of I'. Thus ¥ is a model of A",

Hence by the compactness theorem, A has a model 3. Since ¢® # ¢% for
all distinct i, j € w (where, now, ¢F is the denotation of ¢; in B for all i € w),
B is infinite. But B | & is a model of I', contradiction. O

Corollary 11.24. Let £ be a first-order language with just one nonlogical
constant, a binary relation symbol <. Let K be the class of all £-structures
A = (A, <) such that < is a well-ordering of A. Then there is no set I" of
sentences of £ such that K = {U : A is a model of T'}.

PrOOF. Assume the contrary. Again adjoin new individual constants c,, for
me w. Let A be T together with all sentences ¢, ; < ¢,, for m € w. Every
finite subset of A clearly has a model. Hence by the compactness theorem, A
has a model 2. The #-reduct (4, <) of Aissuch that < is not a well-ordering,
but (4, <) is a model of I, contradiction. d

Corollary 11.25. If a sentence ¢ holds in every infinite £-structure, then there
is an m € w such that ¢ holds in every finite L-structure of power >m.

ProOF. Suppose the conclusion fails. Thus for every m € w there is a finite
Z-structure of power >m in which ¢ fails to hold. Adjoin new individual
constants ¢,, for m € w. Let

F={—plu{=(c;=c):i,jew,i#j}

Then every finite subset of I" has a model, so I" has a model 2. Thus &« | &
is an infinite model of =g, so the hypothesis of 11.25 fails. O

We now turn to some basic results about first-order languages which we
prove in a model-theoretic way. These results have to do with introducing
new symbols or eliminating symbols. First we prove a theorem which shows,
roughly speaking, that any first-order language is equivalent to a language in
which there are no operation symbols.
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Definition 11.26

(i) Let & = (L, v, 0, #) be a first-order language. A relational version
of Z is a first-order language of the form ¥’ = (L, v, 0', #’) such that
0 =0, Z< %, and such that there is a one-one function T (called a
translation of % into #’) mapping Dmn ¢ onto Dmn £’ ~ Dmn Z such
that Z'Tq = 0O + 1 for all O € Dmn 0.

(if) Let &, &', T be as in (i). With each formula ¢ of £ we associate
its &', T-translate ¢’ as follows. First we define ¢’ for formulas ¢ of the
form ¢ = v;, o a term:

(UJ' —-_ U,‘)’ = Uj - U,

(0 =v) = Tov; for O an individual constant.
If O is an operation symbol of rank m > 1 and ¢ is Qoq- - -0,_; = v, let
do, . . ., 0y, D€ the first m variables not occurring in ¢, and set
@ = Fag - oy _1[(0g = @) A A (Op-1 T ap_q)

A Toog: - -0y 104].
Next we define ¢’ for ¢ of the form o == 7, 7 not a variable. Let o be the
first variable not occurring in ¢, and let
¢ =3Jf(lc=a) A (r=0&)).

If = Rog- - -0,_, with each o; a variable, let ¢’ = . If at least one o;
is not a variable, let «q, . . ., «,_; be the first m variables not occurring in
@, and set

@ =3y - -Foy, 1 [Reg- -y A (0g=oag) A---
A (Gm—l = O‘m—l)l]'

Finally weset (m¢) = ¢, (p V)’ = ¢ Vv ¢, (p A ¢) = ¢ A, and
(Vop)' = Vag'.

@iii) Let &, %', T be as in (i). For O € Dmn 0, the existence condition
for O is the following sentence of .#’ (where Q is m-ary):

Vo, - 'va—lavm(TOUO' ) 'Um);
the uniqueness condition for O is the sentence
Voo - Vo 1(Toto' * Om A Tolo: " *Un-1Ums1 ~> Upn = Upy1)-

The set of translation conditions is the set of all existence and uniqueness
conditions for all O € Dmn 0.

(iv) If A is any Z-structure, the relational version A’ of A is obtained
from 2 by replacing each operation of 2 by the associated relation. That
is, if A = (A4, f, R), then &' = (4, R’), where A’ is the .#’-structure such
that R < R’, while if O € Dmn 0, with O m-ary, then

R'To = {(X0, . -, Xm) 1 foXo" = *Xm—1 = X}

) fZL = (L,v, 0,2, ¢)is an effectivized first-order language, then an
effectivized relational version of &£ is an effectivized first-order language
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&L =(L,v,0, %, g')such that (L, v, 0', #') is a relational version of %,
# | (RngLURngoUDmn#%) = 4' [ (Rng L YU Rngv U Dmn £%), and
there is a translation T of (L, v, 0, %) into (L, v, ¢', #’) such that g’ o T o
41 | #* Dmn 0O is partial recursive.

The following proposition is easily (weak Church’s thesis!) established.

Propesition 11.27. Let £, &', T be as in 11.26(v). For any m € w, define

Jm=g'""¢ if m = g% for some ¢ € Fmlag., where
¢’ is the Z', T-translate of ¢,
Sfm=20 otherwise.

Then f is a recursive function.

In the next theorem we give the main properties of relational versions of
languages.

Theorem 11.28. Let ¥’ be a relational version of £ with translation, T,
notation as in 11.26(7).

() If ¢ is a formula of £ in which no operation symbol occurs, then
¢ = @;

(it) Let A be an F-structure and A’ the relational version of U, with
notation as in 11.26(iv). Then A’ is a model of the translation conditions.
Furthermore, if ¢ is any formula of £, and x € ®A, then A k ¢[x] iff A"
¢'[x]). For any formula ¢ of £’ there is a formula ¢* of £ such that for all
x€%A, Ak @*[x] iff A Folx]. If B is an F'-structure which is a model of
the translation conditions, then B = A’ for some L-structure 2.

(iii) Let I' U {@} be a set of formulasof L. Then I' F o iff {' : pe T} U
{ : 4 is a translational condition} k ¢'.

Proor. (i) and the first part of (if) are obvious. We prove the second part
of (i) by induction on ¢, following 11.26(ii). If ¢ is v, = v;, obviously U F
o[x] iff A" F ¢’[x]. Suppose ¢ is O = v;, where O is an individual constant. If’
A k @[x], then x; = O% and hence x; € Tg"; thus A’ F ¢’[x]. The converse is
similar. Now suppose, inductively as in 11.26(ii), that ¢ is Ogy- - -0, _1 = ;.
Assume that 2 F [x]. Thus O%%x. - -0¥_,x = x,. Let y be like x except that
Yoo = 03x,. .., Y1 = 0o%_yx. Thus by 11.3, AFoy=ou[y],...,AE
Opm—1 = o, _1[¥]. So, by the induction hypothesis, A’ F (oo = o0)'[y], ..., A" F
(opm—1 = an_1)'[y]- It follows easily that 2’ F ¢'[x]. The converse is similar.
The remaining steps in this inductive proof are similar. Next, given a formula
@ of £’ we construct ¢* by replacing all atomic subformulas of ¢ of the form
Tooo * “ ¢y by Oy - -,y = a. The desired property of ¢* is easily estab-
lished by induction on ¢. The final condition of (ii) is clear.

To prove (iii), first assume I' E . Let B be any model (an .#’-structure)
of {y/ :peT}U{¢: ¢ is a translation condition}. By (ii) we may write
B = A’ with A an L-structure. Since A’ k' for each ¢ € I' it follows by
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(if) that 2 is a model of T". Hence &% F ¢, so by (ii), ¥’ F ¢’ as desired. Second,
assume {' : y € '} U {§ : ¢ is a translation condition} F ¢’. Let 2 be a model
of T". By (ii), &’ is a model of {y : y € I'} U {4 : ¢ is a translation condition}.
So U’ k ¢’, and by (ii) again, U k ¢, as desired. 0

We now want to give the main facts concerning the role of definitions in
first-order languages.

Definition 11.29. A theory is a pair (I', £) such that I' is a set of sentences
of Z and ¢ € I" whenever I F ¢, for each sentence ¢ in £. We call I itself
a theory when .Z is implicitly understood, or we say that I" is a theory
over or in Z. If A is an F-structure, the L-theory of U is the pair (I, &¥),
where I' = {p € Sentg : U k ¢}; clearly (I', £) is a theory. A theory (I'', ¥’)
is an extension of a theory (I, #) provided that ¥’ is an expansion of ¥
and I' € I". We say that (I, #’) is a conservative extension of (I', ¥)
provided that, in addition, I' = I"" N Sentg. If T is a theory in %, a set
A < Sentg is a set of axioms for I" provided that I' = {p € Senty : A F ¢}.
Now let #’ be an expansion of .# and let I' and I'" be theories over ¥
and %’ respectively.

(i) If Ris arelation symbol of #’ but not of .Z, then a possible definition
of R over T is any formula ¢ of % with free variables among {v,, .. ., Un_1},
where m is the rank of R.

(@) If O is an operation symbol of #’ but not of %, then a possible
definition of O over T' is a formula ¢ of % with free variables among
{vos - . ., U}, where m is the rank of O, such that the following existence
and uniqueness conditions are in I':

Vo« VU, _130.9;
VvO' : 'va+1[(P(UO’ X vm) A (P(UO’ cees Unois Um+1) > Uy = Um+1]~

(iii) We say that (I'V, &) is a definitional extension of (I', £) provided
that for every nonlogical constant C of .#’ but not of .# there is a possible
definition ¢¢ of C over I' such that

I = {p: peSenty and I' U {p¢ : C a nonlogical
constant of £’ but not of £} k ¢},

where ¢ is the sentence
Vvo: - Vo (Cog - -1 > @c)
if C is a relation symbol of rank m, while ¢ is
Vo, - V0,(Cog - Uy = 0 © @g)

if C is an operation symbol of rank m.

() ¥ =(L,v,0,R,9)and ¥ = (L', v, 0', #', 4) are effectivized
first-order languages, the above notation applies to them also. We assume
that .#’ is an effective expansion of #. We say that (I, #’) is an effective
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definitional extension of (I", £) if (I, #’) is a definitional expansion of
(I, &) for which there is a function @ as in (iif) such that g* c@po g’ =1 |
{#'C: Cis a nonlogical constant of &’ but not of .#} is partial recursive.

There are two central results concerning definitions. The first is that
defined symbols can always be eliminated in favor of old symbols:

Theorem 11.30. Let (I, £’) be a definitional extension of (U, &), with
notation as in 11.29. Then for any formula  of £’ there is a formula '
of & with the same free variables as  such that I'" E« ', If I'" is an
effective definitional extension of T', then such a formula ' can be effectively
obtained from .

Proor. We construct ¢’ by induction on . In each step the desired properties
of ¢’ are easy to prove, and we prove the desired result in only one step as
an illustration. To begin with, we construct ¢’ for ¢ of the form o = v; by
induction on o. If o is a variable, we set ¢’ = 4. Now suppose inductively
that o is O7y---7,_;. Let «, . . ., o, _, be the first m variables not occurring
in ¢. If O is a symbol of &Z, then we let ' be the formula

3060' . .aan_l[an- el =l A /\ (Tj = aj)"
j<n

If O is a symbol of £’ but not of &, we let ¢’ be the formula

Jog- - +Fety 1 [Poleo, -+ 5 tn_1, ) A /\ (1 =o)'].
ji<n
In this case we check explicitly that I'' F s« ', Let Y be any model of I".
First suppose that 2 k[x] with x € “4. Thus o¥%x = x;, so O¥(=¥x, ...,
73 ,x) = x;. Hence A E(OQvy- - vy = 0)[78x, ..., 73_1x, x;]. Since TV k
@o, it follows that A F go[73x, . . ., 7¥_,x, x;]. Now let y be like x except that
yo; = 7¥x for each j < n. Clearly then A F @o(aq, ..., o,_1, 0)[y] and A F
(7; = «;)[y] for each j < n. By the induction assumption, % k (r; = «;)'[y]
for each j < n. Thus A E §'[x]. The converse is similar.

Now we continue the inductive definition of ¢’; it is complete for ¢ of
the form ¢ = v,.

If 4 is o = 7, where 7 is not a variable, let « be the first variable not
occurring in ¢, and set ¥’ = Ja((c = )’ A (r = «)’). Next, suppose ¢ is
Roy: - 0,1 Let o, ..., o, _; be the first n variables not occurring in . If R
is a symbol of %, set

¢ = ey - -San_l[Rao- ey A /\ (o, = aj)'].
i<n
If R is a symbol of .#” but not of &, set
P =T - 'aan—l[?’n(“o: Ces 1) A /\ (0;= 0‘;‘),]-

i<n
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Finally, let (=)' = =, v ) =¢ vy, G Aax)' =J Ay, and
(Vogh)” = Vo'

The final assertion of the theorem concerning effectiveness is clear from
the above. O

The second important fact concerning definitions is that nothing new can
be proved:

Theorem 11.31. Let (IV, £’) be a definitional expansion of (I', ). Then
(I, &') is a conservative extension of (I', £).

Proor. Again we take all notation as in 11.29. Suppose ¢ is a formula of
% and I F4; we must show that I F . Let A be any model of T" (2 is an
Z-structure). For C a nonlogical constant of .Z, let C¥* = C%. Let Rbea
relation symbol of #’ but not of #, say R is m-ary. We define R¥ = mgp¥,
Now suppose that O is an operation symbol of %’ but not of .Z; say O is
m-ary. Since ¢, is a possible definition of O over I' and 2 is a model of T,
we may define O% as follows. For any x,, . . ., Xn_1 € 4, let O%(xo, .. ., Xp_;)
be the unique y € 4 such that A F ¢¥[x,, ..., Xxn_;, y]. This defines the .#’-
structure A’. Clearly 2 is a model of I, so 2’ is a model of ¢. Hence 2 is
also a model of 4, since ¢ is a formula of Z. Thus I' k ¢, as desired. O

Closely related to this fact about definitions is the following result.

Theorem 11.32. Let I' be a theory in a language %, and ¢ a formula of ¥
with free variables among v, . . ., U,. Assume that T EVv,- - -V, _,3v,0.
Let %' be an expansion of ¥ by adding a new m-ary operation symbol O.
Let T be a theory in £’ with axioms T" together with the sentence Vv,- - -
VU,_ 190, - - . Vm—1, OVg- - -0, _1). Then I is a conservative extension of T'.

Proor. Assume that I'V F ¢, where ¢ is a formula of #. To prove I' F i,
let A be any model of I'. By the axiom of choice, there is an m-ary function
gon Asuchthatforallx,, ..., x,_1 €A, A E@[xo, .. .s Xmn_1,8(X0s+ - s Xm_1)]-
Let 2’ be the expansion of A to an #’-structure in which O is interpreted as
g. Then 2’ is a model of I, so A’ is a model of . Since ¢ is a formula of %,
2 is a model of . O

Theorem 11.32 justifies the common intuitive practice in mathematics of
introducing notation for objects proved to exist. For example, after proving
that an algebraic equation of a specified type has a solution, one introduces
a name c for such a solution. By 11.32, nothing new not involving ¢ can be
proved after this that was not provable before. The procedure can be used
even if one cannot pick out a unique such c.

We now want to generalize the process described in Theorem 11.32. The
construction we give is essential for our present purpose of proving the
Skolem normal form theorem and Herbrand’s theorem, and also plays an
important role in model theory.
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Definition 11.33. For any formula ¢, let Fv ¢ be the set of all variables
occurring freely in ¢. For any first-order language %, a primitive Skolem
expansion of £ is an expansion %’ of % such that there is a function S
mapping {3v;p : ¢ € Fmlag} one-one onto the set of all nonlogical con-
stants of .#” which are not constants of %, such that for each ¢ € Fmlag
and each variable «, S3,, is an operation symbol of rank |Fv Jag|. In case
& and &’ are effectivized with G6del numbering functions 2, ¢, we call
&' an effective primitive Skolem expansion provided that %’ is an
effective expansion of .# and the function

y' ° SOy*'_l [y“"{ﬂl)ﬂp : ¢ € Fmlag}

is partial recursive.

Given first-order languages & = (L, v, 0, %), and ¥’ = (L, v, 0, R,
we say that %’ is a Skolem expansion of £ provided there is a sequence
(Z; i€ w) of first-order languages &, = (L, v, 0;, %) such that ¥, = &,
for each i e w &, is a primitive Skolem expansion of %, with associated
function S? and @' = U, 0;. If all of these languages are effectivized,
£’ is an effective Skolem expansion of . provided that each %, is an
effective primitive Skolem expansion of .%, and %’ is an effective expansion
of each .%,.

Assuming that #” is a Skolem expansion of ., with notation as above,
the Skolem set of £’ over ¥ is the set of all sentences

[Bop(v, . . ., 1) = @(vo, . . ., Vi1, 0)]]

where ¢ = S0 c0n_y,m = |FvAvp|, FvIvp = {«, ..., ¢n_;} With
v 'ay <-++ < v 'ay_y, and j is minimal such that Ju;p is a formula of ;.
(Recall that [[x]] denotes the universal closure of y; see 10.94.)

The following two propositions are obvious.

Proposition 11.34.  Any first-order language has a Skolem expansion.

Propesition 11.35. If &’ is a Skolem expansion of %, then |Fmlag| =
|Fmlag|.

The following lemma is fundamental for our main results.
Lemma 11.36. If &%’ is a Skolem expansion of %, then any £ -structure can

be expanded to a model of the Skolem set of ¥’ over &.

Proor. From the definition of Skolem expansions, we see that it is enough
to prove the following statement :

Statement. Let %’ be a primitive Skolem expansion of %, and U an
Z-structure. Then 2 can be expanded to an #’-structure which is a model
of all sentences [[Avp(v,, . . ., v;) = @(vg, - . ., Vi1, 0)]], where ¢ is a formula
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of &, 0 = Szyito:* "tm-1,m = |FvIAvep|,and Fvave = {ag, ..., oy} With
v_lao <-ooe < U_locm_l.

To prove this statement, let C be a choice function for nonempty subsets of
A. Let b = Ju;p be a formula of &, with Fv 3v,p = {v,0, . . ., Ujem-1,}> Where
jO < --- < j(m — 1). We define an m-ary operation f, on A as follows. For
any Xg, ..., Xpm_1 € 4, set

ty(Xos - - s Xp—1) = C{a:thereis a y e g¥ such that y; = a
and y;. = x, for each k < m},
t,(xo, ..., Xp-1) = CA if the above set is empty.

Let A’ be the expansion of 2 to an ¥’-structure in which each symbol S,
is interpreted as z,. To show that A’ is as desired, consider any formula
Y = Jvp of £ with notation as above. Suppose x €4 and A’ F Iy;p[x].
Then & F Jv,p[x] since Jv,p is a formula of Z. Thus thereis an a€ 4 such
that & F ¢[x}]. Hence the first clause in the definition of #,(x,e, . . ., Xjm_1)
gives an element b € 4 such that A F ¢[xi]. Let o be the term S3,,050- -
Ujm-1y- Recall that the formula ¢(v,, . . ., v;-,0) has the form Subf¢’, where
¢’ is obtained from ¢ by replacing bound variables suitably. Clearly o F
@' [xi], where b = t,(xjo, ..., Xsm—1). Hence we easily infer that AF
Subf¥¢’[x]. Thus 2’ is a model of [[Fv,p(ve, ..., ;) = @0, - - -, V-1, 0)]],
as desired. O

The functions introduced in the expansion of 2 to U’ in the proof of 11.36
are called Skolem functions. The entire method associated with Skolem
expansions is sometimes called the method of Skolem functions.

One of the main properties of Skolem expansions is that every formula
becomes equivalent, in a certain sense, to a prenex formula having only
universal quantifiers:

Definition 11.37. A formula is universal if it is in prenex normal form with
only universal quantifiers. Let %’ be a Skolem expansion of .%, with
notation as in 11.33. With each prenex formula ¢ of £’ we associate a
formula ¢®:

¢° = ¢ if @ is quantifier free;
(Vap)® = Vag®;
(aviq")s = (PS(UO’ e Ui, O’),
where o = SiuoBo Brn-1, FVvIvp = {Bo, ..., Bn_1} With 0718, <---
<v7*B,,_4, and j is chosen minimal so that 3v,p is a formula of %,

Theorem 11.38 (Skolem normal form theorem). Let £’ be a Skolem expan-
sion of #. For every prenex formula ¢ of &', the formula 5 is universal
and the same variables occur free in ¢ as do in ¢5. Furthermore, for any
prenex formula ¢ of £’ we have:
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(i) Fe® —>o;

(ii) if A is a model of the Skolem set of £’ over L, then A E ¢ - ¢5;

@@ii) if Uis a theory in £ and I"" = {¢° : p € I'}-Thmg., then the following
conditions hold:
(@) if A is a model of " and A’ is an expansion of A to a model of the

Skolem set of £’ over %, then U is a model of T';

(b) if A is a model of T, then A’ | &L is a model of T';
(c) (I", &) is a conservative extension of (I', £);

(iv) ¢ has a model iff ¢° has a model.

Proor. Clearly ¢® is universal and Fv ¢ = Fv ¢5. Condition (i) is easily
proved by induction on ¢, as is (ii). To prove (iii}(a), assume its hypothesis
and let ¢ € I'. Then 2 E ¢ by hypothesis, so by (ii), A’ k ¢%. Thus 2’ is a model
of IV, as desired. Condition (iii )(b) follows from (7). To prove (iii)(c), assume
first that I" k ¢, ¢ a sentence of 2. If A’ is any model of I'’, then by (iif)(b),
A Zis amodel of T and so A’ | £ ko and A’ Fe. Thus IV F ¢. Now
assume that I'" E . Let U be any model of I'. By Lemma 11.36, let 2’ be an
expansion of % to a model of the Skolem set of .#’ over Z. Then by (iii)(a),
2’ is a model of I, so A’ k¢ by assumption. Thus U F ¢. Hence I' k ¢, as
desired. Condition (iv) is immediate from 11.36, (iii)(a), and (iii)(b) (with T’
axiomatized by {¢}). O

The starting point of our considerations concerning Herbrand’s theorem
is 11.38(iv). From it one can easily obtain an equivalent condition for a
prenex sentence ¢ to be universally valid. Indeed, this is true iff —¢ has no
model, and the sentence =g is equivalent in a natural way to a prenex
sentence . Thus Fe iff  has no model iff ° has no model (by 11.38(iv)) iff
E =S, The sentence =w® is equivalent to a certain prenex sentence with only
existential quantifiers. We define it explicitly as follows.

Definition 11.39. A formula ¢ is existential if it is in prenex normal form
with only existential quantifiers. Let .#’ be a Skolem expansion of %, with
notation as in 11.33. With each prenex formula ¢ of ¥’ we associate the
prenex formula ¢ obtained from ¢ by interchanging 3 and V and replacing
the matrix ¢ of ¢ by —w. Now with each prenex formula ¢ of ¥’ we
associate a formula ¢®:

o = g if p is quantifier free;
(Fep)t = Jag;
(VU,"P)H = ¢H(UO’ <o Ui, 0),

where ¢ = SjBo - Bn-1, ¥ = ve", Fvp = {B,, ..., Bn_1} With v718; <
-+ < v~ 18,1, and j is chosen minimal so that ¢ is a formula of .Z,.

Theorem 11.40. Let £’ be a Skolem expansion of ¥#, and let ¢ be a prenex
Sormula of ¥’. Then:
(i) " is an existential formula;
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(ii) Fo™ > mg™S;
(iii) if ¢ is a sentence, then ko iff Eet.

ProoF. (i) is obvious from the definitions. To prove (ii), first note that
F —p & ¢°. Next we prove (if) by induction on the length of ¢; it is clear if
¢ is quantifier free. Now (Qap)® = Jaep®, and we assume inductively that
Fptt < =", Thus EQep)f e Ja 1 =5, Also FIa -1 ¢"® & —Voag"S, and
(Vagp™)® = VoS, Since (Jap)® = Vag®, it follows that F(Jap)? e —(Jap)™S,
as desired. Next, let (Vu,9)¥ = ¢"(vo,- .., V-1, 0), With notation as in
11.39. By the induction hypothesis, Fo® > =19"S, so Fe(vg, ..., V.1, 0)
o 9"3(v,, . .., v;_1, 0). Recalling 11.37, we see that ¢"S(vy, ..., v;_1, 0) =
(3v,;9°)5. Note that (Vv,p)® = Ju;p°. Thus H(Vo,p)2 < (Vu,p)°S, as desired.
Finally, we prove (iii):
Fp iff ¢ does not have a model
iff ® does not have a model

iff ™ does not have a model (by 11.38(iv))
iff E—en® iff ket (by (if)). O

Herbrand’s theorem in a sense reduces provability to checking tautologies.
The following result, interesting in itself, is one of the main lemmas for the
theorem.

Theorem 11.41. If ¢ is a quantifier-free formula not involving equality and
Ep, then ¢ is a tautology.

ProorF. Assume that ¢ is not a tautology; let f be a truth valuation (10.19)
such that fp = 0. Let 4 = Trmg. For any relation symbol R, say R of rank
m, let

RY = {(7gy + ++s Tm-1) fRrge e yo= 1}
Also, for any operation symbol O, say of rank m, let
O¥(7g, ...y Tyo1) = O7g- - o7y _1.

With these denotations for operation symbols and relation symbols we obtain
an #-structure 2. Note that ¢%¥x = o for every term ¢ where x; = {v;> for
each i € w. Hence by induction on ¢ we easily obtain:

for any quantifier-free formula ¢ not involving equality, & F ¢[x]
iff fp = 1.
Since fo = 0, it follows that A ¥ ¢[x], so Fp, as desired. O

Now we can give our version of Herbrand’s theorem. Several versions of
this theorem can be found in the literature. It has found considerable use,
especially in finitary proofs of the consistency of theories.

Theorem 11.42 (Herbrand). Let ¥’ be a Skolem expansion of %, and let ¢
be a prenex sentence of £’ not involving equality. Say ¢% = ay- - -y _ 13
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with  quantifier-free. Then Eg iff some disjunction of instances Subf23- - -
Subf&m- 1 of ¥ is a tautology, where oy, . . ., o, _, are variable-free terms.

PrROOF. =-. Assume k. Thus by 11.40, Fp®. Now let I" be the set of all
sentences

—Subfey. - - Subfen-1

where oy, . .., 0, are variable-free terms of .#’. We claim that I' is incon-
sistent. For, if it is consistent, then it has a model 2. Let B be the set of all
elements %% of A (see 11.4), where o is a variable-free term. If R is a relation
symbol of rank n, denoted by R% in &, let

R® = {(xp,. .5 Xp_1): X0y .., Xn_1 €Band (xg,. .., X,_,) € R¥}.

If O is an operation symbol of rank n, denoted by O% in 2, let for variable
free terms aq, ..., 0,1

Bo 0 —0
0%%- - -%3_; = %Ogq- - -0, ).

This definition is easily justified. Thus we obtain a structure B. Since each
member of I' is quantifier-free, B is a model of I'. Since F¢¥, choose x,, .. .,
Xm-1 € B so that B Ex,, ..., x,_1]. Say x; = %% for each i < m. Thus
Subf23- - -Subf¥m -1y holds in B, which is a contradiction since B is a
model of T'.

Thus T is inconsistent. Hence by 10.92, some disjunction of negations of
members of I is valid, so by 11.41 it is a tautology, as desired.

<. Obvious. O

We give one simple application of Herbrand’s theorem: Consider the
formula ¢ = 3aVBp — VB3«p, where o and B are distinct variables and ¢ is
any formula (possibly involving equality). We want to prove that ki by using
Herbrand’s theorem. It is of course easy to prove EJ by a direct semantic
argument, but as we shall see, an application of Herbrand’s theorem is more
routine. Let £ be our original language. Choose # > 0 so that Fve <
{vo, - - ., Un_1}. Expand the language to £’ by adding a new n-ary relation
symbol R. Now let ¢" = Rog- « -v,_;, ' = JaVBp’ = VBIugp’. We first show
that FJ’. Let y and & be new variables. Then a prenex formula equivalent to
¢ is

x = VyV¥B3A83a( ~Subf2 Subfie’ v ¢),

and x® has the form
363« Subf Subf4y’ v Subfiy’),

where ¢ and d are new individual constants, in a Skolem expansion #” of
Z’. An instance of the matrix of this prenex formula is the tautology

—Subfe Subffe’ v Subf? Subfiy'.
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Thus k' by Herbrand’s theorem. Now let I' be the theory consisting of all
consequences of the sentence

Voo - Vo, _1(Rvg- - 0,1 & ).

Clearly (T, #’) is a definitional expansion of ({p € Sentg : Fo}, £L).

It is also easy to see that I' Fy«» ', Hence I' F ¢ since we know that
Fy'. By Theorem 11.31, (I, ¥’) is a conservative extension of ({p € Sentg :
Fp}, &), so ki, as desired.

The final topic of this chapter is the notion of an interpretation of one
theory in another. This can be viewed as a syntactical counterpart of the
notion of a model. All of the definitions relevant to this new notion are given
in the following

Definition 11.43. Let ¥ = (L,v,0, %) and &' = (L', v, 0, %) be two
first-order languages. A syntactical £-structure in £’ is a quadruple A =
(x, f, R, T"") such that y is a formula of #’ with Fv x < {v.}, f: Dmn 0 —
Dmn ¢ and ¢'fO = OO for each O € Dmn ¢, R : Dmn £ — Fmlag, and
Fv Rg < {vy, . . ., Uym_1}, with m = ZR, for each R € Dmn #, while I'" is
a set of sentences of ¥’ satisfying the following conditions:

(i) T’ F3vgy;
(@) I F Voo - VYo, _1(Ai<m x(0) = x(foVo: - *Vn-1))
for each operation symbol O of £ (say of rank m).

Given a syntactical Z-structure 2 with the notation above, with each
term o and formula ¢ of .# we associate a term o% and formula ¢%* of %’
as follows (this is the syntactical counterpart of Definitions 11.2 and 11.5):

0} = v

(Ocg- - -0 _1)¥ = foof'- - '03.1—12'

(o=1)4 = 4= 1%

(Rag- - -0p_1)* = Rp(0d'---a3_1);

(p v P =o* v ¥

(p AP =g A Y%

(7 = g

(Vap)? = Va(x(a) > ¢%).
If " is a theory in %, we say that 2 is an interpretation of T in I provided
that I'V E ¢% for each p € I.

With each model B of I we associate an #-structure B2 = B(IV, A)
as follows: BT'¥ = 143; for O an operation symbol of %, say m-ary, and
forany by, ..., bp_,€ BV, let OB D(by, ..., b, 1) = fB(boy..., bp_1)
((if) assures that B"¥ is closed under O®T"®); for R a relation symbol of
%, say R m-ary, let R3T"% = mRE N 1y,

In case, to start with, .# and ¥’ are effectivized first-order languages
with corresponding Gdodel numbering functions ¢ and g’, a syntactical
Z-structure U in £, with notation as above, is effective provided that the
functions g'ofog ' [ 4*Dmn @ and g'*oRog [ g*DmnZ are
partial recursive (no further restrictions on I").
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We give a few simple facts about these notions. First, concerning effective
interpretations, the following proposition is clear.

Proposition 11.44. Let AU be an effective syntactical F-structure in ¥'. Then
the formation of o and ¢¥ is effective. That is, g'* o fo g* 1 | g7* Trmg
and g’* o fo g* 1 | g** Fmlag are partial recursive, where fis the function
assigning ¥ to o and ¢% to ¢.

The fundamental model-theoretic relationships concerning interpretations
are expressed in the following proposition, which is easily proved by induction
on the formula ¢.

Proposition 11.45. Let A = (y, f, R, I'') be a syntactical L-structure in &£,
and let B be a model of I, Then for any formula ¢ of % and any x € *°BT%
we have BYA E o[x] iff B F ¢¥[x].

Corollary 11.46. Let I" be a theory in £, and let A = (x, f, R, ") be an
interpretation of T in #'. Then for any formula ¢ of £, the condition T E ¢
implies that T'" k ¥,

PrOOF. Assume that I' E ¢, and let ¥ be any model of I'" (thus B is an
Z'-structure). Since I'" F 4 for each €T, it follows that B k¥ for each
€T, and hence by 11.45 B7"¥is a model of I". Thus B™¥ F ¢ by assumption,
so by 11.45 again, B k ¢¥%. Thus I F ¢%, as desired. O
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EXERCISES

11.47. Show that the restriction that « not occur in o or in  is essential in Lemma
10.39.

11.48. Show that the restrictions in 10.49, that only free occurrences of o are
replaced and that the new occurrences of 7 are free, are essential.

11.49. Show that in 10.59 it is essential that 8 not occur in ¢.

11.50. Show that the restriction of 10.61 is essential.

11.51. Show that in 10.71 the string of quantifiersVe,- - -V, _; cannot be deleted.
11.52. Show that Wv, = v; —> vy = v, (cf. the remarks after 10.86).

11.53. Carry out a modification of the proof of 11.12 in which B is the set of all
individual constants of .%,
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11.54.

11.55.

11.56.

11.57.

11.58.

11.59.

11.60.

218

Show that any consistent set of formulas in a language £ can be extended
to a maximal consistent set of formulas of %,

Let K be the class of all groups in which every element is of finite order,
and let % be an appropriate first-order language. Show that there is no
set I" of sentences of .# such that K = {2 : U is a model of T'}.

Let K be the class of all fields of prime characteristic, and let £ be an
appropriate first-order language. Show that there is no set I' of sentences
of #Z such that K = { : 2 is a model of I'}.

If a sentence ¢ holds in all non-Archimedean ordered fields, then ¢ holds
in all ordered fields.

Let I" be a theory in a language -Z. Suppose that for every finite subset A
of T there is a model of A which is not a model of I". Then there is no
finite set £ of sentences which has exactly the same models as T'.

Let K be a nonempty set of #-structures. For each L < K let CL =
{A €K :Uis a model of every sentence which holds in all members of L}.
Show that with respect to C as a closure operator, K is a compact topo-
logical space.

Establish using Herbrand’s theorem that any formula of the last type in
10.101 is universally valid.



Cylindric Algebras 1 2*

Cylindric algebras stand in the same relationship to first-order logic as
Boolean algebras stand to sentential logic. We present in this chapter an
introduction to the theory of these algebras paralleling our treatment of
Boolean algebras. Again, the simplest motivation for the study of these
algebras is from elementary set theory:

Definition 12.1. Let U be a nonempty set and « an ordinal. For each ¥ < «
we define a one place operation C, on subsets of “U by setting, for any
X c oy,

CX={xeU:xla~{k} =y|an~ {k} forsome ye X}.
For k, A < « we set
D, = {xeU: x. = X}

Thus C, X is the generalized cylinder obtained by moving X parallel to
the «-axis in a-space, while D,, is a diagonal hyperplane. An a-dimensional
cylindric field of sets is a set &/ of subsets of *U (for some U) which is a
field of sets in the Boolean sense and which is closed under all operations
C, and contains all sets D,, as elements. A cylindric set algebra of dimension
o is a structure (&, U, N, ~, 0, *U, Cy, D, a<o in Which o7 is an «-
dimensional cylindric field of sets and all of the operations are natural.

The general notion of a cylindric algebra is obtained by abstraction from
this notion:

Definition 12.2. By a cylindric algebra of dimension « (where « is an ordinal
number), for brevity a CA,, we mean a structure

A= <A9 +50 = O, I’Cm d)c)\>x:,)\<a
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such that {4, +, -, —, 0, 1> is a BA, ¢, is a unary operation on A4 for each
Kk < o, de, € A4 for all k, A < «, and the following axioms hold (for all «,
A, u < aandall xe 4):

(C) c0 = 0;

(Co) X < CeX;

(Cs) Cx(x'CxJ’) = CeX:CyY;

(Cy CCaX = C)\CyX;

(Cs) de = 1;

(Co) if k # A, p, then d,, = c(dae-diy);
(&5)] if k # A, then ¢ (dyea-x) Ce(dern-—x) = 0.

By routine checking one obtains

Corollary 12.3. Every cylindric set algebra is a cylindric algebra.

The following proposition summarizes elementary properties of CA,’s
which will be used later without specific reference. In what follows results are
implicitly relative to an arbitrary CA, ¥, arbitrary «, A, u < «, and arbitrary
X, ¥, z € A, unless otherwise stated.

Proposition 12.4
() Ifcex =0, then x = 0.
(i) c.1 = 1.
(ifi) cCueX = CiX.
(iv) xe Rngc, iff c.x = x.
@) x-c.y=0iffcex-y =0.
i) c(x + y) = cx + ce.
(vit) If x < y, then c,x < .

(viii) ¢, — Cex = —Cyx.
(IX) dx)\ = d)\k:'
(x) cdea = 1.

(.xi) IfK # A, s then CKdAu = d)\u.
(xii) If k # A, then ¢ (doa-—X) = —c(der- x).
(xiii) If k # A, then dyp-C(dir-X) = dyp- x.

Proor. (i), (if): immediate by (C,). (iii): Putting x = 1 in (C;) we obtain
CCey = Ccl-c.y, so (iii) follows from (i7). (iv): if x € Rngc,, say x = c,y.
Then ¢.x = c.c.y = ¢,y = x by (iii). The converse is trivial. (v): if x-c,y =
0, then

0 = cu(x-cey) by (C,)
= CeX Cy by (Cy)
= Cx(Cex-y) by (Cy)

soc,x-y = 0by (i). The converse is the same statement. (vi): Since c(x + y)-
—c{x + ») =0, by (v) we have (x + y)-c, — ¢c.{x + y) =0, so x-c, —
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C(x + y) = Oand (v) yields ¢, x-—c(x + y) = 0. Thus¢,.x < c.(x + y),and
similarly ¢,y < c.(x + y). Next,c,x-(—cex-—c,p) = 0,50 x-C(—CX-—C,y)
= 0by (v). Similarly, y-c,(—c.x-—c.y) = 0,50 (x + y)-c.(—cx-—c.p) = 0,
and an application of (v) yields c.(x + y)-—cx-—c,.y = 0, 1.e,, ¢ (x + y) <
cex + c.py. Thus (vi) holds. (vii): if x < y,then x + y = y,s0 ¢,x < ¢x +
¢y = ¢lx + y) = c.y, using (vi). (viii): The inequality —c,.x < ¢, — CcXx
is an instance of (C,). By (iif), —c.x-¢.Cex = 0, s0 by (v), ¢, —Ccx-Cex = 0,
i.e., C,—CXx < —c.x, as desired. (ix): by (Cs) we may assume that « # A
Then, since c,(d,»-d,.) = dax = 1 by (Cg) and (C;), we have

0= C;c(drc)\ : d)\x) ‘ Cic(dxc)\ T d)\x) by (C7)
= Ck(d)cA T d)uc)a

50 den-—dne = 0 by (). Thus d,, < d,, so (ix) follows by symmetry. (x):
by (Cs) and (ii) we may assume that « # A. Then

de»c)\ = Cx(d;c)\'d)\x) by (lx)
=dun =1 by (Ce), (Cs)
(xi): Assuming « # A, u, we have
C;cd)\u = C;cC;c(dmc'dw) by (CG)
= C;c(d)\zc'dxu) = d)\u by (l”)’ (CG)

(xii): by (Cq), c(dea-—X) - cc(dea-x) = 0. On the other hand,

c}c(dic)\ = .X) + c;c(dx)\ ) .X) = C)c(d;c)\ =X + dic)\ ) X) by (Ul)
= ClCd)C A= l by (x)

Hence ¢, (dgx-—X) = —c(der-x) by 9.6(xii). (xiii): we have
d;c)\'_x < c}c(drc?\'—-x) = _Cx(d)cA'x) by (C2)a (Xll)
50 der-—x-C(der-x) = 0 and hence d,,-c.(d.a-x) < x, from which (xiii)

easily follows. .

An elementary operation which will play an important role in later
considerations is as follows.
Definition 12.5. For «, A < « and x € 4 we set
six = x if K = A,

s¥x = Ce(dea-x) if « # A

For later use we give some properties of this operation; they are easily
established on the basis of 12.4:

Proposition 12.6
(i) sk is an endomorphism of {4, +, -, —, 0, 1>.
(if) If « # u, then sid,, = d,,.
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(iii) If k # p, v, then sid,, = d,,.
(iv) dea-six = dea-x.
@) If u # K, A, then d,,-stx = d,,-shx.
(vi) skcex = cx.
(ii) If p # «, A, then sfc,x = c,skx.
(viii) If k # u, then sisix = six.
(ix) sistx = sisix.
(x) If A # p # k # v, then sisix = s{six.
(xi) sistx = sisix.
(xii) sisic.x = shc.x.
(xiii) sfsic,c,x = S38%C.C,X.

For later purposes it is convenient to introduce the notion of the dimension
set Ax of an element x, giving the coordinates in which x is not a cylinder:

Definition 12.7. Ax = {«x:c.x # x}.

The following proposition gives some easily established properties of this
notion:

Proposition 12.8
(i) A0 = Al = 0.
(@) If dep # 1, then Ad,, = {x, A}.
@@ii) A(x + y) € Ax U Ay.
(iv) Ax = A — x.
(v) A(x-y) = Ax U Ay.
(vi) Ac,x < Ax ~ {«}.
(vii) Asix = (Ax ~ {«}) U {A}.

Now we consider some algebraic notions as applied to cylindric algebras.

Definition 12.9. Let A = {4, +, -, —, 0,1, ¢,, duadea<e and B = (B, +/,
S =100, 1, ¢y diadea<e be CAL’s. We say that U is a subalgebra of B if
A< B 0=0,1=1"d, =d, forall «, A < «, and for all x, ye 4,

x+y=x+4+"y, x-y=x"y, —x =-"x, and c.x = cx for all «x < .
For any X < B, X is a subuniverse of B if 0, 1" € X, d;, € X for all «,
A < a, and X is closed under +’, -, —' and c, for each « < «.

Proposition 12.10. If <7 is a nonempty collection of subuniverses of a CA, 4,
then (& is a subuniverse of .

Definition 12.11. If X < A4, A a CA,, then theset N{Y: X < Y, Y a sub-
universe of 2} is called the subuniverse of A generated by X.
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In general there is no simple expression for the elements of the subuniverse
generated by X, unlike the situation for BA’s (cf. 9.11).

Definition 12.12. Let 2% and B be CA,’s, with notation as in 12.9. A homo-
morphism from 2 into B is a function f mapping A4 into B such that for all
x,yeA and k, A < «,

@) f(x + ) =fx+"f;
@) f(x-y) = fx-fy;
@) f(—x) = =fx;
(iv) fO = 0';
@ fl=1%
(i) feex = cpfx;
(vii) fdex = dea

The terms homomorphism onto, isomorphism into, and isomorphism onto
have the obvious meaning. We write 2 =~ 3B if there is an isomorphism of
2 into B.

Proposition 12.13. If f is a homomorphism from 2 into B and x € A, then
Afx < Ax.

Definition 12.14. Let A =<4, +, -, —,0, 1, ¢,, dadra<e be a CA,. An
ideal of A is an ideal of <4, +, -, —, 0, 1> such that for all « < «, if
xelthencxel

Proposition 12.15. Let I be anidealina CA, U, andlet R = {(x, y): x-—y +
—x-y eI} (cf. 9.16). Then for any k < e and x, y € A, if xRy then c . xRc,y.

PrOOF. Assume that xRy and « < «. Thus x-—y + —x-ye I Now
CeX = Ce(x =y + X-y) = C(x-=y) + Clx-)) < Clx-—y) + Y
hence
CeX —Coy < CelX-—p) < Cx-—y + y-—x) el

Thus cx-—c,y €1, and by symmetry, ¢, ¥-—cx € I, SO C X ~Ccy + —CpX-
c.yeland c.xRc,y. O

Along with 9.16 and 9.17, Proposition 12.15 justifies the following
definition:

Definition 12.16. Let/beanidealina CA, % = {4, +,-,—,0,1,¢c,,d\Dcn<a-
We define A/1 = {A/I, +', ', =", 0, 1', ¢, drDx.r <a» Where

<A’ +, - —70’ 1>/I = <A/I’ +I, 'I, _,5 OI’ 1’>
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in accordance with 9.17, ci.[a] = [c.a] for allae 4 and « < «, and d;, =
[den] for all k, A < «.

Proposition 12.17. If [ is an ideal in a CA, U, then A/I is a CA,, and I* is a
homomorphism from U onto U/I.

Proposition 12.18. If f is a homomorphism from a CA, U onto a CA, B and
I={xeAd:fx=0}then Iis an ideal of Y, and B ~ U/IL.

Proposition 12.19. The intersection of any nonempty family of ideals in a CA,
is an ideal.

Definition 12.20. If % is a CA, and x < A, then the ideal generated by X
is the set

(N {I: X € I, I an ideal of 2}.

We can directly generalize 9.23 to give a simple expression for the members
of the ideal generated by a set:

Proposition 12.21. If X < A4, A a CA,, then the ideal generated by X is the
collection of all y € A such that there exist m, n € w and x € "X, k € "o with
Y < Ceor* Cen-n(Xo+ +* +Xpm_1)-

Proor. Let I be the collection of all y € 4 such that such m, n, x, « exist.
Clearly I is contained in the ideal generated by X. Thus it is enough to show
that X = I and 7 is an ideal. Taking m = 1 and n = 0 we easily see that
X< I Takingm = n =0, we see that 0O/ and hence I # 0. If z < y e,
obviously also z e I. If y € I, with m, n, x, x as above, and if A < «, then

CrY < CxCxo” * *Cutn-1)(Xo +** + Xpm_1),

so ¢,y € I. Finally, suppose y, y’ € I, with m, n, x, k and m’, n’, X', ¥’ satisfying
the corresponding conditions. Then

! ’

Y+ < CorCra-n(Xo + 1+ Xno1) + o Com-n(Xo + o+ Xpoy)
’

< Cxo" " "Cutn—1Cx0" * 'C;c’(n'—l)(xo +ort Xpoy + x(; +---+ xm’-—l),

so y + y elalso. O

We shall not develop the algebraic theory of CA.’s any further. Instead,
we now turn to the relationships between first-order logic and cylindric
algebras. In this regard the following definition is fundamental.

Definition 12.22. For & a first-order language and I" a set of sentences in
Z we set

=& = {(p, ¥) : ¢ and ¢ are formulas of .£ and I' F g &> ¢}.
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Furthermore, we let ME = (Fmlag/=¢, +, -, —, 0, 1, ¢, deade.r<ws
where for any ¢, $ € Fmlag and any «, A € w,

[¢] + [¥] = [p v ¥];
[]-[¥] = [ A ¥];
—le] = [o];

0 = [—wy = 1,];
1 = v, =v,];
Cx[<P] = [aVJc(P];
drc?\ = [Vrc = VA]-

This definition is easily justified (see 9.54-9.56). Routine checking gives:
Proposition 12.23. %F is a CA,,.

As in the case of sentential logic and Boolean algebras, there is a natural
correspondence between notions of first-order logic and notions of cylindric
algebras. We give two instances of this correspondence. The first one indicates
the close relationship between set algebras and models of a theory:

Proposition 12.24. Let I be a set of sentences in a first-order language ¥, and
let A be a model of T. Then {p* : p € Fmlagy} is an w-dimensional field of
sets. Let B be the associated cylindric set algebra. Then the function f such
that fp] = ¢* for each ¢ € Fmlagy is a homomorphism of Mg onto B (f is
easily seen to be well defined).

This proposition can be routinely checked. The following proposition is
established just like 9.59.

Proposition 12.25. Let I be an ideal in a CA, MZ, and set A = {p € Sent»:
—~[plel}. Then I" = A, and W& |1 is isomorphic to ML .

The algebras MF possess a special property not possessed by other CA,’s;
the definition of this property is given in

Definition 12.26. Let % be a CA,. We say that 2 is locally finite dimensional
provided that for all a € 4, Aa is finite.

In the case of an algebra M¥, if ¢ is any formula and v, is a variable not
occurring in ¢, then Fv,pe> ¢, and hence c.[p] = [Av.p] = [p]. Thus
Alp] < {«: v, occurs in ¢}, and hence Afp] is finite. Hence:

Proposition 12.27. M¥ is locally finite dimensional.

The following result is an analog of 9.58; it shows that the algebras Mg
have a certain freeness property.
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Proposition 12.28. Let & = (L, v, 0, %) be a first-order language with no
operation symbols. Suppose A is a CA,, and f: Dmn Z — A is a function
such that Afy < Ry for all R e Dmn Z. Then there is a homomorphism g
from Mg into U such that g[Rv,- - -vm_1] = fi for each R € Dmn Z (with,
say, Rp = m).

ProOOF. The proof is similar to that of 9.58, but is much more tedious. We
first define a function A: Fmlag — A4; hep is defined by induction on ¢. The
most complicated part of the definition is the case in which ¢ is an atomic
formula of the form Ruv;y- - - v, - 1. In this case, let jy, ..., jn,—1 be the first
m integers in w ~ {i0,...,i(m — 1),0,...,m — 1}, and set

— 0. .. .Jm=10 .. om—1 .
ARV« - - Vym—1y = SIg-* -SKmZ 13870 - *STm i 1 /ws

for motivation, cf. the comments following 10.74. The inductive definition of
he proceeds very simply: A(v, = v,) = dex, A V ¢) = hop + hp, h(p A ) =
ho-hg, h( ~p) = — he, hVv.p = —c,— hp. Analogously to the sentential case,
we now claim

1) if ke, then hp = 1.

To prove (1), let I' = {p : p € Fmlag, hp = 1}. Now each logical axiom is in
I'. We prove this in detail for each kind of axiom. First suppose hp # 1;
we show that ¢ is not a tautology. Let / be a maximal ideal of the BA 8 =
(ME, +, -, —, 0, 1> such that hp € I, and let = be the natural homomorphism
of B onto B/I. Then B/I is a two-element BA, and = o 4 can be considered
as a truth valuation. Since 7hp = 0, ¢ is not a tautology. Next, suppose ¢
has the form Vo,.(¢ = x) = (Vo = Vo,x). Then

hop = ——Co— (—hp + hy) + ——Co— hip + —Cu—hy
= c(mp-—hy) + c.—hp + —c—hy
= cx(h‘/"_hX) + cx(_h‘/"—hX) + _Cx'_hx

Ce—hx + —cc—hx = 1.
For the next kind of axiom we need a lemma:
2 if v, does not occur in ¢, then « ¢ Ak,

To prove (2) we proceed by induction on . First suppose ¢ is Rv;o- - - Uy —1)-
Then with notation as in the definition of A, by 12.8(vii) we have Ahyj <
{i0, ..., i(m — 1)}. Thus (2) holds in this case. All other steps in the inductive
proof of (2) are easy using appropriate parts of 12.8. Thus (2) holds. Hence
if @ is ¥ —> Vv,y where v, does not occur in ¢, then

hp =—hp + —c,—hp=—hp+ ——hp =1 (using 12.8(iv)).

The desired conclusion for ¢ of the form 3v,(v, = v,) is clear. Finally, suppose
@ is v, = v, = (f = x), where x and ¢ are atomic and y is obtained from ¢
by replacing an occurrence of v, in i by v,. We may suppose that « # A,
since if k = A then § = y and obviously hp = 1. If ¢ is v, = v,, then yx is
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Ve = U, OF U, = v, and again obviously hp = 1. If Y is v, = v, or v, =1,
with « # p, then y is v, = v, or v, = v,, and

dea-diy < Ce(dia-di) = days
hence
hp = —d,, + —d,, = L.

So we may assume that ¢ has the form Royg- - 04— 1yUxli¢ 41y *  Uyem -1, and
x 18 Ruyp « 03¢ - 1yWalig s 1y * - Vim - 1)- It this case we need several lemmas.

Let jo, ... jm-1 € w, and let ko, . . ., k,_,, [ be distinct integers
inw~ {jo,-sJjm-1,0,...,m — 1}, and assume that u < m.

(3) Then
k0 k(m — 10 -1 — K0, . gku—Dol k(u+1) k(m ~1)
S0 - *Sim-1Seo" * Skm-Sr = S50 T SIETDSHSIED - Sim =D
0 -1 +1 -1
Sko" * *Sk=1SISkw+ 1" * " Skm -1 Sm-

The proof is straightforward :

) km—-1)e0 .. .aqm—1 _ KO, . .km=-DO .. . em—1
876 " "Sim—1Sko" " “Skm- 1SR = S0 Sim—1SRo" * *SkmE 10CkuCifr
— kO e(u— Dgi(u+ 1) k(m — 1okugu 0 u—1
= 850 * *Sjcu-138icu+1) * * *Sjm— 19572 SkcuCruCiSko* * "Skw -1

SkRin Shmin/a (using 12.6(x) and 12.6(vii))

_ ko Ke(u - Dk(u+ 1) (m — Dl 0 u—1
= S50 * * "Sjtu-138u+1) * * *Sitm - 1)S7uS1CruCliSko” * *Skw-1)

+1 ~-1
Sku+n Skm-nSr  (by 12.6(xiii))
ku—1Dgl gk(u+1) k(m—1)c0 -1 +1
SHu T ShSIGE D - - SEm I SN0 - Skl usiskhin -

LUty (by reversing above steps)

— kO, .
= Sjo

Thus (3) holds. By induction from (3) we obtain

LetjO,...,jm — 1) e w, and let k0, . . ., k(m — 1),10,...,
I(m — 1) be distinct integers in w ~ {jO,...,jm — 1),0,...,

@) m — 1},

Then
SIS  SEa-BSRo"  STminSr = Sio- - -SKmI SR - SRaly S
We can also prove the following slightly stronger statement:
LetjO,. ..,j(m — 1) e w, let kO, .. ., k(m — 1) be distinct integers
inw~ {jO,...,j(m—1),0,...,m — 1}, and let 10, ..., I(m — 1)

also be distinct integers in w ~ {jO, ..., jm — 1),0,...,m — 1}.
Then the conclusion of (4) still holds.

)

In fact, let p0,..., p(m — 1) be distinct integers in w ~ {jO,...,jm — 1),
0,....,m—1kO,...,k(m — 1),10,...,I(m — 1)}. Then, using (4) twice,

0 Je(m — 10 m—1 — PO, ..Pm-D0 .. . cm—1
S50 SIS0 SEmInSr = S0 SEm - HSpo- - Shm i /R
— l0 I(m-1)c0 m-—1
= 86" * *Sjm-DSio" * *Skm 21 /r-
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Now we return to checking that hp = 1 (see above prior to (3)). Choose
JO,...,jm — New ~ {i0,...,i(t — 1),i(t + 1),...,i(m — 1),0,...,m — 1,
k, A}, and set

— 0 j(t ~1 t+1 -1)c0 -1
x =sfg-- -Si(c-lisif:n?- -esfimI sl Shtmn/r
Then by (5) and 12.6(x), b = si!x and hxy = si!x. Now
dea-sitx < sitx

by 12.6(v), so hp = —d,, + —sffx + s{ix = 1, as desired.

We have now shown that hAp = 1 for each logical axiom ¢, i.e., each
logical axiom is in the set I' defined following (1). Obviously I' is closed
under detachment and generalization. Thus each logical theorem is in T,
and (1) follows.

Now if kg <> ¢, then A(p <> ¢) = 1, and hence it follows easily that hp =
hy. Hence (since F = F) there is a function g mapping M€ into A such that
gle] = he for any ¢ € Fmlag. It is easily checked that g is the desired
homomorphism. O

The following kind of logical representation theorem is an obvious
consequence of 12.18, 12.25, and 12.28.

Theorem 12.29. If A is a locally finite dimensional CA,, then A4 ~ ME for
some L, T.

As an easy consequence of 12.29 we obtain the following analog of the
Boolean representation theorem.

Theorem 12.30. If U is a locally finite dimensional CA,, |A| > 1, then there
is a homomorphism of AU onto a cylindric set algebra.

PrOOF. By 12.29 we may assume that % = ®Z for some %, I'. Then I is
consistent, since |4| > 1. Let £ be a model of I. The desired conclusion
now follows from 12.24.
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EXERCISES
12.31. Prove c.—cCyx-ch—Ce—x = 0.

12.32. Prove coc; —dos = co—do; (even if ¢ = 2).
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12.33.* Prove CoCl(—' d01 .- doz' - dlg) = COC1C2(_ d01 - doz‘ - d12) (even ifa = 3).

12.34.

12.35.

12.36.

12.37.

12.38.

If « > 1 and ¢, is the identity mapping, then each c, is the identity
mapping, and d,, = 1 for all «, A < «.

Every finitely generated CA; is finite.

For any « > 2 there is an infinite CA, generated by one element. Hint:
consider the cylindric set algebra of subsets of “w generated by
{x€w:xy < x1}.

If A is a locally finite dimensional CA,, and 0 # x € A4, then there is a
homomorphism f of 2 onto a cylindric set algebra such that fx # 0.

IfAisa CAq o < w,and |4] > 1, then? x A (understood in the natural
sense) is not isomorphic to a cylindric set algebra. Hint: in a cylindric set
algebra B of dimension «, if x # 0 then ¢+ -cp—1x = 1.
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PART III
Decidable and Undecidable Theories



The main topic of this part is the application of the definitions and results
of recursive function theory to logic. The question that is central to our
endeavors here is to determine for various particular mathematically inter-
esting theories I' whether or not there is an effective procedure to determine
of any sentence ¢ the truth or falsity of I F ¢.



Some Decidable Theories

First we give the basic definitions with which we shall be working in this
part.

Definition 13.1. Let I" be a theory in an effectivized first-order language
&L = (L,v,0, %, ). We say that I is decidable if g**I is recursive, and
undecidable if g**T is not recursive.

In this chapter we give a few examples of decidable theories. The methods
for proving theories decidable are numerous. Some of the easiest methods
are model-theoretic, so we shall give more examples of decidable theories in
Part IV. For proving theories decidable, the extensive mechanism of recursive
function theory is not really needed. Almost all of the work can be done on
the intuitive level of recognizing that certain procedures are effective. Every-
thing is made rigorous by applying the weak Church’s thesis (see p. 46).

Many of the theories which have been proved to be decidable are rather
simple. The table below may help the reader to get an idea of the complexity
decidable theories can have, especially when compared with our list of
undecidable theories on p. 279. We also list in each case a convenient method
of proof for the decidability of the theory.

We shall give a detailed treatment in this chapter for the theories 1, 5, 7
in this table. The method we will use is that of elimination of quantifiers. This
method can be described in rough terms as follows. In our given language
we single out effectively certain formulas as basic formulas. These will usually
not be quantifier free. Then we show (eliminating quantifiers) that any formula
is effectively equivalent within our given theory to a sentential combination
of basic formulas, i.e., a combination using only v, A, —. Finally, we give
an effective procedure for determining whether or not such a combination is
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Some decidable theories

In this
Theory of Proved by A method of proof  book
1. Equality (no nonlogical Lowenheim 1915 Elimination of p. 241
constants, no axioms) quantifiers
2. Finitely many sets Elimination of p. 243
(m unary relation quantifiers
symbols, no axioms)
3. One equivalence Janiczak 1953 m-elementary p. 354
relation equivalence
4. One unary function Ehrenfeucht 1959 Tree automata —
5. (w, s) — Elimination of p. 236
quantifiers
6. Two successor Rabin 1968 Tree automata —
functions*
7. (Z, +) Presburger 1929 Elimination of p. 240
quantifiers
8. Simple ordering Ehrenfeucht 1959 Tree automata —
9. (SI,u,n, ~,0, 1 Skolem 1917 —
10. Boolean algebras Tarski 1949 Model completeness —
11. Free groups Malcev 1961 —
12. Absolutely free Malcev 1961 —
algebras
13. Abelian groups Szmielew 1949 Model completeness —
14. Ordered abelian groups Gurevich 1964 -
15. Algebraically closed Tarski 1949 Vaught’s test p. 351
fields
16. Real-closed fields Tarski 1949 Model completeness p. 362
17. p-adic fields Ax, Kochen; —
Ershov 1965
18. Euclidean geometry Tarski 1949 Reduction to 16 —
19. Hyperbolic geometry  Schwabhduser 1959 Reduction to 16 —

* This is the theory of A = (4, 9q, 41), Where 4 = Unew ™2, 50w = w0, s;w = wllD, for
allwe A.

a consequence of the theory. This method yields much more information
than just the decidability of the theory, as we shall see.

The Theory of (w, 9)

For technical reasons, instead of this theory we first consider the theory of
(w, 9, 0). First we need some notions from sentential logic.

Definition 13.2. Let I' = Fmlagy (Where & is an arbitrary first-order lan-
guage). The set QfT" of quantifier-free combinations of members of T is
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the intersection of all sets A < Fmlag such that I' € A and A is closed
under v, A, and —.

Theorem 13.3 (Disjunctive normal form theorem). Let I' € Fmlag. Then
for any ¢ € Qf T such that — is not a tautology there exist p, m € w and
a function i such that:

(i) the domain of Y is (p + 1) x (m + 1);
(ii) foreachi < pandj < m, ;€ or fy; = =y withyeT;
(iii) Fp o Visp Nism l/’ij'

For the proof, see 8.38.

We now turn to the decidability proof for the theory of (w, 4, 0). We work
in an effectivized language with a unary operation symbol s and an individual
constant O. By induction we set

A0 = O; A(m + 1) = sAm; st = s; ™l = ss™; m = Am.

The terms of this language are just of two kinds: s™« for some variable «,
and m for some m € w, where s% is just «. A formula will be called basic if it
has one of the following forms:

s™; = o, ¢ a term not involving v;;
0=0.

Clearly there is an effective method for recognizing when a formula is basic.
Let T'; be the set of all sentences which hold in (w, 4, 0). Obviously I'; is a
complete and consistent theory. Two formulas ¢ and ¢ are equivalent (under
I',) provided that ¢ «» ¢ holds in (w, 4, 0).

Lemma 13.4. For any formula ¢ one can effectively find a formula s equivalent
under Ty to @ such that  is a quantifier-free combination of basic formulas
and Fvy < Fve.

ProOF. We proceed by induction on ¢. First suppose ¢ is atomic; thus ¢
has the form ¢ = . If no variable occurs in ¢, then ¢ has the form m = n.
This is equivalent to O = O or to (O = O) accordingas m = n or m # n.
Suppose a variable occurs in ¢. If ¢ has the form s™« = s"« for some variable
«, then ¢ is equivalent to O = O or to —(0 = O) according as m = n or
m # n. The only forms left are s« = ¢ or o = s™« (for some variable ),
where o does not involve «. Both are equivalent to s™« = o. This takes care
of the atomic case.

The induction steps using =, v, A are trivial. To make the induction
step using Ve it suffices to show that if ¢ is a quantifier free combination of
basic formulas then e is equivalent to a quantifier free combination of
basic formulas determined effectively from Jag. Since

Ja(p v x) e Jap v Ty
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is logically valid, we may by 13.3 assume that ¢ is a conjunction of basic
formulas and their negations. Now in general if « does not occur in ¢ then

Ja(f A x) o A oy
is logically valid. Hence we may assume that each conjunct of ¢ actually
involves «. Thus we may assume that Jog is the formula
Jo[s*Pc =0g A -+ A S Vg =0,
A (e =o0,) A--- A (D =0, _,)]
where 0 < m < n > 0,and o,.. ., 0,_; do not involve «. Noting that o = 7

is equivalent under I'; to se = s7, if we let / be the maximum of k, .. ., k,_;
we easily see that Jag is equivalent to a formula of the form

Jofsla =14 A--- A sla
=Tn1 A (sle=7) A A (sla=7,_4)]
where 7q,..., 7,_, do not involve «. In turn, this formula is obviously

equivalent to
e[ (e=0) A A "(a=A( - 1) A«
=TA - Aae=T_ 1 A W(e=T1y) A A a=T1,_4)]
Thus g is equivalent to a formula of the form
Joafo=po A Aa=pn_1 A Ha=pp) A A (e=py)]
where pg, ..., pp do not involve «. Now if m = 0, then J«p is obviously

equivalent to O = O. If m # 0, then Jv,p is clearly equivalent to

/\ (i=pd) A T(po=pn) A A po = py),

j<k<m

as desired. ]

Theorem 13.5. I'; is decidable.

Proor. Let ¢ be any sentence in our language. Let ¢ be found from ¢ by
13.4: ¢ is a quantifier-free combination of basic formulas and Fv¢ < Fve,
therefore ¢ is a sentence. Now by 13.3, whose proof is obviously effective,
there exist m and n and sentences y;; such that

Ff v /\ Xij
i<m j<n
where each y;; is a basic sentence or the negation of one. But the only basic
sentence is O = O, which is obviously a member of I';. Therefore we have
pely iff pely
iff 3i < mVj < n(x;is 0 =0). O

Corollary 13.6. The theory of (w, 9) is decidable.

Proor. There is an effective method for recognizing when a sentence does
not involve Q. Such a sentence holds in (w, ) iff it holds in (w, 4, 0). |
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It is clearly possible to choose our original language %, to be elementarily
effective (see p. 190). By examining the above proofs it is clear that in 13.5
and 13.6 the decision method then is elementary, i.e., the set g**I" is elemen-
tary for the I'’s of 13.5 and 13.6. Similar remarks apply to our other two
decidability results of this chapter.

The proof of 13.4 gives the following important corollary:

Corollary 13.7. A set A < w is elementarily definable in (w, 9) or in (w, 9, 0),
iff it is finite or cofinite.

ProoF. First we treat (w, 4, 0). =. Suppose ¢ elementarily defines 4. Thus
Fvp = {1y} and 9% = A, where U = (w, 4, 0). By 13.4 let ¢ be a quantifier-
free combination of basic formulas equivalent under I'; to ¢ with Fv < {v,}.
Thus ¢ also elementarily defines A. Now ¢ is built up from formulas O = O,
s™v, = nusing -, A, v. Note that s"v, = n elementarily defines 0 if m > n,
and {n — m} if m < n. Thus A is built up from sets w, 0, {p} using ~, N, V.
Hence A is finite or cofinite. The converse is trivial. O

To treat the structure (w, o) it is enough to note that if ¢ elementarily
defines 4 in (w, 4), then it also does in (w, 4,0) and hence A is finite or
cofinite. Conversely, any finite or cofinite subset of w is clearly definable in
(w, 9).

No really nice characterizations of the elementarily definable n-ary
relations are known to the author for n > 1.

The Theory of (zZ, +)

We shall instead consider the theory of 4 = (Z, +, <, 0, 1, —); this will
clearly give the desired result for (Z, +) as in the proof of 13.6. We work now
in a language with binary operation symbols 4 and =, individual constants
O and 1, and a binary relation symbol <. I'; is the set of all sentences of this
language holding in . We shall write o 4 7 instead of (4 >or. The expressions
o — 1 and o < 7 are to be similarly understood. Now we let

A0 = O, Am+ 1) =Am+1 for m € w,
Am =0 —=A(—m) formeZ, m < 0,
m= Am formeZ,

0o = O, (m+ No=mo+o for me w,
mo = Q = (—m)o form < 0.

For m > 1 and o, 7 terms we let o =, = be the formula
Jo(o = 7 = mae)

where « is the first variable (in the natural order vy, vy, ...) not appearing
in o or 7.
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A formula g is basic if it has one of the following three forms:

[o—
o< T

o=, T.

Note that the third kind of basic formulas involves quantifiers. As indicated
in the introduction to this section, this is typical of the elimination of quanti-
fiers method when it is applied to theories of any complexity at all.

Lemma 13.8. For any formula p one can effectively find a formula i equivalent
under Ty to @ such that \ is a quantifier-free combination of basic formulas
and Fvy < Fve.

Proofr. The assertion is obvious for atomic formulas, and the induction
steps involving =, v, A are trivial. As in the proof of 13.4 it is hence sufficient
to prove the lemma for ¢ of the form ey, ¢ a conjunction of basic formulas
and their negations. Now the following formulas hold in %:

Afc=T1)oc<TVT<O
o< T)>7=0cVvT<oO
o=, T)odl=, 7V ---vVotAm—1)=,7.

Therefore we may actually assume that ¢ is a conjunction of basic formulas.
As in the proof of 13.4, we may assume that each conjunct actually involves
«. Now if ¢ is a term involving «, then there is a term 7 not involving « and
an m € Z such that

c=moa+4T

holds in 2. It follows that formulas of the forms

o=
o< T

o=y, T
are respectively equivalent to formulas of the forms

noe = p
noe < p or p < no
noe=,p

where n > 0 and p does not involve «; and we may clearly assume n > 0.
Hence we may assume that ¢ is equivalent to a formula of the form

Jelnge=po A" A M_10=p;_1 A B < p; A=+ A Ry_;0
(1) <pi-1 Api <M A Apgy <N 10 A MESgy e A
A M1 =pg 1 proa]

where 0 <i<j<k<I>0,np...,n_1>0 m,...,m_; >1,and p,
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..., pi—1 do not involve «. Now for p > 0 the following pairs of formulas are
equivalent:

o= and po = pr;
o< T and po < pr;
o=, T and po =, p7.

It follows that in (1) we may assume that ng =--.-=n,_; > 1. Thus (1)
becomes of the form

Ja(pa=E&o A Apa=¢_ 1 Apa < E A Ape< i A
E,<pa A A&y <paApe=g by A A pa=gg_1éoq)

where0 <i<j<k<I>0,p>1,qp...,9,-1 > 1,and &,..., &_; do
not involve «. This in turn is clearly equivalent to

2
In case i > 0, (2) is equivalent to
bombiA- A& EEIAGE<EA - AE<EINE<E
A NG <EAES0A&G=géc A A b= Eimre
Thus we may assume that i = 0; so (2) is equivalent to a formula of the form
3) e <A A< AR <eA- AR <a
AaSym A A @Sy Pu-1)

where 0 < s <t <u, ry...,r_1 > 1, and 7, ..., 7, do not involve «.
Next, we claim that we may assume that ¥ = ¢ + 1. This clearly follows from
the following number-theoretic fact:

Ja(o=¢é A Aa=G 1 Aa<EAN - Aa<E AL <a
A ANE i <aAa=, 0Aa=gép A A a=ggogy Eo7).

Let a, b, m, n be integers with m, n > 1. Let p = lcm (m, n); then
ged (p/m, p/n) = 1, so there exist integers ¢, d such that ¢(p/m) +
d(p/n) = 1. It follows that for any integer y the following two
conditions are equivalent:

(i) y = a(mod m) and y = b (mod n);

(it) a = b (mod ged (m, n)) and y = c(p/m)a + d(p/n)b (mod p).

@

To prove (4), assume its hypothesis. Suppose (i) holds. Then y — a = em
and y — b = fn for some e, f, so a — b = fn — em, which is divisible by
ged (m, n). Thus @ = b (mod ged (m, n)). Also,

y — c(p/ma — d(p/mb = c(p/m)y + d(p/n)y — c(p/m)a — d(p[n)b
c(p/m)(y — a) + d(p/n)(y — b)

c(p/m)em + d(p[n)fn

0 (mod p).

Thus (i) holds. Conversely, suppose that (i) holds. Write a — b =
v gcd (m, n). Then

y—a=y— cp/ma— d(p/na

=y — c(p/m)a — d(p/m)b — d(p/n) v ged (m, n)
= 0 (mod m)

[ (I

i
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since y — ¢(p/m)a — d(p/n)b = 0 (mod p) and d(p/n) gcd (m, n) = 0 (mod m).
Similarly, y = b (mod n). Hence (4) has been checked, and hence in (3) we
may assume that u = ¢ 4+ 1.

If s =0 or¢ =y, it is clear that (3) is equivalent to O = O. So, assume
that 0 < s < ¢. Then (3) is equivalent to the following formula:

[nd<m+1

O<i<s,s<j<t Osc<s,ssd<t

A <n+1A /\(771‘+e+1<7]iA771'+e+IErt7]i)] O

e<rt

Theorem 13.9. TI', is decidable.

Proor. By the method of proof of 13.5 we see that it suffices to describe a
method for determining the truth in 2 of basic sentences. The basic sentences
are easily seen to be effectively equivalent to sentences of the forms

m=n,
m<n,
mEnp9

which are true in 2 iff, respectively, m = n, m < n, or m =, p. Obviously
there is a decision method for determining these latter three questions.

Theorem 13.10. The theory of (Z, +) is decidable.

The Pure Theory of Equality

Our language here has no nonlogical constants. I'; consists of all sentences
¢ such that Fe. Thus in this case, unlike the preceding two cases, the theory
we investigate is not complete. For example, Vv,Vv;(v, = v,) holds in one-
element structures but not in any others. The general procedure is still the
same, however. First we distinguish some basic formulas, which again are not
special atomic formulas but some of which are rather complicated sentences.
We let

&1 = vo(vo = vo)

and, form > 1,

&p = vy - -0, _, /\ =(v; = vy).
i<j<m
By a basic formula we mean a formula »; = v; or a formula &,
Note that the #-structures here are just sets. The basic lemma, as usual
in this chapter, is:

Lemma 13.11. For any formula ¢ one can effectively find a formula  equivalent
under T's to @ such that i is a quantifier-free combination of basic formulas
and Fv < Fve.
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Proor. The atomic case is trivial, and the induction steps using =, v, A
are trivial. As in previous proofs it now suffices to assume that ¢ has the
form 3w, Y a quantifier-free combination of basic formulas. Since the
formulas e, are sentences, and since ¢ = « is equivalent to ;, we may assume
that ¢ has the form

Jafe=Bo A--Aa=Bn_1 A T(e=B) A A T(a=B,_1)]

where B, . . ., B, -1 are distinct variables #«. If m > 0, ¢ is clearly equivalent
to

Ni<i<a Bi=B8; A ABo=Fn) A+ A (B =8,_1)

(or to & if m =1 and n = m). Hence assume that m = 0. Let I =
{i:m < i < n}. We claim

)] Fper Aser (Asjeni2s TV Bi=B) = en141)-

To prove (1), first let 4 be any set and let x € “4. Suppose x satisfies ¢ in 2,
J < I, and x satisfies A; ;145 T (Bi=8;) in A. Say B; = vk, for all iel,
and « = v, Thus xk; # xk; whenever i, jeJ and i # j. Since x satisfies ¢
in 2, choose a € 4 so that x}, satisfies A;o; = (« = 8;). Thus a # xk; for each
i € I, in particular for each i€ J, so |4| = |J| + 1. Thus ¢;;,; holds in 4.
Conversely, suppose x satisfies the right side of (1) in A. Define i = j iff
i, je I and xk; = xk;. Clearly = is an equivalence relation on I. Let J be a
subset of 7 which has exactly one element in common with each = equivalence
class. If 7, jeJ and i # j, then xk; # xk;. Thus x satisfies A;jcsix; T
(B; =8,) in A. Since x satisfies the right side of (1) in A4, it follows that
e71+1 holds in A4, i.e., 4 has at least |J| + 1 elements. Hence we may choose

ac A~ {xk;:iel}.
Clearly then x} satisfies A;e; = (¢ = B;), so x satisfies ¢. Thus (1) holds, and
this completes the proof of 13.11. 1

Theorem 13.12. T'; is decidable.

Proor. The only basic sentences are e,, m € w ~ 1. Clearly ¢, € I'; while
en ¢ I's if m# 1. Let A be the set of all sentential combinations of basic
sentences. Note:

¢)) m < |A| iff e, holds in the set 4.
For any ¢ € A let m, be the maximum m such that ¢, is a part of ¢. Using
P @ \4
(1) it is easy to check that
@ if pe A and m, < |A4|, |B|, then ¢ holds in A iff ¢ holds
in B.
Now by (2) we have

if @ € A, then @ holds in every 4 with m, < |A] iff ¢ holds
in the set m,,.

(€)
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Thus

if € A, then kg iff ¢ holds in the set n for every nonzero
n < m,

@

Condition (4) clearly provides an effective procedure for determining whether
¢ € I'y for p € A. Namely, for each n < m,, n # 0 one checks whether ¢ holds
in n, this being essentially just a matter of checking tautologies by virtue of

(D). O

Corollary 13.13. If A is any nonempty set, then a subset B of A is elementarily
definable iff B = 0or B = A.

As a further consequence of our decision method for I'; we can find all
complete extensions of I'y; i.e., all theories A © I'y which are complete. For
each m e w ~ 1 let I'F be the set of all sentences ¢ such that

{ems TEmia} Fo
and let I'? be the set of all sentences ¢ such that

{emmew~ 1} Fo.

Theorem 13.14
(i) The theories T} and I'? are each complete, consistent, and decidable.
(i) The theories '} and T'§ constitute all the complete and consistent
extensions of T's.

PROOF

(i) By (1) in the proof of 13.12, ¢, A —e,,, holds in a set A4 iff it holds
in the set m. Hence I'T = {p : ¢ holds in m}, so I'} is complete and consistent.
Similarly, I'? = {p : p holds in w}, so I'? is complete and consistent. Obviously
then each theory I'? is decidable. I'Y is easily seen to be decidable using (1)
in the proof of 13.12, and 13.11.

(if) Obviously I'; is a subset of I'? and of each set I'F. Now suppose that
A is any complete and consistent extension of I';. By the completeness theorem,
let A be a model forA. If |4] = m < w, clearly then I'f = A.If |4]| > o, by
(2) in the proof of 13.12 we easily see that I'? < A, so I'? = A. ]
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EXERCISES

13.15. Determine all elementarily definable subsets of Z with respect to the
structure (Z, +, <).

13.16. Show that the theory of (w, +) is decidable.
13.17. Show that the theory of one set is decidable.

13.18. Using the method of elimination of quantifiers, show that the theory of
(Q, <) is decidable.

13.19. Determine the elementarily definable binary relations in any infinite set
(i.e., using the language with no nonlogical symbols and the theory I'Y).
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Implicit Definability in
Number Theories

In this chapter we consider several ways in which number-theoretic func-
tions and relations can be implicitly defined in number theories. We do not
mean elementarily definable as in Chapter 11; the present notions of defina-
bility are expressed in terms of theories and not of structures. As we shall
see, the notions lead to new equivalents of the notion of recursiveness; see
14.12, 14.20, and 14.26. They also form the basis for diagonalization pro-
cedures which produce many undecidable theories (see the next chapter).
We shall be concerned with two types of implicit definability. The first, syn-
tactic definability, follows; the second, spectral representability, is given in
14.22.

Definition 14.1. %, is a fixed effective first-order language with the follow-
ing nonlogical constants:

(0] an individual constant,
s a unary operation symbol,
+, - binary operation symbols.

For each new we let A(n + 1) = sAn (inductively), with A0 = O; fre-
quently we shall write m in place of An. For terms o, 7, the expression
o < 7 is used as an abbreviation for the formula Jv,(v; 4 o = 7), where i
is the least integer such that v; does not occur in o or in .

Now let T be a theory in % ... We say that an m-ary function f: "w — w
is syntactically defined in T' by a formula ¢ iff Fvp < {v,, .. ., v,} and for
all xo,...,Xpn-1 €w, the following sentences are in I', where y =

f(XOs IS ] xm—l):

(P(XO; ey Xmo1, Y)
vvm[‘P(XO’ s Xpm-1, Um) > Uy = Y]
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On the other hand, an m-ary relation R S ™w is syntactically defined in
I'by ¢ iff Fop < {vo,..., Un_1}and for all x,, ..., Xp_; € w,

<x0,- . 'sxm—1> GR = (P(XO’- Ty xm-l)e Fa
<x0, .. ',xm—1>¢R = _‘(P(x()s .. '5xm—1)e L.

Finally, an m-ary relation R < ™w is weakly syntactically defined in I" by
o iff Fop < {vy, ..., U1} and for all xq,..., X1 € w,

Xy o+ oy Xmo1) ER <> @(Xpy .- s Xp_1) €T
We first want to indicate some relationships between these notions and

the notion of recursiveness. Then we shall turn starting with 14.9 to specific
theories I' in which many functions and relations are syntactically definable.

Proposition 14.2. Let R < ™w. Let I" be a theory in £, and assume that
=1(0 = 1) € I". Then the following conditions are equivalent:

(i) R is syntactically definable in T';
(ii) xg is syntactically definable in T".

ProOF. (i) = (ii). Let ¢ syntactically define R in I'. Let ¢4 be the formula
A=)V (mp Av,=0).
Thus for any xo, ..., Xp-1 € w,

{X0s++ s Xm-1) € R = @(Xo, - . ., Xpp_1) €T
= ¢(x03-~'9 Xm-1, I)EF

and similarly <xq,..., Xn_1> ¢ R = $(Xo, ..., Xpn_1, 0) € I'. Thus ¥(x,, ...,
Xn_1,y¥) €', where y = xz(xo, ..., Xn_1). On the other hand, if <{x,,...,
Xn_1> € R, then ¢(X,, . .., X,-1) € I' and hence by a suitable tautology

I'Eg(Xps .oy X1, Up) > U = 1.
Similarly if (xq, ..., Xn—1> ¢ R then
F I: l)ll(xO: < Xm1, Um) > Uy = 0'

Hence yx; is syntactically defined by .

(ii) = (i). Let ¢ syntactically define xp in I'. Let ¢ be the formula
P(vg, - . ., Um_1, 1). Suppose that <{xo, ..., Xxn-1> € R. Thus xg(xq, - .-, Xm_1)
=1,50 $(Xg, ..., Xm—1, DT, ie, p(Xq, ..., Xp—1) € I'. On the other hand,
suppose that {xq,..., Xp_1> ¢ R. Thus yg(x¢,-.., Xn_1) = 0, so by the
second requirement on syntactic definability for functions,

I'Ed(xoy.. ., X1, D >1=0.

Hence, since (0 = 1) € I', we have —w(xo, ..., X1, 1) € I, i.e., —p(Xq, - - -»
Xn,_1) €. O

The following proposition is obvious:
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Proposition 14.3. Let R < "w and let T" be a consistent theory in £ . If R
is syntactically definable in T" then R is weakly syntactically definable in T.

Recall from 11.29 the notion of a set of axioms for a theory. We effectivize
this notion:

Definition 14.4. If # is an effectivized first-order language, a theory I' in
& is recursively axiomatizable if there is a set A of sentences of ¥ with
#7 *A recursive such that A axiomatizes T'.

If T is finitely axiomatizable, i.e., it is axiomatized by a finite set, then
I" is recursively axiomatizable. The connections of the notion of 14.4 with
the notions of decidability and undecidability will be explored in the next
chapter. For now we relate the notion to our notions of syntactic defina-
bility.

Theorem 14.5. Let f: "w — w and let T be a consistent recursively axiomatiz-
able theory in L, such that —(n = p) € I' whenever n # p. If f is syntac-
tically definable in T’ then f is recursive. A similar statement holds for
relations R < ™w.

Proor. Say I is recursively axiomatized by A. Let

TA = {(e, Xq5 . - -» Xm—1, Z, ¥): e is the Godel number of a formula ¢
with free variables among vy, . . ., v,, and y is the G6del number of a
A-formal proof of ¢(xq, . . ., Xpn_1, Z)}-

Clearly T4 is recursive. Now let f be syntactically defined in I' by ¢. Clearly
then for any x,, ..., Xn_1 € w we have, with e = g*¢,

f(x09 sy xm—l) = (l"'y((e’ X0s+ ooy Xm—1, (y)O, (y)l) € Tﬁ))o

Thus f'is recursive. The proof for relations follows from 14.2. O

An intuitive account of 14.5 may be helpful. Suppose that f (unary for
simplicity) is syntactically defined by ¢ in I', where I' has a recursive set A
of axioms. We compute fx as follows. Start generating all A-theorems, one
after the other (see the remarks following 10.29). As the theorems are gener-
ated, we look for one of the form ¢(x, y). As soon as one such appears, we
can say that y = fx. That eventually a formula ¢(x, y) will appear in our
list of I'-theorems is assured by the stipulation in 14.1 that ¢(x,y) € I'; the
uniqueness of y follows from the fact that Vo,(p(x, v,) > v, = z) € I, where

z = fx.

Theorem 14.6. Let R < ™w and let T’ be a recursively axiomatizable theory
in Lrnos- If R is weakly syntactically definable in T', then R is recursively
enumerable.
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ProoF. Say I' is recursively axiomatized by A. Let T4 be as in the above
proof. Let R be weakly syntactically defined in I" by ¢, and let e = g*¢.
Clearly for all x,, ..., x,_1 € w We have

Xy - s Xmo1p €R - iff Iy((e, X0, - . .5 Xm—1, ¥) € Th),
so Risr.e. =

The intuitive basis of 14.6 is like that for 14.5. Given R, unary, weakly
syntactically defined by ¢ in I', where I is axiomatized by an effective set A,
first start listing out all A theorems. Whenever ¢(x) appears on the list, give
output x. In this way R will be effectively enumerated.

The preceding two theorems give a method for exhibiting logical equivalents
of recursiveness. Thus if we can find a consistent recursively axiomatizable
theory I' in ., in which every recursive function is syntactically definable
and with —(m =n) e I' whenever m # n, then by 14.5, a function will be
recursive iff it is syntactically definable in I'. By 14.2, the same will be true
of relations. Shortly we shall, indeed, produce such theories.

Definition 14.7. A theory I' in #, is w-consistent iff for every formula
¢ with free variables among {v,}, if ¢(x) € I' for each x € w, then v, —

P(vo) ¢ I

Proposition 14.8. If I is an w-consistent theory in ¥, —(m=n)el
whenever m # n, and every unary recursive function is syntactically defin-
able in ', then every r.e. set is weakly syntactically definable in T.

ProoF. First note that every w-consistent theory is also consistent. Hence
the formula —(v, = v,) clearly weakly syntactically defines the empty set.
Now let 4 be any nonempty r.e. set, say 4 = Rng f where f is recursive.
By hypothesis, there is a formula ¢ which syntactically defines fin T'. Let
¢ be the formula Jv,¢(v;, vy); we claim that ¢ weakly defines 4. To prove
this, first suppose x € 4. Say fy = x. Then ¢(y, x) € I, so (x) e I". Second,
suppose that x ¢ 4. Thus for each y € w we have fy # x. Now g¢(y, X) —
x =z is a member of I', where z = fy, and =(x = z) is a member of T, so
—p(y, x) is a member of I, for each y € w. By w-consistency ¥(x) ¢ I', as
desired. O

Now we are ready to discuss our weakest form of number theory:

Definition 14.9. The theory R in £, is the collection of all sentences ¢
of &, such that A F ¢, where A consists of the following sentences (for
all m, n e w):

(i) m4n=p, where m + n = p;

(if) m-n = p, where m-n = p;

(iii) —(m = n) for m # n;

(iv) Vos(vo < n—->0,=0 v -+ V vy =n);
(v) Yoo(vo € n v n < vy).
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Proposition 14.10

(i) R is recursively axiomatizable.

(if) R is w-consistent.
Proor. Condition (i) is obvious. To prove (ii), first note that 2 =
{w, +, -,4,0, is a model of R. Now if Fvp < {v,} and ¢(x) e R for each
X € w, then A F p[x] for each x € w and hence 2l FVuyp(vy). Since 2 is a
model of R it follows that v, = p(vy) ¢ I I

The next theorem constitutes one of the two main theorems of this sec-
tion. It forms the main underpinning of all of our resuits which use the
notion of syntactic definability.

Theorem 14.11.  Every recursive function is syntactically definable in R.

PrOOF. Let 4 = {f:f is syntactically definable in R}. We shall use Julia
Robinson’s theorem 3.48 to show that every recursive function is in A.

I. + isin A. For, let ¢ be the formula v, 4 v, == v,; obviously the desired
conditions of 14.1 hold.
II. s is in A. In this case let ¢ be svy = v,.
III. Ure A0 < i< n). Let p be v, = v,.
IV. Exc e A. Let ¢ be the following formula:
Ao, € vy A v, € Uy F vy A Vg = (Vg-05) + v, ).

We show that ¢ syntactically defines Exc in R. To check the first require-
ment of 14.1, assume that x € w. By the definition of Exc, choose ycw
such that x = y? + Excx < (y + 1)% Since (y + 1) = p2 + 2y + 1, it
follows that Exc x < 2y; and clearly y < x. Thus by 14.9(i), RFz + y = x,
where z = x — y, so

) RFEy < x.

Similarly, REA(2y — Exc x) 4+ A Exc x = A2y by 149(/) and RFy+
y =A(2y), so

2) REAExcx <y+y.

Next, by 14.9(ii) Rk y-y = A(p?) and by 14.9(/) R A(y?) 4+ A Excx = x,
SO

3) REx=y-y+ A Exc x.

From (1)~(3) it follows that R E ¢(x, A Exc x), which is the first of the two
desired conditions for Exc x. To check the second condition, let i be the
formula

Uy KX AU Va0 A X=(0200,) + 01
Thus (x, v,) is the same formula as Jv,ys. We shall prove that

4) REJy —->v, = A Excx,
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which obviously implies that R F ¢(x, v;) = v, = A Exc x, as desired. First
note by 14.9(iv) that

6)] REy—>0,=0vV --- vy, =x.
Now let i < x. Using 14.9(/) and 14.9(iv) we easily obtain
6) RFEyAva=i—>»0, =0 v - v o, =AQ2i0).

Let j < 2i. We now note the following little number-theoretic fact:
™ ifisty or j # Exc x, then x # i? + j.
Infact,ifi < y,theni® + j < i®? +2i<i?+2i+1=(G+ 1)? < y2 < x,
so i 4+ j# x, while if y <i, then x < (y + 1)? < i? < i? + j; thus
x #i? + j. If i = y butj # Excx, obviously x # i2 + j. Hence (7) holds.
Now we clearly have, using 14.9(:) and 14.9(ii),

8) RES Avy=iAvy=j—>x=A302 +)),
while from (7) and 14.9(iii) we get
C) ifi#y or j # Exc x, then Rt —(x = A@i2 + j)).
Thus if i # y but j < 2i is arbitrary, (8) and (9) give

RES Avy=i— —(v, =j).
Thus, since j < 2i is arbitrary, (6) gives us

RFY— (v, =i).

Hence by (5) we infer that
(10) REYp—>v,=y.
Now if i = y but j # Exc x, (8) and (9) give

RFEY A vy =1 (v, =)
Combining this with (10) and (6) we obtain the desired conclusion (4).

V. A is closed under composition. To prove this, assume that f, g, . . .,

8&n-1€ A, where f'is m-ary and each g; is n-ary; let 2 = K™(f, g0y - . ., Em—-1)-

Say £, go, - - -, &1 are syntactically defined by ¢, ¢, . . ., $,,_, in R, respec-
tively. Let ¥ be the formula

31)n+1' . 'avn+m[A l/’i(UO’ ey Uno1, Un+i+1) A (P(Un+ 15 -+ 5 Unims Un)]-
i<m

We show that y syntactically defines # in R. For the first condition of 14.1,

assume that xo,...,x,_, €w. Then for any i < m, since ; syntactically

defines g; in R,

(11) Rk¢i(xo’~-‘7xn—l’yi)a
where y; = gi(xo, . . ., X,-1). Since ¢ syntactically defines fin R,
(12) RF(P(yO’, ym-—la Z);
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where z = f(yo, . - - Ym—-1) = h(xo, ..., X,_1). By (11) and (12) we obviously
obtain R F y(Xo, . . ., X, _1, Z), as desired in the first part of 14.1.
Now let 6 be the formula

/\ '/’t(xo, IR xn—l’ vn+i+1) A <P(Un+1a e vey vn+m’ vn)-

i<m
Then for any i < m, since ¥, syntactically defines g; in R,
REO—>v,, =Y

It follows that R F § = ¢(¥o, - - ., ¥m—-1, U») and hence, since ¢ syntactically
defines fin R, R F § — v, = z, as desired in the second part of 14.1.

V1. A is closed under inversion (applied to functions with range ).

In fact, let fe A, with f having range w. Say ¢ syntactically defines fin R.
Let ¢ be the formula

@(v1, Vo) A Yoole(vs, o) = v < vs).

We show that i syntactically defines /<~ in R. Let x € w, and set " Px = y.
Therefore, since ¢ syntactically defines fin R and fy = x,

(13) R F 9(y, x).

Before continuing to check the two conditions of 14.1, we need a small
lemma expressed in (14) below. Note by 14.9(iv) we have

Rszsy—>\/(vz=i).

isy

If i < y, then fi # x and hence by 14.9(iii),
RF A(A(fi) =x) fori < y.
On the other hand, since ¢ syntactically defines fin R we have
R E (i, x) = x = A(f7) for any i € w.
Putting these three statements together, we have
(14) RFEg; X)) Ava < y—>uv,=.

Now we return to checking the conditions of 14.1. By 14.9(v) we have
RFov, <y vy < v, 50 (14) yields

(15) RE@s, X) >0, =y vy <o,

But R FO 4y =yby 14.9(!),so R Fy < y and hence (15) gives R F ¢(v,, x)
—y < v,. Therefore by (13) we have R F {i(x, y), as desired in the first part
of 14.1. Now by (13) and the definition of  we easily obtain R E (x, v,) =
v; £ Y A ¢(v1, X), so by (14) we have R Fi(x, v;) > v, =y, as desired in
the second part of 14.1. O

From 14.5 and 14.11 we obtain the following syntactical equivalent of
recursiveness.
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Corollary 14.12. A function is recursive iff it is syntactically definable
in R.

By 14.3, 14.6, 14.8, 14.10, and 14.11, we have:

Corollary 14.13. A relation is r.e. iff it is weakly syntactically definable
in R.

Another consequence of 14.11 is a result concerning elementary defina-
bility; it depends on the following simple lemma:

Lemma 14.14. Let A = (w, +, -, 3,0), and let T be a theory in ¥, ., with A
as a model. Then if a function or relation is syntactically definable in T it
is also elementarily definable in 2.

Proor. First suppose f, an m-ary function, is syntactically defined by a
formula ¢ in I'. Then ™+ = f, i.e., f is elementarily defined by ¢ (see
11.7). In fact, first suppose fxq- - - X1 = X,. Then by 14.1, T F p(x,, . . ., X,).
Since 2 is a model of I, A F e(X, . . ., X,) and so A F ¢[x,, . . ., x,]. Second,
suppose fxo- - Xp_1 # Xp, SAY fXo* - *Xpm—1 = ¥ # Xn. Then by the second
requirement on syntactic definability, I' F p(x,, .. ., X,) >y = X,, S0, since
2 is a model of I' and A F -1y = x,,, also A F —p(x,, ..., X,) and so it is
not the case that A F ¢[x,, ..., xu]

The case of relations is even easier. O

From 14.11 we then obtain

Corollary 14.15. Every recursive function and relation is elementarily
definable in the structure (w, +, -, 4, 0).

Recalling the definition of the arithmetical hierarchy from Chapter 5,
we then have:

Corollary 14.16. For any number-theoretic relation R the following condi-
tions are equivalent.

(/) R appears in the arithmetical hierarchy;
(ii) R is elementarily definable in (w, +, -, 4, 0).

There are three other number theories which we shall consider in the
future:

Definition 14.17
(i) The theory Q in £, is the collection of all sentences ¢ such that
A} @, where A consists of the following sentences:

(@) Voo Vo (sve = sv, > vy = v,);
(b) Vv, 1 (svp = O);
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(¢) Vo[ 7(vg = 0) = Tui(st1 = vy)];
(d) Vool + O =1y);

(e) VovoVu[vg 4 svy = s(vo + vi)l;
(f) Voo(ve-O = 0);

(8) YooVoi(vo-svy = vg-v1 4 to)-

(if) The theory P in &, of Peano arithmetic is the collection of all
sentences ¢ such that A F g, where A consists of the sentences (a), (b),
(d)-(g) above and also, for each formula ¢, the following sentence:

([£(0) A Vuo[h(vo) = h(svo)] = Yegh(vo)]].

(Recall from 10.94 that for any formula x, [[x]] is the universal closure of
x; also recall the notation (0), J(sty), etc., from 10.72 (note that b may
have free variables other than v,).)

(7iif) The theory N in %, is the collection of all sentences ¢ which
hold in (w, +, -, 5,0).)

The following proposition is obvious (cf. the proof of 14.10).

Proposition 14.18
(i) Q is finitely axiomatizable.
(ii) P is recursively axiomatizable.
(iit)y Q, P, and N are w-consistent.

We shall see later that N is not recursively axiomatizable. The connec-
tion between our number theories is given in

Theorem 14.19. R< Q< P < N.

Proor. Obviously P = N. To prove Q < P it is obviously enough to show
that the sentence Vv,[ (v, = 0) = Jv,(sv; = vy)] is in P. To this end, let
¢ be the formula —(v, = O) - Jv;(sv; = vy). Since FO = O, we obviously
have Pk ¢(0). It is equally obvious that ke(sv,), so P E Vog[e(ve) — ¢(sv,)].
Hence P EVop(v,y) by the special axiom for P, as desired.

Now to show that R < Q it suffices to check that the sentences of 14.9
are in Q.

14.9(i) We show this by ordinary mathematical induction on n. The
case n = 0 is clear by 14.17(/)(d). Now assume that Q Em 4 n=A(m + n).
By 14.17(i)(e), QFm <4 A(sn) =s(m<4n), and hence QFm+4 Asn=
As(m + n).

14.9(ii) This is similarly checked.

14.9(iii) It clearly suffices to show that Q F —(m = n) whenever n < m.
This we do by induction on n. For n = 0, we have by 14.17(i)(b) that
Q E —[A(s(m — 1)) = O], as desired. Now assume that Q F =(m =n) for
all m > n, for a certain n. Now assume sn < m. Now Q FAsm=m —
n=A(m — 1),and »n < m — 1 implies Q £ =(n = A(m — 1)) by the induc-
tion hypothesis, so Q F =(Asn = m).
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14.9(iv). Again we proceed by ordinary induction on n. Now v, < O is
the formula 3v,(v, 4 v, = O). Note that

QFv, +0o=0 A (vy = 0) = Jvy(svy = vy) by 14.17(i)(¢),
so, making use of 14.17(i)(e),
QFv, +v,=0 A (vy = 0) = vy[s(v; + vy) = O]

Hence 14.17(i)(b) yields Q F vy € O = v, = O, as desired. Now we assume
that

€Y QFpy<n—>y,=0V---vy,=n

Now
QFv,4vo=A0r + 1) A (v, = O) = Fvy(svy = vy) 14.17(i)(c)
QFv,svo=An + 1) >s(v; +vy) =An + 1) 14.17(i)(e)
QEs(vy+vy))=Am + 1) >v. 4 v3=n 14.17(i)(a)

Thus QFvy < A(n + 1) > v,=0 v Jvy(sv, = vy A v < 1), and Q kFsv, =
VoAV, <DN—>0,=0vVv---vv,=n by (1), so QFp, < A(n + 1)—>
vo=0 Vv---v v,=A(n + 1), as desired.

14.9(v). Again we proceed by induction on n. Note that Q F v, 4+ O = v,
by 14.17(i}d), so QFO < v, and QFy, £ O v O < v,. Now assume
that QFrvo<mvn<y, Now QFyy<n—v,=0v---vy,=n by
14.9(iv), which has already been established, and for each i < n we have
QFAmn— i+ 1)+i=Am + 1) by 14.9@(), so QFi < A(n + 1). It fol-
lows that

2) QFro€n—>v, < A + 1).
Now
3) Q Fsvg 4+ m =19, 4+ A(sm) for every m € w.

In fact, Q Esv, 4 O = sv,, Q Fsv, =s(v, 4+ 0), and Q Es(vy 4+ O) = v, +sO
using 14.17({)(d) and 14.17(i)(e). Thus Q F sv, 4+ O = v, 4 1. Assume that
QEsvy+ m=v, 4 A(sm). Then Q Fsv, 4 A(m + 1) =s(svo + m) by
14.17(i)(e), Q Es(svy 4 m) = s(v, 4 A(sm)) by our assumption, and Q k
s(vy 4 A(sm)) = vy 4 A(som) by 14.17(i)(e). Thus Q Esv, 4 A(m + 1) =
vo 4 A(m + 2), and (3) has been established by induction. Now

QFvy+n=0v, A (v, =0)—=>Fv,(sv, =v,) 14.14()(c)
QEsv, + n=v, 4+ A(sn) by (3)

and hence QFn < v, >n=1v, v A(n + 1) < v,. We easily infer from this,
the inductive hypothesis and (2) that QFv, < A+ 1) vAn + 1) <v,. O

Corollary 14.20. The following conditions are equivalent:

(i) fis recursive;
(ii) f is syntactically definable in R, Q, or P.
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Corollary 14.21. The following conditions are equivalent:

(i) Risr.e.;
(if) R is weakly syntactically definable in R, Q, or P.

Now we turn to our second notion of implicit definability in number
theory.

Definition 14.22. ¥, (the universal language) is an effective first-order
language with no operation symbols but such that for each mew ~ 1
and each n € w there is an m-ary relation symbol R? (with RT # RZ
if m+#m orn#n).

An n-ary number-theoretic function f is spectrally represented by a
sentence @ of ¥, provided that for all x,,..., x,_; € w the following
two conditions hold:

(/) there is a finite model 2 of ¢ such that |R}?| = x; for each i < n;
(7i) if A is any model of ¢ such that |[R}| = x; for each i < n, then
IR111.Q1I = f(x0> R xn—l)'

Lemma 14.23.  Any spectrally representable function is recursive.

PROOF. We give an intuitive proof for this, thus appealing to the weak
Church’s thesis (see p. 46). Let f, n-ary, be spectrally represented by ¢. Let
I'={RF:mew~1,icw, R* occurs in ¢ or m = | and i < n}. Thus I' is
finite. Let £’ be the reduct of £, to the symbols of I". We know that the
truth of ¢ in an & -structure A is completely determined by the truth of ¢
in the #’-reduct of 2. Clearly we can effectively construct all #’-structures
with universe a fixed me w ~ 1, and any #'-structure 2 with |4| = m is
isomorphic to one of them. Our decision method for fis as follows. Given
Xg, .+ .5 Xn_1 € w, We begin constructing all #’-structures 2 with 4 = 1,
all with 4 = 2, etc. For each structure 2., as soon as it has been constructed,
we check if ¢ holds in ¥ (surely an effective question) and if |R}¥| = x; for
each i < n. As soon as we get an affirmative answer to all of these questions,
which must eventually happen by 14.22(i), we set f(xq, ..., X,_1) = |R:¥|
(by 14.22(ii)). ]

We shall shortly prove that every recursive function is spectrally repre-
sentable. For this theorem and one in Chapter 16 we need the following
rather technical lemma. It essentially shows how to spectrally represent
not only x and fx but also x and all values f0, f1, .. ., fx simultaneously.

Lemma 14.24. Let f be a unary function spectrally represented by a sentence
@. Then there is a sentence  which also spectrally represents f such that
for any model A of i the following conditions hold:

() IR = [RF| + 1;
(ii) R&% is a simple ordering of RL¥ in the <-sense, with respect to which
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R3¥ has a smallest and a largest element and under which each element
of R different from the greatest element has an immediate successor;

(iii) for any x € RE, if {y : (¥, x) € R¥} is finite, then |{y : (y, x) € R¥F¥}| =
Sy, x) e R

Proor. We first divide the symbols of .#, different from R}, R}, RL, R2,
and R} into two disjoint classes, consisting of distinct symbols °R? and
R? for ge w ~ 1, r € w, where 'R? is g-ary. The symbols °R? will be used
for a translation of ¢, while the other symbols 'R? will be used for auxiliary
purposes. To define the translation of ¢, first let v, be a variable not occur-
ring in ¢, fixed for the rest of the proof. Let A be the set of all formulas of
L. whose relation symbols and variables occur in @. For each formula
x € A we associate a formula y':

(vs = vt), = Vs - Vg
(Rivgo- + *U5q-1))" = "RE* g0+ + - Ugeq— 105
()= "ws v =xve;, GAb =xA0;
(Vo) = Yo,('Rog, = x).

Now we can describe our desired sentence . Namely, there clearly is a
sentence ¢ such that for any .Z,-structure 2, 2 F ¢ iff the following conditions
hold:

(1) 'RZ is a one-one function mapping Ri¥ into RI%, there being only
one element of R1¥ not in the range of 'RZ;

(2) condition (i) of 14.24;

(3) if x € ®°A and x; € R{¥, then:

(@) AF¢'[x];

(b) there is an a € 4 with (a, x;) € 'R,

©) {(a, b): (a, b, x;) € 'R3%} is a one—one function mapping {a : (a, x,) € R3¥}
onto {a: (a, x)) € "R}, and {a : (a, x;) € R} < {a: (a, x)) € 'RFY};

(d) {(a, b) : (a, b, x;) € 'R3¥} is a one—one function mapping {a : (a, x,) € °R%}
onto {a: (a, x)) € R¥¥}, and {a: (a, x;)) € °R3¥} < {a: (a, x;) € 'RZY};

(4) if y is the greatest element of R1% under R, then 'R$¥ is a one-one
function mapping Ri% onto {a: (a, y) € R#}.

Thus conditions (i) and (i) of the lemma are now trivial. We now check
condition (iii), and then come back to the proof that ¢ still spectrally repre-
sents f. So, let A be a model of . We now associate with each y such that
{a: (a,y) € 'R34} # 0 a new L,-structure B,. Namely we set

® B, = {a:(a,y) e 'R},
while for each symbol R7 we let
6) RM®Y = {(xp, ..., Xm—1) : Xos+ - +» Xm_1 € By and

(xo; ey Xm=1s .V) € ORslm+1)Ql}.
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Now we claim:

) if B, # 0, xe B, and x is any member of A, then

B, F x[x] iff 2 F ¥'[xL]
This condition is easily checked by induction on y; it explains to some
extent why x” was constructed in the above fashion. From it our condition
(iti) easily follows. In fact, let x € R}%, and assume that {y: (y, x) € R®} is
finite. We know by (3)(b) that {a : (a, x) € 'R3¥} # 0, so B, is defined. Take
any z e “B,. Then by (3)(a) we have A kF ¢'[z], so (7) yields

(@) By Fo.

Now by (3)(c), (5) and (6) we have

©) IRE®| = |{a: (a, x) e RE,
and by (3)(d), (5) and (6) we have

(10) IRI®*| = [{a: (a, x) e RFY.

But since ¢ spectrally represents f, it follows from (8), (9), (10) that
Sfli{a:(a, x) e R¥Y| = |{a: (a, x) e R#}|, as desired in (iil).

Now we turn to showing that ¢ still spectrally represents f. To this end,
let x € w, fixed for the rest of this proof. To check 14.22(ii), suppose that
A is a model of ¢ and |R§*| = x. Then, by what we have shown above, con-
ditions (i )—(iii) of our lemma 14.24 hold. By (ii), let y be the greatest number
of Ri% under R3¥; then by (i),

(1) {a:(a, y) e R¥} = x.

By (4) and (iii) it follows from (10) and (11) that |R1¥| = fx, as desired in
14.22(ii).

It remains to check 14.22(i), i.e., to construct a finite model ¥ of ¥ such
that [R}¥| = x. To do this, we first apply 14.22(i) for ¢ to produce for each
¥ < xafinite model B, of ¢ with |R}®Y| = y. For the universe of our model
2 we take
12) A=JB,ux+1).

ET

Now we define the relations of 2 as follows:

(13) R =x and R = x + I;
(149 RP ={(y,2):y<z<x}h
(15 R = R}
(16) RP = {(a,y):y < x and a € R}®};
(17) °R@* V¥ = {(zo,...,2,_1,p):y < xand (Zo, . . ., Z,-1) € RIDY};
(18) 'R = {(y,y): y e RP¥};
(19) 'R3 ={(a,)):y < x and a € By};
'R§ is any relation such that for each y < x, {(a, b) : (a, b, y) € 'R3}}
(20) i i 1By.
is a one-one function mapping y onto R}%v;
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(21) 'R¥ ={(a,a,y):y < x and a € R}®¥};
(22) 'R ={(a, a):acRi®};
(23) R = 0 otherwise.

Clearly 2! is finite and |R§?¥| = x, so to finish the proof of 14.22(i) and hence
of our lemma it remains only to check that 20 k¢, i.e., that (1)-(4) hold. Of
these, all but (3)(a) are routinely checked. But this condition is also clear,
for (7) again is easily established by induction on y, so since B, F ¢ for each
y < x, (3)(a) follows. : O

Now we prove the converse of 14.23:

Theorem 14.25 (Trachtenbrot). FEvery recursive function is spectrally repre-
sentable.

Proor. Let A4 = {f:f is spectrally representable}. We shall again apply
Julia Robinson’s theorem 3.48 in order to show that every recursive function
18 in A.

I. + isin A. We can clearly write down an .Z,-sentence ¢ whose models
are exactly those #Z,-structures 2 for which R{¥* N R1? = 0 and R} =
R U RI%, Thus ¢ spectrally represents +.

I1. 5 is in A. This time take a sentence ¢ such that 2 is a model of ¢ iff
Ri% is a superset of R} with exactly one more element than R{%.

III. U?is in A. Let p express that R1% = R},

IV. Exce A. To motivate the construction of the desired sentence e,
suppose that Exc x = z. Then we can write x = y? + z for a certain y,
where x < (y + 1)2. In our sentence ¢, R} is to be thought of as a set with
x elements, R! one with z elements, and R} one with y elements. We can
express that x = 2 + z by using functions (see below). Also, R} is to have
y + 1 elements. We can express that x < (y + 1)? by means of a one—one
function that is not onto.

Getting down to details, let ¢ be a sentence such that 2 is a model of ¢
iff the following conditions hold:

(1) RZ%: R R,

@ R3¥:RI¥ x R¥¥>>R¥; RngRZNRngR3 =0 and RngRT U
Rng R§* = RG%;

(3) R}% < Ri¥ and Ri% has exactly one more element than R3%;

(4) R :R¥>> R} x R¥; but R} does not map onto R} x R3%

To check the conditions of 14.22, let x € w. Say x = p2 + Excx < (y + 1)2
Choose a finite Zy,-structure 2 such that |R}*| = x, |R}¥| = Excx,
|R:Y¥| = y, R} < R}¥, and Ri¥ has exactly one more element than R3%.
Clearly then we can choose R22, R3%, R?% so that (1)—~(4) hold. Thus 14.22(i)
holds. Similarly, 14.22(ii) holds.

V. A is closed under composition. For, suppose f, g, . . ., gn_, € A, where
fis m-ary and each g; is n-ary; let h = K3(f; 80, .. -5 8m-1)- SaY &os - - -»
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gm—1, ) are spectrally represented by iy, . . ., ¢, respectively. The idea of the
construction of a sentence ¢ spectrally representing 4 is this. We modify
the sentences ; so that pairwise they talk about entirely different symbols.
Then we can introduce relationships between them in order to represent 4.

Formally, the first step takes place via m + 1 different syntactical %£,-
structures in Z,,. We can clearly divide the symbols of %, up into m + 2
pairwise disjoint parts such that each part contains infinitely many relation
symbols of each rank and such that R}, ..., R} all are in the last part. The
Jj-ary relation symbols of the ith part (0 < i < m + 1) will be denoted by
R), 'Ri, ..., and we assume that "*'R} = R} for each k < n. For each
i<mlet A = (""RL, i 100, 8 S, I'}) be the syntactical £ ,-structure in
Z . sSuch that:

(5) t; = 0 (since %, has no operation symbols);

(6) SR}, = Rivo- - -v;_1;

@) [y = {30," 'Ry 414100}

By means of these syntactical structures, our sentences o, ..., ¥, receive
translations J3°, ..., J%™ The relationships between these translations that
we need to express are: (1) our standard argument places R§,..., RI_;
correspond to the argument places in the translations 3°.. -3,

(2) the results obtained in 30, ..., y3™-D correspond to the argument
places in ¢2™; (3) the result obtained in ¥2™ corresponds to the standard
result place R:. Thus we want a sentence ¢ (which clearly exists) such that
for any % ,-structure B, B E ¢ iff the following conditions hold:

8) BEYF A "R, 100 for each i < m;
G BF /\ (iR}Uo -> m+1R11;+i+1Uo) A /\ (mR}'Uo - " *1RL | s 100)

i<m,isn jsm
(10) ™+1R2Z . : Ri®>» Ri® for each i < mand k < n;
(11) ™*R22.;:'Ri®>» "R}® for each i < m;

(12) ™+1R2Z, . :"RL®>» RIZ

We check 14.22(ii) and leave 14.22(i) to the reader. Assume that x,,...,
Xp_1 € w and that B is a model of ¢ such that [RE®| = x, for each i < n.
Then by (10),

(13) |'RE®| = x; for each i < mand k < n.

Now @B is a model of T; by (8), so we can form the structure 8" for each
i < m. Note from 11.43 that

(14) RBTLAD — IRIB N Y(m+IRID, for each i < m.

Hence by (9) and (13) we have |Ri®T4¥| = x, for each i < m and k < n.
Furthermore, from 11.45 and (8) we know that 3% k y; for each i < m.
Hence by 14.19(ii) for ¢; and g; we obtain

(15) |RIBTEI| = g(xo,...,X,—y) foreachi < m.
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Using (15), (14), (9), (13) we see that
(16) [R}BE™AM| = g(xg, ..., X,_;)  foreachi < m.
Since @T™Am ko it follows that

|R,1"Q3(rm.91m)| = h(xo, Cees xn-l)'

Hence by (14), (9), (12) we obtain |R}| = A(x,, . .., X,_1), as desired.

V1. A4 is closed under inversion, applied to functions with range . For,
let f€ A, where fis a unary function with range w. By Lemma 14.24, we know
that f is spectrally represented by a sentence ¢ satisfying the conditions of
14.24. We translate ¢ so as to make room for some auxiliary symbols.
Namely, we divide the symbols of Z,, into equal parts denoted by °R?
and 'R?, where 'R} = R} and 'R = Rl Let % = (*Rlvg, 1, S. I') be the syn-
tactical Z,-structure in .%Z,, such that:

(17 t=0;
(18) SR? = "Riv,. . .05_1;
(19) ' = {30, Rlv,).

Now there clearly is a sentence y of #,, (which we shall show spectrally
represents £~ ) such that for any #Z,,-structure B, B F y iff the following
conditions hold:

(20) B Ey%;

(21) 'R23 is a one—one function mapping °R}® onto 'R}2,

and 'R%® is a one-one function mapping °R}® onto 'R}Z;
IRL® £ 0;

if b € B and b is not the greatest element of °R}® under °R2®,
then either {(a, ¢) : (a, ¢, b) € 'R3®} maps 'Ri® one-one into
{a: (a, b) € °R?®} but is not an onto map, or it maps

{a: (a, b) € °R?®} one-one into 'R} but is not an onto map.

(22)

Now we check that the conditions of 14.22 work for f¢~% and y. Suppose
x € w. To check 14.22(i), we first apply 14.22(i) for f and ¢ to obtain a
finite model € of ¢ such that |R3¢| = f~Vx. From € we construct a finite
model B of x as follows. We set B = C, while for relation symbols we let
B be such that

(23) °RP® =R, 'R3® = B;
(24) R:® = RI®  and 'R}® = R}S;
(25) IR2Z®, 'RZ®, and 'RE® are arbitrary as long as (21) and (22) hold.

Clearly (25) is possible, in view of 14.24(iii). Clearly from the definition of
B we have B a model of I' and B™ = €. Since € is a model of ¢, it follows
from 11.45 that B k%, i.e., condition (20) holds. Thus by (24) we see that
% is a model of y, as desired, since |[R3®| = |'R}®| = |RI¥| = x.

To check 14.22(ii), let B be any model of x such that |R}®| = x. Let

259
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€ = B™. Then by 11.45 and (20), € is a model of . Note that |R}¢| =
[°RI®| = |'RE®| = |REB| = x. Now we claim

(26) R3€ is finite.

For, suppose it is infinite. Since € is a model of ¢, it follows by 14.24(ii)
that there is a y e R} such that |{a:(a, y) € R§¥}| = f“"Vx. Then by
14.24(iii) we infer that |[{a : (@, y) € R?®}| = x. But R?® = °R?® and |'R}?| =
|R¥®| = x, so this stands in contradiction to (22), since y cannot be the
greatest element of °R1® under °R2®. Thus (26) holds.

Now by (26), since ¢ spectrally represents f, f|R}¢| = x. Note that
[RI®| = |'RI®| = [°R3?| = |R}®|. Thus to finish the proof of 14.25 it
remains only to show that fy # x whenever y < |R!®|. But if y < |R}3|,
then y < |R}€|, and from 14.24(ii), since € is a model of 4, there is a b e C
different from the greatest element of R1® under R2¢ such that
{a: (a, ) € R} = y. Then by 14.24(iii) and (22) we have

fy = fl{a:(a, b) e R$E}|
= [{a: (a, b) e R}
= [{a: (a, b) € °R®}|
# ['R§?| = |R$?| = x. O

Corollary 14.26. A function is recursive iff it is spectrally representable.
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EXERCISES

14.27. Let T" be the theory of Zs with the single axiom Vo Vv,(ve = v,). Show
that every function is syntactically definable in T', but only countably
many relations are syntactically definable in I". Thus the assumption
—(0 = 1) € I'" in 14.2 is necessary; and the assumption in 14.5 that —(m =
n) € I' whenever m # n is necessary.

14.28. Describe a theory in £,,,; which is consistent but not w-consistent.

14.29. Show that R is not finitely axiomatizable. Hint: it is enough to show
that for any finite set I of the axioms in 14.9 for R, there is a model of
T which is not a model of R.

14.30. Prove, without using 14.29, that R is a proper subset of Q.

14.31. Show that the sentence Vv, =1 svy = v, is in P but not in Q.
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14.32.

14.33.

14.34.

Chapter 14: Implicit Definability in Number Theories

Let T be the theory in %5, with the following axioms:

VooV, (svo = sv;, —> vg = v1);

Voo 71 (svo = 0);

[[¥(0) A Voolih(vo) = Pi(sv0)] = Yuoih(vo)]l;

VooVv,(ve + v1 = 0);

Voo Vo,(vo-v: = 0).

Show that not every recursive function is syntactically definable in T.

Hint: eliminate quantifiers and show that not every recursive set is syn-
tactically definable in T.

Give an example of a consistent theory in %, in which a nonrecursive
set is syntactically definable.

An m-ary function f is strongly syntactically definable in a theory T'
formulated in %, provided that there is a formula ¢ of ¥, with
Fve < {vo, ..., vn} such that the following two conditions hold:

(1) for all xo, . . ., xn_1€w, the sentence p(Xo, - - ., Xm-1, A (X0, - - ., Xm-1))
isin T';

(2) the sentence Voo - -Vom_130m+ V(@ & vy =vpe1) is in T
Show that if fis syntactically definable in T, then it is also strongly
syntactically definable in I'. Hint: Say f is syntactically defined by ¢.
Let ¢ be the formula

@ AVoniilp(vo, ...y Uno1, Uns1) => Un = Um41l,
and let x be the formula
¢ V [Vo, 2 f(ve, ..., 0n) A vy =0l
Show that y strongly syntactically defines f.
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General Theory of
Undecidability

In previous chapters we have introduced several concepts related to the
notion of undecidable theories (complete theories, 11.9; theories, 11.29;
decidable and undecidable theories, 13.1; syntactical and weak syntactical
definability, 14.1; recursive axiomatizability, 14.4; spectral representability,
14.22). Our purpose in this chapter is to establish various relationships known
to exist between these notions and related ones. These general theorems
will be applied in the next chapter, in which numerous examples of undecid-
able theories are given. We proceed in this chapter from the simpler concepts
to the more complicated ones.

Theorem 15.1 (Craig). For any theory I in an elementary effectivized first-
order language the following conditions are equivalent:

(i) T is axiomatizable by a set A such that g**A is elementary;
(ii) T is recursively axiomatizable;
@iii) g**Lisr.e.

Proor. Obviously (i) = (i), while (ii) = (ii) by 10.29. Now assume that
(iii) holds. Let f be an elementary function with range ¢**I'. Set

A = {p: ¢ is a sentence, and there is an x < g*¢ such that
Jfx = g% for some sentence ¢y such that o = b A b A--- A Y.

Obviously g#**A is elementary, and A < I'. Now suppose that ¢ € I'. Choose
x so that fx = g*¢. Clearly we can find a sentence ¢ of the form ¢ A ¥ A
-+ A ¢ such that g*@ > x. This follows from the simple observation that
#%(0, A 0,) > g% 8, for any formulas 6, 6;,. Thus ¢ € A, and hence ¥ €
A—Thm, as desired. O
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Chapter 15: General Theory of Undecidability

Theorem 15.1 has considerable theoretical importance. According to
it, as soon as we know that a theory can be effectively enumerated we can
conclude that a very effective (i.e., elementary) axiom system can be given
for it. Theorem 15.1 is a kind of logical version of the equivalence of (i)
and (i) in 6.2 (equivalent definitions of r.e. sets). The following important
theorem gives a logical version of the fact that a set is recursive iff both it
and its complement are r.e.

Theorem 15.2. For any complete theory T the following conditions are
equivalent,

(i) I is decidable:
(i) T is recursively axiomatizable.

PrROOF. (i) = (ii). This is obvious, since I axiomatizes I'. (if) = (7). Assume
(ii), say A axiomatizes I', where #**A is recursive. A decision procedure for
I" can be described as follows. Assume that I' is consistent. (It is obvious,
and trivial, that an inconsistent theory is both decidable and recursively
axiomatizable.) Given any sentence ¢, start listing all sentences derivable
from A (recall from 10.29 that 4**(A—Thm) is r.e.). Since ' is complete,
either p or =g will eventually appear on the list. If ¢ appears, we of course
give the output @ € I'. If —¢ appears, by the consistency of I' we give the
output p ¢ I'.
More formally, write ¢**(A—Thm) = Rng f, where f'is recursive. Then

xeg**l'iff xe g**Sent and fuy(fy = xor fy = —'x) = x. 1

Because of their importance, we list here two corollaries of 15.2 which
are simple logical transformations of it:

Corollary 15.3. If T is recursively axiomatizable and undecidable, then 1" is
incomplete.

Corollary 15.4. If T is complete and undecidable, then T is not recursively
axiomatizable.

In Corollary 15.3 we encounter a justification for our emphasis on un-
decidability in this book. Even if our main concern were proving various
theories incomplete, we see by 15.3 that more general results are obtained
by proving undecidability (since we are mainly concerned with recursively
axiomatizable theories). In 16.1 we shall see that N is an example of a theory
which is complete but undecidable; thus by 15.4, N is not recursively axiomat-
izable.

Another important connection between our basic notions is given in

Theorem 15.5. If I' is consistent and decidable, then I' < A for some con-
sistent, decidable complete theory A.
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ProoOF. Intuitively we proceed as follows, merely effectivizing a proof of
Lindenbaum’s Theorem 11.13. Effectively list out all sentences. Now extend
T by an effective, recursive procedure: at the mth step, add the mth sequence
if it is consistent to do so, otherwise add nothing. In this way we extend I
to a complete theory A with g**A r.e.; by 15.2, A is decidable.

More formally, we proceed as follows. Let 4 be a recursive function with
range ¢**Sent and with /0 € 4**I". Now we define a function f by recursion.
Let

£0 = hO
fon+ 1) =hm T ¥ N g7 i =g*~2hm,

i<m

fim + 1) =fm otherwise.

Let A = g*"**Rngf. Now A is consistent. For, by induction it is clear
(see the proof of the next theorem) that I' U {g* ~'fi:i < m} is consistent
for each m € w; so it follows, of course, that I' U A is consistent. A fortiori,
A is consistent. Furthermore, I' = A. For, assume that ¢ € I, say him = ¢.
Clearly then, since we have already established that I' U{g* ~'fi:i < m}
is consistent, it follows that f(m + 1) = hm, so ¢ € A. Note that A is a theory,
since if A F ¢, with, say, hm = ¢, then obviously f(m + 1) = Am. Next, A
is complete, for let ¢ be a sentence with ¢ ¢ A, say ¢ = hm. Then
Sm + 1) # hm,so I'F Ao g* “Yfi—> —p, hence A F =g, hence —p €A,
Finally, since A is complete and ¢**A = Rngfisr.e., by 15.1 A is recursively
axiomatizable and hence by 15.2 it is decidable. O

As a generalization of 15.5 we have the following result. It shows that
the decidability of a theory I' is equivalent to the existence of complete
decidable extensions of I'" with certain restrictions. This result is practically
useful in proving decidability of theories. The proof is just an extension of
the proof of 15.5.

Theorem 15.6 (Ershov). Let I' be consistent and recursively axiomatizable.
Then T is decidable iff there is a sequence Oy, ©O,, ... of complete con-
sistent extensions of T' and a binary recursive function f such that the
Jfollowing conditions hold:

(1) I'= mi<m ®i;
(if) Foreveryme w,{f(m,i):i€ w} = g**A, for some set A,, of sentences
which axiomatizes ©,,.
Proor. First suppose that I' is decidable. Let
Q = {p e Sent : I' U {g} is consistent}.

Since (I' U {p} consistent iff ~p ¢ '), g**Q is recursive. Say ¢**Q =
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Rng A, h recursive. Let k be a recursive function such that Rng k = g**Sent.
We now define our binary recursive function f. For any m, n € w,

f(m,0) = hm
Sfm,n+ 1) =kn if/\y*‘lf(m, i)—> =gt kn¢l,

i<n

Sfm,n + 1) = f(m, n) otherwise.

Now let A, ={g* "f(m,i):icw}and O, = {peSent: A, Fe}. Thus (i)
automatically holds. Now

1) F'u{g* Y (m,i):i < n}is consistent, for each m, n € w.

We prove (1) by induction on n, with m fixed. Since I' is given to be consistent,
the case n = 0 is trivial. The definition of Q and % immediately gives the
desired result for n = 1. Assume inductively that » > 1. If (1) fails for n,
then

/\ g7 Y, D) > gt Yf(mn — 1)el
i<n-1
Hence f(m,n — 1) # k(n — 2) by the way f was defined, so f(m,n — 1) =
f(m,n — 2). But then (1) fails for n — 1, contradiction. Thus (1) holds.
Next,

2) I'e A, for each m € w.

For, let peI'. Say ¢ = g*~“'kn. Then Aicng® " f(m, i) > —g*~kn ¢ T;
for otherwise, since also ¢* ~*kn € I' we would have I' U {¢* ~1f(m, i) : i < n}
inconsistent, contradicting (1). Hence f(m,n + 1) = kn, and p € A,,. Also
note the following consequence of (1):

3) ©,, is consistent, for each m € w.
Next,
) 0,, is complete, for each m € w.

For, let ¢ be any sentence; say ¢ = g* ‘kn. If A<, 07 Y (m, i) —>
—p*~tkn ¢ D, thenf(m,n + 1) = knand hence p € ©,,. If A, #* ~Yf(m, i)
— 1 g* " Y%neT, then by (2) we see that A, F =, so =pe @,,. Thus (4)
holds.

It remains only to establish (i). By (2), I' € Mi<w ©:. Suppose ¢ is any
sentence not in I'. Then I' U { —g} is consistent, so =g € Q. Say g+ ~thm =
—¢. Thus f(m, 0) = hm implies that —pe A, € O,, so by (3), p ¢ O,
Hence ¢ ¢ (i<w ©;. Thus (7) holds.

Conversely, suppose that @,, ©,,... are complete consistent extensions
of T" such that (/) and (if) hold. Since I is recursively axiomatizable, by 15.1
it follows that g**T" is r.e. Hence it suffices to show that w ~ g**I' is r.e.
First we give an informal proof for this. Begin listing members of ®, (note
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that 4**0,, is r.e. for all m). After listing a few of them, list a few members of
®,. Then list more members of @,, then of ®,, then of ®,. Then list more
members of O, etc. In this listing process, if —¢p appears, then on a separate
list put ¢. Since I' = ©,, and O,, is consistent, each such ¢ fails to be in I'.
Since each @,, is complete and (i) holds, each sentence not in I' eventually
appears on the list.

More formally, define a partial recursive function 4 as follows. For any
X Ew,

hx = py(x ¢ g7 *Sent, or x € g**Sent and for all
5 i < 1()l(¥)o): = f((¥)1, )] and (y), is the Gdel number of a
0-proof of Ai<iwo#* “H(¥)o) = g™ ~1x).

We claim that Dmn s = w ~ ¢**I" (as desired). For, first let x € Dmn 4.
If x ¢ #**Sent, obviously x e w ~ g**I'. Assume that x = ¢* ¢, where ¢
is a sentence. Since x € Dmn #, we get a y as indicated in (5). Let m = (y),.
Then by (ii), = e 0,, so ¢ ¢ O, since O, is consistent. Thus ¢ ¢ I by (i),
SO xew ~ g**I'. Second, let xew ~ g**I. If x¢ g**Sent, obviously
x € Dmn h. Suppose x = ¢* ¢, where ¢ is a sentence. Thus since x ¢ ¢**T'
we have ¢ ¢ I'. By (i) choose m such that ¢ ¢ ®,,; hence —p e O, by the
completeness of ©,,. By (if) and the deduction theorem there are ¢, ..., ¢, €
A,, such that Hf; A --- A ¢, > —p. By (i), choose p such that g*¢, ...,
7 ¥ne{f(m,i):i < p}. Clearly then we still have F A;., g% ~Yf(m, i) >
—1p. Now we let ¢ = [ [;<, p{™P, let r be the Godel number of a O-proof of
Ni<p gt f(m, i) > =g, and let y = 2?.3".5". Clearly y satisfies the con-
ditions in (5), so x € Dmn A. O

Some Generalizations of the Concept of Undecidability
and their Relationships to Each Other and to Some
Logical Notions

Definition 15.7. Let I" be a theory in a language . We say that I' is essen-
tially undecidable if T" is consistent and whenever A is a consistent theory
in &£ with ' = A, it follows that A is undecidable. The theory I is in-
separable if ¢**I" and g**{p: ¢ is a sentence and —p € I'} are effectively
inseparable (see Chapter 6). And we say that T is finitely inseparable
provided that #**Thmg and ¢**{g : ¢ is a sentence whose negation holds
in some finite model of I'} are effectively inseparable.

Some remarks on the origin and intuitions underlying these notions are
in order. There are some theories which are undecidable but which can be
easily extended to consistent decidable theories. An example is the theory I'
of one binary relation, which is proved undecidable in the next chapter. If
we adjoin to this theory the axiom Vv,Vv,(v, = v,), we obviously get a con-
sistent decidable theory. (See Exercise 15.24.) Thus I is not essentially un-
decidable. Most theories with this property of being undecidable but not
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essentially undecidable can be shown to actually be finitely inseparable. To
see the logical significance of the latter notion, first note:

* if I' is a finitely axiomatizable theory, then M = g**{p:pisa

sentence whose negation holds in some finite model of I'} is r.e.
In fact, we can assume that the language has only finitely many nonlogical
constants, and we list all members of M as follows. Begin listing all finite
ZL-structures with universe me w ~ 1 (any finite #-structure will be iso-
morphic to one of this form). Simultaneously start listing all sentences. For
each finite Z-structure U, check if A is a model of T'; since I' is finitely
axiomatizable, this can be done in finitely many steps. If % is determined to
be a model of I', check each sentence already listed for truth in Y. For those
sentences of the form —¢ determined to hold in % we put g*¢ on our out-
put list. Clearly this gives an effective enumeration of M. Thus (*) holds.
A rigorous proof of (*) would be rather lengthy, but is clearly possible (weak
Church’s thesis).

Thus we see that if I' is finitely inseparable, then the following is true:

There is an automatic procedure P such that, given any

consistent finitely axiomatizable theory A with the property that
() every finite model of I' is a model of A, the procedure P

produces after finitely many steps a sentence ¢ such that ¢ ¢ A but

@ holds in all finite models of A.

In fact, let f be a recursive function satisfying the definition 6.21 for the
effectively inseparable pair #**Thmg and M = ¢**{p:¢ is a sentence
whose negation holds in some finite model of I'}. Let A be as in (}), and set
A = g**A U {x:xis not the G6del number of a sentence} and B = g**{p:
¢ is a sentence whose negation holds in some finite model of A}. Thus
# *Thme < A, M = B, AN B =0, and 4 and B are r.e. (using (*)). Say
A = Dmn ¢} and B = Dmn ¢}. Then f(e,r) = g*¢ for some ¢ satisfying
the conclusion of (}).

On the other hand, it is clear from Definition 15.7 that any finitely in-
separable theory I' is undecidable. The property (1) exhibits another property
of I': no finitely axiomatizable extension of I' is determined by its finite
models.

Roughly speaking, a finitely inseparable theory is a weak theory which
is undecidable. However, there are consistent theories which are intrinsic-
ally undecidable, in the sense that all their consistent extensions are undecid-
able. Most such essentially undecidable theories can be shown to be in-
separable, a stronger property. An important property of inseparable theories
is that they are effectively incompletable, in the following sense:

if I' is an inseparable theory, then there is an automatic
procedure P such that if A is any consistent recursively

2 axiomatizable extension of I' then P yields a sentence ¢ such
that ¢ ¢ A and =g ¢ A.
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In fact, let £ be a recursive function satisfying Definition 6.21 for the effec-
tively inseparable pair ¢**I" and M = g**{p: ¢ is a sentence and —p e I'}.
Given A as in (#), set A = g**A U {x: x is not the Godel number of a
sentence} and B = ¢**{p: ¢ is a sentence and —p € A}. Then 4**I' < 4,
M<c B, AN B =0, both 4 and B are r.e.,, say 4 = Dmn ¢} and B =
Dmn ¢;. Then f(e, r) = g% for some ¢ as desired in (#).

The following theorem gives a rigorous version of (#):

Theorem 15.8. Let I' be an inseparable theory. Then there is a recursive
Sfunction h such that if A is any consistent extension of I in & and if g**A =
Dmn ¢, then he = ¢* ¢ for some sentence o such that ¢ ¢ A and —p ¢ A.

ProOOF. Let f be as above. We define a partial recursive function k' by
setting

k'(x,e) ~ pyl(e, x, ) € T, or x ¢ g**Sent &),
for all x, e € w. Say k' = ¢2. Note that
Dmn k" = {(x, ¢) : x e Dmn ¢} or x ¢ ¢**Sentg}.
Let ke = si(r, e) for all e € w. Then for any x € w,
Prex = Pi(x, e),
and hence
¢)) Dmn i, = Dmn ¢; U (v ~ g**Sentg).
Next, we define a partial recursive function !’ by setting
I'(x,e) = @'(—'x, e)
for all x, e € w (recall the definitions of =’ and ¢’ from 5.8 and 10.6). Say
I" = 2. Let le = si(s, e) for all e € w. Then for any x € w,
el ~ @i(x, €)
and hence
2 Dmn ¢}, = {x: —'x € Dmn ¢}}.

For any e € w, let he = f(ke, le). Now suppose that A is a consistent exten-
sion of ' and g**A = Dmne¢;. By (1) and (2), Dmn g, = 4 and
Dmn ¢}, = B, with 4 and B as in the discussion preceding this theorem.
Hence he = f(ke,le) e w ~ (4 U B), so he = 4* ¢ for some sentence ¢ with
¢ Aand ¢ A, as desired. ]

Next we list some simple properties of the notions in 15.7.
Proposition 15.9. Every inseparable theory is essentially undecidable, and
every essentially undecidable theory is undecidable. Every finitely inseparable

theory is undecidable. If I is finitely inseparable, then {4* ¢ : ¢ is a sentence
which holds in every finite model of T'} is not recursive.
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ProOF. Let I' be an inseparable theory in £. Thus g**I' and 4 =
#*{e: ¢ is a sentence and —p € I'} are disjoint, by 6.21, so I' is consistent.
Suppose that A is a consistent theory in & with I' € A. Let B = g**{p:
¢ is a sentence and —p e A}. Thus g**[' < 4**A, A = B, and g**A N
B = 0. Clearly B is recursive if g**A is recursive, so the recursive insepara-
bility of £ **I" and A implies that ¢#**A is not recursive, i.e., A is undecidable.
Hence T is essentially undecidable. Trivially, every essentially undecidable
theory is undecidable.

Now suppose that I' is a finitely inseparable theory in %, and let C =
{#*®: 9 is a sentence which holds in every finite model of I'}. By 15.7,
¢+ *Thmg and g**Senty ~ C are effectively inseparable. If I" is decidable,
then ¢ **I'is a recursive set containing ¢ **Thmg and disjoint from ¢ * *Sent &
~ C, which is impossible. Thus I' is undecidable. If C is recursive, C is a
recursive set containing ¢**Thmg and disjoint from g**Senty ~ C, which
is again impossible. O

There are examples of undecidable theories which are not essentially
undecidable (see the comments following 15.7); essentially undecidable
theories which are not inseparable; finitely inseparable theories which are
not essentially undecidable and hence not inseparable (again see the com-
ments following 15.7); inseparable (hence essentially undecidable and
undecidable) theories which are not finitely inseparable (see the comment
following 16.2); and decidable theories I' with g**{g : ¢ holds in all finite
models of I'} nonrecursive (15.25).

Now we want to consider the effect of extending theories on the above
notions. Recall the definition of extensions of theories from 11.29. The
following result generalizes the definition of essentially undecidable theories.

Proposition 15.10 Let I’ be a theory in £, A a consistent theory in an effective
expansion &' of £, and assume that I' < A. Then I essentially undecidable
implies A essentially undecidable, and T' inseparable implies A inseparable.

ProoF. Assume the first sentence of 15.10. Let I' be essentially undecidable.
Suppose that ® is a consistent decidable extension of A in #’. Then
® N Senty is a consistent decidable extension of I' in %, contradiction.
Next, suppose I' is inseparable. Since ¢**I' < g**A and 4**{p:@ is a
sentence of £ and —wpel} € g**{p: ¢ is a sentence of £’ and —p € A},
while the two sets on the right of these inclusions are disjoint, it is clear
that A is inseparable. O

There is an example of theories I, A in a language £ such that I' € A,
A is inseparable, but I is decidable (see 15.27). On the other hand, we have:

Proposition 15.11. If T and A are theories in a language £, and A is an ex-
tension of T, then A finitely inseparable implies T finitely inseparable.
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Definition 15.12. Let I' and A be theories in languages £ and .#’, A an
extension of I' (hence £’ an expansion of .#). We say that A is a finite
extension of ' provided that there is a finite set ® of sentences of £’
such that I' U © axiomatizes A.

Proposition 15.13. If I and A are theories in £ and A is a finite extension
of T, then A undecidable implies I" undecidable.

PrOOF. Let © be a finite set of sentences such that I' U ® axiomatizes A.
Then for any sentence ¢, we have pe A iff AO® —> ¢ eI, so I' is undecid-
able. O

The following result enables one to prove that some rather weak theories
are undecidable.

Proposition 15.14. Let £’ be an effective expansion of a language £ . Suppose
I' is a theory in &, A is a theory in &', and I" U A is consistent. If T is
finitely axiomatizable and essentially undecidable, then A is undecidable.

PrROOF. Let ® = {p: ¢ is a sentence of £’ and I' U A F ¢}. Clearly ® is a
theory in %’ which is an extension of I' and a finite extension of A. By
15.10, O is essentially undecidable, so by 15.13, A is undecidable. O

In case we deal with definitional expansions, it is to be expected that we
obtain complete equivalences between our notions for a theory and its
expansion:

Proposition 15.15. Let (I, #’) be an effective definitional expansion of
(T, #). Then:

(i) T is decidable iff T is decidable;

(i) T is essentially undecidable iff I is essentially undecidable;
(iii) T is inseparable iff I is inseparable;

(iv) T is finitely inseparable iff I is finitely inseparable.

PrOOF. Let the notation be as in 11.29 and 11.30. For any sentence ¢ of
%, by 11.31 we know that ¢ € I" iff p € I'". Hence I decidable => I" decidable.
By 11.30 we know that for any sentence ¢ of .#’, we have y e I"" iff ' € T;
because the formation of ¢’ is effective, I' decidable = I'" decidable. Thus
(i) holds.

The implication from left to right in (ii) is a special case of 15.10. Now
assume that I'” is essentially undecidable, and I' = A, where A is a consistent
theory in Z. Let A’ be the theory in %’ with axioms A U I". Then A’ is a
definitional expansion of A; furthermore, since I'' = A’, it follows that A’
is undecidable. Hence by (i) of our present theorem, proved above, A is
undecidable.
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The implication from left to right in (iif) is immediate from the definitions
involved. Now suppose I is inseparable. Let B = ¢**{p: ¢ e Sentw,
pel"}, D= g**¢:peSenty, npel'}. Thus we are given that g**I
and B are effectively inseparable sets. Now by 11.30 and 11.31 we know that
for any sentence ¢ of &', pe I iff '€ I', and g*p € Biff 4*¢" € D. Hence
from 6.25 it follows that g**I' and D are effectively inseparable. Hence I'
is inseparable.

For (iv), suppose I' is finitely inseparable; thus ¢**Thmge and B =
{p : p € Sente, —1p holds in some finite model of I'} are effectively inseparable.
As in the proof of 11.31 we see that any model of I" can be expanded to a
model of I'". Hence ¢ **Thmg S 4**Thmg, and B < {p € Sentg. : —p holds
in some finite model of I'"}; it follows that I' is finitely inseparable. Finally,
assume that I' is finitely inseparable. For each sentence ¢ of .#’, let A,
be the set of all existence and uniqueness conditions 11.29(ii) for the new
operation symbols occurring in ¢. Let ¢* = ¢’ (defined in the proof of
11.30) if A, = 0, and let it be A A, > ¢" if Ay # 0. Furthermore, let 0,
be the set consisting of all definitions for the new symbols in ¢. Note that
by the proof of 11.30, ®, F ¢ <> ¢’. Now it suffices to prove

¢)) if € Senty. and Fe, then Fe*;

@

To prove (1), assume that ¢ € Sentg. and Ep. To check that Fp*, let A be
any #-structure which is a model of A,. Obviously % can be expanded to
an #’'-structure B which is a model of ®,. Since Fp and @, Fp & ¢/, it
follows that B F ¢’ and hence U F ¢’, as desired. To prove (2), assume that
g€ Sentg., and A F —p, where A is a finite model of I''. Then A | &£ is a
model of Ay U T and of —¢’, since I'' F mp e m¢’,s0 A [ Lk =p*. []

if € Sentg. and —p holds in some finite model of I", then
—¢* holds in some finite model of T'.

Next we consider the general notion of interpretation of one theory into
another (11.43-11.46).

Proposition 15.16. Let . and %' be two languages, ' and A consistent
theories in &£ and &' respectively, and suppose that U is an effective inter-
pretation of T in A. Then:

(i) T essentially undecidable = A essentially undecidable.
(i) T inseparable = A inseparable.
(iii) Suppose also that for every model € of I' there is a model B of A
such that € = B2, Then 1" undecidable = A undecidable.
(iv) Suppose that for each finite model € of T' there is a finite model B of
A such that € = B*®. Then A finitely inseparable = A finitely in-
separable.

PROOF.

(i) Let A’ be any consistent theory in ¥’ which extends A. Set I =
{peSenty: A" Fp¥}, Thus I' € I since A is an interpretation of I' in A.
Now I is a theory in %, for if I k ¢, then O k ¢ for some finite subset ®
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of I, hence FAO =g, EA{Y¥: e O} > ¢¥% by 1146, so A’ F¢¥ and
e e I'". I is consistent because A’ is. Therefore, '’ is undecidable (since we
assume that I' is essentially undecidable). The formation of ¢¥ is recursive
by 11.44, so A’ is undecidable, as desired.

(if) The implication here is essentially a trivial consequence of 6.25. Let
A=g**I" and B = 4**{p: peSenty, pel'}. Thus 4 and B are effec-
tively inseparable. Correspondingly, let C = ¢**A and D = g**{g:
¢ € Senty, @ € A}. Note that C N D = 0 since A is consistent. Now we
define a function f: w — w: for any x € v,

fx=0 if x ¢ **Sentg,
Sx = g% (g 1x) if x € g**Sentg.

It is easily checked that 4 < f~'*C and B < f~'*D. Since f is recursive
by 11.44, it follows that C and D are effectively inseparable, by 6.25. Thus
A is inseparable.

(iii) The added hypothesis implies, as we shall see, that for any sentence
@ of &, pe I iff %€ A; hence clearly A decidable implies I' decidable.
In fact, pe I' = ¢% € A even without the added hypothesis, by 11.46. Now
assume that g% € A. Let € be any model of I'. By our added hypothesis,
€ = B2 for some model B of A. Thus B k ¢%, so by 11.45, € F . Hence
I' Fe and p € I, as desired.

(iv) We can prove this similarity to (if); we just need to establish the
following two results:

) for any sentence ¢ of &, Fp implies Fe¥;

for any sentence ¢ of %, if =g holds in some finite model of I, then
(—p)¥ holds in some finite model of A.

(€))

Now (1) is immediate from 11.46, since any syntactical .#-structure in &’
is an interpretation of Thmg in Thmg. (obviously). Condition (2) follows
from our extra hypothesis for (iv) along with 11.45. O

The following variant of 15.16(iv) will be useful in Chapter 16.

Proposition 15.17. Let &£ and #' be two languages, and let T and A be
consistent theories in & and £’ respectively. Assume that £ has only
finitely many operation symbols (with no restriction on the number of rela-
tion symbols). Let 4 = (x, f, R, I'") be an effective syntactical £-structure
in &' such that 1V is finite. Finally, suppose that for each finite model €
of T there is a finite model B of A U I" such that € = B"%. Then T finitely
inseparable = A finitely inseparable.

Proor. By virtue of 6.25 it suffices to establish the following:

) for any sentence ¢ of %, Fp implies F A IV — ¢%;

2

for any sentence ¢ of %, if —p holds in some finite model of T,
then —(AI" — ¢%) holds in some finite model of A.
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To prove (1), assume that Fp and that B is an #’-structure which is a model
of AI'". Then B7% k ¢, so by 11.45, B E ¢¥, as desired in (1).

To prove (2) let € be a finite model of I' such that € F =¢. By hypoth-
esis of our proposition let B be a finite model of A U I'” such that € = 874,
Thus by 11.45, B F —¢¥, as desired in (2). O

Connecting the Notions of Implicit Definability in
Chapter 14 with the Undecidability Notions

Theorem 15.18. If T is a theory in . in which every recursive set is weakly
syntactically definable, then T is undecidable.
Proor. Suppose I is decidable. Let

A = {e: e is the G6del number of a formula ¢ having at most v,
free, and y(e) ¢ I'}.

Clearly A is recursive, by the hypothesis that I' is decidable. Let ¢ weakly
syntactically define 4 in T', and set e = g*¢. Then

ple)el’ iffee 4 (since ¢ weakly syntactically defines A)
iff pe) ¢ T (by definition of A)
This is a contradiction. O

The above proof constitutes a typical application of the diagonal method
in the theory of undecidable theories. To see the idea more clearly, suppose
I' is a theory which has ¥ = (w, +, -, 9, 0> as a model. Then if ¢ syntac-
tically defines A, it follows by 14.14 that the formula ¢ actually elementarily
defines A4 in B, in the sense of 11.7. Hence ¢(e) holds in B iff e € 4, i.e., iff
¢p(e) ¢ I'. Thus, in a sense, ¢(e) asserts of itself that it is not in I'. (Holding
in B can be loosely identified with intuitive truth.)

Theorem 15.8 of course yields, along with our results of Chapter 14,
that the theories R, Q, P and N are undecidable. We shall save a formal
statement of this and various consequences and generalizations until the
next section.

Theorem 15.19. Let I" be a consistent theory in ¥, with R = I'. Then T
is inseparable.

ProoF. By 6.24, let 4 and B be r.e. but effectively inseparable sets of inte-
gers. Since A and B are nonrecursive, they are nonempty. Hence we can write
A = Rng f and B = Rng g for suitable recursive functions f and g. Note
that every recursive function is syntactically definable in T, since this is
true of R by 14.11. Say f and g are syntactically defined by formulas ¢, ¥
respectively in I". Let y be the following formula having at most v, free:

v {p(v1, v5) A VYvove € vy —> W(v,, v,)]}.
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Let hx = g*x(x) for each x € w. Clearly 4 is a recursive function. To show
that T' is inseparable, it suffices by 6.25 to show that 4 < h~'*4**I' and
B< h™**s*{peSent: mpeI}. That is, it suffices to prove the following
two statements:

(1) if x € 4, then T" E y(x);
2) if x € B, then I' F —y(x).

First let x € 4, and choose y so that fy = x. Then, since ¢ syntactically
defines fin T,

3 I' F o(y, x).
Also, since R = I" we have
) FEv, < y—>v,=0v---vo=y.

Since 4 and B are disjoint, x ¢ B. Hence Vie w (gi # x), so, again since
RecT,

®) 'k =A(gi)=x for all i € w.

On the other hand, by the second condition of 14.1 for ¢ syntactically defin-
ing g we have

I E 4G, x) > x = A(gi) for all i € w.
Putting this together with (4) and (5) we easily obtain
LFo, < y—> 4(vy, X).
Hence using (3) we easily obtain I' F x(x), as desired.

Now let x € B, and choose y so that gy = x. Since ¢ syntactically defines
ginT,

©) I E(y, x).

Also note that x ¢ 4, since A N B = 0. Hence fi # x for all i € w, and we
easily infer from the second condition of ¢ syntactically defining f in 14.1
that

@) I'E =e(i, x) for all i € w.
Now let 6 be the formula
(01, X) A Voolv < vy = (v, X)].

Clearly it suffices now to show that I' F 6. First note since R < T that
lEv, Sy—>v,=0v---v o =y.
Hence we clearly have

FT'EOAD <y—=>¢0,x) V- -V aly, X).
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Because of (7) we then infer that
¥ Nev, < y—> 6.

On the other hand, we have
I'ky <v, A 0> —u(y, x),

so by (6),

Now R < I'' implies that 'Fv; €y v y < v,. Hence by (8) and (9) we
have I' E —46, as desired. O

The notion of spectral representability will be related with our undecida-
bility notions in the next chapter. We conclude this chapter with our first
important results concerning incompleteness. The following fixed-point, or
self-reference theorem is basic for the remaining results in this chapter.

Theorem 15.20. Let I' be a theory in £, in which every unary recursive
Sunction is syntactically definable, and let ¢ be a formula of Ly With
Fvp < {vo}. Then there is a sentence s of L5 such that T' F p(Ag* i) & 4.

PrOOF. For any x € w, let

fx = g (x) if x = g*y for some formula #,
fx=0 otherwise.

Thus fis recursive. By hypothesis, let ¥ be a formula of £, with Fvy <
{ve, v;} such that x syntactically defines f. Let 6 be the formula
3v,[@(v1) A x(vo, v1)], and let ¢ be the sentence §(Ag*6). Thus f*6 =
#70(Ag*0) = g*4. Hence by choice of y we have

FCEx(Ag*0, A7)
Hence it obviously follows that I' F o(Ag*y) — 0(Ag*0), ie., ' Fp(Ag*y)
— . On the other hand, by the second condition in 14.1 we have
TE X(A!+0a vl) >V = Ay“/l,
and hence
I'Eo(w) A x(Ag*0,v,) > p(Bg i),

so PFg—>o(DAg™y). O

As a simple application of 15.20 let us show that Peano arithmetic, theory
P of Chapter 14, is incomplete. This result is considerably generalized in
Chapter 16, so we shall not state it formally. On the other hand, it is per-
Haps the most interesting result so far proved in this book, and its proof is
quite direct compared to our more general results. Within P it is possible to

formalize essentially all of the elementary arguments found in number
theory books; no exceptions are known to this author, so it is surprising

275



Part 3: Decidable and Undecidable Theories

that there do exist sentences of .#,,, which are neither provable nor dis-
provable in P. From the viewpoint of the philosophy of mathematics the
incompleteness of P is a very major fact, because the proof clearly works
for almost any mathematical discipline. The argument that P is incomplete
is based just on these previously established facts in addition to 15.20:

(1 All recursive functions and relations are syntactically definable
in P.

This was proved in 14.11, 14.2 and 14.19.
2) All sentences of P are true in {w, +, -, 4, 0.
3) P is axiomatizable by a recursive set A of axioms.

The conditions (2) and (3) are obvious from the definition of P. Now we
prove that P is incomplete. Let R = {(x, y): x is the Gddel number of a
A-proof of a formula with G&del number y}. By 10.27, R is recursive.
Hence by (1) let y be a formula with Fvy < {v,, v;} which syntactically
defines R in P. Let ¢ be the formula —3v,x(v,, vy). Thus Fve < {v,}. We
now apply 15.20 to obtain a sentence ¢ such that P F p(Ag*i) «> . We
claim that P ¥4 and P ¥ —. First suppose that P . Let 6 be a A-proof
of 4. Then (g**0, 2*Y) e R, s0 P Fx(Ag** 6, Ag*y), so P FIv,x(v,, Ag*yh)
and P F —p(Ag*¢). This contradicts the fact that P F ¢(Ag*4) « . Second,
suppose that P+ —ub. Then P F —p(Ag*y), ie., P FIvx(v,, Ag*d). By (2),
Jv,x(v,, Ag*y) is true in A = (w, +, -, 9,0, s0 x(x,Dg*y) is true in A
for some x € w. It follows that (x, g*¢) € R, since otherwise P F —x(x, Ag*¢)
and —y(x, Ag*$) would be true in A by (2). Thus, by the definition of R,
P F ¢, contradicting the first part of this proof.

Note that ¢ holds in {w, +, -, 4, 0> iff (Ag*¢) holds there, i.c., as is
easily seen, iff (Ag*¥) is not provable in P, i.e., iff P ¥ . (Thus ¢ does
hold in {w, +, -, 4,0>, and hence is intuitively true.) Thus this proof is
related to the informal paradox of the man who says “I am now lying”’;
it is impossible that he is lying or that he is telling the truth. Of course the
proof can also be considered as another instance of Cantor’s diagonal
method.

As another application of 15.20 we give the following important result
which shows the undefinability of the true statements of number theory.

Theorem 15.21. (Tarski). Let % = {w, +, -, 9,0> and let X ={g*J:J is a
sentence of Lpnos and A E Y}, Then X is not elementarily definable in .

ProoF. Suppose X is elementarily definable by a formula ‘@ in 2. Thus
Fvp < {v,} and X = '¢%. By 15.20 choose a sentence ¢ such that Rk
—p(Ag*y) & . Since A is a model of R, it follows that A F —p(Ag*¢) e .
But then we reach a contradiction in trying to decide whether 2 F ¢ or not:
if AkY, i, g*Ye X, then AF np(Ag*y) and hence AF —gp[g*Y], so
2%y ¢ X, contradiction. Also, A ¥4 implies g* ¢ X, hence A F —p[g*4],
A E —p(Ag*y) and A F ¢, which is absurd, as shown above. O
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Note by 14.16 and 14.17 that 15.21 really says that #**N is not in the
arithmetical hierarchy. In particular, it is not recursive, not r.e., not the
complement of an r.e. set, etc.
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EXERCISES

15.22.

15.23.

15.24.

15.25.

15.26.

Give an example of a decidable theory with denumerably many decid-
able extensions. Every theory has at most countably many decidable
extensions.

Let . be a language with unary relation symbols R,,, m € w, but no
other nonlogical constants. Show that I" = {p € Sents : Fp} is decidable
but has exp N, complete undecidable extensions. Hint: use elimination
of quantifiers, as with the pure theory of equality.

(See the comments following 5.7.) Let £ be a language with a single
binary relation symbol R, and let T" be the theory in . with the axiom
{Voo¥v;(vo = v,)}. Show that I" is decidable.

(See the comments following 5.9.) Let .# be a language with two unary
relation symbols P and Q. Let 4 be an r.e. set which is not recursive,
say A = Rng f with f recursive. Let I" be the theory in £ such that
A £ T iff the following conditions hold:

(a) P4n Q¥ = 0;
(b) PAuUQ¥=4;
©) if |P¥ = m < o, then |Q¥| = fm.

Show that I' is decidable but that g**{p € Sente : ¢ holds in all finite
models of A} is nonrecursive.

Let #’ be an effective expansion of a language .¥ obtained by adding
only new individual constants, and let I and I be theories in ¥ and
£’ respectively such that IV = {p € Sente : I" F ¢}. Show:

(1) T undecidable «» IV undecidable;

(2) T essentially undecidable «» I'” essentially undecidable;
(3) T inseparable «» I inseparable;

(4) T finitely inseparable «» I finitely inseparable.
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15.27.

15.28".

15.29.

15.30.

15.31.

15.32".
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There are theories T', A with I"' = A, A inseparable, I" decidable. Hint:
take £ and I' as in 15.23. Let A have the following axioms:

{FveRpvo : me A} U {—3veR,00 : m € B),
where A and B are effectively inseparable.

Show in detail that the sentence ¢ constructed following 15.20, such
that P ¥ ¢ and P ¥¥ = is true in (4, +, -, 9, 0).

Suppose that I' is an w-consistent recursively axiomatizable theory in
Znos in which every recursive function and relation is syntactically
definable. Show that I' is incomplete.

If T is finitely axiomatizable and has a finite model, then I" is not essen-
tially undecidable.

Any theory with only finitely many complete and decidable extensions
is decidable.

If T is finitely inseparable and finitely axiomatizable, then {4 @ : ¢ is a
sentence which holds in every finite model of I'} is not r.e.



Some Undecidable Theories

Corresponding to our list in Chapter 13 of decidable theories we begin this
section with a list of undecidable theories. As we have previously indicated,
most undecidable theories satisfy one of the two stronger properties of
inseparability or finite inseparability, and we shall indicate these properties
in the table below.

Some undecidable theories

Theory Insepar- Finitely  Proved by In this
able? insepar- book
able?
1. Thg, where No Yes Trachtenbrot, 1953 pp. 293-
(a) Z has at least 296

one relation sym-
bol of rank >1, or
(b) Z has at least
two unary opera-
tion symbols or

(c) £ has at least
one operation sym-
bol of rank > 1.

2. Theories R, Q, P, Yes No Tarski, Mostowski, p. 280
N Robinson, 1949
3. Theory of (Z, +, -) Yes No Tarski, Mostowski, p. 282
1949
4. Theory of (Q, +,-) Yes No J. Robinson, 1949 —
5. Theory of groups No Yes Mal’cev, 1961 —
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Theory Insepar-  Finitely Proved by In the
able? insepar- book
able?
6. Theory of semi- No Yes Mal’cev, 1961 —
groups
7. Theory of rings No Yes Mal’cev, 1961 —
8. Theory of fields No No Undecidable: —
J. Robinson, 1949
9. Theory of ordered No No Undecidable: —
fields J. Robinson, 1949
10. Theory of lattices No Yes Taitslin, 1961 p. 297
11. Theory of distribu- No Yes Ershov, Taitslin, —
tive lattices 1963
12. Theory of partial No Yes Taitslin, 1962 p. 297
orderings
13. Theory of two No Yes Lavrov, 1963 p. 295
equivalence rela-
tions
14. Theory of two No Yes Lavrov, 1963 —
linear orders ‘
15. Set theory ZF Yes No Tarski, 1949 p. 290

In the first section of this chapter we shall be concerned with proving
various theories inseparable, while in the second section we deal with finitely
inseparable theories.

Immediately from 15.19 we have

Theorem 16.1. Theories R, Q, P, and N are inseparable, and hence essentially
undecidable and undecidable.

By 15.3 we then obtain:

Theorem 16.2. The theories R, Q, and P, as well as any of their recursively
axiomatizable consistent extensions, are incomplete.

Note that, trivially, R, Q, P and N are not finitely inseparable, since they
do not have finite models. Less trivial examples of inseparable but not
finitely inseparable theories can be found in the paper of Dyson mentioned
at the end of Chapter 15.

Now we shall show how Proposition 15.16 of the last chapter can be
used to take care of #3 and #15 in the above table. Intuitively speaking it is
a matter of finding definitions for w, +, -, s and 0 in the theory of (Z, +, -)
(for #3), and in set theory (for #15). Proceeding to the first task, we first
need the following four purely number-theoretic facts, which are well known
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and essentially give a definition of w in (Z, +, -). The first is purely com-
putational and easily checked:

Lemma 16.3. For any integers Xy, Xq, X3, X4, Y1, Va2, V3, Ya We have

(F + x5+ 23+ xD-0F + 28+ 3+ D)
= (X131 + XaY2 + Xays + X4e)?
+ (X1 Y2 — Xa¥1 + X3Ys — Xapa)®
+ (X1Vs — X3Y1 + XaV2 — Xa)a)?
+ (X1y4 — X4¥1 + Xa2¥3 — X3)2)%

Lemma 16.4. For each prime p > 2 there is an m with 1 < m < p such that
mp is a sum of four squares.

ProoF. The members of {x?:0 < x < (p — 1)/2} are pairwise incon-
gruent mod p, as are the members of {—1 — »2:0 <y < (p — 1)/2}.
There are p + 1 numbers in the union of these two sets, so there are x and
ysuchthat 0 < x,y < (p — 1)/2and x2= —1 — y? (mod p). Say

x4+ 1 4+ y2 =mp.
Thus 1 < m. Since x, y < (p — 1)/2, we have
mp < p?/4 + 1 + p?/4 < p?, som < p,
as desired. O

Lemma 16.5. For any positive prime p, p is a sum of four squares.

PrOOE. Obvious for p =2 (2=1+ 1+ 0 + 0). Suppose p > 2. Let m
be the smallest positive integer such that mp is a sum of four squares. Thus
i <m<p by 164. Say mp = x? + x2 + x% + x3. Suppose m > 1; we
shall get a contradiction.

Now

)] m is odd.

For, suppose m is even. Then x? + x3 + x% + xj is even, so either (1) all
four of x,, x,, x3, x4 are even, (2) two are even, two are odd, or (3) all four
are odd. In case (2) we may assume that x; and x, are even. Then in any
of the cases (1)-(3),

(m/2)p = [(x1 + x2)/2P + [(x1 — x5)/2]?
+ [(xs + x4)/2]% + [(x3 — x4)/2)7,

and all the entries [ ] on the right are integers. This contradicts the
minimality of m. Thus (1) holds.

Now the members of T = {y: —(m — 1)/2 < y < (m — 1)/2} are pair-
wise incongruent mod m, and |T| = m. Hence there exist y, € T such that
x;=y;(modm),i=1,...,4. Thus

V+yi+y+yi=xi+x3+x3+xi=0  (modm)),
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say
(2 ¥+ 3+ )5+ yi=mn

Then n # 0, since otherwise y; = 0 for each i = 1,...,4 and m|x; each
i=1,...,4, so m?x? +---+ x = mp hence m|p, contradiction. Also,
mn < 4m2)* = m?, so n < m. Now (mn)(mp) is a sum of four squares by
Lemma 16.3 and as is easily seen, each expression ( ) on the right
in 16.3 is divisible by m. Hence np is a sum of four squares. But 0 < n < m,
contradiction. O

Theorem 16.6 (LaGrange). Let a be an integer. The following are equivalent

() acw,
(i) a is a sum of four squares.

Using this celebrated theorem of LaGrange we can take care of the theory
of (Z, +, -):

Theorem 16.7. Let & be a language appropriate for A = (Z, +, ), and let
" be the set of all sentences of £ which hold in A. Then T is inseparable.

Proor. As mentioned above, we apply 15.16 to prove this theorem; in
fact, we shall define a certain effective interpretation of N into a theory
which is a definitional expansion of Z. Let £’ be a definitional expansion
of .# obtained by adjoining two operation symbols s (unary) and 0 (nul-
lary). Let A be the definitional expansion of I' in %’ with the following
definitions:

Voo(0 = vy & vy + v = vy),
VoVo,{sv, = v, & Fua[ (v + 02 = vg) A V30, =05 A Uy + Uy = v,]}.

Now we define a syntactical Z,..-structure B = (o, f, R, A) in &', Let ¢
be the formula

30,30,30530,(vp = v} + v5 + 03 + v)

(see 11.43). Set f4 = 4, f+ = +, fs = s, f0 = 0, and let R = 0 (empty set).
Clearly this does define a syntactical %, -structure in %’. Let € be the
natural expansion of 2 to an .#’-structure (see the proof of 11.31; the new
symbols receive the denotions indicated in their definitions), and let ® =
(w, +, -, 9,0). Clearly €22 = ® (see 11.43), and A = {peSenty: € k ¢},
so by 11.45, A k ¢® for each g € N. Hence B is an interpretation of N in
A. By 15.16, A is inseparable, so by 15.15, I is inseparable. O

Now we want to accomplish a similar thing for set theory. Actually we
shall show that the very simple set theory of the following definition is in-
separable:
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Definition 16.8. Let .Z,, be a fixed first-order language with a single non-
logical constant, a binary relation symbol e. Let S be the theory in %,
with the following axioms:

1 JvVo, 1 (v € 1),
2 VoV, [Voo (02 € 15 & v € V1) = vy = 14],
3 Vu,Vv,30,V03(v3 € 0 > U3 € Vg V U3 = vy).

We shall show that the theory Q is interpretable in a definitional extension
of S. To this end we must come up with definitions for w, +, -, 0 and .
We do this by a series of definitional expansions of S. In each case it will
be evident that we do have a definitional expansion. The notations intro-
duced here will not be used beyond our treatment of set theory.

Definition 16.9. .%, is a definitional expansion of %, with the following
new symbols and axioms:

(i) 0, an individual constant. New axiom:
Vv, =1 (v, €0).
(ii) Op, a binary operation symbol. New axiom:
Yo, Vv, Vv, v, € Op(vg, 1) & U, € 0y V U, = vy].
@@i) { }, a unary operation symbol. New axiom:
Vo[ {ve} = Op(0, vy)].
(i) {, }, a binary operation symbol. New axiom:
VoV [{vo, v1 } = Op({vo }, v1)].
(v) U, a unary operation symbol. New axiom:
Vvo[Uvy = Op(vo, 15)]-
(vi) <, a binary relation symbol. New axiom:
Vuo,Vo1[v, € v & Yuu(v; € vy = v, € 1)].
(vii) Trans, a unary relation symbol. New axiom:
Vuo[Trans v, & Vv,(v, € v, > v, € 1y)].
(viii) J, a unary relation symbol. New axiom:
Voo{Jv, & Yo,{v; € vy = Y0,30,Y0,(v, € 05 & v, €03 A v, €05)]}
(ix) n, a ternary operation symbol. New axiom:

VYo,Vu, Vo, Vos{vg = vp 0,0,
o [Jvg AvyE vy AV, (V6036 0,€05 A v, €1y)]
v [(0Jvy v —w, € vy) A 03 =0]}.
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There are more definitions to come, but first a few remarks on those al-
ready made. Intuitively 0 is the empty set; Op(x, y) = x U {y}; Ux =
x U {x}. Trans x means that the transitive law for € holds with x on the
right side: z e y € x implies z e x. The statement Jx means that the inter-
section y N z can be formed whenever y < x. Finally y n, z is the inter-
section of y and z if Jx and y € x, otherwise it is 0. Note that already several
complications arise because we cannot in general form the union and inter-
section of sets. Elementary facts such as those already mentioned will be
used without proof. We formulate explicitly only the properties which are
harder to prove. It is convenient in the proofs to argue informally within
the given languages, and to mix logical and informal notation.

Lemma 16.10. %, FJv, A v; € vg—> Jv,.

Lemma 16.11. %, k Jv, — JOp(v,, v,).

ProOOF. Assume that Jx, y is arbitrary, z = Op(x, y), w < z, and v is
arbitrary; we want to show that w n, v has its usual meaning, i.e., that
JuVs(sceue sew and sewv). Since Jx, both xn,w and (xNn.w)n, v
have their usual meanings. If y¢w or yéo, then (x n.w)n,v is the
desired set u. If yew and yev, then Op((x ~,w) n, 2, y) can be taken
for w. O

Definition 16.12. %, is a definitional expansion of %; with the following
new symbols and axioms:
(i) C, a unary relation symbol. New axiom:
V0,o[Cry o Ve 30,.Vvs(v; € 03 & v3 €05 A, (V5 € 17))].
(if) ~, a binary operation symbol. New axiom:

Voo Vo, Vo, {v, = vy ~ v, & [Cvg A Vug(v; € 0,
V30, A (v3€0;))] v [Coy A v, = 0]}

(iii) B, a unary relation symbol. New axiom:
Vu,(Bvg & Jvy A Cuy).
Of course Cx means that the operation x ~ y can always be performed
in its usual sense. If Cx, we let x ~ y have its usual sense, while x ~ y = 0

if Cx fails to hold. The statement Bx means that x admits both of the Boolean
operations n and ~.

Lemma 16.13. %, FBvy A v; & vy — Br,.

Proor. Assume that Bx and y < x. Thus Jx and Cx. Hence by 16.10, Jy.
To check that Cy, let z be given; we want to show that y ~ z has its usual
sense. But clearly Vwiwey n, (x ~ z) iff wey and w ¢ z), since Jx, Cx,
and y < x. O
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Lemma 16.14. %, F Cv, = COp(vy, v1).

PrOOF. Assume that Cx, y is arbitrary, z = Op(x, y), and w is arbitrary;
we want to show that z ~ w has its usual sense. If y e w, then Vu(ue x ~ w
iff uez and u ¢ w), since Cx. If y¢w, then Yu(ue Op(x ~ w, y) if uez
and u ¢ w). O]

Corollary 16.15. %, ¥ Bvy, — BOp(v,, v,).

Definition 16.16. %, is a definitional expansion of .%, with the following
new symbols and axioms:

(i) W, a unary relation symbol. New axiom:

V0o(Wog «» Vo,[v; € vy = —30,5(0, € 03 A 15 € 1))]
A Voo, € v A =y =0) > 3vs[v, €0, A Vg(vg €D
—>V,€03 VU, =03)]} A Vo {v, € 09 A (0, =0)
—=Av,[va€v; A Vo3(v3€ 0, > V3 €0, V U3 = 09)]}).

(ii) 8, a unary relation symbol. New axiom:

Vu,[Qv, > Bvy A Trans v, A Vo, (v; € v, > Trans v;) A Wy

The statement Wx encodes several properties of x: each element y of x
is regular, in that y € z € y is ruled out; each nonempty subset of x has a
least element under the relation €, and each nonempty subset of x has a
greatest element under €. The statement Qx is a conventional set-theoretical
definition for x being a natural number, with a few redundancies because of
our very weak axioms. It is routine to check the following two lemmas.

Lemma 16.17. .%; F Q0.
Lemma 16.18. £ E Wy, A v; € vy > Wo,.

Lemma 16.19. %, EJv, A Wy, > WU,

ProoF. Assume that Jx and Wx. To check WUx, we consider separately
the three conjuncts in the definition of W. If y e Ux, then yex or y = x.
In the first case, —3z(y € z € y) since Wx. In the second case, simply note
that x € z € x would still contradict Wx. Thus the first conjunct for WUx
holds. For both of the other conjuncts we assume that y € Ux. If x ¢y,
then y < x and the desired result follows in both cases because Wx.

Now assume that x € y. To check the second conjunct, note that it is
obvious if y = {x}, while if y s {x}, then x n, y has its usual meaning
(since Jx), and 0 # x N,y < x, so since Wx, we may choose zex N,y
so that Y'wexn,y (zew v z=w). Thus zey, and if wey then wex
or w=Xx, hence wexn,y or w= x, and in either case zew v z = w.
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Thus the second conjunct holds. For the third conjunct, since y < Ux we
have z € x or z = x for any element z of y. O

Lemma 16.20. .%; F Qu, « QUu,.

Proor. First assume fx; thus Bx, Trans x, Vy e x(Trans y), and Wx.
Hence BUx and WUx by 16.15 and 16.19. Suppose z€ y € Ux. Thenze y e x
or zey = x, so z€ x since Trans x. Thus Trans Ux. If y € Ux, then ye x
or y = x, so Trans y is clear. Thus QUx.

Now assume QUx, which means that BUx, Trans Ux, Vy € Ux(Trans y),
and WUx. The condition Vy € Ux(Trans y) means that Trans x and Vy e
x(Trans y). And we have Bx and Wx by 16.13 and 16.18. O

Lemma 16.21. %; F Trans v, A —(vy € v5) A Upy = Uv, = vy = v;.

ProOF. Assume that Trans x, x ¢ x, and Ux = Uy. Take any z € x. Then
zeUx = Uy, so zey or z = y; we shall show that z = y is impossible.
Assume z = y; thus y € x. Since x € Ux, we have x € Uy and hence xey
or x = y. Since Trans x, it follows that x € x, contradiction. Thus z = y is
impossible, so by the arbitrariness of z, x < y. The converse, y < x, is
similar, so x = y by 16.8(2). O

Lemma 16.22. %, FEQuv, A v, € vy > Qu,.

ProoF. Assume fx and y e x. Since Trans x, it follows that y < x. Thus
Wy by 16.18, and By by 16.13. Clearly Trans y. If z € y, then z € x since Trans
x, and hence Trans z. Thus Qy. O

Lemma 16.23. Z; FTrans v, A Jvg A Wo, A —(v, = 0) = Fv,(v, = Un,y).

ProoOF. Assume Trans x, Jx, Wx and x # 0. Since Wx, choose ye x so
that Ywex(wey or w = y). We shall show that x = Uy; the inclusion
x < Uy has just been mentioned. If w € y, then w € x since Trans x. Also,
yex,so Uy & x. U

Definition 16.24. %, is a definitional expansion of £ with s as a new unary
operation symbol and the following new axiom:
VooVo,[v; = svg & (R0, A v, = Ury) v (820, A v; = vy)].

For technical reasons we shall interpret s of £, by s in &#, rather than
by the more natural symbol U. This is really important only when we get
to the axioms involving 4 and -

Lemma 16.25. %, Fsv, =sv; > v, = v,.

ProoF. Assume that sx = sy. If Qx or Qy, then Qx and y by 16.24 and
16.20, and hence x = y by 16.21. If neither x nor Qy, then x = y by
16.24. O
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Lemma 16.26. %, F =0 = sv,.
Proor. If Qx, then sx = Ux # 0 by 16.24, since x € Ux. If (not Qx), then
sx = x, and x # 0 since 20 by 16.17. O
Lemma 16.27. % F —w, =0 — Jv,(v, = sv,).
PrOOF. Assume that x # 0. If Qx, the desired conclusion is clear by 16.23
and 16.20. If (not Qx), then x = sx. O
Definition 16.28. %, is a definitional expansion of £, with the following
new symbols and axioms:
(?) (, ), a binary operation symbol. New axiom:
VooVo,[(vo, v1) = {{vo}s {0, v1}}]-
(ii) Rln, a unary relation symbol. New axiom:
Vuo(RIn vy & Vo,{v; € v, = J0,30;5[v; = (g, v3)]}).
(iii) Fen, a unary relation symbol. New axiom:
Vos{Fenv, & Rinv, A Vo, Vo, Vo5[(vy, v5) € v,
A (v1, 3) € Uy = U5 = 1]}
(iv) Dmn, a binary relation symbol. New axiom:
Vo,V (Dmn(vy, v,) & Voi{v; € v; «> vs[(vs, v3) € v,])).
(v) D, a unary relation symbol. New axiom:

Vuo{Dv, & Yu,[v; S vy —> Jv,Dmn(v,, v,)]}.
The following lemma has its usual proof’:
Lemma 16.29. % E (vo, v1) = (Vs 13) = 0y = 0y A Uy = vs.

Lemma 16.30. % F Bv, A Dy, & BOp(v,, v;) A DOp(v,, v;).

ProoF. Assume that Bx and Dx, while y is arbitrary. Thus BOp(x, y) by
16.15. To check DOp(x, y), let z< Op(x, y). Choose w so that Dmn(x A, z, w);
this is possible since Dx; recall that x N, z has its usual meaning since Bx.
If y ¢ z; then x N, z = z and we are through. If y € z but y is not an ordered
pair, then clearly Dmn(z, w). Finally, if yez and y = (u, v), then
Dmn(z, Op(w, u)). The converse is clear. O

Definition 16.31. . is a definitional expansion of %, with a new ternary
relation symbol ¢ and the following new axiom:

VooVo Voy(o(vg, v1, 05) & Qv A Qv, A Qu,
A Fug{Fenvs A Dmn(vg, Uv,) A (0, v,) € v,
A Yo Nu5[(vy, v5) € 03 A vy € 0; = (Ur,, Uns) € v5]
A (v, 1) €v3 A Bus A Dug)).
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Lemma 16.32. % F Qu, = o(v,, 0, vy).

Proor. Assume that Qx. Then {(0, x)} is easily seen to satisfy the neces-
sary conditions on vg in 16.31. O

Lemma 16.33. % F o(v,, 11, v2) A 6(Vg, U1, U3) —> Uy = 3.

PrOOF. Assume that o(x, y, z) and o(x, y, w). Let f and g be the functions
mentioned in o(x, y, z) and o(x, y, w) respectively. Now we aim to prove

) Dmn(f n; g, Uy).

Note that fn, g has its usual meaning, since Jf follows from our choice
of f. To prove (1) choose ¢ so that Dmn(f n; g, ¢); this is possible because
Df and f n; g < f. Since Dmn(f, Uy) and f n; g < f, it is clear that ¢t = Uy.
Note that Uy ~ ¢ has its usual meaning, since QUy by 16.20. It now suffices
to show that Uy ~ ¢ = 0. Assume that Uy ~ ¢t # 0. We may choose u e
Uy ~ tsothat uev or u = v for any v € Uy ~ t. From 16.22 we infer that
Qu. Clearly 0 € ¢, so u # 0. Hence by 16.23 there is an r with ¥ = Ur. Note
that Qr by 16.20. Now we claim

)] rey.

For, r e u e Uy, so (2) is clear since 2y. Now r cannot be in Uy ~ ¢, since
otherwise u € r or u = r, which along with r € u contradicts Qu. Hence from
(2) we infer that r € ¢. By our choice of ¢ we may then pick ¢ so that (r,q) €
fn;g Since rey by (2), it follows from the definition of o that also
(Ur,Ug)efn;q. Thus u = Uret, contradiction. Thus Uy ~ ¢ = 0 after
all, and (1) is established.

Since Dmn(f, Uy) and Dmn(g, Uy) also, it follows easily from (1) that
f=fn;g =g Hence z = fy = gy = w, as desired. O

Lemma 16.34. % F a(v,, v4, v2) = 6(vy, Uvy, Uvy).

PrROOF. Assume o(x, y, z), and let f be the function mentioned in o(x, y, z).
Then g = Op(f, (Uy, Uz)) shows that e(x, Uy, Uz), making use of 16.20
and 16.30. O

Lemma 16.35. % F o(v,y, Uvy, 1) = Fvg[v, = Uvg A o(v,, vy, 05)].

PROOF. Assume that o(x, Uy, z), and let f be the function mentioned in
a(x, Uy, z). Since y € UUy and Dmn(f, UUy), we can choose w so that
(y, w) ef. Then (Uy, Uw) € f also. But also (Uy, z) €f, so from Fen f we
infer that z = Uw. Let g = f~ {(Uy, z)}; here ~ has its usual meaning
since Bf. Thus f = Op(g, (Uy, z)), so Bg and Dg by 16.30.

1t is easily seen, then, that g establishes o(x, y, w). O

Definition 16.36. %, is a definitional expansion of %; with the following
new symbols and axioms:
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(i) 1, an individual constant. New axiom:
1 = V0.
(i) +, a binary operation symbol. New axiom:
Vo, Vo Vos{v, + v1 = 02 & 6(vg, vy, 03)
v [3w,0(vo, 01, v2) A Qv A v, = {1}]
v [30,0(vo, 01, 2) A TRV A v = 0]}
Lemma 16.37. % F =Q{1}.

ProOF. We have 0 e1e{1} but 0¢{l}, so Trans{l} is false. Hence Q{1}
does not hold. O

Now we can take care of two further axioms of Q.

Lemma 16.38. %, Fv, 4+ 0 =v,.

Proor. Let x be given. If Qx, then 6(x, 0, x) by 16.32, so x + 0 = x. If
Qx fails, then there is no z with o(x, 0, z), and hence x + 0 = x is clear
from 16.36(if). ]

Lemma 16.39. %, F v, 4 sv, = s(vy 4+ v,).

Proor. Let x and y be given. If not x, then x 4 sy = x and
s(x + y) = x. So assume that Qx. If not Qy, then sy = y and for no z
do we have o(x, y, z), so x + sy = {1}, x + y = {1}, s(x + y) = {1} (using
16.37), as desired. So assume that Qy. If not 3ze(x, y, z), then by 16.35 not
Jze(x, Uy, z), so x + sy = {1} = s(x + y). Finally, assume that o(x, y, z).
Thus o(x, Uy, Uz) by 16.34 and hence x + sy = x + Uy = Uz = U(x + y)
= s(x + p). O

Definition 16.40. .%; is a definitional expansion of %, with a new ternary
relation symbol 7 and the following new axiom:

Vo Vo, Voo [m(vy, vy, 05) > Qvy A Rv; A Tvz{Fenv; A Bu,
A Dv; A Dmn(vg, Uvy) A (0, 0) € v5 A Yo, Vu5[(vs, v5) € 0
A vy € 0y > (Uvy, U5 4 1) € 03] A (v, v5) € 3}].

The following four lemmas are easily established, imitating the proofs
for similar facts about o.

Lemma 16.41. %, F Qu, = =(v,, 0, 0).

Lemma 16.42. % F n(vg, vy, U3) A ®(vg, U1, U3) —> Uy = 3.

Lemma 16.43. % F nt(v,, vy, v3) = 7(vy, Uvy, vg 4 vy).

Lemma 16.44. % E =(vy, Uvy, v5) = Fvg[v, = v3 + v A w(vo, vy, 3)].
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Definition 16.45. %, is a definitional expansion of % with a new binary
operation symbol - and the following new axiom:

YoVo Vu,{vy+ v, = vy & 1(v, U1, U3)
v [—3vsm(vo, 11, v3) A Qo A v, = {1}]
v ["3057(vo, 11, v3) A TR, A ;=0 A v, = {1}]
v [ 3vsn(vg, U1, v3) A TR0 A v, =0 A v, = 0]

From 16.41 we obtain

Lemma 16.46. % Ev,-0=0.
Now we can take care of the last axiom of Q.

Lemma 16.47. %, Fvges0; = 0o+, + 0.
Proor. Let x and y be given. We consider four cases.

Casel. =8x. Clearlysy # 0,s0x-sy = {1}. Also, x-y = Oorx.y = {1}.
Subcase 1. x-y = 0. Then by 16.36, x-y 4 x = {1}, as desired.
Subcase 2. x-y = {1}. Then by 16.36, x-y 4 x = x-y = x-s).

Case 2. Sx, but mQy. Then x-sy = x-y = {1} = x-y + x.

Case 3. Sx, Qy, but —3zn(x, y, z). Then x.sy = x:Uy = {1} = x:y =
x+y 4 x, using 16.44 to infer —3zn(x, Uy, z).

Case 4. Rx, Qy, and =(x, y,z). Then x-sy = x-Uy = x-y 4 x since
w(x, Uy, z 4 x) by 16.43. O

From our lemmas we obtain our main undecidability result on set theory
by the same general argument as that used to establish 16.7:

Theorem 16.48. The theory S is inseparable.

Now we turn to the consideration of finitely inseparable theories. We
do not yet have any examples at all of such theories, so our first task is to
produce such an example. Then we use the method of interpretations to
show that various interesting mathematical theories are finitely inseparable.
Our first example will be considerably generalized later. Recall our universal
language from 14.22.

Lemma 16.49. {¢: ¢ € Sent g, Fo} is a finitely inseparable theory.

Proor. By Theorem 6.24, let 4 and B be r.e. effectively inseparable sets.
By virtue of Theorem 6.25 it now suffices for the proof of our lemma to
effectively associate with each ¢ € w a sentence y, of %, such that the follow-
ing two conditions hold:

D if t € A, then Fy;;
) if t € B, then =y, holds in some finite %,,-structure.
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Let fand g be recursive functions with ranges 4 and B respectively. By 14.24
and 14.25, let  and 4 be sentences which spectrally represent fand g respec-
tively and satisfy the additional conditions of 14.24. Divide the symbols of
%, into three isomorphic parts, denoted by °R¢, R¢ and 2R$ respectively.
We define two translations of %, into .%,,. Let % = (2R}v,, 0, M, T"), where
MRS = °Rév,---v,_, for all s, r and ' = {3v,°R}v,}, and let B =
(*Rlv,, 0, N, A), where NRE = *Rsv,- - -v,_, for all s, r and A = {3v,2R}v,}.
Then for any ¢ € w we can define a sentence y, such that for any %, -structure
€, € F y, iff the following condition holds:

if € Fg®, € Fy®, 2RES £ 0 # 2RIS, IRIE < 2RIE,

°RE€ < R3S, € F VooV, (“Riveo, — 2Riv, A 2Rivy), ['RIE| = ¢,
and ?RZ® is a one-one function mapping ‘R3¢ onto °R}® then
there is an x € °R3® such that |{y: (), x) e °R$%}| = .

©))

Now we check (1) and (2). For (1), Let € be any %, -structure, let r€ A,
and assume the hypothesis of (3). Then by 11.45, €2 k¢ and €22 k.
Thus |RIS@®| = ¢, so, since ¢ spectrally represents g but #¢ Rngg, it
follows that R3¢ s infinite. Thus 'Ri€ is infinite, so °R}® = RI&T®
is infinite. Choose m so that fin = ¢, and then by 14.24(ii) choose x € RL¢T-2
so that |{y : (», x) e RZ*T®}| = m. By 14.24(iii), [{y : (y, x) € RZ*TW}| = ¢,
Thus the conclusion of (3) holds. Hence we have shown Ey,, as desired in (1).

Now let ¢ € B. Say gm = t. Let € be a finite model of ¢ such that |R}¢| = m,
and let ® be a finite model of ¢ such that |R}®| = m; this is possible by
14.22(i). Clearly there is a finite %, ,-structure € such that €™ = €,
&% = 9, and RI€ < 2RI€ °RI® < 2RI¥, € F Vo,V0,(°R2vov; — 2R3v, A
2R}p,), and 2R3€: 'R§€ >» °REE. Note that |'RI¥| = |R1®| = ¢ by 14.22(ii).
Thus the hypothesis of (3) holds. The conclusion of (3) fails, however, by
14.24, since ¢ ¢ Rng f. O

Note that the formulas y, in the above proof all have the same relation
symbols. Hence from (1) and (2) in that proof we obtain at once:

Lemma 16.50. There is a reduct & of ¥,,, having only finitely many relation
symbols, such that {p : p € Sentg, Fe} is finitely inseparable.

This is our basic lemma, from which we shall derive the finite insepara-
bility of several other theories. The method we shall use for this purpose is
expressed in 15.17. In many cases the application of 15.17 can be indicated
by simple diagrams, from which a more rigorous proof can be written out
in a routine way. This is illustrated in many examples below.

Theorem 16.51. The theory of one binary relation is finitely inseparable.

ProoF. The theorem is to be interpreted as saying that the theory I' in
the language %’ is finitely inseparable, where .2’ is a language with just one
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nonlogical constant, namely a binary relation symbol S, and I = {p:
@ € Sentg., Fol.

To prove this, let £ be the language mentioned in 16.50. Let the relation
symbols of & be R, ..., R™ where sew. Set I' = {p e Senty : kp}. To
define our syntactical #-structure we need some notation: we define for-
mulas o,(vy, v;) In &£ for each k € w ~ 1, expressing that there is a path
with & edges between the ““points™ v, and v, :

gy = Svovl
o1 = 30a[Svea A 040, v1)].

Now let A = (y, 0, R, A), where y is the formula

(hH =13, Svyv,

while for each i/ < s, RR7} is the formula

2 i[04 4 o(Vmis Vi) A /\ 054 1(Umis 05)]
j<mi

and A = {3v, - 3v,Svev,}. Clearly then 2 is a syntactical #-structure in
&#’. By Theorem 15.17 it remains to show that for each finite model € of I’
there is a finite model B of I'" U A such that € = 82% Note that € is just
an arbitrary #-structure, and we do not have to worry about finding 3B to
be a model of I, this being true for any .#’-structure. An example to illus-
trate our construction of B is given in Figure 16.51.1. This is just a small
part of ¥ and is intended to illustrate what we do in case i = 4, mi = 3,
and (x,, x;, x2) € RM€: all points except x,, x;, X, are new, we describe a
circuit with six edges to identify i = 4, and leading off from a vertex we have
paths with 1, 2, and 3 edges out to x;, x,, X3 respectively to identify the
cidered triple (xo, X1, x5) as a member of R%€. From this diagram it should
te¢ evident how we construct B; we do this in detail here, but not in similar
proofs below. Let D = {(i, x) : i < s and x € RZ¥%}. Since € is finite, so is D.
With each (i, x) € D we want to associate i + 2 -+ m(m; — 1)/2 new points

0 i+1
aix’ DS aix s

bl ..., bt for each j < mi, j # 0,

entirely new points for different members of D. To do this we can, for
example, let

at, = (i, x,k,0,0, C) foreach k < i + 2,
bt = (i, x, k,j, 1, C) foreachj < mi, j# 0, and k < j.

- S — s ——> 0 X,

Figure 16.51.1
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(The term C (=universe of €) is added to make sure all these elements are
different from the members of C, a fact which follows from the definition
of ordered sextuples in terms of ordered pairs, via the regularity axiom of
set theory.) Let B be C together with all the new elements af,, b%,;. Now let
S® express each of the following diagrams, for each (i, x) € D:

1+1
atx

e \/__ﬁw
R

P ——> . s e e — 3 0 ——————).xmil
2 1
Qi Aix blx(m(—l) bix(ml-l) bix(ml 1)

That is, let

S? = {(dl,,adlfV):(i,x)e D,j < i}
U {(ait, ai) 1 (i, x) € D} U {(ady, xo) : (i, x) € D}
U{(ad, b)) (i,x)e D, 1 <j < mi}
U {(bf;, b (G, x)e D, 1 <j < mi,k <j— 1}
V{7 x):(,x)e D, 1 <j < mi}.

This defines B. Obviously B E x[b] iff be C, so B> = C. Now let i < s;
we show that R7{-24.2 — RmE€ First let x € R%®. Then (i, x) € D, and the
above definition of S yields immediately by (2) that B F RR™[x]; and
obviously x € ™C. Now suppose that x € mRR™3 N ™. By construction
of @B, clearly there is a (j, y) € D such that x < y and i < j. The circuit in
the construction assures that i = j and hence x = y. Thus by definition of
D we obtain x € R}€, O

From 16.51 we can easily see that a large variety of languages have un-
decidable theories (a generalized form of Church’s theorem; see 16.54,
16.58 for further forms).

Theorem 16.52. If %' is a language with at least one relation symbol which
is at least binary, then {@ € Sentg : o} is finitely inseparable.

ProOOF. We interpret the theory of one binary relation into %, i.e., we
apply 15.17 as in the proof of 16.51. The following list gives the required
definitions. The hypotheses of 15.17 are then clearly satisfied.

#: language with a single binary relation symbol R.

£’ given language; S is a relation symbol of rank >2.

A = (x,0, R, I'): here x is v, = vy, With Rg = Svov,0,- - -vy,

I = {Fv,(v0 = vo)}. O

Theorem 16.53. The theory of a binary operation is finitely inseparable.
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ProoF. Again we interpret the theory of a binary relation. The following

list and construction outline the procedure (cf. the proofs of 16.51 and
16.52).

Z: language with a single binary relation symbol R.
#': language with a single binary operation symbol O.
€ = (x,0, R, I'): here y is —10v,v, = vg;
Ry = F0,305(Qv0y = v, A Ovyv; = v,
A Ovgvg = vy A Ovgog = v3 A Ovgr, = v3);
IV = v, = Ovgvy = v,

Given any finite &-structure % = (4, R), set B = 4 U {(4, 0), (4, 1)} and
define a binary operation f on B by setting

fla,b) = (4,0) if (a, b) ¢ R,
fla,b) = (4, 1) if (a,b)e R, for any a, b€ 4,
f((4,0),(4,0) = (4, 0),
S((4,0), (4, 1)) = (4, 0),
f((4, 1), (4, 0) = (4, 0),
f((As 1)’ (A, 1)) = (Aa 1)9
f(a,b) = (4,0) otherwise, for other pairs (a, b)) € B x B.

We make B into an #’-structure by setting O® = f. Clearly 8™¢ = . ]

Another large group of first order languages is taken care of in the fol-
lowing corollary of 16.53:

Theorem 16.54. If ¥’ is a language with at least one operation symbol
which is at least binary, then {¢ : ¢ € Senty, Fo} is finitely inseparable.

The proof is similar to the proof of 16.52. To take care of the remaining

class of undecidable languages we need some auxiliary results which are
interesting in themselves.

Theorem 16.55. The theory of a symmetric binary relation is ﬁhitely in-
separable.

Proor. The following list and diagram outline the proof’:

#: language with a single binary relation symbol R;

I' = {p € Sentp : Fo}.

I" = {peSenty: O F ¢}, where @ = {Vu,Vv,(Rvov; = Royv,)).
A = (x, 0, R, A), where y is the formula Jv;Vv,(Ro,v5 & v = 1),
Rgp = Fv,3v,30,[Rogvy A Rogv; A Rusvg A Rogvy A Rogp,],

A = {3v,Ru,}.
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Diagram (for representing in A a single pair (x, y) in an arbitrary binary
relation):
U3

AN
o

vs for x vs for y

Theorem 16.56. The theory of two equivalence relations over the universe is
finitely inseparable.

Proor. We interpret a symmetric binary relation into this theory:

Z: language with a single binary relation symbol R;

I' = {peSenty: O F ¢}, where © = {Vu,Vv,(Roew; = Roivo)}-
&’ language with two binary relation symbols L and M;

IV = {p e Senty : Q F ¢}, where Q consists of the natural axioms
for two equivalence relations:

Vo, Logvy;

Vu,Vv,(Lvev, = Lvyvg);

Vo, Vv, Vvo(Lvgy; A Loivg — Logvy);
Yo,Muoyvg;

Vo, Vo,(Mogv, = Mo,v,);

VooV, Voo(Muov, A Moo, = Mogo,).

€ = (x, 0, R, A), where x = Vv,(Mv,0, > 0; = 1),
Ry = Fv,3v,(Lvgv, A Mugvg A Logty), A = {Jvex].

Diagram (for representing in A a single pair (x, ) in an arbitrary symmetric
binary relation, with curves for M-classes and squares for L-classes):

> G ) <

X 1223 U3 y

Theorem 16.57. The theory of two total functions is finitely inseparable.
Proor. We interpret the theory of 16.56 into this theory:

(&', I'"): as in the proof of 16.56.

£ language with two unary operation symbols O and P;
I' = {p € Sentg. : Fe}.

€ = (x, 0, R, A), where y = v, = vy, Ry, = Ovy = Oy,
Ry = Poo = Po,, A = {Jopy}.
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Given a finite model 2 of T, we construct a finite model B of I'” as follows.
Let B = A. To define OF and P¥, first let f be a choice function for non-
empty subsets of A. Thus fx € x whenever 0 # x < A. Now define O¥x =
fIxlta and P2x = f[x]yx for any x e 4 (where 2 = (4, LY, M®)); clearly
B is the desired interpretation of 2L. ]

Theorem 16.58. If.¥ is a language with at least two unary operation symbols,
then £ is finitely inseparable.

In Theorems 16.52, 16.54 and 16.58 we have shown that if ¥ satisfies
any one of the following three conditions, then {p € Senty : Fg} is finitely
inseparable and hence undecidable:

(1) & has at least one relation symbol of rank at least 2;
(2) & has at least one operation symbol of rank at least 2;
(3) £ has at least two unary operation symbols.

Now it is known that if . fails to satisfy (1), (2) or (3), which means that
Z satisfies the following condition (4), then {p € Senty : Fe} is decidable.

(4) & has only relation symbols of rank |, no operation symbols of rank
> 1, and at most one unary operation symbol. (See Exercise 15.23 and
Rabin [4].)
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EXERCISES

16.59. Show that P has exp X, complete extensions.

16.60. Find a finitely axiomatizable inseparable theory with (Z, +, -) as a
model.

16.61. Let ¥ be a language with two nonlogical constants € (binary relation
symbol) and S (unary relation symbol). Let I' be the theory in ¥ with
the following axioms:

Vu,o[Svo > Fv1(vy € v1)],

Juvo[Sve A Vu; 71 (v1 € 00)],

VooVo,[Voo(ve € vo > 13 € 1) = 1 = v41],

Voo Ve.1{Svs A Sv; = Fv,[Svs A Vig(tz€ v v3€ 00 V 13 = 1))}
Show that T is inseparable. Hint: use 15.16(i1).
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16.62.
16.63.

16.64.

16.65.
16.66.

Chapter 16: Some Undecidable Theories

The theory of an infinite binary relation is undecidable.

The theory of an equivalence relation on the universe and a total func-
tion is finitely inseparable.

The theory of two supplementary equivalence relations is finitely in-
separable. (Two equivalence relations E and F are supplementary if for
any x, y in the universe of the structure there is a z such that xEzFy).

The theory of a partial ordering is finitely inseparable.

The theory of lattices is finitely inseparable.
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Unprovability of
Consistency

We shall prove in this chapter that in a strong theory I', some statements
which naturally assert the consistency of I' cannot be proved within T". This
famous result of Godel shows that our ordinary first-order languages have a
severe limitation as far as any project for a thorough-going check on the
consistency of mathematics is concerned. Historically, the theorem caused a
major change of emphasis in foundational research away from a pre-
occupation with consistency proofs.

It is convenient to formulate the results only for languages and theories
in which a fair amount of number theory is directly expressible (without
interpretations or definitions). The results carry over to other languages and
theories, as long as they are sufficiently strong, in an obvious way.

Definition 17.1. Let .Z be an expansion of %£,,;. A theory I' in .% is a strong
theory provided that for every m-ary elementary function f there is an
m-ary operation symbol O of £ such that for any X¢,..., Xp_1, Y€ w
the following conditions hold:

@) if fxo, ..., Xp—1) =y, then ' FOXo, ..., Xp_1) =Y;
@) if flxg, ...y Xp—1) # y, then I' F 20(xq, ..., Xp_1) =Y.

Thus we can find strong theories among definitional expansions of the
theory R of %, or the set theory S (cf. 14.11 and 16.48). We shall now
formulate a general theorem giving conditions on a formula Pr(v,) so that
unprovability of consistency follows. Intuitively we think of Pr(v,) as saying
that v, 1s provable. After the statement and proof of the general theorem we
shall indicate how the conditions on Pr(v,) can be satisfied. For simplicity
we write Pro in place of Pr(o).
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Theorem 17.2 (L&b). Let I' be a strong theory in a language . Assume that
Pr is a formula of & such that Fv Pr < {v,} and the following conditions
hold for all sentences , x of £ :

@) if U Fy, then T F Prigtys;
(@) T EPrAg*y —> PrAg* Prig*y;
@ii) T'FPrAg*(x = ) = (PrAg*x — PrAgy).

Furthermore, let ¢ be a sentence of £ such that T F PrAg*e — ¢. Then
I'Eeg.

Proor. There clearly is an elementary function f'such that for any formula
Y and any m € w, f(g*¢, m) = g*J(m). Let O be a binary operation symbol
of & which represents f, in the sense of 17.1. Let a = g% (PrO(v,, vo) = ¢),
and let ¢ be the sentence PrO(a, a) = . Thus if y is the formula PrO(v,, v,)
—> @, then f(¢*x, #7x) = #*¢. Hence

(1) TEO(a,a) = Ag*y;

2 TEy—>(PrAg*y— ) by (1), definition of
() TFPrAg*(p —> (PrAg*y — ) by (2), ()
(4) TFPrAg*y—> PrAg*(PrAg*) — ¢) by (3), (iii)
(5) T FPrAg*(PrAg*y — @) > (PrAg*PrAg*y — PrAg*¢) by (iii)
(6) T EPrAg*y—>PrAg*Prig*y by (i)
(7) TEPrAgto—>o by hypothesis
@®) TEPrAg "S> by 4), (5), (6), (7), and a tautology
¥ T EPrO(a,a)—> ¢ by (8), (1)
(10) TEy by (9), definition of ¢
(11) T EPrAg*y by (10), ()
(12) Tty by ®), (1) [J

Corollary 17.3. Assume the hypothesis of 171.2, up to * Furthermore.”” Let
¢ be the sentence —Wvo(vy = v,). If I is consistent, then I' ¥ —PrAg* .

Proor. If I'F —PrAg*e, then of course I'kF PrAgz* ¢ — ¢, so by 17.2,
I' F ¢, contradicting the consistency of T' by (i). O

The formula —1PrAg*e in 17.3 of course intuitively expresses that I is
consistent, if Prv, expresses that v, is provable in I'. The content of 17.3 can
be expressed in an intuitive form as follows. If T is a consistent theory in %
and we have a consistency proof for I', then there is no formula Pr which
represents our consistency proof in I', in the sense of the hypotheses of 17.2
and 17.3.

What has become of attempts to prove important theories consistent in a
convincing way? Finitary consistency proofs for the theory P have been
given. Although finitary, such proofs cannot be internalized in P. It can be
seen, in fact, that the proofs involve induction exceeding induction over
natural numbers, and in fact going up the first e-number. No finitary con-
sistency proofs for ZF (full set theory) have been given, and indeed it is hard

299



Part 3: Decidable and Undecidable Theories

to imagine any proof which could be called finitary which could not be
formulated in ZF, in the sense of 17.2.

Now we turn to the proof of 17.2(i)-(iii) for certain natural formulas Pr.
For this purpose we shall make some further assumptions on the theories
we deal with. These additional assumptions, as is easily seen, do not really
restrict the generality of the final result. The assumptions amount to an
extension of our assumptions in 17.1 so as to formalize within a theory the
full syntax of first-order logic.

Definition 17.4. We describe an expansion &, of .%, ., and, simultaneously,
a theory & in %,,. The following are the first axioms of &:

(1) Yovo( v, = 0);
(1) Yoo Vou,(sv, = sv; = v, = v,).
(i) Yoo(vo + 0 = v,);
(iv) YvoVo,[v, 4 sv; = s(vy + v1)];
(v) Vio(ve-0 = 0);
(vi) VooVo,(vgesv; == 040, + 1y).
We introduce a binary operation symbol |—] and a new axiom
(ii) VooVoi[(ve < v; > vo + oo — 1]l = v1) A
(v K vo—>v, + Ivo - Ull =vy)],
We introduce a binary operation symbol [[/] and a new axiom
@iii) Yuo([ve/0] = 0) A Yo ,Vo,(—0v, =0
= [vov1]-v; < vy A vy + 50 < ([vo]v1] + 50)-v,).
Next we introduce new n-ary operation symbols U} and axioms
(ix) Voo - - Vo, _1(Ufvg - - - 0,y = 1y),

where i < n. Having introduced an m-ary operation symbol O and
m n-ary operation symbols Py, . . ., P,,_,, we introduce an n-arv operation
symbol C}(O; Py, ..., P,_;) and an axiom

(x) VvO 0 'VUn—l[C?((); PO, sy Pn-—l)(vm ey Un—l)
= O(PO(vm AR ] vn—l)’ L ] Pn—1(170, R ] Un—l))]'
Having introduced an m-ary operation symbol O, we introduce an m-ary
operation symbol Z(0) and axioms
(xi) Yo - - -V, _o[E(0)(vo, - - -, Upn_s, 0) = 0];
(XII) VvO ° ‘VUm—l[z(O)(Uo, s Up_gy Svm—l) -
Z(O)(vo; LS ] Um—l) + O(UO9 IR vm—-l)]'

Having introduced an m-ary operation symbol O, we introduce an m-ary
operation symbol II(Q) and axioms
(x”l) VvO o 'va—2[n(o)(009 <y Up_g, 0) = 50]7
(XiU) vUO v 'VUn_l[H(O)(UO, vy Up_g, svm—l) =
IO)(wo, - - -, ¥p-1)+O(o, - - -5 Vm_1)].
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For any m-ary operation symbol O already introduced we introduce an
m-ary relation symbol Ry and the axiom

(xv) Yoo - - - VYo, 1(Rovg -+ U Ovg - - - 1, _1 = Al).

This describes all of the symbols of the language. We also introduce the
induction axiom schema:

(xvi) @(0) A Voo[p —> (sve)] = Voep,
where ¢ is any formula of %,,.

Finally, we associate with each nonlogical constant F of .%,; a number,
a number-theoretic operation or relation #F:

#) = 0,
#s = 4,

=4,
#.:.’
=D = -1,

I = [/,

*Up = U,

[CH(O; Py, .. ., Ppn_1)] = Kp(#O; #P,, . .., #P,_1),
*Z(0)] = 270,

#[II0)] = 1T#0,

Y(RO) = {(Xqgy -+ s Xm—1) : #OX0 -+ - Xp_y = 1}.

Proposition 17.5. (%, %,)) is a definitional expansion of (P, L,ys).

Proor. It is clear that (Z, %)) can be obtained as the union, in an obvious
sense, of a sequence (P, %) = (So, %), (S1, &), ... of successive ex-
pansions, where at each step we adjoin one new symbol, its appropriate
axioms from (vii)-(xv), and all new instances of (xvi). Thus it is enough to
show that each (S;, 1, -%,,) is a definitional expansion of (S;, %). Note also
that the new instances of (xvi) do not constitute a problem, since once we
show that the new symbol has a definition in terms of old ones, the new
instances of (xvi) clearly become provable in S, ;.

If the new symbol in %, , is covered by one of the axioms (vii)—(x), or
(xv), then (S;,,, %, ) is clearly a definitional expansion of (S;, %,). The
arguments for Z and IT are similar, so we shall only give the argument for .
Thus we assume that Z(0) is the new symbol of %, ;, where O is a symbol
of %, say of rank m. We can eliminate this symbol because we can formalize
a natural argument using Go&del’s B-function (see 3.40-3.46). In fact, let
o, P1>» P2, Pa. @4 be the following formulas (intuitively representing the
functions [y/], exc, L, rm, and B respectively):

(1 Po:U1°V; < Vg A SUy < SU1°SUg;
2 @1 Avy[@o(vo, v2) A vy = [ = va-05]];
3) @2 : Avaleo(vo, v2) A @1(vy, v1)];

4) P3: (01 =0A 0, =0) v [, =0 A Jv;
(Vo = v1-05 + vy A SV; < V3)];
) @4 2 Avg30,[1 (v, V3) A @a(Vo, Us) A @3(v3, S(SD; -0,), vs].
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With the aid of these formulas we can give the definition of Z(0):

Voo - Vo, {Z(0)vo, ..., V1) =V A0y, 1 [@a(Vp 1, 0,0) A
(6) V0, 2{SUni2 € Up_1 > F0ny a[@s(Vni 1 Umi 2y Unia) A

Pa(Vns 1, SUms 2, Unyz F Oo, - . -5 U2, Uy 2))]}

Ps(Vns 15 Om—1, On)]}-

To show that this is, in fact, a definition of Z(0) amounts to proving in
S; .1 the existence and uniqueness conditions, as well as showing from the
axioms S; that (xi) and (xii) together are equivalent to (6). Two unformalized
statements each equivalent to (xi) and (xii) are as follows:

) S (X0« « oy Xm—1,0) = 0, while S(f)(x¢s - - -» Xm-1, ¥ + 1)
= Z(f)(xo,~~-,xm—1,J’) +f(x0’~'°:xmflsy);

>(f)(xo, - - -5 Xm—1) = y iff there is a z such that 8(z,0) = 0
(8)  while for all w with sw < x,,_4, B(z, sw) = B(z, w) +
f(x()a R xm~l)7 and IB(Za xm—l) = y

The equivalence of (7) and (8) is proved as follows. First assume (7). To
prove direction = of (8), assume that >(f)(xo, ..., Xn_1) = y. By Theorem
3.46 choose z so that B(z, i) = 2(f)(xo, ..., Xm_9, {) foreach i < x, ;. Then
the right side of (8) holds. Conversely, assume the right side of (8). Then by
induction on { it is clear that B(z, i) = >(f)(xq, ..., Xmn_2, i) foreachi < x,,_,.
In particular, >(f)(x¢, - . ., Xm—1) = y. Second, assuming (8), condition (7) is
clear.

The existence and uniqueness conditions for the condition following*“iff”’
in (8) is clear by 3.46 (for existence) and by using induction (for uniqueness).

Now to establish the existence and uniqueness conditions in S; for the
formula following ““iff” in (6), and to prove the equivalence of (xi) and (xii)
with (6) in S;, ,, it is a matter of formalizing in & the arguments in the pre-
ceding two paragraphs. In particular, the applications of 3.46 must be
formalized. We leave it to the reader to look over this proof to see that it
can be formalized. The formal versions of 3.44 and 3.46 are as follows. For
each r > 1 the following sentence is an instance of 3.44:

Vo, - - -Vuzr_ll:/\ (SSO < U,-) A /\ ?’5(01" Uf)

i<r i<j<r
- Jv,, /\ P6(V2rs Ur 14 ’-’i)] >

i<r

where ¢5(v,, v;) naturally expresses that v, and v, are relatively prime, and
@g(vo, U1, U5) naturally expresses v, = v,(mod v,).
Similarly, for each n € w the following sentence is an instance of 3.46:

VYo, - - -Vo,_,3v, /\ P4(Vn, i, 01).

This completes the proof of 17.5.
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Lemma 17.6.  For each operation symbol O of %,,, either #O € w if O is O-ary,
or *OQ is an m-ary operation on o if O is m-ary. In either case, for any
X0s -+ +5» Xm—1, ¥ € w we have: #Oxy - - - Xpn_; = y implies

ZEO(ADxy, ..., Ax,_,) = Ay.

The proof of this lemma is a straight-forward induction on O, following
Definition 17.4. As a corollary we have:

Lemma 17.7. If O is an m-ary operation symbol of %,,, then #¥Rq is an m-ary
relation on w and for any x,, ..., Xp_1 € w,

(X0s -+ -» Xm—1) E#Rq implies P £ Ro(Axq, . . ., Axp_ 1),
(Xos « « o5 Xp—1) ¢ #Ro implies P F = Ro(Axq, . . ., AXp_1).

In the rest of this section we work in a fixed but arbitrary expansion %’
of Z,;, and with any theory I" in ¥’ which extends £, such that I" has a set
A of axioms with g**A elementary. OQur goal, of course, is to define a formula
Pr satisfying 17.2(i)-(iii) for (I', £’). And we want Pr to intuitively express
provability in (I', #’). To this end, we want to look back at our work in
Chapters 2 and 10. That work was done, naturally, in our usual metalanguage
for mathematics. We now want to see that most of it can be done within the
context of (I', #’). Our language %, was designed to facilitate this task.
We shall not carry through the task in full detail, but we shall sketch the
high points. Much of the work in those Chapters was the definition of ele-
mentary functions and relations, or the proof that certain functions or
relations were elementary. To systematize the notation, for each elementary
operation F and relation R we denote by °F and °R the operation and
relation symbols of .%,; which naturally correspond to F and R. By ‘“‘naturally
correspond’’ we mean that the original definitions in Chapters 2 and 10 are
to be formalized. For example:

¢)) °0=0

2 %4 =8

3) °Cs = Ci(|—1; Us, Up);
4) °l = II(s).

One useful property of this convention is
(5) #°F = Fand #°R = R.

It is completely routine to see what the symbols °F and °R are, as symbols
of Z,, for all of the functions and relations F and R explicitly shown to be
elementary in Chapters 2 and 10: the proof of their elementariness is used to
work out the definition of °F and °R. As another example, Proposition 2.15,
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concerning bounded universal quantification, goes over into the following
formalization:

if R is an m-ary relation symbol of .%,, then there is an m-ary
relation symbol T of %, such that

P ENvy -+ Von_o{T(vo, . . ., Un_1)
vam[vm <VUp-1—> R(UOa <o Um—2, vm)]}‘

(6)

When we consider the formalization of logic, starting in Chapter 10, several
remarks must be made. First, we shall of course assume that £’ is an ele-
mentary effectivized language. As mentioned in Chapter 10, the various
functions and relations shown there to be recursive can then be shown to be
elementary. Hence they have corresponding formalized versions in (&’, I).
For example:

°='is a unary operation symbol of %, such that I' F° =y, =
(7) °Cat (A(27%°*1), v,); for any expression ¢ of &', I' F° ='A(4% @)
=A(g" 9);
°='is a binary operation symbol of %, such that I' k (v, °="v,)
®) = °Cat (°Cat (A2714*1, v,), v,); for any expressions o and = of &',
FE[(Agro) =" (Ag )] =Dg*(c=T).

Since we are assuming that ¢**A is elementary, we have in %, a unary
relation symbol °(¢**A) corresponding to some construction of ¢**A. We
let Prf be the collection of all ordered pairs (m, n) such that » is the Godel
number of a A-proof ¢ and m is the Gdel number of the last member of ¢.
Thus °Prf is a binary relation symbol of .%,; built up in a rather complicated
way, using the symbol °(¢**A). Our desired formula Pr is the formula
Jv,°Prf(v,, v,).
Property 17.2(i) is easy to establish:

Lemma 17.8. If T F 4, then I' F PrAg*i.

PrOOF. Assume that I" k4. Thus there is a A-proof ¢ with last member .
Hence (g%, ¢4* * @) € Prf, and Prf = #°Prf, so by 17.7

P E°Prf(Bg* i, Dg* * o).

Since # < T, it follows that ' F PrAg* . ‘0

Condition 17.2(iii) is also rather easy:

Lemma 17.9. T EPrAg*(x > ¢) > (PrAg*y — PrAg*y).
74 *4 4
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Proor. From the choice of °Prf, which is supposed to mimic the definition
of Prf (see Proposition 10.27), we have

[ E Prf(vo, v1) € Voo{v, < °lvy — [°(g** Axm)(°(01)s2)

9 v °(y+*A)(°(Ul)vz) v Fu,30,{v; < V3 A Vg < Vz A (V13
=°(01)vs "> “(V1)p2] V F0zT0,[v3 < V2 A vy S 01 A °(Rng(y°v))(v4)
A °(v1)vg = V'(Cexp (A2, svy), “(v1)0a)]} A *(01) 102 = 0o.

From (9) it is easy to establish the following:

10y T FPIBs7x "> By vg) A Prf(By*x, 1)
— Prf(Bg ", °Cat (vo, °Cat (v1, A Exp (2, Ag*4h))))-

Since I'F(Ag*x =" Ag*td) = Dg*(x =), easy logic yields the desired
result. |

The proof of the remaining condition, 17.2(if), is based on the following
lemma, for which we need a new notion. We can find in %, a unary relation
symbol Nm (for “numeral’’), with the following sentence provable in £:

(1) Nm0 = A22° A Yy [Nmsv, = °Cat (A2%5, Nmv,)].
Thus we easily obtain:
(12) P F NmAm = Ag*Am for each m € w.

Lemma 17.10. Let F be an n-ary operation symbol of Z,,. Then
I' E Pr(°Con, ., (A29%, Nmv,, ..., Nmv,_,) °=' NmF(vy, ..., v,_1)).

Proor. We proceed by induction on the complexity of F as described in
definition 17.4. The proof is fully illustrated by considering only the following
three cases.

Case 1. F = 0. Thus we must prove
(13) T E Pr(°Con, (A29°) °=’ Nm0).
Now I' F °Con,(A2#°) = A2#° and T' F Nm 0= A2#°; and by (8),
Ik (A27°°=" A2 = Ag*(0 = 0).
Furthermore, I' E0 = 0, so by 17.8 ' F PrA4*(0 = 0). Hence (13) follows.
Case 2. F = s. Then we must prove
(14) I" E Pr(°Cong (A27%, Nmv,) °=' Nmsv,).

Now by (11), I E Nmsv, = °Cat (A2#%, Nmv,). By induction within & we
easily see that

(15) T EVoo[°(¢** Trm)(Nmuw,)].
Now in carrying through Chapter 10 within &, the formalization of 10.34 is
(16) [ E°(g** Trm)(vo) = Pr(v, °=" vo).

Hence (14) follows.
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Case 3. F = 4. In this case we need to show
a7 I E Pr(°Cong (A27%F, Nmvy, Nmv,) °=" Nm(v, 4 v,)).
Here we proceed by induction on v, within I'. We have
(18) F'Evg 4 0=v0,.

Now consider the following little argument: the sentence Vug(v, 4 0 = v,) is
an axiom of &, and hence for any term o, # F ¢ 4 0 = o by universal specifi-
cation. The formalization of this argument gives

(19) I E°(g** Trm)(v,) = Pr(°Cong (A27F, v,, A2°) °=' v,).
Now (15), (18), (19) give

(20) I’ E Pr(°Cong (A27+, Nmv,, Nm0) °=" Nm(v, + 0),
which is the step v; = 0. Next,

1) ' Evyg 4 sv, = s(vy + vy),

(22) I' E Nmsv, = °Cat (A29%, Nmv,).

Now for any terms o, 7, I' F 0 4 st = s(o 4 7). Formalizing,

['E°(g** Trm)(v) A °(¢** Trm)v, = Pr(°Cong, (A29%*v,,
°Cat (A27%, v,)) °=' °Con, (A2#5, A22% v, vy)).

Since by (15), I' F °(¢** Trm)(Nmv,) A °(¢** Trm)(Nmv,), it follows using
(22) that

(23) T EPr(°Cong (A27%, Nmv,, Nmsv,)
°=' °Con, (A2%5, A22% Nmv,, Nmv,).

Also, ' E°Con, (A295, A27F Nmuv,, Nmo,) °='°Cat (A2#%, °Cong (A27%, Nmu,,
Nmv,)), so we easily obtain from (23) and (21) that

I' E Pr(°Cong (A2#%, Nmv,, Nmv,) °=" Nm(v, 4 v,))
— Pr(°Cong (A2#%, Nmv,, Nmsv,) °=' Nm(v, + sv,).

This is the induction step, so (17) follows by induction. O
From Lemma 17.10 our final condition 17.2(ii) easily follows:

Lemma 17.11. T kPrAg*y — PrAg*PrAg*y.

PrROOF. Let °Prf = Ry, where F is a binary operation symbol of %,. By
axiom (xv) of Z,

(24) Ik Prf(Bg*y, vy) > F(Bg*y, vy) = Al
while by Lemma 17.10,
25) [' F Pr(°Con, (A29F, NmAg*y, Nmv,) °=" NmF(Ag*, v})).
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Now from axiom (xv) of &, for any terms o, T of £’ we have I F °Prf(o, 7) &
F(o, 7) = Al. The formalization of this fact is

(26) T E°(g** Trm)(vy) A °(¢** Trm)(v,)
—> Pr(°Cong (A27°F vy, v,) °e’ °Cong (A29F, vy, v,) °=" NmAl).

Now I' k(¢** Trm)(NmAg*4) A °(g** Trm)(Nmv,), so (26) yields

(27) T EPr(°Cong (A27°F"7, NmAg*, Nmv,)
‘e’ °Cong (A2, NmAg*y, Nmv,) °=" NmAl).

But (24) and (25) imply

L E°Prf(Ag*y, v;) = Pr(°Cong (A29F, NmA g, Nmv,) °=" NmAl),
so by (27) we have
28) T F°Prf(Ag*y, v,) = Pr(°Con, (A22°F7, NmAg*, Nmv,)).
Clearly

T k Pr(°Con; (A2#°F"", NmAg*§, Nmv,))
— Pr(°3'(Agvl, °Cong (A27°F, NmA g+, A291))),

and
[ F°3'(Agvl, °Cong (A27°F"7, NmAg*y, A27°1)) °=" Ag* PrAg*y,
so by (28) we have
[ F°Prf(Dg*$, v;) = PrAg* Prg*y.

Now an easy logical transformation gives the desired result. O
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EXERCISES

17.12. Apply 15.20 in 2 to get a sentence ¢ such that 2 k Pr(Ag*) > . Show
that ¢ holds in the natural model. [Note that ¢ ““says’” of itself that it is
provable, and sure enough it is. The corresponding nonlogical statement
would be “I am telling the truth,”” a nonparadoxical statement which
could be true or false.]

17.13. Let ¢ be any sentence of -%,. Apply 15.20 to & to get a sentence ¢ such
that

P F[PrBg*) =gl o 4.
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17.14.

17.15.

17.16.

308

Show that 2 F @ iff Z k4. [The informal paradox behind this construction
is as follows. Given any sentence ¢, let i be the sentence

If this sentence is true, then ¢ is true.

Clearly ¢ is true. Hence g is true. Thus every sentence is true.]

Apply 15.20 to obtain a sentence i such that

PEPr(°C="Agt) > .
Show that neither & ks nor 2 k —). This is another way of interpreting
the Liar paradox different from that given following 15.20.
Show that there is a sentence ¥ such that

Pk Pr(bg* Pr(° ~VAg i) o ih.

Show that neither 2 ks nor £ F —u). [The intuitive paradox is as follows.
Let ¢ be the sentence

It is true that it is true that this sentence is false.
Since @ is just a slight reformulation of the liar, a paradox arises as usual.]
Construct a sentence ¢ such that neither 2 F i nor & F = by working
from the following paradox. Let ¢ be the sentence

Tt is true that it is false that this sentence is true.
Again a paradox arises.



PART IV
Model Theory



We now turn to the detailed study of the relationships between syntactical
and semantic properties of structures. We consider various ways of construct-
ing structures: the usual algebraic ones of products, homomorphic images
and substructures, and some new ones especially designed for their logical
applications. In much of this part we shall be concerned with questions
about the relationship between syntactical properties of sentences and
algebraic properties of structures; for example, we show in Chapter 24 that
a class K is the class of all models of a set of equations iff K is closed under
the algebraic operations of formation of products, homomorphic images,
and subalgebras. Using model-theoretic methods, we can prove various
concrete theories to be complete and decidable. Finally, the model theory of
formulas with free variables is treated in Chapter 27. For this entire part
there now is in print a comprehensive treatise, to which we refer the reader
for further information:

Chang, C. C., and Keisler, H. J. Model Theory. Amsterdam: North-Holland
(1973).



Construction of Models

In this chapter we shall give two methods of constructing models which
form the main tools for all of our later work. The first method, the con-
sistency family method, is an abstraction from the proof of the completeness
theorem given in Chapter 11, and is due to Henkin, Smullyan, Makkai, and
Keisler. The second method, of ultraproducts, is an algebraic kind of con-
struction of a model from old models, and is mainly due to Lo§.

The consistency family method will be of use mainly for countable lan-
guages, for which the main definitions and results are simpler. We begin with
a preliminary definition.

Definition 18.1. Let .% be a first-order language. With any formula ¢ of
# we associate a new formula ¢~ as follows. If ¢ is atomic, let ¢ = =g,
Further, let

(o> =¢
(pv i)™= oA
eAd)”= "oV
(Vag)™ = o —p

We may say that ¢ is obtained from —p by shoving the negation sign
one step inside, if possible, and eliminating an initial double negation. The
purpose of this procedure is to enable us to do a special kind of induction on
formulas (see the proof of 18.9). Clearly we have:

Proposition 18.2. F —p e ¢

Definition 18.3. Let . be a first-order language. An expansion ¢’ of £ is
rich by C if &’ is obtained from ¥ by adjoining a set C of individual
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constants with |C| = |Fmlag|. We shall denote #’-structures frequently
by (2, a.)cec, Where 2 is an F-structure. A primitive term of £’ is a term
of the form Oc, - - - ¢,,_; where O is an operation symbol of rank m and
c e "C. In particular (m = 0), any individual constant is a primitive term.

In this definition we have made a little more definite part of our procedure
in Chapter 11. Now we come to the main concept:

Definition 18.4. Let %’ be a rich expansion of £ by C. Let S be a family
of sets of sentences of #’. Then S is a consistency family (for £, ¥') iff
for each I' € S all of the following hold, for all sentences ¢, iy of £’:

(CO) IfA = T', thenA e S.
(Cl) p¢Tor mepel.
(C2) If mpeT, then Tu{p~}eS.
CH IfeAnyel, thenTu{pteSand Tu{y}teS.
(CH Ifpv el thenT'u{p}eSor"'u{y}es.
(CS5) If Vap e T, then for all c e C, I' u {Subfie} € S.
(C6) If Jag € T, then for some c € C, I' U {Subfe} € S.
(C7) Ifc,deC,and (c=d)e ', then 'u{d =c} e S.
(C8) If ce C, 7 is a primitive term, c= 7€' and Subffp eI, then
I' U {Subfip) € S.
(C9) For any primitive term = thereisace Csuchthat ' U {c =7} e S.
(C10) If « is a limit ordinal < |Fmlag|, I'e®S, T'; = I', whenever
B <y <« and [{ce C: ¢ occurs in ¢ for some @ €Uz, [} <
|C|, then Us<, T's€ S.
(C11) |{c: c occurs in some ¢ € T'}| < |C]|.

We may think of the members of a consistency family as being consistent
sets of sentences in .#’. They are so related in the family that they can be
extended using the properties (C1)-(C11) just as we extended our consistent
set in in Chapter 11 to a complete rich consistent set. As we shall see, analyzing
that construction in this way enables us to get ““inside”’ the construction and
make modifications which will assure special desirable properties of the
resulting model; see the later proofs of 22.1, 27.4, and 28.6, for example.
Note that if |[Fmlag| = R, then condition (C10) drops away. Under the
assumption |Fmlag| = X, assumption (C11) can also be dropped and the
main theorem 18.9 remains valid; and by this assumption (C0) can also be
dropped (see 18.7).

Now we shall give a couple of examples of consistency families. More will
be found in the exercises and in later chapters.

Proposition 18.5. Let ¥’ be a rich expansion of & by C. Let S be the set of
all formally consistent sets T' of sentences of &' such that |{c € C: ¢ occurs
in some p € T'}| < |C|. Then S is a consistency family.
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Proor. We need to check conditions (C0)-(C11) for an arbitrary I' € S.
(C0) and (C1) are clear since I' is consistent. (C2) follows from 18.2. Since
@ A Y e@'implies that I’ F ¢ and I' F ¢, (C3) is clear. For (C4), assume that
Fui{pt¢SandTTU{Y} ¢ S. ThenI' F =pand ' F ¢, so "' F —(p v ) and
hence ¢ v ¢ I" since I' is consistent. (C5) is clear since I' F Subf%p. For
(C6), assume that I' U {Subf?p} ¢ S for all ¢e C. Choose ¢ C so that ¢
does not occur in ¢ or in any sentence of I'. Then I' F —Subf%p. In a proof
of =Subffp from I, replace ¢ be a new variable 8. Thus I' F =Subf}e,
hence I F VB — Subfie, hence I' F Ve =1 ¢. Thus Jap ¢ I'. (C7) and (C8) are
clear. For (C9), choose ¢ € C not occurring in 7 or in any sentence of I'. If
F'v{e=7}¢S,thenI' F =(c = 7). In a proof of = (¢ = 7) from T, replace
¢ by a new variable «. Thus I' F =(e = 7), hence I EVa = (« = 7), hence
I' E =(r = 7), hence I' is inconsistent, contradiction. (C10) is clear, as is

(C11). 0

Proposition 18.6. Let £’ be a rich expansion of & by C, where |Fmlag| =
R,. Let S be the set of all sets T' of sentences such that T has a model
A, a)eec With A = {a.:ce C} and (Cl11) holds. Then S is a consistency

family.

This proposition is clear. Another lemma which will be used in applying
our main theorem is as follows.

Lemma 18.7. If S satisfies conditions (C1)-(C9), then S’ ={I': T < A for
some A € S} satisfies (C0)-(C9).

ProorF. Assume that I'e S/, say I' € A € S. Both (C0) and (C1) are clear
for I'. To check (C2), suppose =peI'. Thus —p e A, so by (C2) for S,
AUu{p~teS. Now I'U{p?} = AU {p}, so I'U{pg~}e S". (C3)-(CI) are
established similarly. O

The concept that really enables us to ““get inside” the construction is as
follows:

Definition 18.8. Let %’ be a rich expansion of # by C, and let S be a
consistency family. A function f: S — S is admissible over S provided
that for any I' € S the following two conditions hold:

) I'<fT;
@#i) {ce C: ¢ occurs in some @efT} = |{ce C: ¢ occurs in some
@ eI} + m for some m € w.

Theorem 18.9. (Model existence theorem). Let &’ be a rich expansion of £
by C, let S be a consistency family, and let {f,: « < |Fmlag|> be a family
of admissible functions over S. Then for any T'€ S there is a model
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(A, a)eec of T satisfying the following two conditions:

(@) A ={a.:ceC}andso|A| < |Fmlag|;
(it) for each o« < |Fmlag| there is a A € S such that

r = ft'zA = {(P : (QI, ac)ceC F 97}
PrOOF. Set m = |Fmlag| for brevity. Let ¢: m >» Sentg., let 7 map m
one-one onto the set of primitive terms of #’, and let a well-ordering of C be
fixed. Let I'e S. We now define a sequence (@, :a < m). Let @, =T
Suppose ®, € S has been defined, where « < m, and the following condition
holds:

©) |{c : ¢ occurs in some p € ©,}| < [{c¢: c occurs in some p € T'}| +
|oc! + NO.
We now define ®,,,. Let

0, = 0, if ©,U{p,}¢S,
0, = 0,V {p,} otherwise.

0 = 0, U {p} if O, U{p.}eS, ¢, = @5 V ¢, and O, U {p;} € S,
0, =0,V{p} if O,U{p}€ES, ¢ =@ V @, and O, U {p} ¢S,
0, = 0, otherwise.

eF; = 0, U {Subf%} if O, U {p,}eES, p, = Faup, and c is the <-least
member of Csuch that ®, U {g,, Sub f%}} € S,
o, = 0 otherwise.
O = QU {c=1,} where ¢ is <-least such that O U {¢ = 7,} € S.
Our1 = 107
Clearly ©,,, € S again, and (0) holds for « + 1. Now suppose that A is a
limit ordinal <m. We set 0, = (J,<a 0O,. For A < m we have @, € S by
(C10), using (0), and clearly (0) still holds for A. This completes the definition
of {0, :a« < m), Clearly 0, € S for each « < m. Furthermore, all of the
following hold, for all sentences ¢, ¢ of £":

(1) p¢ O OF —p ¢ Opn,
2) If mp e O, then g~ € O,
3) If o A € Oy, then ¢, € O,
@ Ifp vipe Oy thenpe O, or e O,
(5) If Vap € Oy, then for all ¢ € C, Subfip € 6O,,.
(6) If Jap € Oy, then for some ¢ € C, Subfip € 6.
() Ifec,deCand c=de O, thend=ce O,
8) If ce C, 7 is a primitive term, ¢ = 7€ O, and Subfipe O, then
Subfép € O,.
(9) For any primitive term = there is a ¢ € C such that c = 7€ O,
(10) For each « < mthereisaAeSsuchthatI' € f,A € 0.

All of these conditions are easily established; we check (1), (5), (6), and (10)
as examples. Suppose p, —ip € Oy,,. Then there is an « < m such that ¢, =@ €
©®,, contradicting ®, € S. Thus (1) holds. Assume Vap € O, and ¢ € C. Let
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Subf?p = @z. Choose y > B8 with Yap € ©,. Now by (C5), 0, U {Subff e}
€ S, so by (C0), 0, U {Subffp} e S. Hence Subflpe Oy, ; < O, as de-
sired for (5). Next, assume that Jep € Oy,. Say Jap = ¢z. Choose y = B so
that Jap € O,. Thus O, U {p,} £ 0O,, so by (CO), O, U {gs} € S. Hence by
construction there is a ¢ e C such that Subffpe 04, ; € 0,,. Hence (6)
holds. Finally, suppose « < m. ThenI' = 0, = 0¥ < {,0 = 0,,, < O,
Thus (10) holds.

Now let = be the binary relation on C such that for any ¢, d e C, ¢ = d iff
¢ =dec 0;,. Then

(11 = is an equivalence relation on C.

In fact, = is symmetric by (7). If c=d and d = e, let ¢ be the formula
v, = e. Then ¢ = d, Subf%’p € O, so by (8), Subf?%p € O, ie., c=ec O,
Thus = is transitive. By (9), given any d € C there is a ¢e C with ¢ = d.
Thus = is an equivalence relation on C.

If ¢ is a formula of &’ with Fvep < {v,, ..., Un-1}, if c€™C,
(12) de™C with ¢; = d; for all i < m, and if g(co, ..., Cn-1) € O,
then ¢(do, ..., d;_1,¢/, ..., €p_1) € O, for each j < m.

We prove (12) by induction on j. The case j = 0 is trivial. Assume (12) for
Jj>» with j + 1 < m, and suppose that ¢(c,, . . ., €,-1) € O By the induction
hypothesis, p(dg, . .., d;_1, €, ..., Cn_1) € On. Let ¢ be the formula ¢(d,, . . .,
d;_1, 0 €y15- -5 €n_1). Thus d; = ¢; € Oy (by (7)) and Subfify € Oy, By
®), pdg, ..., d; €11, ..., 1) € Oy, as desired. By (12) with j = m,

if ¢ is a formula of £’ with Fvp < {vy, . .., Uy -1}, ifc € ™C,d e ™C
(13) with ¢; = d; for all i < m, and if ¢(cy, . . ., €y_1) € O, then

o(dg, ..., dp_1) € O
Now let 4 = C/=. We define an #-structure 2 with universe 4. In what
follows, [c] denotes the equivalence class of ¢ under =.

If O is an m-ary operation symbol of £, then O¥ = {(q, b) :
(14) ae™A4, b e A, and there exist ce "C and d € b with ¢; € g; for all
i<mandd=0c;::-¢c,_; € On};

if R is an m-ary relation symbol of %, then R¥ = {a € ™A: there

(s) exists ¢ € "C with ¢; e g;foralli < msuchthatRey---¢,_; € O, ).
Then
(16) if O is an m-ary operation symbol of %, then O% is an m-ary

operation on 4.

For, let ae ™A4; say ¢ € "C with ¢; € g; for all i < m. Then by (9) there is a
deCwithd=0c¢;---¢,_, € On. Thus (a, [d]) € O¥% Next, suppose (s, t) €
O%and (s, ) e O%. Saywe™C, xet,w;es; foralli < m,and x = Ow, - - -
W,-1€On;alsosayye™C,zeu,y;es;foralli < myand z= Oy, ¥n-1
€ On. Thus w; = y; for each i < m, so by (13), x =0y, - -y,_1 € On. Let
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Ybex=v, Thenz=0y; - y,_1€ Oy and Subf§l- - - ym-1¥ € O, .Thus
by (8) we infer that x =z € O,. Thus x = z, s0 t = u, as desired. Thus (16)
holds. Next,

) 0¥([co], - - -, [en-1]) = [A] iff (@ = Oco - - - ¢;_1) € O,

In fact, <= is obvious by the definition of O%. For =, there exist e € "C,

se[d] withe, = ¢;foralli < mands = Qe;---e,_; € O,. Thusd = s, and

by (13) s=0c¢;---¢,_1€ Op. Let b be v,=0¢,---¢,_;. Then d =35,

Subf?) € O, so using (8) we infer that d = Oc¢, - - - ¢,,_; € O, as desired.
Using (13),

18) leol, - [en-1 D> eR* T Reg - - - €y € Opp.
Now let 2" = (2. [¢])eec-
(19) If @ is an atomic sentence and ¢ € O, then ¢ holds in .

We prove (19) by induction on the number p of operation symbols ¢ C which
occur in ¢. If p = 0, then (19) follows from (18) and the definition of =.
Now assume (19) true for p. Let ¢ be an atomic sentence with p + 1 operation
symbols ¢ C occurring in . Then some primitive term Oc, - - - ¢,,_; occurs in
@ where it is not the case that m = 0 and O € C; let  be obtained from ¢
by replacing an occurrence of Ocy - - - ¢, by vo. Say O¥([co)], . . .. [en_1]) =
[d]. Then by (17), d =O0cy::-¢,_1 € Oy Also, Subfglo. - .cm-1¥ € Om
since Subfgles. . . cm -1y = @. Hence using (8), Subfi% e O,,. The induction
hypothesis applies to Subf3%, which hence holds in 2’. Since O%([c,],. ..
[crn-1]) = [d], it follows that ¢ holds in 2'. This completes the inductive proof
of (19).

(20) If ¢ is an atomic sentence and —p € @, then —p holds in 2.

This statement is proved almost verbatim like (19). Now we come to our
final statement :

for any sentence ¢ of £, if ¢ € Oy, then ¢ holds in «’, and if =g

1) € O, then —p holds in A",

We prove (21) by induction on the number of logical connectives— =1, v,
A, V—occurring in ¢. If ¢ is atomic, (21) is given by (19) and (20). Now
suppose g satisfies (21). To show that —p satisfies (21) it obviously suffices
to show that if =1 —p e Oy, then ¢ holds in U'. By (2), (m¢)> € O, ie., pe
Om, 50 ¢ holds in A’ by the induction assumption. Now suppose ¢ and i
satisfy (21). First suppose ¢ A € ©,. By (3), ¢, ¥ € O, and hence by the
induction assumption ¢ and 4 hold in ', hence ¢ A ¥ holds in %’. Second
suppose (g A ) € O, Then by (2), (p A )€ O, ie., o v Wb e O,
Hence by (3), 7ip € O, or —wh € O, so by the induction assumption —p
holds in 2" or = holds in %', so =(p A #) holds in %', Similarly, ¢ v
satisfies (21) if ¢ and ¢ do. Finally, suppose Vagp € O,,. Then by (5), Subfip e
O, for all ¢ € C, so by the induction assumption Subf? holds in 2 for all
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c e C, hence Vagp holds in %’. On the other hand, suppose \WVap € O. By
(2), (Vap)™ € Oy, i.e., Ja =1 ¢ € Op. By (6) choose ¢ € C so that Subf ~ g€
Oy, By the induction assumption, Subfg =1 ¢ holds in %', so =V« holds in
2. This completes the proof of (21).

Since I' © O, it follows from (21) that 2’ is a model of I'. Clearly &’
has the form (2, [¢])eec With A4 = {[c]: c e C}. Finally, if « < m then by
(10) and (21) thereisaAe Ssuchthat ' € f,A € Oy < {p: A Fo}. O

Taking all of the admissible functions in 18.9 to be the identity we obtain

Corollary 18.10. Let %' be a rich expansion of £ by C, and let S be a
consistency family. Then each member of S has a model of power < |Fmlag|.

Note that if [Fmlag| = X,, then condition (C11) is not needed in the
proof of 18.9 (in its proof, (0) can then be omitted). Hence we obtain

Corollary 18.11. Let ' be a rich expansion of & by C, assume that
|[Fmlag| = R, and let S satisfy (C0)—(C9). Let {f,:a < w) be a family
of admissible functions over S. Then each I € S has a model (2, a.)cec With
A ={a.:ce C} and hence |A| < Ry, such that for each « < w there is
some Ae SwithT € fLA < {p 1 (¥, ac)cec F 9}

Finally, using 18.7 we obtain the simplest form of the model existence
theorem:

Corollary 18.12. Let &' be a rich expansion of & by C, assume that |Fmlag|
= R, and let S satisfy (C1)~(C9). Then each I" € S has a model (3, a;)cec
with A = {a,: c € C} and hence |A| < R,.

Applying 18.9 to the consistency family given in 18.5, we obtain the
completeness theorem 11.19. Theorem 18.9 will be used for many of our later
results, as we have mentioned.

The construction method given in the model existence theorem is of a
somewhat syntactical nature, and yields a model internally, so to speak, with
no models given to start with. The method of constructing models to which
we now turn, the ultraproduct method, does not involve syntactical notions
at all, but proceeds from ““partial”” models directly to a *“full”” model. The
ultraproduct of structures is an operation of a general algebraic nature, and
it also plays a significant role in the general theory of algebras. In this
chapter we shall only give the basic definitions and results concerning ultra-
products. More detailed connections with logic will be indicated as we
proceed in this part. As the name suggests, ultraproducts are formed from
products of structures by use of ultrafilters over certain sets. We first give the
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definition of products. A more detailed investigation of products and their
relationships to logic will come later.

Definition 18.13. Let <2;:ie /) be a system of #-structures, where .Z is
any first-order language. By the product Pic; U; of the system <, :ie >
we mean the Z-structure % with universe B = P;; 4, = {f: fis a func-
tion, Dmn f = I, and for each i € /, f; € 4;}, and with relations and opera-
tions as follows:

(7) if O is an m-ary operation symbol and x,,..., x,_; € B, then for
any iel,

[03(xo, - . ., Xp-1)]i = OF(xy;, . . -, Xm-1,4);
(i) if R is an m-ary relation symbol, then
R3 = {(xg, ..., Xp_1)€™B:Viel (xpi ..., Xpn_y1,;) € R}

If A = € for all /e we write '€ instead of Py ;; '€ is the I** direct
power of €. In case I has exactly two elements 7, j, we write ; x 2
instead of P;¢; ;. Thus the product of two structures € and ® has been
defined and is denoted by € x ®; we think of it as P;., 2, where %y = €
and ?; = ®. One final bit of notation for the general product P;; 2;:
for each i € / we denote by pr?, or simply pr; when 2 is understood from
the context, the projection function whose domain is P,; 4, such that for
any x € Pie; A,

pr; x = Xx;.
The following useful proposition is easily established by induction on o:

Proposition 18.14. Let B = P, U;. For any term o, any x € “Pi; 4;, and any
iel, (6%x); = o%(pr; o x).

Now we give the basic definitions and a few basic facts concerning ultra-
filters. Filters and ultrafilters are used in various parts of mathematics,
especially in general topology. Their usefulness in logic is mainly connected
with the ultraproduct construction and with certain large cardinals that arise
in the study of infinitary languages and the metamathematics of set theory.

Definition 18.15. Let I be any set and F a collection of subsets of I.

(i) F has the finite intersection property if ay N ---N a,_, # 0 whenever
mew and ae™F.
(i) Fis a filter over I provided F # 0 and:
(@) b2 ae Fimplies be F;
(b) a,be Fimpliesan be F.
(iii) F is an ultrafilter over I provided F is a filter over 7, 0 ¢ F, and for
anyJ < I, eitherJelor I~ JeF.
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The following proposition is obvious.

Proposition 18.16. If F is a filter and 0 ¢ F, then F has the finite intersection
property. For any filter F over I we have I € F. For any filter Fon I, 0 e F
iff F is the set of all subsets of I.

Proposition 18.17. Let F be a filter over I with O ¢ F. Then the following
conditions are equivalent:

(i) F is an ultrafilter.
(@) foralla,b< I, ifav beF,thenac ForbeF.
(iii) for any filter Gon I, if F < G, then 0 € G.

PrOOF. (i) = (ii). Assume that a U be F while a¢ F. Then by (i), I ~
acF Now(I~anN(avb)< b,sobekF. (il) = (iii). Sayae G ~ F. Then
aV(l~a)=1e€F,soby (i) I~acF< G. Hence 0 =an (I~ a)eq.
(iii) = (i). Assume that a = Iand a¢ F. Let G = {b < I: there is an x€ F
with x N a < b}. Clearly F < G, a € G, and G is a filter. In particular F < G,
so 0 G by (iii). Hence x "a = 0 for some x e F; hence x € I ~ a, so
I~acPF. O

The following is the basic existence principle for ultrafilters.

Proposition 18.18. If F is a collection of subsets of I # O with the finite
intersection property, then there is an ultrafilter G such that F < G.

PrOOF. Let 7 be the collection of all filters G such that F < G and 0 ¢ G.
Then & is nonempty; for, let H = {x < I: there exist me w and ye™F
with yo N---Ny,_, < x}. Clearly He oZ. If 0 # # < & is simply ordered
by inclusion, clearly | J# € «/. By Zorn’s lemma, let G be a maximal ele-
ment of «Z. By 18.17, G is an ultrafilter. ]

Definition 18.19. Let A = <(A;: i) be a system of F-structures, and let
F be an ultrafilter on I. We define

F¥ = {(x,y) €?Pie; A; : {i : x; = y} € F}.
We write F if % is understood. Obviously F depends only on the system
{A;:iel) and not at all on the language .Z.
Proposition 18.20. Under the assumptions of 18.19, F is an equivalence
relation on Pic; A;. Let B = Py U;. Then

(i) if O is an m-ary operation symbol, and if x,Fy, for all t < m, then
O2xFOy3;

(ii) if R is an m-ary relation symbol, and if x,Fy, for all t < m, then
{iel:{xoty..s Xm-1,0 ER¥}eFiff{iel: Yo ..., Ym-1,0 ER¥}EF.
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ProOOF. The proof is routine, and we just check (i) and the transitivity of
F as examples. Assume that xFyFz. Thus{iel:x; = y}e Fand{iel:y,=z}
e F. But

{iel:x;=y3n{icl:y,=z}<{iel: x; = z},
so also{iel:x, = z}eF, and so xFz. To check (i), note that

{iel:Vt < m(xy = yu)} = m {iel:xy = ys}eF,

t<m
and hence
{ie IVt < m(x,; = yy)} < {iel:(0%x), = (O®y)}€F,
so O3xFO%y. O

We may think of the members of an ultrafilter F as ‘““big’ subsets of 1.
Thus the passage from a member x € P;.; 4; to its equivalence class under F
amounts to identifying all functions which are equal to x on a “big” subset
of 1. As usual, [x]7, or simply [x] if Fis understood, denotes the equivalence
class of x under F. Proposition 18.20 justifies the definition of ultraproducts:

Definition 18.21. Let 2 = <U;:iel) be a system of F-structures, set
B = Pie; A;, and let F be an ultrafilter on 1. The ultraproduct of U over F,
denoted by 2/F or P;c; 2;/F, is the structure € with universe C = P4,/ F
(the collection of all equivalence classes under F) and with operations and
relations given as follows:

(¥) if O is an m-ary operation symbol and x € "B, then O%([x,], .. ., [Xm—1])
= [0®(xq, . . -5 Xm-D];

(i) if R is an m-ary relation symbol, then we let R® consist of all m-tuples
of the form {[x,], . . ., [¥n—-1]> such that{i: {xgs, . . .y Xpo1,.> e R¥} e F.

Of particular importance later will be the case when all factors ¥; of an

ultraproduct are equal to some structure €. Then the ultraproduct P;,2(;/F

is denoted of course by ‘€/F, and is called an ultrapower of €. Sometimes

we omit the bar on F.

We shall give only a few basic properties of ultraproducts here. Our first
very simple property uses the notion of an isomorphism, which we shall now
briefly discuss.

Definition 18.22. Let 2 and B be F-structures. An isomorphism from A
into B, or an embedding of % into B is a one-one function f mapping A
into B such that

fOQI(aO, LR am—l) = o%(faOs .. -,fam—l)
whenever O is an m-ary operation symbol and aq, ..., a,_, € 4, while

<ao, RS am—l) € RQ{ iff <fao, v -sfam—l) € R%
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whenever R is an m-ary relation symbol and ay, ..., a,_, € A. We say
that f is an isomorphism from 2 onto 9B if the function f maps onto B.
Finally, we write 2% ~ 9B if there is an isomorphism from B onto 3.

The following proposition, easily established by induction on o and ¢, is
the basic fact about isomorphism as far as first-order languages are con-
cerned. Actually a similar theorem holds for any of the languages which
have been considered by logicians. The result says roughly that isomorphic
structures are indistinguishable in first-order logic. For this reason, most of
our definitions and results extend automatically to isomorphic structures.

Proposition 18.23. If fis an isomorphism from 2 onto B, x € °A, ¢ is a term,
and o is a formula, then:

Jo¥x = o¥(f e x);
A F p[x] iff B Eelfox].

Thus for any sentence o, ¢ hoids in A iff ¢ holds inB.

Definition 18.24. An ultrafilter over [ is principal (or fixed) if there is an
ielsuchthat F={ac I:ica}.

It is trivial to check that for any set / and any i€, {a < [:i€a} is an
ultrafilter. Nonprincipal ultrafilters are sometimes called free. As we shall
shortly see, ultraproducts with principal ultrafilters are not interesting.

Proposition 18.25. [f ] is a finite set, then every ultrafilter over I is principal.

ProOOF. Let F be an ultrafilter over 1. Then |, {i} = I€ F, so by 18.13(ii),
since [ is finite, there is an ie 7 such that {i} € F. Then, in fact, F =
{ac I:iea}. For, if ica < I, then a 2 {i} e F, so ae F. Conversely, if
ac F, then a N {i} € F and so, since 0 ¢ F, we have i e a. O

Proposition 18.26. If I is an infinite set, then there is a non-principal ultra-
filter over I.

Proor. Let F = {I ~ {i}:ieI}. Since I is infinite, it is clear that F has the
finite intersection property. Let G be an ultrafilter containing F, by 18.18.
Clearly G is nonprincipal. O

Proposition 18.27. If (2;:ie Iy is a system of ZL-structures and F is a
principal ultrafilter over I, say F = {a < I :j € a}, then U; ~ P, %,/F.

PrROOF. Fix x € P;; A;. We define fa = [x]] for each a € 4;. Thus f maps
A, into Py 4;. Now f'is one-one; forif a, b € A; and a # b, then (x}) = a #
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b = (x}); and hence j¢{i: (x}), = (x})}, so not (x1Fx]) and fa = [x]]#
[x]] = fb. Also, f maps onto P, 4,/F; for, if y € Pye; 4;, then (x},); = y;
and hence {j} < {i: (x};); = y} € F and so fy; = [x};] = [y]. Next, f pre-
serves operations, for if Q is an m-ary operation symbol, ao, . .., a,_1 € 4,,
and b = O%(a,, ..., a,_1), then with B = P;,; ¥,,

(03(xlos - - - Xam-1)); = b = (X,
and hence [O®(xl, . . ., X,m-1)] = [x{]. Thus with € = P, %/F,

SfO¥Mag, ..., an_1) = fb = [x]] = [OB(xho, . . ., X)m-1))]
= O%([x5o), - - -5 [Xhm-1))
= Og(faOs . ':fam—l)'

Finally, f preserves relations. For, if R is an m-ary relation symbol, a, . ..
a,_, € A;, and € is as above, then

{ag,...,an_1y €RY iff {i: <xfol, ..., Xm-i>ER¥}EF
iff ([xho), - - > [Xhm-0]> €RE (by 18.20(ii))
lff <f007~- "fam—1>ERG- D

By 18.27, ultraproducts are interesting only with respect to nonprincipal
ultrafilters, and hence by 18.25, only over infinite sets. In fact, an ultraproduct
can be considered as a kind of limit of its factors (see 18.29 below). The
following useful proposition follows immediately from the definitions of the
notions involved.

Proposition 18.28. Let ¥’ be an expansion of %, and let {U;:ieI) be a
system of &'-structures. Then (Pie; 4i/F) | & = Pias (¥ | &)/F.

Now we shall prove a result showing the logical nature of ultraproducts.
In almost all of our applications of ultraproducts this is the theorem which is
actually applied.

Theorem 18.29. (Basic theorem on ultraproducts). Let {¥;:iel) be a
system of L-structures, and F an ultrafilter over I. Let | ] be the function
assigning to each x € Py; A; the equivalence class [x] of x relative to F.
Then for any formula ¢ of & and any x € ®Pic; A; the following conditions
are equivalent:

() Pir W/FFoll 10 x];
@) {iel: Y Eg[pr;ox]}eF.

PROOF. Set B = P,; ¥; and € = P,,; %/F. By induction on o one easily
shows

€)) for any term o and any x € Py, 4;, 6%([ 10 x) = [0®x].
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We now prove the theorem itself by induction on . First suppose that ¢ is
o = 7. Then

€rol[ Jox]  iff ([ Jox) =7 ]ox)
iff [o8x] = [v3x] by (1)
iff {i: (6®x); = (Bx);} e F
iff {i : e¥%(pr; o x) = TH(pr;o x)} e F by 18.14
iff {i : Y; F@[pr; o x]} € F.

The other atomic case is entirely analogous. We now check the result for
@ = ¢ v x; the proof is similar for = and A.

CEp[[ 1ox] Mf €RH[[ Jox]or €Fx[[ ]ox]
iff{iel: Y Fylpriox}eF
or{iel: A Ex[prioxl}eF by induction hypothesis
iff{iel: A EgfprioxfU{iel: Y Fylpriexl}eF
by 18.17
iff {{el: ¥ Fo[pr;ox]}eF.

Finally, suppose ¢ is Voab. Let M = {i € I : %, F ¢[pr; » x]}. First suppose that
M € F; then we want to show that € F ¢f[ ] o x]. So, let a € P;; 4;; we want
to show that € F[([ 1o x),;]. Now for each i e M, U; F ¢[(pr; o x)i;]. Note
that (pr; o x)i; = pr; © x4, so

{iel: Y% Eg[pr;oxi]} 2 M€F,

and hence {iel: % Fy[pr;oxli}e F. By the induction hypothesis, €F
$I[ 1o x4]). Clearly [ Joxi = ([ 1o x)a; s0 € FSU[ 1o X)a].

Second, suppose M ¢ F. ThenI ~ M e F,ie, I~ M ={iel: Y FIv; 0
J[pr; o x]} € F. For each i € I ~ M choose a; € 4; so that %; F —w[(pr; o x)],
and for i € M choose a; € A; arbitrarily. Again (pr; o x)}; = pr; o xJ, s0

{iel: A F wprioxi]} 21~ MEcF,

and hence {iel: 2 F —w[pr; o xi]} € F. By the induction hypothesis, € F
—w[[ 1o x1]. Again we have [ Joxi = ([ Jo x){,;. Hence € ¥ o[[ 1ox]. [

Corollary 18.30. If ¢ is a sentence, then g holds in P;c; %,/ Fiff {i : ¢ holds in 2}
eF.

Corollary 18.31. If a sentence ¢ holds in U; for each i< I, then ¢ holds in
Piel Q‘f/F

These two corollaries are used more frequently than the fundamental
theorem itself. As an illustration of the use of ultraproducts we now give
another proof of the compactness theorem. In this proof the final model is
obtained rather clearly as a limit of the models of finite subsets, so this proof
appears much more constructive than the proof using the completeness
theorem.
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Assume that each finite subset A of I' has a model 2,. Let I = {A:Aisa
finite subset of I'}. For each Ael let G, ={O: A< Qel} If A,...,
Ap_1elthen Gyo N N Gym-1, = Gaou---oam-1 # 0. Thus {G,: A el}
has the finite intersection property, so by Proposition 18.18 let F be an ultra-
filter over I such that G, € F for each A € I. Then P, %,/F is a model of T.
In fact, let p €. Then G,y S {Ael:p holds in U,}, and G, € F, so
{A eI:¢holds in A,} € F. Hence by Corollary 18.30, ¢ holds in Pac; Ua/F,
as desired.

In the remainder of this section we shall discuss briefly the cardinality of
ultraproducts. Our main purpose is to show that given any infinite structure,
we can find arbitrarily large ultrapowers of it.

Proposition 18.32. [fncwand{icl:|A;| = n}eF, then |Pi; AJF| = n.

PrROOF. Let ¢ be a sentence (involving equality only) which holds in a
structure B iff |B| = n. Thus {i € I : p holds in %} € F, so by 18.30, ¢ holds
in Py A/F. Thus |Pie; 4)/F| = n. O

The converse of 18.32 is established similarly:

Proposition 18.33. If |Pi; Ai/F| < R, then {iel:|A;| = n} € F for some
new.

Actually it is rarely the case that |P;; A;/F| = R,, but we shall not go
into that. Now we define a special class of ultrafilters with respect to which
ultrapowers of infinite structures are ‘“‘big.”

Definition 18.34. An ultrafilter F over I is regular if there is an E = F such
that |E| .= |I]| and () G = 0 whenever G < E and G is infinite.

To show that regular ultrafilters exist on infinite sets we need the following
well-known set-theoretical fact:

Proposition 18.35. If I is infinite, then |{J : J < I, J finite}| = |I|.
Proor. For each m e w and fe™ let Ff = Rngf. Thus F maps Unpeo ™
onto {J < I:/J finite}, so

[{J < I:J finite}| <|\J ™I < 2 ||

mew mew

=2 [l =1]-8 = 1]. O

mew

Proposition 18.36. If I is an infinite set, then there is a regular ultrafilter
over 1.
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Chapter 18: Construction of Models

Proor. Let J = {X < I: X is finite}. It clearly suffices to prove the prop-
osition for J in place of I, since |I| = |J| by 18.35. For each X eJ let
Gy ={YeJ: X< Y} .If X, ..., Xn_, €J, then

Gxo NN Gxgm-1y = Gxou- - -uxm-1 # 0,

so E = {Gx : X €J} has the finite intersection property and hence is included
in an ultrafilter F over J. Note that Gy # Gyif X, YeJand X # Y,s0 |E| =
|J|. If H € E and H is infinite, clearly (N H = 0. O

The above proof is of course similar to a part of our proof of the compact-
ness theorem using ultraproducts; the ultrafilter constructed there is regular.

Theorem 18.37. If A and I are infinite sets and F is a regular ultrafilter over
I, then |'A|F| = 21,

ProOOF. By Definition 18.34 choose E < Fso that |E| = |[I| and NG =0
whenever G < E and G is infinite. Foreach i€ I'let H; = {a € E : i € a}. Thus
by our choice of E, H; cannot be infinite; hence we can choose a one-one
function f; mapping SH; (= {z:z < H,}) into A. Now for each X < F we
define a function gx: I — A by setting

(gx) = fil(X N H))

for all ie 1. Since |E| = |I| and hence |[SE| = 2!, it suffices now to show
that if X, Y < Eand X # Y then not (gxFgy). Say ae X ~ Y. Then
ey ac{iel:(gx) # (gv)}

In fact, if i€ a, then ae H; and hence ae (X N H)) ~ (Y N H);) and so
(gx): # (gv);- Hence (1) holds. Since a € F, it follows that not (gxFg,). [

Note with regard to 18.37 that 74| = 211if R, < |4| < |I|. The following
corollary of 18.37 gives an important fact about ultraproducts.

Corollary 18.38. If A is infinite and m > R, then there is a set I and an
ultrafilter F over I such that |'A/F| = m.

EXERCISES

18.39. Let .’ be a rich expansion of £ by C. Let S consist of all I' & Sentg
such that every finite subset of I" has a model and |U,cr {¢ € C: ¢ occurs
in @}| < |C|. Show that S is a consistency family. Hence derive the
compactness theorem directly from 18.9.

18.40. Let F be an ultrafilter over I, let Je F, and set G = {Xe F: X < J}.
Show that G = {X N J: X € F} and that G is an ultrafilter over J.

18.41. Let F, J, G be as in 18.40. Show that
Pier A/F =~ Pye; %/G.
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18.42.

18.43.

18.44.

18.45.

18.46.

18.47.
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Let {Jx: k€ K)> be a partition of I into nonempty sets. For each ke X

let F, be an ultrafilter over J,, and let G be an ultrafilter over K. Define
H={TcIl:{keK:TnJ,eF.}eG}.

Show that H is an ultrafilter over 1.

Under the assumptions of 18.42 show that
Prex (Presx U/ F)/G = Pier Ui/H.

Let P be the set of all positive prime numbers, and let F be a nonprincipal
ultrafilter over P. For each p € P, let U, be the group Z, of residues of
integers mod p. Show that P A,/F is a group all elements of which have
infinite order.

Let P and F be as in 18.44. For each p € P let B, be the prime field of
characteristic p. Show that P, B,/F is a field of characteristic 0.

Let U be the ring of integers and F a nonprincipal ultrafilter over w.
Show that “2/F is an integral domain which is not a unique factorization
domain.

Let A be a field and I a non-empty set. For any ultrafilter F over I let
My = {xe€'A: xF0}, where 0€’A4 is the zero function, 0i = 0 for all
i € I. Show that M is a one-one function from the set of all ultrafilters over
I onto the set of all maximal ideals in the ring ‘2.



Elementary Equivalence

We now introduce and study the basic logical relation between structures
—elementary equivalence, as well as some related notions.

Definition 19.1. Two Z-structures % and B are elementary equivalent, in
symbols U =, B, if (A F ¢ < B F ¢) for every sentence ¢.

Thus two elementarily equivalent structures are indistinguishable by
first-order means. Note from 18.19 that isomorphic structures are auto-
matically elementarily equivalent. We shall see that the converse is far from
true. The following useful theorem is easy to establish:

Propeosition 19.2. For any theory I' the following conditions are equivalent:

(@) T is complete;
(ii) any two models of ' are elementarily equivalent.

Proposition 19.3_. If 4 =, B, for each i€ I, and F is an ultrafilter over I,
then Pic; W/ F = Pic Bi/F.

PrOOF. Let ¢ be a sentence which holds in P,.; %;/F. Then by the basic
theorem on ultraproducts,{ie I: A Fo}e F. But{icl: A Fo} ={icl: B, Fg}
by hypothesis, so by the basic theorem on ultraproducts, Pic; B;/FF ¢.
Taking —¢ for ¢, we see that the converse holds also. O

In Chapter 26 we shall make a deeper study of elementary equivalence; in
particular, we provide there mathematical equivalents of this logical notion.
We shall be concerned for most of this section with a stronger form of
elementary equivalence which can hold between two structures when one is
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a substructure of the other. So we now turn to a brief discussion of the
general algebraic notion of a substructure.

Definition 19.4. Let 2 and B be two F-structures. We say that A is a
substructure of B, and B is an extension of A, A < B or B = U, provided
that the following conditions hold:

(i) A < B;
(if) for each operation symbol O (say m-ary), 0% = OB | "4;
(iii) for each relation symbol R (say m-ary), R% = R® N ™4.

Note that if B is an .#-structure, 0 # 4 < B, and A4 is closed under all of
the operations of B, then there is a unique #-structure U with universe A4
such that % < B. In case £ has no operation symbols, each nonempty
subset of B is the universe of some substructure of B. This is no longer true
in general when there are operation symbols. For example, B = (w, 4, 0)
has no proper subalgebras, and in particular no finite substructures.

The following simple proposition will be useful later.

Proposition 19.5. Suppose A < B, x € “A, and o is a term. Then o¥x = oBx.

Proposition 19.6. I/ A and B are L-structures, a function f is an embedding
of A into B iff f is an isomorphism of U onto a substructure of B.

The following is a basic result on embeddings which is usually implicit
in basic courses in algebra.

Proposition 19.7. Iffis an embedding of U into B, then there is an L-structure
€ and an isomorphism g of € onto B such that A < € and f < g. This is
indicated by the following diagram, where ® is the image of f:

€ ~2» 3
ul ul

Proor. Let C= AU{(A4,x):x€ B~ D}.Note that A N{(4,x): xe B~ D}
= 0; for if (4, x) € A, then 4 € {4} € (4, x) € A, contradicting the regularity
axiom of set theory. Define g: C— B by: ga = fa for all a € A4, and g(4, x)
= x for all xe B ~ D. Clearly g is a one-one function mapping C onto B.
We define an #-structure € with universe C so that g is automatically on
isomorphism from € onto B: for O an m-ary operation symbol and for
Cos--vsCn-1€C,

O%(co, - - -5 Cm-1) = 87'0®(gco, - - -, 8Cm—1)
while for R an m-ary relation symbol,

R@ = {(009 RS ] cm—l) : (gco, RS ] gcm—l) ER%}'
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Chapter 19: Elementary Equivalence

Since f < g, it remains only to check that 2 < €. For an m-ary operation
symbol O of &% and for any aq, ..., a,_, € A,

OG(aOs L] am—l) = g_lo%(ga(): LR gam-—l) = g—loﬂi(fao’ .. ~,fam—1)
= g—IOQ(fao, .. -’fam—l) = g—lfOQl(ao’ LS ] am—l)
= 091(009 s am—l)‘

The case of relation symbols is similar. O

We now introduce the technique of diagrams, due to Henkin and A.
Robinson, which gives a method for dealing with substructures in a logical
context. There are many variations on this important technique, and we will
meet with some of them later.

Definition 19.8. (Diagrams). Let X be any set. An X-expansion of £ is an
expansion &’ of # obtained from .# by adding new distinct individual
constants ¢, for all x e X. We sometimes denote ¥’ by (%, ¢,),cx, and
&' structures are denoted by (2, [,),.cx, where 2 is an #-structure and
1. is a member of A for each x € X; /, is the denotation in the structure of
Co.

Let A be an Z-structure, and let £’ be an A-expansion of .Z. The .¥'-
diagram of % is the set of all sentences of £’ of the following forms:

¢, =c¢,fora,be Aand a # b;

Ocy - - - Com-1, = € if O is an operation symbol of & of rank m,
ac™4,and 0%, ---a,_, = b;

R, - - - €om—1y if R is an m-ary relation symbol of £, and

@y .+« -, Am_1> €ERY;

=Rcy - Cm—1y if R is an m-ary relation symbol of %, and
oy ..., Am-1y ¢ RY,

Diagrams are essentially a logical expression of the notion of substructure,
or embedding. The basic properties of diagrams are given in the next two
theorems, which essentially show that the models of the diagram of 2 are
exactly the structures in which % can be embedded.

Proposition 19.9. Let U and B be F-structures with f an embedding of A
into B. Let £’ be an A-expansion of £. Then (B, fa)qc4 is a model of the
Z'-diagram of .

Proor. The proof is essentially trivial, and we only illustrate it by verifying

that a member ¢ = —Rcy - - - Cyn—1, Of the diagram holds in (B, fa)sca,
where R is an m-ary relation symbol of & and <a,,..., a,_,> ¢ R%.

(B, f@)oen F @ iff not (B, f@)ses FReyo - - - Com-1)
iff {fay, ..., fa,_1) ¢ R®
iff <ag, ..., an-1> ¢ RY,
SO (%sfa)aeA F P. D
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Note that 19.9 applies in particular if 2 < B, where f'is just the identity
on A. Then (B, a),e4 is @ model of the diagram of . More particularly,
(¥, a),c4 1s @ model of the diagram of 2.

Proposition 19.10. Let A be an F-structure, ¥’ an A-expansion of £, and
(B, I)aca @ model of the £'-diagram of U. Then | is an embedding of A
into B.

ProOOF. Again the proof is almost trivial, and we will just check that / is
one-one and that it preserves operations. If a, b € 4 and a # b, then —¢, = ¢,
is in the diagram of 2, so (B, /)ecs F =€, = ¢, and hence la # Ib. Now let
O be an m-ary operation symbol, suppose that aq, ..., a,-; € 4, and set
O¥ay, ..., a,_1) = b. Then O(cy, - . ., Caem—1y) = €, s in the diagram of ¥,
and hence

(%’ la)aeA E O(Cam sty ca(m—l)) = Cp.
It follows that O®(ay, .. ., la,_,) = Ib. O

The method of diagrams enables us to prove a mathematically useful
embedding theorem. To formulate it we need a definition.

Definition 19.11. Let A be an Z-structure and O # X < 4. The sub-
universe of U generated by X is the closure of X under all of the operations
O% of A; clearly it is the universe of a uniquely determined substructure
of 2. A substructure B of U is finitely generated if B is generated by a
finite non-empty subset of A.

Note that if the language contains no operation symbols then any non-
empty subset X of A4 coincides with the subuniverse of 2 generated by X,
and every finitely generated substructure of % is finite. The following simple
cardinality result will be useful later.

Proposition 19.12. Let U be an ZL-structure, 0 # X < A, and let B be the
subuniverse of U generated by X. Then |B| < |X| + |Fmlag|.
PrROOF. Let C; = X, and for each m € w let
Cpni1 = Cp U {0% : O is an n-ary operation symbol of £ and x € "C,,}.
Clearly B = Umew Cms |Cn] < |X| + |Fmlag| for each m € w, and hence
|B| < |X| + |Fmlag| (recall that R, < |Fmlagl). O

Theorem 19.13 (Henkin’s embedding theorem). Let K be the class of all
models of a set T of sentences and let YU be an L -structure. Suppose that
every finitely generated substructure of U can be embedded in a member of
K. Then U can be embedded in a member of K.

PrOOF. Let ¥’ be an A-expansion of Z, and let A be the #’-diagram of 2.
Then every finite subset ® of I' U A has a model. In fact, let ¢y, . . ., Cyn—1y
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Chapter 19: Elementary Equivalence

be all of the new individual constants that occur in sentences of ®. Let 8
be the substructure of A generated by {bq, . . ., b, _1}, or let B be any finitely
generated substructure of A if m = 0. Set € = (B, 1,),c4, Where la = a for a
of the form b;, la any element of B otherwise. Since (2, @),c4 is a model of
A, it follows that €is a model of A N ®. Now by the hypothesis of the theorem
let /' be an embedding of B into a member € of K. It is easily verified that
(€, fl,)aca is @ model of ©.

Thus by the compactness theorem, I' U A has a model (D, kp)geq = 9.
From Proposition 19.10 we see that k is an embedding of % into 9. O

Theorem 19.13 can also be established using ultraproducts; see Exercise
19.42. As an example of an application of Henkin’s embedding theorem we
show that any simple ordering can be embedded in a discrete ordering.
Recall that a discrete ordering is an ordering (4, <) such that every element
of A has an immediate successor if it is not the last element of 4, and an
immediate predecessor if it is not the first element of A. The hypothesis of
19.13 is trivially satisfied, since for the logic implicit here there are no
operation symbols, and so finite generation just means finite, and every finite
simple ordering is discrete. Thus 19.13 immediately gives the desired result.
Of course this result can be proved directly, rather easily. See Exercises
19.43 and 19.44 for further applications.

Now we define the stronger form of elementary equivalence alluded to
at the beginning of this chapter.

Definition 19.14. Let 2 and B be ZL-structures. We say that A is an
elementary substructure of B and that B is an elementary extension of ¥,
in symbols % <X B or B > ¥, if the following two conditions hold:

(i) A < B;
(@) for any formula ¢ and any x € ®4, A F ¢[x] iff B F ¢[x].

It is obvious that 2 < B implies % =, B (take ¢ to be a sentence in (if)).
A useful general observation is that in checking (i7) one only needs to prove
one direction of the indicated equivalence, since if it holds in one direction,
passage from ¢ to =g gives the other direction. We have formulated 19.14
without insisting that A < B, but this is a consequence of the definition:

Corollary 19.15. If A < B, then A = B.
PrROOF. Let O be an m-ary operation symbol, and let aq, . .., a, € A. Then

OQ‘(GO, L) am—l) = dan iff A F OUO U = Um[aO’ s am]
fBEOV, - v,y = vyfaq,. .., 6.l
iff 0%(ay, ..., an_1) = a,.

Relations are treated analogously. O
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The following proposition gives a useful criterion for 2 <X B, in which
one only has to talk about satisfaction in the larger structure.

Proposition 19.16. Ler 2 and B be L-structures, and assume that A < B.
Then the following two conditions are equivalent :

(i) A< B;
(ii) for every formula o, every k € w, and every x € “A, if B F Jvp[x], then
there is an a € A such that B F ¢[xk].

PrOOF. (i) = (ii). By the hypothesis of (if) and the meaning of (i), Ak
dv,[x]. Hence by the definition of satisfaction there is an a € 4 such that
2 F p[x%]. Hence by (i) again, B E p[x¥].

(if) = ({). Assume (ii). By induction on ¢ we show

(1) for every formula ¢ and every x € 4, A F o[x] iff B F p[x].
If  is an atomic formula Ro, - - - 6, _4, then

2A Fo[x] iff (o¥x,...,02_,x>cR¥
iff <6@x, ..., 03_,x> € R¥since A < B, using 19.5
iff Bk g[x],

and atomic equality formulas are similar. The induction steps for =, v, A
are obvious. Now suppose (1) is true for ¢, and let k € w, x € “A. First
suppose that not (A EVu,p[x]). Thus there must be an ae A4 so that
not(2l F p[xX]). Then by (1) for ¢, not (B k ¢[xE]), so not (B EVu.epl[x]).
Second suppose that not (B EVop[x]). Thus B F3y, —|q>[x], so by (ii)
choose ae A so that B F —p[xk]. Thus by (1) for ¢, not (A F ¢[xk], so
not (A EVu,p[x]). 1

Now we come to another of the fundamental results of model theory.
We already know from our general form of the completeness theorem 11.19
that a consistent set of sentences in a language % has a mode! of cardinality
< |Fmlag|. The following result is a kind of generalization of this cardinality
condition.

Theorem 19.17 (Downward Lowenheim-Skolem theorem). Let B be an
P-structure, let m be a cardinal such that |[Fmlag| < m < |B|, andlet Cbe a
subset of B such that |C| < m. Then there is an elementary substructure %
of B such that C < A and |4| = m.

ProOF. Let % be a choice function for nonempty subsets of B. We now
define a sequence D,, ..., D,, ..., m € w, by recursion. Let D, be any subset
of B such that C £ D, and | Dy| = m. Fix d € D,.

Now suppose D,, has been defined. Let J,, be the set of all quadruples
(F, ¢, k, x) satisfying the following conditions:
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(1) Fis a finite subset of D,,;

(2) ¢ is a formula of .Z;

3) k < w;

(4) x e ®F, x; = d whenever v; does not occur in ¢, and B F Iy, [x].

Note that for (F, ¢, k) satisfying (1)-(3) there are only finitely many x satisfy-
ing (4). Hence

(5) [Jm] < [{F: Fis a finite subset of D,}|-|Fmlag|-X,.

Now let Dy, = D, U {%¥{a:DB Fo[xt]}: (F, ¢, k, x) €J,}. This completes
the definition of the sequence Dy, D,,.... Let 4 = Upe, Dp. Thus C < 4
since C < D,. By induction an m, using (5), we see that |D| = m for each
m € w, and hence |4| = m. Next,

(6) A is closed under each operation O2.

For, suppose that O has rank m, and let b, ..., b,,_; € A. Then there is an
newwith by, ..., b,_, € D,. Let

F={by...,b,_1,d}

=00, 0p_1 = 0y,

k=m,

xe®F with xo = bg,. .., Xy = bp_1, x; = dforj = m.

Since Fv, 00 - - - v, -1 = vy, it follows that B F3v,¢[x]. Hence (F, ¢, k, x)
€J,. Now {ae B: B Ep[x,, ..., Xn_1, a]} has exactly one element, namely
O03x, - - - X -;. It thus follows that O%b,---b,,_, € D,,, < A. Hence (6)
holds.

By (6), A4 is the universe of a uniquely determined substructure & of . It
remains only to show that A <X B, and to do this we shall apply 19.16. Let
@ be a formula, and let k € w, x € ®4, and assume that B F Jv,p[x]. Define
F = {d} U {x, : v; occurs in ¢}, and choose y € “Fwith y; = x; for v; occurring
in @, with y; = d otherwise. Choose m so that F < D,,. Thus (F, ¢, k, y) €J,,
so, letting b = €{a: B k p[yk]}, we see that B Fo[y¥] and be D, ,, S A.
Thus B E ¢[x¥]. O

It can be shown by easy examples (see Exercise 19.48) that 19.17 cannot be
strengthened by dropping the assumption that |Fmlag| < m. The proof
given above works with minor modifications for many other languages
besides first-order languages; see Part V.

Theorem 19.17 has the following two obvious corollaries. They also are
obvious on the basis of the completeness theorem 11.19, but it should be
noted that the proof above of 19.17 was direct and much simpler than the
proof of 11.19.

Corollary 19.18. If a set T" of sentences has a model, then T has a model of
power <|Fmlag]|.
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Corollary 19.19. Let £ be any first-order language (with no restriction on
|Fmlag|). For a sentence ¢ of &, ¢ is universally valid iff ¢ holds in every
countable £ -structure.

Applying 19.18 to a theory I' of sets, for example to I' = ZF, we obtain the
so-called Skolem paradox: if ZF has a model (which clearly must be infinite),
then it has a denumerable model. This is true even though in ZF one can
prove the existence of nondenumerable sets.

Theorem 19.17 can be proved quickly using Skolem functions (see 11.33-
11.38). But of course this new proof is not as elementary as the one above,
since it is based on the somewhat complicated apparatus of Skolem ex-
pansions. The two proofs should be compared to one another; each helps
explain the other. The new proof is based upon the following proposition.

Propeosition 19.20. Let £’ be a Skolem expansion of £, and let B be an &’
structure which is a model of the Skolem set of £’ over Z. Then for any
F'-structure U, the following conditions are equivalent:

(i) % < B;
(i) A< B.

Proor. The implication (ii) = (i) is trivial. Now assume (i). We shall
apply 19.16 in order to prove (ii). To this end, assume that x € °4 and
DB E Jup[x]. Then, since B is a model of the Skolem set of £’ over £ we have
B Ep(vy, . . ., v;_1, 0)[x], where o is the term

3
Saviwc‘o Tt ®m—1s

with m = |Fvavp|, FvIvp = {0g, .. ., ap-1}, 071 <+ < 071, _1, and
J is minimal such that Jv,p is a formula of %, (see Definition 11.33). Since
A = B, we have

(Shvioo - am_1)Bx = a € A.
Thus B F ¢[xi]. ]

Now we can give the new proof of 19.17. Assume the hypothesis of 19.17.
Let #’ be a Skolem expansion of %, and let ¥’ be an #’-expansion of B
which is a model of the Skolem set of ¥’ over £ (using 11.34 and 11.36).
Let A’ be the subuniverse of B’ generated by some subset D of B such that
C < D and |D| = m (recall 19.11). Thus 4’ is the universe of a substructure
A’ of B’, and by 19.12, |4'| = m. By 19.20, &' < B', so A' | ¥ < B, as
desired.

Now we want to prove an ‘‘upward’* version of 19.17. To this end we need
the notion of elementary embedding, defined analogously to ordinary
embeddings:

Definition 19.21. If A and® are Z-structures, an elementary embedding of
2 into B is an isomorphism of 2 onto an elementary substructure of 3.
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The following proposition is proved analogously to 19.7.

Proposition 19.22. If fis an elementary embedding of U into B, then there is
an L-structure € and an isomorphism g of € onto B such that %4 < € and
f < g. Pictorially (where ® is the image of f):

¢ ~%t» 3
Y Y

QIF}—"’@

Another very important property of ultraproducts is given in the following
proposition:

Proposition 19.23. Let U be an Z-structure, I a non-empty set, and F an
ultrafilter over 1. For each a€ A set fa = [Ka:ie I)]g. Then f is an ele-
mentary embedding of U into Iy;z.

ProOF. First, fis one-one. For, suppose fa = fb. Thus<{a:ie I>DF(b:ic I,
i, {iel:a =>b}eF. But {i:a = b} is either empty or all of 7 depending
upon whether a # b or a = b respectively. Since 0 ¢ F, it follows that ¢ = b.

Since fis one-one, we can use the procedure of the proof of 19.7 to make
the image C of finto an #-structure, and f into an isomorphism of U onto
B. Thus for any c € "C,

0% Cnoy =fO¥ 2o - f~tcp-1, and R® = {ce™C:f~1 o cecRY},
for m-ary operation and relation symbols O and R. Now we prove € <

19/F by checking 19.14(ii). Let ¢ be a formula and x € ®C. Choose y € “4
with x = foy. Set z,, = (yp:i€l) foreachmew. Thenx = [ o z, so

U/F E p[x] iff{i: AEg[prioz]}eF by 18.29
iff {i:AEF@[yl}eF
iff A Fp[y]
iff € F ¢[x] by 18.23 [

With the help of 19.23 we can now prove the upward analog of 19.17,
which, too, is a major result in model theory.

Theorem 19.24 (Upward Loéwenheim-Skolem theorem). Let m be an
infinite cardinal > |Fmlag|, and let A be an infinite L-structure with
|A| < m. Then A has an elementary extension B such that |B| = m.

Proor. By 18.36 find 18.37 let I be a set and F an ultrafilter over 7 such that
|’A/F| = m. By 19.23 we obtain an elementary embedding of 2 into ‘Q/F,
and by 19.22 we obtain an elementary extension € of 2 isomorphic to '/F.
By the downward Lowenheim-Skolem theorem there is an elementary
substructure B of € with 4 < B and |B| = m. Clearly 2 < 3. O

Regarding the possibility of improving 19.24 by dropping the assumption
that m > |Fmlag|, the situation is somewhat complex. The theorem in

335



Part 4: Model Theory

general can no longer be proved then, but some strengthenings of 19.24 are
known; see Exercise 19.49 for example.
The following two corollaries follow immediately from 19.24.

Corollary 19.25. If a set I' of sentences has an infinite model, then T' has a
model of each cardinality > |Fmlag].

From the compactness theorem it is easy to see that if I' has models of
arbitrarily large finite cardinalities, then I" has an infinite model, and hence
by 19.25 has models of each cardinality >|Fmlag].

Corollary 19.26. For any sentence ¢ (in any language £), ¢ either has no
infinite models or else has a model of each infinite cardinality.

The situation is unknown concerning the cardinalities of finite models of
a sentence p. For each sentence ¢, let Spp = {m:mew ~ 1, and ¢ has a
model of power m}; we call Sp ¢ the spectrum of ¢. It is known that each set
Sp ¢ is elementary, but the collection of all sets Sp ¢ is not the collection of
all elementary sets. It is not known whether this collection is closed under
complementation.

For later purposes we want to put the upward Léwenheim-Skolem
theorem in a more general context. In fact, a weakened form of this theorem
holds for many languages besides first-order languages, and is even applicable
in nonlinguistic contexts. The following definition gives a very general setting
for this phenomenon. It is based on the set-class distinction in set theory.

Definition 19.27. A Hanf system is a ternary relation R with the following
properties:

(i) pr¥ R is a set (not a proper class). Recall that prf R = {x:3y, z

(x,»,2) € R}.
(ii) pr¥ R is a class of cardinals.
(iii) For any T, ¥, there is at most one m such that (I', %, m) e R.

If & is a first-order language, then the Hanf system Hg of £ is the
relation

{(T, 4, m): T" is a set of sentences of £, A is a model of ', and m = |A[}.

Just as for first-order languages, one can introduce in a natural way a Hanf
system for any of the more general languages considered in Part V. Here are
two examples of nonlinguistic Hanf systems:

Example I. R ={(i, X, R):ica}U{o,mm):m > K}
Example 2. R ={(0,%,|A4]|):« is an Archimedean-ordered field} U
{(1, ¥4, |A]) : % is a non-Archimedean-ordered field}.
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The basic theorem on Hanf systems is as follows.

Theorem 19.28. Let R be a Hanf system. Then there is a cardinal m such
that for all T € pr¥ R, condition (i) implies condition (ii):
(i) there exist A, n with (I', Y, n)e R and n > m;
(if) for every cardinal p there is an nw > p and an U such that (T', A, n) € R
andn > m.

Proor. For each I' e prf R, let

fr=0 if VpaAan[([', A, n)e R and n > p].
Jr = least p such that VAVn[(T', 2, n) € R = n < p) otherwise.

Letm = (U {fr: I epr§ R})*. Then m satisfies the condition of the theorem.
In fact, suppose I' e pr¥ R and (i) holds, say (I', ¥, n) € R with n > m. If the
second condition in the definition of f holds, we would haven < f. < m < n,
contradiction. Thus the first condition holds. O

Theorem 19.28 justifies the following definition.

Definition 19.29. If R is a Hanf system, the Hanf number of R is the least
cardinal m satisfying the condition of 19.28.

Corollary 19.30. For any first-order language %, the Hanf number of Hg is
R,.

This corollary is just a restatement of the upward Léwenheim-Skolem
theorem in a general framework. The Hanf numbers of the systems in
Examples 1 and 2 above are R, and (exp R,)* respectively (for Example 2,
we use the fact that any Archimedean-ordered field is an ordered subfield
of the reals). For each cardinal m there is a Hanf system with Hanf number
m (see Exercise 19.50).

We proved the upward Léwenheim-Skolem theorem above by using ultra-
products. Now we want to reprove it using the compactness theorem, or
more specifically, by extending the notion of diagram.

Definition 19.31., Let 2 be an #-structure, and ¥’ an A-expansion of Z.
The elementary #’-diagram of 2 is the set of all sentences of ¥’ which
hold in (¥, a@)gc,. If £ is an expansion of £’, the elementary #’-diagram
of AU is also called the elementary .#"-diagram of 2.

We then obtain analogs of our two theorems on diagrams; models of the
elementary diagram of U essentially are just those structures in which 2 can
be elementarily embedded.

Proposition 19.32. Let A be an L-structure, B an elementary extension of <,
and &' an A-expansion of . Then (B, @),y Is a model of the elementary
L'-diagram of .
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PROOF. Let the new constants of £’ be ¢, for a € 4. The following is easily
proved from the definition of satisfaction:

for any x € “4, any m € w, and any formula ¢ of . such that

1 )
D Fyv g < (o .. vmsd A E glx] I (2, @)en F @Eros - - -3 Cximo1y)-

An analogous statement holds with 2 replaced by B (but no other changes).
Now any sentence of %’ can be written in the form @(Cyg, - - ., Cxm-1))»
where me w, ¢ is a formula of &%, xe™4, and Fve < {v,,...,v,_1}. If
@(Cxos - - -» Cxem—1y) 1S @ member of the elementary #’-diagram of 2, then
2 F ¢[x] by (1), hence B F p[x] since A < B, and finally B k p(€0, . - -, Cxim-1y)
by the B-analog of (1). ]

Proposition 19.33. Let A be an L-structure, £’ an A-expansion of ¥, and
(3B, la),c4 a model of the elementary £'-diagram T of U. Then I is an
elementary embedding of U into B.

PRrROOF. Again, let the new constants of .#’ be ¢, for a € A. By Proposition
19.10, / is an embedding of U into V. Now for any F-formula ¢, say with
Fve < {vy, ..., -1}, and for any x € ©4,

A ': (P[x] = (Q[’ a)uEA i: ‘P(cxo, et c:x:(m—l))

= (P(cxo’ - Cxm-1 € r
= (%, la)aeA F ‘P(cxo’ LR ] cx(m—l))
= B E [l x]. U

Now we give the new proof of the upward Léwenheim—Skolem theorem
19.24. Assume the hypothesis of 19.24: m is an infinite cardinal > |Fmlag]|,
and 2 is an infinite #-structure with |4| <m. Let #’ be an A-expansion of
<, and expand %’ further to #” by adding new individual constants k, for
£ < m, Let I be the elementary .#’-diagram of 2 together with all sentences

@) —(k; =k,) forfé<n<m,

Every finite subset of I' has as a model a suitable expansion of 2. By the
compactness theorem, I' has a model (B’, la, £)4cp.: <m. By the proof of the
compactness theorem, or by applying the downward Loéwenheim-Skolem
theorem, we may assume that |B’| < m. Then since the sentences (*) are in
T, |B’| = m. By 19.33, / is an elementary embedding of 2 into B. An appli-
cation of 19.22 completes the proof.

The last topic we take up in this chapter is the notion of the union of a
set of structures.

Definition 19.34. Let K be a set of #-structures directed by <, i.e., such that
if A, B K then there is a € e K with A < € and B = €. Then | K, the
union of the members of K, is the following #-structure. Its universe is
Uaek 4. If O is an m-ary operation symbol and ae ™ Jocx 4, then
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OY%qy---a,_, = 0%, - - a,_,, where U is any member of K such that
Qg ..., a,_1€A. If R is an m-ary relation symbol, then RVK = { Jo.x R¥.

This definition, as well as the following basic proposition, are easily
justified.

Proposition 19.35. IfK is a set of £-structures directed by <, then 4 = [ J K
Jfor each A e K.

The basic logical result concerning unions is the following analog of
19.35 for <:

Theorem 19.36 (Tarski). If K is a set of L-structures directed by <, then
A < UK for each A K.

ProoF. We proceed by induction on formulas to show that for every for-
mula ¢, every A€ K, and every x € 4, A F p[x] iff |J K F ¢[x]. The case ¢
atomic is trivial, since A < |J K, and the induction steps for =1, v, A are
obvious. Now suppose A € K, x € “4, and A FVy,p[x]. To show that | JK F
Vup[x], let b e |J K be arbitrary, say b € B € K. Since K is directed by <,
choose €K with A << €, B < € Thus A < € yields € EVyp[x], so €F
[xt]. By the induction assumption, |J K F ¢[x{], as desired. Conversely,
assume that |J K FVy,p[x]. For any ae 4, |J K F ¢[x%], and hence by the
induction assumption, 2 F g[x!]. 0O

EXERCISES

19.37. Let .Z have finitely many non-logical constants. Suppose that A and B
are Z-structures, A =,, B, and YU is finite. Show that A ~ B.

19.38.* Prove the result of 19.37 with £ arbitrary.

19.39. For any language . there are Z-structures A, B with A =,, B but not
A ~ B).

19.40.* Give an example of systems <2;:ie I> and (B;: i€ I) of F-structures
and an ultrafilter F over I such that Py; 2,/F =~ Picr Bi/F but Vi e I not
(Q[{ Zee %1)

19.41. If A is finite and . has finitely many non-logical constants, then there
is a sentence ¢ of - such that

{B:BEg} = {B:AUis not embeddable in B}.

19.42. Let 2 be an infinite Z-structure. Let I = {F:0 # F < A and |F| < X}.
For each Fe I let By be the substructure of A generated by F. For each
Fellet Mr = {Gel:F < G}. Show that there is an ultrafilter & over
I such that My e & for each F e I. Show that for any such &, 2 can be
embedded in Pr Br/Z. From this give a new proof of Henkin’s em-
bedding theorem 19.13.
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19.43.

19.44.

19.45.
19.46.

19.47.
19.48.

19.49.

19.50.
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Using Henkin’s embedding theorem, prove that any partial ordering
can be embedded in a simple ordering.

Using Henkin’s embedding theorem, prove that any Abelian group can
be embedded in a divisible Abelian group.

Prove that if Y <€, B<Cand 4 < B, then U <
<

B.
Give an example of structures A, B, € with A X B, A<XE, B = €, but

not B <X €.
Give an example of structures 2, B with A = B, A ~ B, but not A <X B.

For any language ., give an example of a set I' of sentences of % such
that T has a model 2 of power |Fmlag| but I has no model of power
< |Fmlag|.

Using ultraproducts and unions, and assuming the generalized continuum
hypothesis, show that in any language %, any infinite #-structure % has
an elementary extension of each cardinality > |A|.

For each cardinal m (finite or infinite) there is a Hanf system with Hanf
number m.



Nonstandard Mathematics *

We shall describe in this chapter the beginnings of nonstandard number
theory and nonstandard analysis. Essentially we deal here with logically
very simple applications of model theory. No big logical theorems will be
applied, just the simplest notions of satisfaction, elementary extensions,
and ultraproducts. Nonstandard mathematics was extensively developed by
A. Robinson, who used a system of type theory in most of his work in this
area. We shall restrict ourselves to a much simpler framework.

Let R be the set of real number and F any nonprincipal ultrafilter over w.
Then we can form the ultrapower “R/F independent of any logical con-
siderations. We know from 19.23 that the map u such that ur = [{r:ic w)]
for all r € R is a one-one map of R into ®R/F. Hence there is a set *R 2 R
and a bijection ¢ : “R/F > *R such that ¢ o u is the identity on R. Throughout
this chapter we shall work with fixed F, u, *R, t satisfying these conditions.
Given any relation S on R, say m-ary, we can take a suitable first-order
language for the structure (R, S) and again form the ultrapower *R, S>/F.
There is then an m-ary relation *S on *R such that ¢ is an isomorphism from
*(R, S)/F onto (*R, *S>. Thus u is then an elementary embedding of
(R, $> into *(R, SH/F, and <R, S> < {*R, *S). In a completely analogous
way operations on R can be extended to operations on *R. Combining any
number of such extensions we obtain structures on *R which are elementary
extensions of the original structures on R, and we can then carry over first
order facts from R to *R or vice-versa. In the literature the presuperscript *
is frequently omitted in various contexts. For complete clarity we shall not
follow this custom here. Members of *R are called nonstandard real numbers.

We begin with a discussion of nonstandard number theory. Members of
*w will be called nonstandard natural numbers. Note that if we extend the
ordinary ordering < on R to *< on *R, then *R is linearly ordered by
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*<, since there is a sentence @ true in any structure (4, S iff Slinearly orders
A. An element r of *R is infinite if *|r| *> m for each m € w; otherwise it
is finite.

Proposition 20.1. There is an infinite nonstandard natural number.

ProoF. Define x € “w by xi = iforallie w. Foreachme w,{i: m < xi} =
w ~me F. Hence [(m:iew)] < [x]in R, <D/F,som*< t[x]in *(R, <.
Since m is arbitrary, this shows that ¢[x] is infinite. Also, {i: xi€e w} = w € F,
o t[x] € *w. O

For the next result, and only for it, we need a special kind of construction.
If S densely orders 4 (in the < sense) with no first or last element, let

A ' ={(0,0):icw}V{(mal):meZ ac A},

S’ ={({(i,0,0),(j,0,0):i <jand i,j € w}
U{({(i0,0),(mya,1):icw,meZ, ac A}
v{lim,a,1),(n,a,)):m <nmneZ, ac A}
u{((m,a,),(n,b,1)):myneZ,a,be A, aSh, a # b}.

It is easily seen that S’ linearly orders A’. Intuitively the ordering consists
of a copy of w on the left, and on the right a copy of the original ordering
{4, S with each element of 4 replaced by a copy of Z in its natural ordering.
In the general theory of order types discussed in set theory, the ordering of
{A’, S"> has order type

o + (0* + w)-0,
where 0 is the order type of <4, S).

Proposition 20.2. The structure {*w, *< is order-isomorphic to <A’, S") for
some structure {A, S densely ordered with no first or last element.

Proor. The following two facts about (*w, *<> are basic to the proof.
They are true since they are true in {w, <.

(1) Every element of *w has an immediate successor.

(2) Every element of *w except 0 has an immediate predecessor.

Now let I be the set of all infinite elements of *w. For m, n € I we define
m=niff (m*< nand {p:m*< p*< n}is finite) or (n*< m and {p: n*<
p *< mj} is finite). Clearly = is an equivalence relation on I. Let 4 = I/=.
Let S={(a,b):a,bc A and there exist mea and neb with m*< n}.
Now

(3) if aSh and a # b, then m*< nforallmeaand neb.

For, assume aSh and a # b. Choose pea and q € b so that p ¥*< q. Since
a # b, it follows that {s: p *< s *< ¢} is infinite. Hence for all m € a and
n € b, not only m *< n but also {s : m *< s *< n} is infinite.

(4) For each me [, *< orders [m]. similarly to Z.
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To prove (4), for each n e [m]. let

Sn=|{p:m*< p*< n} if m*< n,
m=—[{p:n*< p*< mj| if n*¥< m,

By induction using (1) and (2) one easily shows:

(5) for each n € w there is a unique p € [m]_ such that fp = n.
(6) for each n € w there is a unique p € [m]_ such that fp = —n.

Thus (4) follows. By (4), choose for each a € 4 an order isomorphism ¢, of
a under *< onto Z. Now we are ready to define the isomorphism demanded
in the proposition. Take any m € *w. If m is finite, it is in  since for each
n € w the sentence
Vool < €, = /\ v = ¢;]
i<n
holds in {w, <,0,1,...> and hence in (*w, *<,0, 1,...). In this case we
let gm = (m, 0, 0). If m is infinite, we let gm = (#;ym, [m], 1). Clearly g is an
order isomorphism of {*w, *<> onto <{A4’, $'>. It remains to show that
{4, S is densely ordered with no first or last element. To show that {4, S>
has no first element, take any a € 4. Say m € a. Choose n *< m such that
n*+n=mor n*+ n*+ 1 = m. Thus » is infinite since m is. For each
iew~ 1 we have 0 *< i *< n and hence n*< n*+ i *< n*+ n. [For the
last results we have used certain obvious first order properties carrying over
from w to *w.] Hence <n *+ i: i€ w ~ 1) is a one-one function from w ~ 1
onto {p : n *< p *< m}, so the latter is infinite. Thus [#]S[m] and [n] # [m].
Hence 4 has no first element. It is similarly seen that A4 has no last element.
Finally, suppose that a,bec A, aSh, and a # b. Choose mea and neb.
Thus m*< n and {p:m*< p*< n} is infinite [see above, proof of (3)].
Suppose that m *+ n is even; the case m *+ n odd is treated similarly.
Choose p so that p *+ p = m *+ n. If p *< m, then
P¥+p¥*<m*+m¥*<m*+n=p*+p,

contradiction. Thus m *< p, and similarly p *< n. Suppose m = p. Then
p=m*+iforsomeicw,som*+n=p*+p=m*+ m*+ 2i and hence
n = m *+ 2i. But then n = m, contradiction. Thus not (m = p), and similarly
not (p = n). Hence [p] is strictly inbetween [m] and [n], in the S-sense. []

An clement p of *w is a prime if 1 *< p and no element of *w strictly
between 1 and p divides p. Thus the finite primes are exactly the usual primes.
The following result illustrates the way in which number-theoretic statements
can be given a nonstandard formulation.

Proposition 20.3. The following conditions are equivalent:

(i) there are infinitely many pairs of (ordinary) primes p,q such that
g=p+2

(ii) there is at least one pair (p, q) of infinite primes p, q such that q =
¥+ 2.
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At this time the statement 20.3(¢) is an open problem, usually called the
twin-prime conjecture. Examples of twin primes are (5, 7), (29, 31), (137, 139).

Proor. (i) = (if). Assume (i). Let f€ “w be such that for each i, f; is a
prime such that f; + 2 is a prime, and f; + 2 < f;, . Clearly ¢[f] is an
infinite prime such that ¢[f] *+ 2 is also a prime. (if) = (7). Say ¢[g] is an
infinite prime such that t[g] *+ 2 is also a prime. We show that for any
m € w there is a prime p > m such that p + 2 is also a prime. Since [g] is
infinite, I, = {i: m < gi} € F. Since [g]is a prime, I} = {i: g; is a prime} € F.
Since [g]*+ 2 is a prime, I, = {i: g, + 2 is a prime} € F. Thus , NI, N
I,eF. For any iel,NnI; NI, g is a prime >m such that g, + 2 is a
prime. O

We now discuss briefly the properties of primes in *w. Clearly there are
infinite primes. If a nonstandard natural number can be written as a (finite)
product of primes, it can be so written in a unique way, up to order. But there
are nonstandard numbers which cannot be written as a finite product of
primes. An interesting example is [{2": n € w>], which is divisible only by
the prime 2, but is not a (finite) power of 2. There is no smallest infinite
prime, since if [f] is infinite we may find an infinite prime [g] < [f] as
follows. Set

gi = greatest prime < fj if f; > 2,
gi=0 if f; < 2.

Now {i: f; > 2} € F since [f] is infinite, and
{i:.fi > 2} = {i:gisaprime < f},

so [g]is a prime <[f]. For any prime p, {i: fi > p}e F, and {i: fi > p} <
{i: p < gi}, so [g] is infinite. There are numbers divisible by infinitely many
primes; an example is [{(n!: n € w}].

Now we turn to nonstandard analysis. A nonstandard real number r is
infinitesimal if *|r| *< t for every standard positive real number ¢. The re-
ciprocal of an infinite real number is obviously infinitesimal; thus by 20.1
infinitesimals exist.

Proposition 20.4. For any finite nonstandard real number r there is a unique
standard real number s such that r ¥*— s is infinitesimal.

PrOOF. We may assume that r * > 0. Since r is finite, there is a natural
number m such that r *< m. Let s be the inf of {¢: ¢ is a real number and
r*< t}. Thus s is a standard real number. If r *— s is not infinitesimal,
choose a standard e > O with ¢ *< *|r *— s|. Then s — /2 *< r, s0 *|r *— 5|
* < ¢/2, contradiction. Thus r *— sis infinitesimal. Suppose that ¢ is a standard
real <s.Lete = (s — #)/2. Thent + & < 5,501 + e *< rand *|r *— 1| *> ¢,
so r ¥*— t is not infinitesimal. Similarly, if # > s, ¢ standard, then r *— ¢ is not
infinitesimal. So s is unique. O
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For any finite nonstandard real number r, the unique standard real s
such that » *— s is infinitesimal is called the standard part of r and is denoted
by st r. Two nonstandard reals a and b are said to be infinitely close, in
symbols a ~ b, if @ *— b is infinitesimal. Clearly the difference and product
of finite nonstandard reals are again finite. Hence the finite nonstandard
reals form a subring 'R of *R. Every infinitesimal is finite. A sum or difference
of infinitesimals is infinitesimal, and the product of an infinitesimal and a
finite nonstandard real is again infinitesimal. The relation ~ is an equivalence
relation on *R, and each equivalence class contains at most one standard
real.

An infinite sequence x = <{x, : n € w) of real numbers can be given two
nonstandard interpretations. First, it is an element of “R, and hence [x] is
an element of *R. But also x can be considered as the set of all ordered pairs
(n, xn) with n € w, and hence as a binary relation on R. As such it receives an
interpretation *x as a binary relation on *R. Clearly *x maps *w into *R.

Proposition 20.5. For any xe“R and s€ R the following conditions are
equivalent

) lim,_. ., x, = s;
(i) *x, ~ s for every infinite natural number n.

PrROOF. (i) = (ii). Let ¢ > 0, ¢ standard. Then by (i) there is an me w
such that |x, — s| < eforall n > m. Thus the following formula ¢ is satisfied
in?% =<R, <,|—|, w, x) by m, s and ¢ assigned to v,, v; and v,, where S
and T are interpreted by w and x respectively.

VugVoulvy < vg A Svs A T(vg, v5) = v, — 0] < v5].
Since A < *R, *<, *|—|, *w, *x> = *, it is still satisfied in *2 by the
same elements. Thus *|*x, *— 5| *< ¢ for any infinite natural number n.
Since & is arbitrary, (i7) holds.
(i) = (i). Assume (if). Thus for any standard ¢ > 0 the formula

3vo(Sve A )

is satisfied in * by s and ¢ assigned to v; and v,, so it is satisfied in AU by the
same assignment. Thus there is an m € w such that |x, — s| < ¢ whenever
n > m. Since € is arbitrary, (i) holds. O

Corollary 20.6. Assume that lim, _, ., x, = s and lim, ., y, = ¢t. Then
) lim, .o (x, + ) =5+ ¢
(”) limy, o (xn'yn) = §-I.
Proor. Let n be an infinite natural number. Then by 20.5, *x, *— s and

*y. *— 1t are infinitesimal. Hence *(x + y), *— (s + t) = *x, *+ *y, *—
s *— t is also infinitesimal. So (i) holds by 20.5. Also,

K(x-Y)p ¥m S8 = Kx, KKy, K Ex Kpryokx kpx_ gk g
= *x,(*yn ¥ 1) ¥+ (Fxn *— 5) *-1
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is infinitesimal since finite - infinitesimal + infinitesimal-finite = infinitesimal.
Hence (i) is true by 20.5. [

Corollary 20.6 is our first example of a standard theorem proved by non-
standard means. Note that no e, 8-methods were involved in this proof,
although of course they were essential to connect standard and nonstandard
notions, in 20.5. Another example of such a proof is as follows.

Proposition 20.7 (Bolzano—Weierstrauss). A bounded infinite sequence has
at least one limit point.

ProOF. Let x € “R be bounded. Thus there is an M € R such that |x,| < M
for all ne w. Hence *|¢t[x]| *< M also, since w = {n:|x,| < M}eF. Let
y = st t[x]; we claim that y is a limit point of x. Given ¢ > 0 and any positive
integer m, we must find n > msuch that |x, — y| < e. Now *|¢[x] *— y| *< ¢
since f[x] *— y is infinitesimal, so {n : |x, — y| < ¢} € F. In particular, there
are infinitely many » so that |x, — y| < e, as desired. O

The notion of a bounded sequence can be given a nonstandard formulation
as follows.

Proposition 20.8. Let x € ®°R. Then the following conditions are equivalent:

(i) x is a bounded sequence;

(i) *x, is finite for every infinite natural number n.

PRrROOF. (i) = (ii). Choose a positive real number M such that |x,| < M
for all n. Since *R is an elementary extension of R for any structures over R,
*|*x,| *< M for all infinite natural numbers # also. Thus (ii) holds.

(if) = (i). Suppose (i) fails. Thus for every positive real number M
there is an m € w such that |x,,| > M. The nonstandard version of this holds
in *R; taking a positive infinite M we obtain an m € *w such that *|*x,,| *> M.
Thus *x,, is infinite. O

Next we shall deal with functions mapping R into R. We start with a non-
standard formulation of continuity:

Proposition 20.9. For any f: R — R the following conditions are equivalent :

(i) fis continuous at a;
(ii) for all x ~ a we have *fx ~ fa.

Proor. First assume (i). Thus, in R,

(1) foreverys > Othereisa 8 > Osuch that forall x, if [x — a| < §
then |fx — fa| < e.

Now assume that x ~ a. Let ¢ be any positive standard real number. By (1),
still in R, choose a standard 8 > 0 such that, in R,

(2) forall y,if |y — a| < 8then |fy — fa| < e.
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Since x *— g is infinitesimal, of course *|x *— a| *< &. Hence by (2) in *R,
*|*fx *— fa| *< e. Since ¢ is arbitrary, *fx ~ fa.

Now assume (i), and let  be any positive standard real. Let { be a positive
infinitesimal. Then for any x € *R, *|x *— a| *< { implies that *|x *— q|
itself is infinitesimal, or 0, so x ~ a and hence by (if) *fx ~ fa. Thus, in *R

(3) 30 * > 0 Vx e *R(*|x *— a| *< { = *|*fx *— fa| *< )

Since the same statement holds in R, fis continuous at a. O

We shall give a mixed, standard and nonstandard, proof for the inter-
mediate value theorem for continuous functions:

Proposition 20.10. Let f be a real-valued continuous function defined on a
closed interval [a, b], such that fa < 0 and fb > 0. Then there is a c € [a, b]
such that fc = Q.

PrOOF. Let ¢ = inf{x € [a, b] : fx = 0}. Thus

() Vx(x < ¢ => fx < 0),
2) Vx[c < x = 3y(c < y < xand fy = 0)].

Let i be a positive infinitesimal. By (1), *f(c *— i) *< 0. By (2), choose y so
that c¢*< y*<c*+i and *3*>0. Now c*—i~c~y, so by 209
*flc ¥~ i) ~ fc ~ *fy. Since *f(c*— i) < 0 < */, it follows that fc ~ 0;
hence fc = 0. O

Lemma 20.11. Let f be a real-valued continuous function defined on a closed
interval [a, b]. Then f is bounded. Hence *fc is finite for each non-standard
ce€la, b).

Proor. Suppose f is not bounded. Then it is easy to define a sequence
Xos X1, - - . Of members of [a, b] such that | fx;| = i for all i € w. Let n be an
infinite natural number. Since the sentence Vi(| fx;| > ¢) holds in R, it holds
in *R. It follows that *f*x, is infinite. By 20.8, *x, is finite. Let y = st *x,.
Then y ~ *x,, so by 20.9 fy ~ *f*x,, which is impossible since *f*x, is
infinite. Thus fis bounded, i.e., Vc € [a, b] | fc| < M for a suitable M. Since
this holds in *R, it follows that *|*fc| *< M for all c € *[a, b], standard or
not. O

Proposition 20.12. Let f be a real-valued continuous function defined on a
closed interval [a, b]. Then f attains a maximum value on this interval,

PrROOF. For any two integers i, j € w with j # 0, let x;; = a + (/j)(b — a).
Let m be an infinite natural number. Now

(1) for any standard c € [a, b] there is an i *< m such that ¢ ~ *x,,.
For, the following statement holds in R:

VjEw ~ IVCE [a, b]al Sj(x,-, S 4 S x{.{_l,]’).
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This holds in *R also, so there is an i *< m such that *x;,, *< ¢ *< *(i*+ 1,m).
Now clearly ¢ *— *x;,, *< 1*/m, and 1*/m is infinitesimal, so ¢ ~ *x;,.
Next, note that the following statement holds in R:
View ~ 13i <jVk < j(fxi; < fxi).

The statement holds in *R also, so we can choose i *< m such that Vk *< m
Gf *Xm ¥< *f*x;,). Let ¢ = st *x;; note that *x; e [a, b] since View ~ 1
Vi < jx;; € [a, b]. Hence ¢ € [a, b]. Since ¢ ~ *X;, by 20.9 we have fc ~ *f*x,.
Now for any y € [a, b], choose by (1) k ¥*< m such that y ~ *x,,. Then by
20.9, fy ~ *f*x,,, while by the above *f*x,,*< *f*x,, ~ fc. Hence
Jy < fe O

The above results indicate something of the flavor of nonstandard mathe-
matics. The subject has now been rather extensively developed; one can do
nonstandard algebra, complex analysis, functional analysis, topology, and
even nonstandard logic.
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EXERCISES

20.13. Let AU be any model of the set of all sentences holding in {w, <)>. Show
that the order type of U has the form v + (w *+ w)-7 for some type 7.
Also prove the converse.

20.14. If a nonstandard natural number is divisible by all finite primes, then it
is divisible by some infinite prime.

20.15. *Z is an integral domain which fails to satisfy the ascending chain
condition or the descending chain condition. It is not a principal ideal
domain.

20.16.* *Q is isomorphic to the quotient field of *Z. Every element of *Q is
transcendental over Q. *Q is not a pure transcendental extension of Q.

20.17. Let S be the ring of finite elements of *Q, and let I be the ideal of in-
finitesimal elements of S. Show that S/I ~ R.

20.18. Let x e “R be bounded. Then st *x, is a limit point of x for every
infinite natural number n.

20.19. Using 20.9, show that the sum and product of continuous functions are
continuous.

20.20. A sequence x € “R converges iff *x, ~ *x, for all infinite m and n.
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Complete Theories

Our main purpose in this chapter is to give concrete examples of complete
theories. As a byproduct we obtain several new examples of decidable
theories. We shall discuss some general model-theoretical methods for
proving theories complete, mainly m-elementary extensions, the Los-Vaught
test, and model completeness. In our examples of complete theories we
shall need to assume some familiarity with several standard algebraic notions
and results. No single example is crucial for succeeding chapters. The notion
of a complete theory is closely connected historically and philosophically
with the notion of categoricity. As we shall see, the latter notion is trivial for
first-order languages, but a cardinality version of it is quite interesting.

Definition 21.1. A theory I' is categorical if any two models of I' are iso-
morphic. Let m be a nonzero cardinal. A theory I' is m-categorical if any
two models of I' of power m are isomorphic.

Since isomorphism implies elementary equivalence, 21.1 combined with
19.2 yields
Corollary 21.2. Any categorical theory is complete.
Now we show that categorical theories are trivial:
Theorem 21.3. For any consistent theory T, the following conditions are
equivalent:

(i) T is categorical;
(ii) there is a positive integer m such that T' is m-categorical and every
model of T has power m.
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Part 4: Model Theory

PrOOF. Obviously (ii) = (i). Now assume (i). Since any two models of T
are isomorphic, they all have the same cardinality m, and I" is m-categorical.
Suppose m = R,. Let U be a model of T', and by the upward Lowenheim-
Skolem theorem let B be an elementary extension of ¥ of power >m. Then
A =,, B, so B is also a model of T, contradiction. Hence m < X, O

Much of the importance of the notion of m-categoricity stems from the
following result.

Theorem 21.4 (Los—Vaught test for completeness). If I' is a theory with
only infinite models and T is categorical in some power m > |Fmlag)|,
then T is complete.

ProorF. We need to show that any two models U, B of I' are elementarily
equivalent. By the Ldwenheim-Skolem theorems there are #-structures
A’, B’ of power m with A =,, U’ and B =, B'. Thus 4’ and B’ are models
of T, so A ~ B’ by assumption. Hence % =, B. O

There are many theories which satisfy the hypothesis of 21.4, which
hence gives a practical method for showing many theories complete. The
assumption of categoricity in power >|Fmlag| is necessary in 21.4; see
Exercise 21.38. As we shall see later, there are many complete theories which
are not categorical in any power. We now give a few applications of 21.4.
More are found in Exercises 21.39 and 21.40.

A linearly ordered set A is densely linearly ordered if for any x,ye A4
with x < y, Ja(x < a < y). The argument proving the following set-
theoretical result is frequently used in some form in model-theoretic argu-
ments (see also 9.47).

Theorem 21.5 (Cantor). Let A and B be two denumerable densely linearly
ordered sets, each without first or last elements. Then A ~ B.

Proor. Let < and <’ be the dense linear orderings of A and B respec-

tively. Say 4 = {a,:n € w} and B = {b, : n € w}, with @ and b one-one. We

define a sequence {(x,, y,):n€w) by induction. Let (x,, yo) = (ao, bo).

Suppose (X0, ¥o)s - - -» (Xn, ¥») have already been defined so that x,, ..., x,

are all distinct and y,, . . ., ¥, are all distinct. We distinguish two cases.
Case 1. nis odd. Let x,,; = a,, m the least element of {p : a, ¢{x,, .. .,

Xal}-

We define y, ., by considering several subcases.

Subcase 1. a, < x; for all i < n. Since B does not have a first element, the
set M = {b,: b, <’y for all i < n}is nonempty; let y,., be any element
of it.

Subcase 2. x; < a, for all i < n. This case is similar.

Subcase 3. x; < a, < x; for certain i, j < n. There are unique s, ¢ such that
x, is the greatest element of {x; : i < n, x; < a,} and x, is the least element
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Chapter 21: Complete Theories

of {x;:j<ma, <x}. Wy, =" y,lety,,; = bo. If y; <’ y, choose y,
such that y, < yp41 < i

Case 2. n even. Interchange 4 and B in Case 1.

By an easy induction on # it is established that

for every n < w, {(x¢, Yo)s - - -» (Xs, ¥x)} is @ one—one function such
() thatx, < x;iff y; < y;5{ao, ..., @} S {X0, ..., Xan}; {bo, . . ., br}
S {J’o, LR y2n+1}

Let f = {(x;, »;) 1 i < w}. f1is the desired isomorphism. O

Since we can obviously write down finitely many axioms expressing that
< is a dense linear ordering on A without first element or last element,
the theory of such structures is recursively axiomatizable. Hence by the
Lo$-Vaught test and 21.5 we have:

Corollary 21.6. The theory of dense linear order without first or last elements
is complete and decidable.

By Theorem 9.48 we know that any two denumerable atomless Boolean
algebras are isomorphic. Hence:

Theorem 21.7. The theory of nontrivial atomless Boolean algebras is com-
plete and decidable.

It is well known that for any m > X,, any two divisible torsion-free
Abelian groups of power m are isomorphic. Hence:

Theorem 21.8. The theory of nontrivial divisible torsion-free Abelian groups
is complete and decidable.

Any field can be obtained by a pure transcendental extension of its prime
field followed by a pure algebraic extension. Hence for any m > X, any two
algebraically closed fields of power m that have the same characteristic are
isomorphic. Hence:

Theorem 21.9. For any p (p a prime or p = 0), the theory of algebraically
closed fields of characteristic p is complete and decidable.

Theorem 21.9 forms a partial justification for the heuristic Lefschetz
principle in algebraic geometry, according to which results over the complex
field generalize to results over any algebraically closed field of characteristic
0. Note that, by 21.9, to establish a first-order statement for all algebraically
closed fields of characteristic 0 it suffices to prove it for the complex field,
where one has available all the tools of classical analysis.

Next, let F be any field. We can describe a first-order language ¥ appro-
priate for discussing vector spaces over F. Namely, % is to have the binary
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Part 4: Model Theory

operation symbol 4, the individual constant 0, and for each a € F a unary
operation symbol s,. Then the theory of vector spaces over F is the set of
all consequences of the axioms for Abelian groups {4, +, 0) together with
all sentences of the following forms:

Vu,Vv,[8.(vo ¥ 1) = S0 4 So01] for each a e F;
V0o(Sa + 500 == SqUo 4+ Splo) for all @, b € F,;
Voo(Saplo = SaSplo) foralla,beF;

Voo(S100 = vo)-

Now any two vector spaces over F of the same dimension are isomorphic.
Hence the theory of vector spaces over F is (|F|* U R,)-categorical, and
hence:

Theorem 21.10. For any field F, the theory of infinite vector spaces over
F is complete.

All of the above theories I' have the following property: if I’ is m-cate-
gorical in some power m > |Fmlag|, then I' is m-categorical in every such
power. One of the deepest results in model theory, due to Morley and Shelah,
is that this implication holds for all theories I'.

We shall next present a modified notion of elementary equivalence which
has been used by Dana Scott to show that certain theories are decidable or
complete.

Definition 21.11. 2 is called an m-elementary extension of B, and B an
m-elementary substructure of U, where m € w, in symbols A >=,3 or
B <%, if B = A and if for every formula ¢ containing at most m distinct
variables, ¢ = ¢% N “B.

The following sufficient condition for m-elementary extensions will play
a central role in our applications of Scott’s method. It is formulated in terms
of automorphisms. An automorphism of a structure ¥« is simply an iso-
morphism of % onto . There are many connections between logical proper-
ties and properties of automorphisms. The following proposition gives a
typical connection.

Proposition 21.12. Assume that mew, B < A, and that for any X = B
with |X| < m and any a€ A ~ B there is an automorphism f of 2 such
that f| X =1 X and fa< B. Then B <, Y.

PrOOF. We proceed by induction on ¢ to show that ¢® = ¢ N B for
any formula ¢ with at most m distinct variables. The only nontrivial step is
the induction step to ¢ = Vo Obviously ¢ N “B < ¢® by the induction
assumption. Now suppose that x € ®B but x ¢ ¢%. Say ae 4 and x} ¢ 2.
Let X = {x;:v; occurs in 4, j # i}. Obviously we may assume that »; actually
occurs in ¥, so |X| < m by our assumption on ¢. Hence by hypothesis let
f be an automorphism of % such that f | X = I [ X and fa € B. By the basic
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theorem on isomorphisms it follows that xt, ¢ 4%. Since xi, € “B, the in-
duction hypothesis yields x}, ¢ $®. Thus x ¢ ¢>, as desired. O

Corollary 21.13. Assume that B < U, and that for any X < B with |X| < o,
and any a € A, there is an automorphism f of U such that f| X =1} X
and fa€ B. Then B < 4.

We shall apply 21.12 to show that the theory of one equivalence relation
is decidable. This is of course to be contrasted with 16.56, according to which
the theory of two equivalence relations is undecidable.

Definition 21.14
(i) Tequv 18 the set of all logical consequences of the following sentences,
in a language with a single binary relation symbol R:

Yov,Roo0,
Vv, Vo, (Rogo; = Ro,vg)
Voo Vo, Vo (Rogr, A Ro,v, = Rogoy)

(ii) Formew ~ 1, a model « = <4, R} of Ty, is called an m-basic
model of Tequiv provided that for every n < m A has at most m equiva-
lence classes with exactly n elements, and A has no equivalence classes
with m + 1 or more elements.

Lemma 21.15
(i) For any me w ~ 1, 'y, has exactly (m + 1)* — 1 nonisomorphic
m-basic models.
(ii) For any me w ~ 1, any m-basic model of Ty, has at most
[m2(m + 1)]/2 elements.

PROOF

(i) For each n with 1 < n < m we allow any number <m + 1 of equiva-
lence classes with exactly # elements. There must be at least one equivalence
class. Hence (i) follows.

(ii) The largest m-basic model has for each n < m, n # 0, exactly m
equivalence classes with exactly n elements. Thus the number of elements
together is

m- > i=[m(m+ )2 O
1<sism
Lemma 21.16. Let A be a model of Toquiy, and let m € w ~ 1. Then there is

a model B of T oquiv such that B <, A and each B-equivalence class contains

at most m elements.

Proor. Let f be a choice function for nonempty sets of subsets of 4. For
each X € A/R we define

gX=X if|X|<m,
gX=fY: Y X,|Y|=m if|X|>m

353
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Then let B = Uxeaz 8X, S = 2BN R, B = (B, S). Thus B is a model of
Coquivs B < ¥, and each B-equivalence class contains at most m elements.
We now prepare to apply 21.12. Assume that X < B and |X| < m, and
also that ae A ~ B. Since a€ A ~ B, it follows from our construction that
|lalz] > m. Choose begla]l ~ X, and let s be the transposition (a, b).
Clearly 4 is an automorphism of % and /a € B. Hence by 21.12, B8 <, 4. [

Lemma 21.17. Let A be a model of Toquie, m € w ~ 1, and suppose that each
A-equivalence class has at most m elements. Then there is an m-basic model
B of Tequiv Such that B <, A

PrROOF. Let?d = (A4, R>.Forie{l,...,m}letC, = {X: Xe A/R, | X]| = i}.
Let f be a choice function for nonempty sets of subsets of SA4. For each
ie{l,..., m}let

gi=C  if|C|<m
gi=fZ: X <=C,|Z =m otherwise.

Then let B = Uscicm Uxeat Xs S=2BN R, B =B, S). Thus B is an
m-basic model of I, and B < A. Again we prepare to apply 21.12.
Assume that X < B and |X| < m, and also that ae 4 ~ B. Let |[a]p| = i.
Thus 1 < i < m by our assumption on 2. Since a€ A ~ B, it follows by
our construction that |C;] > m. Thus |gi| = m, and hence, since |X| < m,
there is a Y e gi such that YN X = 0. Let &/ map Y one-one onto [a],
h~t = h, h the identity outside Y U [a]z. Then 4 is an automorphism of

2A and ha € B, as desired. O

Lemma 21.18. If U is any model of Uoquiy and me w ~ 1, then there is an
m-basic model B of T equiy Such that B <, A.

Theorem 21.19. I, ., is decidable.
ProoOF. We first claim

If ¢ is a formula with at most m distinct variables, then ¢ € I'gquiy
iff @ holds in every m-basic model of I'eqyiy-

M

In fact, = is trivial, while < is an obvious consequence of 21.18.

Now the decision method runs as follows. Given a sentence ¢, determine
the number m of distinct variables occurring in ¢. Check through all .-
structures with universe <[m?@m + 1)]/2; there are only finitely many. For
each such Z-structure, check whether it is a model of I'yy,. This is possible
since D'equy is finitely axiomatizable. For each such model of Ty, check
whether ¢ holds. If it fails, then ¢ ¢ ['eqyy. If it holds for all of them, then
@ € Doquiv by (1) and 21.15. O

We now turn to the notion of model-completeness, a widely used notion
due to A. Robinson. First we give some general facts about this notion and
then we give two applications to proving theories complete.
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Definition 21.20. A set I' of sentences is model-complete if T is consistent
and for any two models 2% and B of I', 2A < B iff A < B (cf. 19.20).

We want to give some equivalent forms of this definition, and to this end
we need to discuss further universal and existential formulas, defined in
11.37 and 11.39.

Proposition 21.21. Let A be the smallest set of formulas containing all atomic
formulas and their negations and closed under the operations v, A and
Vo, for each i < w. Then for each ¢ € A there is a universal formula  with
Fve = Fviy and Fp & .

PrOOF. Let O be the set of ¢ for which there is such a . Obviously A € ©
since O is trivially seen to satisfy the above conditions on A. ]

The following proposition is proved similarly:

Proposition 21.22. Let A be the smallest set of formulas containing all atomic
formulas and their negations and closed under the operations v, A and
v, for each i < w. Then for each ¢ € A there is an existential formula
with Fv ¢ = Fv iy and Fp o .

Some trivial but useful properties of universal and existential formulas
are given in the next proposition:

Proposition 21.23. Assume that A < B, ¢ is a formula, and x € °4.

(i) if @ is universal and B F o[x], then AU k p[x];

(if) if @ is a universal sentence and ¢ holds in B, then ¢ holds in U;
(iii) if p is existential and % k ¢[x], then B F ¢[x];
(iv) if @ is an existential sentence and ¢ holds in U, then ¢ holds in B.

The following lemma on diagrams will be useful below.

Lemma 21.24. Let U be an L-structure, £’ an A-expansion of ¥, A the
L'-diagram of U, and T' U {p} < Senty. Assume that I' U Ak p. Then
there is an existential sentence  of L such that Ak and T’ Ff — ¢.

ProoF. By the deduction theorem for sentences, I' F y — ¢ for y a con-
junction of certain members of A. Let y’' be obtained from y by replacing
all of the new individual constants ¢, . . ., €ym-1, Occurring in y by new
variables v;, . . ., Uym—1)- Since N0 new constants appear in I, it is clear by
a simple semantic argument that I' k x" — @. Hence I" F 3v,5- - - 30,0 1)x = -
Obviously Jv,,- - -Jvym - 1)x" is existential and holds in 2. O

Lemma 21.25. Let T be a model-complete set in a language ¥, and let £’
be an expansion of £ by adjoining new individual constants. Then T is
model-complete in &"'.
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Proor. Let &' = (¥, [ )wex and B’ = (B, s, )kex be ZL'-structures which are
models of T" such that &’ = ®B’, where ¥ and B are the underlying .#-struc-
tures. Thus by the definition of substructure, A < B and /, = s, for each
ke K. Let ¢ by any formula of £’ and x € “A4. Let ¢, ..., Cim—1, be the
new individual constants occurring in ¢, let vy, . . ., U -1, be new individual
variables, and let ¢’ be the formula of .# which is the result of substituting
for ¢, ..., Cm—1, IN @ respectively v, ..., Uym-1)- Let yi; = I; for each
j<mandy, =x,ifhew~ {iy, ..., i,-1}. Then

A’ Ep[x] iff A Eog[y] iff A Fe[y]
iff Bk ¢'[y] (since I' is model-complete in £)
iff B Fo'[y] iff B F ¢[x]. O

The following kind of formula plays a special role in the theory of model-
completeness.

Definition 21.26. A formula o is primitive if it has the form 3v,4- - - 3v;n - 1),
where ¢ is a conjunction of formulas of the form Rv;o- - v -1y, U; =05,
Ovjo- + *Vjn_1) = Vjy, OT their negations.

Thus a primitive formula is a special kind of existential formula. Note
that the formula given by the proof of 21.24 is primitive.

Now we are ready to give our equivalent versions of the notion of model
completeness.

Theorem 21.27. Let I" be a consistent set of sentences in a language Z.
Then the following conditions are equivalent:

(i) T is model-complete;
(ii) for every model A of 1" and every A-expansion &' of £, I' U (&Z'-
diagram of ) is complete (hence the name model-complete);
(i) if A and ¥ are models of T, A = B, ¢ is a universal formula, x € “A,
and A E ¢[x], then B F p[x];
(iv) for any formula ¢ of & there is a universal formula ¢ of & with
Fvep=Fvyandl'Epe y§;
(v) if A and B are models of T', A < B, ¢ is a primitive formula, x € °A4,
and B E p[x], then U E ¢[x].

PRrROOF

(i) = (i). Assume (i), let 2 be a model of T', let £’ be an A-expansion
of &, and let A be I' U (&'-diagram of ¥). We shall show that any model
B’ = (B, I,),es of A is elementarily equivalent to A’ = (2, a),c4, Which by
19.2 shows that A is complete. By 19.10, / is an embedding of 2 into 3.
Hence by the definition of model completeness / is an elementary embedding,
so by 19.32, 8’ is a model of the elementary .#’-diagram of 2. In particular,
A = B'.

(i) = (iii). Assume (ii), and let A, B, ¢, and x be as in (iii), in particular,
assume that A F ¢[x]. Choose m so that Fve < {v,, ..., vy-1}. Let #’ be
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an A-expansion of Z, and let A be I' U (&'-diagram of A). Then (%, a),c, F
@(Cx05 - - -5 Cxim—1)> and (2, @)ec4 is @ model of A, so by (ii), A F p(ce, - - -»
Cxm—1))- But by 19.9 (B, a),., is also a model of A, 50 (B, @)gecs F P(Cxo5 - - -»
Cxm-1)- Thus B E ¢[x].

(iii) = (iv). Assume (iii). First we establish

) for any existential formula ¢ there is a universal formula ¢ such
that Fve = Fvdand T Fep e 4.

Indeed, let Fve = {v, ..., typm_1} With iy <--- < i,_;. Expand % to &’
by adjoining distinct new individual constants ¢, ..., ¢,_;, and let ¢’ =
SubfP- - - Subf@®™ -V, Finally, let A = {s: ¢ is a universal sentence in
&' and T' F ¢’ — ¢}. The following statement will be used to prove (1):

) I' U A U {—¢'} is inconsistent.

To establish (2), assume the contrary; then I' U A U { =¢'} has a model
A = (U, &)< Let £” be an A-expansion of .£’, and let ® be the #’-
diagram of ', To establish a contradiction yielding (2) we need in turn

3) TUOE .

To prove this, let B’ = (B, i, 12)i<m,aca be any model of I' U ©. Thus by
19.10, ¢ is an embedding of %’ into (B, s;); <m- Choose any x € °4 such that
x; = a; for each j < m. Since A’ F ¢/, it follows that A F —p[x]. Now ¢
is existential, so F—p <> i for some universal formula ¢ with Fv ¢ = Fv .
Thus U F[x]. Hence by (iii), B F[tox] hence B E —p[to x], hence
B’ k =¢'. Thus we have established (3).

From (3), a contradiction easily follows. Namely, by (3) and Lemma
21.24 there is an existential sentence 8 of %’ such that A’ F 6 and I' F 6 —
=1¢’. Hence I'.F ¢’ = =0. But F =1 0 & ¢ for some universal sentence ¢ of
Z',so I' Ep’ = & Thus £ is a member of our set A. Since 2’ is a model of
A, it follows that 2’ F £ and hence 2’ F —6, in contradiction to the choice
of 6. Thus (2) holds after all.

From (2) and the deduction theorem we obtain I' Fyfg A -+ A ¢, _; > ¢’
for certain o, ..., ¥, € A. But there clearly is a universal sentence p of
&' such that ko A --- A ¢, _, > u. Also, the presence of i, ..., d,_; in
A means that I' F ¢’ —; for each i < m. Hence I F x> ¢'. Replacing
€os -« -5 €n_1 DY Vo, - - -, Uy - 1, (after perhaps changing bound variables in w),
an easy semantic argument then yields (1) for our formula .

To prove the full result (iv) involves a simple induction on ¢; the atomic
case and the passages using v, A, and Vu; are trivial, while for the passage
using = one uses (1).

(iv) = (i). Assume (iv). Let 2 and B be models of I" such that A < B,
let x € “A, and let ¢ be any formula. By (iv), let 4 be a universal formula
such that Fv ¢ = Fv i and I" F p & 4. Then

Bk p[x] implies B FY[x] (since B FT) implies A EPH[x] (by
21.23(7)) implies AU F ¢[x].
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(Zii) = (v). Trivial.

(v) = (iii). To prove this implication, it suffices to establish the following
quite general logical fact: for any existential formula ¢ there is a system
{1 1 < my of primitive formulas such that ke <> \/; ., ¢;. The procedure
for showing this is similar to our method for eliminating operation symbols
in Chapter 11; see 11.26. Namely, ¢ has the form v, - -3v;n - 1,9', Where
¢’ is quantifier-free. Now we may assume that ¢’ is in disjunctive normal
form, and

the atomic parts of ¢’ have the forms Rv;o- - v, 1, OF
Ovjo- * *Vjin-1) = Ujn.

“4)

This is easily seen from the following logical validities, where «q, . . ., ¢, _1, 8
are new variables:

ERog: - rop_1e»Jag T, _(Rog -0y y Aog=og A+ " A 0p_y = 0ty_q);
F=Roy---0,_; >3y -Fo, _1(Reg: - 0,1 A 0g
o A A =y g);

Fe=re3PBoc=B A 7=Ph);
Frafo=7)ePBo=F A (r=h));

FOoy: -0, =B eIy - Ty 1(Oeg- - -, =8

AGy=og A" A Oy =0y_1);
E(Oog- - 0py =B) > Fog- - -Fay 1 (00 - -0ty =B
AGy=og A" A Oy = 0tp_q).

From (4), making use of the validity Fe(p v ) <> Jap v Jeip, our logical
fact above follows. O

By 21.27(iv) we see that model completeness is related to elimination of
quantifiers: quantifiers can ‘““almost” be eliminated. In the exercises it is
shown that a theory can be model complete without being complete, and
complete without being model complete. We now turn, however, to con-
ditions which, when added to model completeness, give completeness. These
conditions are important in their own right.

Definition 21.28. 2 is a prime model of T" if 2 is a model of I and 2 can be
embedded in any model of T'.

Proposition 21.29. If ' is model complete and has a prime model, then T is
complete.

ProoF. Let % and B be any two models of I'; we show that A = B. Let €
be a prime model of I". Thus there are embeddings f and g of € into A and
B respectively. Since I' is model complete, f and g are actually elementary
embeddings. Hence A = € = 3. O

Definition 21.30. A theory I' has the joint extension property if any two
models of I" can be embedded in a model of I'.
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Chapter 21: Complete Theories

The following proposition is proved just like 21.29:

Proposition 21.31. If I is model complete and has the joint extension property,
then U is complete.

As our final theoretical result concerning model completeness, we shall
use the concept to give a highly useful purely mathematical condition for
completeness.

Theorem 21.32. Let I" be a theory satisfying the following two conditions:

(i) if ¥ and B are any two models of T, then every finitely generated sub-
structure of U is embeddable in B;

(ii) if % and B are any two models of I', A < B, and B’ is a finitely generated
substructure of B, then there is an embedding f of B’ into A such that
f1ANnB =1} ANnDPB.

Then T' is complete.

Proor. First we show that T' is model-complete; to prove this we shall
apply 21.27(iii). Assume, then, that % and 3 are models of ', A < B, x € “4,
@ is a universal formula, and not (B F ¢[x]); we want to show that not
(A F p[x]). Say ¢ = Yv,o- - - V-1 With ¢ quantifier free. Then there is a
y € ®B with not (B Fy¢[y]) and y; = x; for all jew ~ {i, ..., in_,}. Let
M = {y,;:v; occurs in ¢}, and let B’ be the substructure of B generated
by M. Choose z € “B’ with z; = y; whenever v, occurs in ¢. By our assump-
tion (if), there is an embedding f of ¥’ into o such that f{ AN B =11
A N B'. Since ¢ is quantifier-free, B’ E —uf[z] and so A F —f[f-z] and
A E =p[fo z]. Since (f°z), = x; for v; occurring free in ¢, A F —pfx], as
desired.

Now to show that T' is complete it suffices by 21.27(iv) to show that if
a universal sentence holds in one model of I' then it holds in any model of I
Let ¢ = Vvyo---Voym_1¥ be a universal sentence, with ¢ quantifier-free;
suppose that 2 and B are models of I' and % F —p. Choose x € “A4 such that
A F =p[x], and let %’ be the substructure of 2 generated by {x; : v; occurs
in ¢}. We may assume that x € ®4’. By our condition (i), let f be an embed-
ding of &’ into B. Then A’ F —[x], hence B F =p[fo x], hence B F —g. []

We finish this chapter with two important examples of complete theories
proved via model completeness: the theory of infinite atomic Boolean
algebras, and the theory of real-closed fields.

To fix the notation for the logical theory of Boolean algebras we intro-
duce the following definitions.

Definition 21.33
(i) Pea is a first-order language for Boolean algebras; the only non-
logical constants are 4, -, =, 0, 1, operation symbols of ranks 2, 2, 1,
0, O respectively.

359



Part 4: Model Theory

(ii) T'ga, the theory of Boolean algebras, has as axioms the formal
sentences corresponding to the axioms given in 9.3.
(iii) 4, is the following formula of Z5,:

(o =0) A V0,(v1°0 =v; >0, =0 VvV v; = vg).

Thus Fv ¢, = {v,} and for any BA ¥, 1¢% is the set of all atoms of .
(iv) T4, is the extension of I'y, with the additional axiom

Vo,{ (v, = 0) = Fvg[@ar(vo) A vov1 = 1]}

Thus 2 is a model of T, iff A is an atomic BA.
(v) 'Y is the extension of I'y, with the following additional axioms
(foreach me w ~ 1):

vy - Aoy, /\ =(v; = v,).
i<j<m
Thus 2 is a model of I iff U is an infinite atomic BA.
(vi) %, is an expansion of %, obtained by adjoining a new unary
relation symbol P.
(vii) oIy (resp. oI'%y) is obtained from I'y, (resp. I'%) by adjoining
the following sentence as an axiom:

Vuo[Pro & @ar(vo)]-

It is obvious that (%, ol'a¢) 1s a definitional expansion of (Fga, [ar),
and (., oI'y) is a definitional expansion of (F3,, I'sy). We shall actually
show that (I'g; is complete, from which the completeness of I' is clear.
To prove (I'g, complete we apply 21.32, which shows that ,I'g; is also model-
complete (see the proof of 21.32). It is easy to see that I'g; itself is not
model-complete (see Exercise 21.47). The trick of adding a defined symbol
to convert a theory into a model-complete theory is rather common.

Theorem 21.34. The theory of infinite atomic Boolean algebras is complete.

Proor. As indicated above, it suffices to use 21.32 to show that ,I' is
complete. First we verify 21.32(i). To this end, let (%, P) and (B, Q) be
two models of ,I'g, and let (2, P’) be a finitely generated substructure of
(4, P). By exercise 9.65 we know that A’ is finite, so by 9.29 2’ is atomic.
Let ao, . . ., a,_, be all of the atoms of U’; say a,, ..., a,_; are also atoms
of A, while a,, ..., a,_, are not atoms of A. Thus n = 0 is possible, but
n < m, since otherwise aq, ..., a,_; would be all of the atoms of A and
hence, as is easily seen, & would be finite. Let Ry, ..., R,_, be a partition
of Q into nonempty sets such that |Ro| =---= |[R,_1| =1, [R,| =-+-=
[Rn-2] =2, and hence |R,_,| =|Q| = R,. For each j<m—1, let
b, =2, erjx,and let b,_; = —(by +-- -+ by_3). Then

) byb,=0 ifj<k<m
(2) Zi<mbi = 1.
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Now for any x € A’ we set fx = Z {b, : a; < x}. It is easily seen that fembeds
A’ into B. We have to also check that f preserves P. For any x € 4’,

xeP’ iff xeP iff x is an atom of A
iff 3j <n(x=a) iff fx is an atom of B
iff fxe Q.

Thus 21.32(¢) holds.

To verify 21.32(ii), assume that (%, P) and (B, Q) are models of I'%,
that (2, P) < (B, Q), and that (B’, Q') is a finitely generated substructure
of (B, Q). Thus, again, ¥’ is a finite BA. Now 4" = A N B’ is the universe
of a subalgebra A’ of A. Let aq, ..., a,_, be a list of all of the atoms of ',
Then by 9.34 we have X, _,, @; = 1. Hence by 9.44 we have:

3) A2 Picndla; U 2 Picn ¥ [a;B 2 Picn B [ a;, and
B =Picn ¥ | a.

Now

@

For, let i < m; there are then two cases which present themselves.

Case I. 2} a is finite. Then U | @; is atomic; let e,, ..., e,_; be all of
the atoms of A | e;. Thus A F g,[e;] for each j < n,soe; € P < Q and hence
e, is an atom of B. Also, Z;., e; = a;. Hence B [ g; is also an atomic BA
with exactly n atoms. Therefore 2 | a; >~ B | b,.

Case 2. A | a; is infinite. Then B [ a; is also infinite; and both A | g,
and B | g, are atomic.

Hence (4) holds. By (4), for each i < m the BA ¥’ | a; can be embedded
in A | a;. Hence by (3) B’ can be embedded in U so that elements of B’ N A
are fixed. O

for each i < m, either A | a; ~ B | g, or else both A | a, and
B | a; are infinite atomic BA’s.

Now we turn to the theory of real-closed ordered fields. We shall estab-
lish the famous result of Tarski that this theory, too, is complete. We assume
only a knowledge of real-closed ordered fields such as is found in van der
Waerden. The language % which we deal with has operation symbols <,
., =, 0,1 of ranks 2, 2, 1, 0, O respectively, and a binary relation symbol <.
We begin with a purely algebraic lemma not found in van der Waerden.

Lemma 21.35. Let U be a real-closed ordered field and let A(b) be a simple
transcendental ordered extension of U; denote the order of AMb) by <.
If < is any order on A(b) which makes it into an ordered field, and if Va € A
(a<besa<b),then < = <.

Proor. It suffices to show that 2(b) has the same positive elements under

< and <, since a < ¢ iff 0 < ¢ — a and similarly for <. Note that for

anya€ A,

b<a iff not(a < b), since a # b;
iff not(a < b), by assumption;
iff b < a.
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Now consider any nonzero element ¢ of A(b). We may write

¢ = a[f(b)/g(®)],

where a € A and f(x) and g(x) are monic polynomials over . Since 2 is
real-closed, f(x) and g(x) split over 2 into linear -and quadratic factors; say

f=1]&-ada)]]hrx,

i<m j<n
g0 =T] & —e)]] k),
i<p i<q

where d,, e; € A and h(x), k,(x) are monic irreducible quadratic polynomials
over . Now we claim

¢y hib) >0 for each j < n.
For, write h,(x) = x2 + ux + v. If se A and s > |u| + |v| + 1, then
sS24+us+v=s(s+uwy+v>s+v>0.

Thus 4,(s) > 0. Since A, has no roots in 2, it follows by the Weierstrauss
Nullstellensatz that Ay(s) > O for all s € A. Now write A, (x) = (x + $u)® +
v — 1u?. Then

0 < hi(—3u) =v — P

From this it follows that Ab) = (b + $u)® + v — Ju? > v — }u® > 0, as
desired in (1).
Similarly to (1) we have

(2) h(b) > 0foreachj < n; ki(b) > 0 and k;(b) > 0 for each j < gq.

But from (1) and (2) it follows that the positiveness of f(b) in the < sense
is determined by the order of b among the d; in the < sense, and similarly
for < and for g(b). The order in 2 is unique, so the lemma follows. O

Recall that the ordered field of real algebraic numbers can be embedded
in any real-closed field. Thus by Proposition 21.29 we only need to show
model-completeness:

Theorem 21.36. The theory of real-closed ordered fields is model complete
and hence complete and decidable.

Proor. We shall apply 21.27(v). To this end, let A and B be real-closed
ordered fields with % = B; assume that x € 4, ¢ is a primitive formula,
and B F¢[x]; we want to show that AF ¢[x]. Say ¢ is the formula
Fv,0- - -Avym - ¥, With ¢ quantifier free, as in 21.26. Say B F¢fy], where
x; = y; for all j¢{i,, ..., in—1}. Let B’ be the subfield of B generated by
AVY {Jios - - +» Vim-1y3- Then, course, B’ has finite transcendence degree
over U. Let b, ..., b,_, be algebraically independent over U in B’, with
¥’ an algebraic extension of A(by, ..., b,-;). Now we define a sequence

362



Chapter 21: Complete Theories

€y, . . ., €, of subfields of B. Let €, = A. Having defined €,, let €, be the
real-closure in B of €(b;). Thus €,..., €, are real-closed ordered fields,
€ =9A ¢ <= ---< €, ¢, ., has transcendence degree one over €;,, and
€, F¢[y]. We show by (downward) induction that €, F ¢[x] for each i < n.
This is true for i = n; now assume it true for 7 > 0, and we prove it for
i— 1.

Let %’ be a C;_;-expansion of %, and ¥” a {b;_,}-expansion of .¥".
Let X = C;.; U{b;_,}. Let I" be a set of axioms for real-closed ordered
fields (in ), let A be the #’-diagram of €;_;, and let ® be the set of all
sentences

C, < Cyu_1) forzeC,_;, z < b;_4,
Coi-1 < €, forzeC,_, b,_1 < z.

Let ¢’ be ¢ with each free variable v, replaced by c,;. We now claim
Q) FTrUVAU®EY.

In fact, let (9, 1,),.x be any model of ' U A U ©. Then by 19.10,/ | G;_, is
an isomorphism of 2 onto a subfield € of ®. Clearly /,;_;, ¢ E, and both €
and ® are real-closed, so I,;_,, is transcendental over €. Now /| C;_,
extends to a field isomorphism ¢ of C,_,(b;_;) onto €(/,;_1,), and, since
(®, I).ex is a model of O it follows that ¢ is also an order isomorphism.
Therefore, ¢ extends on up to an (order-) isomorphism between C; and the
real-closure § of €(l,;_)) in ®. Thus (&, L)..x F ¢’ and hence, since ¢’ is
existential, (9, 1.),.x F ¢’ also. Thus (1) holds.
From (1) we obtain

(2) F'vAEk X —> (p',
where x is a conjunction of members of ®. Say x is the sentence

/\ (€a < Ci-1) A /\ (Cri-1) < €4).

aey aez
Since ¢, -1, does not occur in formulas of I' U A U {g'}, it follows from (2)
that
3 PUAFI[A (o <v0) A A\ (0 <€)l >

acy aez

But (€, 2),.x F¢foreach ¢ € 0,50 (€, 2),ex F Acey Abez (€2 < ¢,). Further-
more, the ordering of €,_, is dense, so there is a de C;_; such that
VYae YVbeZ(a < d < b). Hence from (3), ' UAE¢'. It follows that
€;_1 Folx]. O

Since the reals are the most important example of a real-closed field, it
follows from 21.36 that the theory of the ordered field of real numbers is
decidable. This has many practical consequences, since many practical prob-
lems in mathematics can be so formulated as to apply this decision procedure
or some of its consequences.
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EXERCISES

21.37.

21.38.

21.39.

21.40.

21.41.

21.42.

21.43.
21.44.

21.45.
21.46.
21.47.
21.48.
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Give an example of a theory which has infinite models, is categorical in
some power > |Fmlag|, but is incomplete.

Construct an incomplete theory T in a language with R; symbols such
that T' has only infinite models, I' has denumerable models, and I is
N,-categorical.

Using the Los§—Vaught test, show that the theory of dense linear order
with first and last elements is complete and decidable.

Let .Z be the language with nonlogical constants s and 0, unary and
O-ary operation symbols respectively. Let I" be the theory with the follow-
ing axioms:

Yo 71 (svo = 0)

VooVui(sve = sv; —> v == v1)

Vv, —1 8™ = 1, foreachnew ~ 1,
Vool mwo = 0 — Jv(sv1. = vo)].

Using the Lo§-Vaught test, show that T" is complete and decidable (cf.
Chapter 13).

Show that the theory of one equivalence relation is not m-categorical
for any m > 1.

The theory of algebraically closed fields is model complete but not com-
plete.

The theory of dense linear order is decidable.

The theory of discrete linear order with first but no last element is com-
plete and decidable. Hint: the axioms are:

Linear order

First element

No last element

VooVvi[ve < v —> (v, immediately follows vo) A Jva(v; immediately
follows v3)]

Take a definitional expansion (#Z, I') with 0 and s. Show that I'" is model-
complete and has a prime model.

The theory of infinite atomic BA’s is not m-categorical for any infinite m.
The theory in 21.44 is not m-categorical for any m.
The theory of infinite atomic BA’s is not model-complete.

If T' is complete, then I has the joint extension property.



The Interpolation Theorem

In this chapter we shall prove several theorems which involve, loosely
speaking, elimination of superfluous notions. These results are considerably
deeper than the similar sounding facts exposed in Chapter 11, and the
reader would be well advised to review that chapter before beginning this
one. The theorems of this chapter are based on the following fundamental
theorem.

Theorem 22.1 (Craig’s interpolation theorem). Let ¢ and i be sentences
such that ko — . Then there is a sentence y such that:

() Fp—>x and Fx — i;
(ii) every nonlogical constant occurring in y occurs in both ¢ and .

Proor. Clearly we may assume that the underlying language % is countable
(i.e., that [Fmlag| = X;). We shall use the model existence theorem (Corol-
lary 18.12). To this end, let £’ be an expansion of % rich by C. Now for
each sentence y of .Z let

I', = {0: 81is a sentence of .#’, and the nonlogical constants of ¥
which occur in 8 also occur in y}.

Let S be the collection of all A < Sentg. for which there exist finite subsets
®,<cI'yand ©; < I'y, such that A = ®, U 0, and for all o, y; €T, N T,
if EA®y—>x,and F A ©®, > y,, then xo A x; has a model. We shall now
establish (C1)-(C9) of 18.4. So, assume that A e S, with ®, and O, as
above.

(C1). Suppose 0 is a sentence of £’ such that 8§, m6e A. If 8, =0 e O,
let y, be the sentence =3vy(v, = v,) and let x; be the sentence Jvy(v, = vo).
Our assumptions above imply that x, A x; has a model, contradiction. The
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assumption 8, =8 e 0, similarly gives a contradiction. Now assume that
6 e ©®, and =0 e O,. It follows then that §, =8 I', N Iy, and our assump-
tion on ©,, ®, then implies that 8 A =6 has a model, contradiction. Simi-
larly, 6 € ®, and —8e O, gives a contradiction. Thus there is no such
sentence 0 that 8, -6 e A,

(C2), (C3). These conditions are obvious.

(C4). Suppose that 6, v 8, € A; say, without loss of generality that
0, v 6,€ 0, Let Op = 04U {6} and Op = Oy U {#,}. Assume that
O,U 0, ¢S and OyuU O, ¢S. Then there exist xo, X1, X0, X1 € Lo N Iy
such that F A Og—> x5, EA Oy > x1, FA 05 —>x5, EA 0, > x;, while
Xo A x: has no model and xg A x; has no model. Thus F A Oy A 8, > xo
and F A Oy A 0; = xg, SO, since 8, v 0, € O,

ey EA ©g=>xo V Xo-
We also have
FA O1—>x1 A X1,

so by (1) and our choice of ©,, ®; we infer that (x; V xo) A (x1 A xi) has
a model. This contradicts the fact that neither x5 A x1 nor yg A x1 has a
model.

(CS) This is obvious.

(C6). Assume that Jef € A. Choose ¢ € C so that ¢ does not occur in
A®y A A 0;. Say without loss of generality that 3a«f e ®, Let O =
@, U {Subf? }. We claim that @, U ©, € S (as desired). To prove this,
assume that we have yo,x1 €, N Ty E A @y = {Subf?0 — xo} and F A
®, = x;. We may assume that « does not occur in x, A ¥;. Let xo A X}

be obtained from y,, x; respectively by replacing ¢ by «. Then we easily
obtain

EA 0y — Joyg, EA 0 > Vayi.

Hence Jax, A Vey; has a model. Such a model obviously yields a model of
Xo A X1, as desired.

(C7). This is obvious.

(C8). Suppose that c e C, 7 is a primitive term, and ¢ = 7, Subf%f e A.
If both ¢ = r and Subf?fe @, or both € ®,, the desired conclusion is
obvious. So suppose, say, that ¢ = r€ ®, while Subf?de ©,. Let 0] =
0, U {Subf?6}. We claim that ®,U 0] € S. To show this, assume that
xoox1 €Lo N Ty and F A Oy > xo, EA 07 > x;. Thus F A 0; — (Subfid
— y1)- Hence

2 FAG®y—>c=17 A xo,
3) EA O >(c=7—>x).

Since we may assume that « occurs free in 8, it follows that = occurs in
Subf?. Thus since c= 7 O, and Subf?fe O, it follows that c=r¢€
I', N Ty. Hence from (2) and (3) we infer from our choice of ®; and 0,
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that (c =17 A xo) A (c = 7— ;) has a model. It is clearly also a model of
Xo A Xi-

(C9). Let 7 be a primitive term. Let ¢ € C be such that ¢ does not occur
in7orin A®, A AO;. Let O5 = 0, U {c = 7}. Suppose xo, x: €, N T,
and E A 05 —=>xe, FA 0; —>x;. Then E A 0y = (¢ =7 — yx,) and hence
we easily obtain F A 0y = (Je(e = 7) = Jaxp) and F A O, — Vayi, where
« is a new variable and yg, x; are obtained from y,, x; by replacing ¢ by «.
Since Flo(x = 7), it follows that F A Oy —> Jay,. Hence Jax, A Voy; has
a model, which easily yields a model of x, A x;.

Thus we have checked (C1)-(C9) of 18.4. Now our assumption, that
Fp — ¢, implies that {p, =} does not have a model. Hence by 18.12,
{®, =} ¢ S. Thus there exist xq, x; € I', N I'y such that kg — x,, F 4 —> x4,
while y, A x; does not have a model. Thus F—1y; = ¢ and Fy, — —xy, sO
Fp — xo and Fy, —> . Let ¢y, . . ., ¢, be all of the members of C occurring
in xo. Then clearly there exist new variables «, . . ., &, _; such that

Fo = Voo - - Ve, _1x0
I'-VO‘O' ’ 'Vam—1X6 - ‘/I

where x, is obtained from yx, by replacing ¢, ..., Cn_y bY &g, ..., 0tpn_1
respectively. O

The next theorem is of an entirely different character from the interpola-
tion theorem. According to this theorem, if one conservatively extends a
given theory in two different ways, the two ways are consistent with each
other.

Theorem 22.2 (A. Robinson’s consistency theorem). Assume that %,, %,
Loy L3, Lo, T'1, Ty are given satisfying the following conditions:

() %, L4, &, &5 are first-order languages; &, and ¥, are expansions of
o, and %5 is an expansion of both &, and Ly,
(it) any nonlogical symbol common to £, and %, is a symbol of %,.
@#ii) Ty, I'y, I'y are consistent theories in %,, £, &, respectively;
(iv) T'y and T, are conservative extensions of T,.

Then I'; U T'; is consistent.

The various assumptions in the hypothesis of 22.2 are indicated in the
following diagram:

(Fl PZ"‘%
PR

Ty, £) (Fs, &)

\(PO’ "Z.’))/

PROOF. Suppose that I'; U I'; is not consistent. Then, by the compactness
theorem, there are finite subsets A; and A, of I'; and T, respectively such
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that A; U A, has no model; and we may assume that A, # 0 = A,. Thus
we have

FAA > V{p:pel,},

and hence by (i) and the interpolation theorem there is a x € Sent %,
such that

EAA =y and Fx—=>V {7p:pei,l.

Hence x e I'; and F A A, = -1y, so -y € I'y. But then by (iv), x, -y € [,
contradicting the consistency of I'y (condition (iif)). N

Note that if I'y is complete, then condition (iv) in 22.2 follows from (iii).
It is of some interest that we can easily derive Craig’s theorem from Robin-
son’s theorem. In fact, assume that Fp — . Let %, %), %, -Z; be respec-
tively the logics with nonlogical constants those occurring in (1) both ¢
and ¥, (2) ¢, 3) ¥, (4) p—>¢. Let I' = {0 € Sent g, : Fp — 6}. Now we
claim

¢)) I' U { 4} does not have a model.

For suppose, on the contrary, that I' U { =/} has a model 2 (an %,-struc-
ture). Let A = {f# e Sent g, : 6 holds in A}, Then A is a complete theory
in %, and A U {—} has a model (namely ). If A U {¢} had a model,
A. Robinson’s consistency theorem would yield a model of A U {p, =},
contradicting Fe — 5. Thus A U {¢} has no model, so by the compactness
theorem Fep — \/;., —x; for some m e w and some y e ™A. Hence
Viem €T, 50 Vi —x; holds in 2, which is impossible.

Thus (1) holds. By the compactness theorem, F A;., x; = for some
n € w and some y € "I'. Clearly also Fp = A;., x;, as desired.

Another application of Craig’s theorem is in the theory of definition.
This application is in proving a converse of the following easy and classical
result, which is frequently applied to show that certain notions cannot be
defined in terms of others.

Theorem 22.3 (Padoa’s method). Let T be a theory in a language ¥, and
let @ be a nonlogical constant of £. Suppose that A and B are two models
of T such that A = B, 6% = 6% for any nonlogical constant ¢ # =, while
¥ #£ 1B,

Then = is not definable, with respect to T, in terms of the other non-
logical constants of £. That is, there is no theory A, in the reduct ' of &
obtained by deleting w, such that T is a definitional expansion of A.

Proor. We take the case of a relation symbol =; operation symbols are
treated similarly. Suppose there is such a theory A, and let ¢ be a possible
definition of =, with I' F Vv, - Vv, _(mvy: - - 0p_ 1 & @). (See Definition
11.29.) Then for any x € ™4, x e n¥ iff A F ¢[x] iff Bk p[x] (since ® does
not occur in @) iff x € ®®, so *¥ = =©B, contradiction. O
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Here is an application of Padoa’s method. Let I' be the theory of the
structure {Z, + >, i.e., I' = {p: ¢ is a sentence and ¢ holds in (Z, + >}. Then
< is not definable in T'. To prove this, let I'' be the theory of {Z, +, <>.
Then {Z, +, > is also a model of I'", since { —x : x € Z) is an isomorphism
from {Z, +, <) onto {Z, +, > ). It follows by Padea’s method that < is
not definable in I,

Beth’s theorem is the converse of Padoa’s method. It is a kind of com-
pleteness theorem in the theory of definition.

Theorem 22.4 (Beth’s theorem). Let I' be a theory in £, and assume that =
is a nonlogical constant of ¥ such that

(i) if A and B are two models of T such that A = B and o® = &® for any
nonlogical constant o # =, then n¥ = n®,

Then = can be defined in terms of the other nonlogical constants, i.e.,

(ii) if &' is the reduct of & obtained by deleting =, then there is a theory A
in &' such that (I, L) is a definitional expansion of (A, L').

Proor. First we treat the case in which = is a relation symbol, say of rank
m. Expand £ to £* by adjoining a new m-ary relation symbol S and indi-
vidual constants ¢, ..., ¢,_;. Let ©® be obtained from I' by replacing =«
by S in each sentence of I'. We then claim

€)) Fru®Frey €1 —>SCy - Cp_iq.

Indeed, let B = (2, R, S, a;); «., be any model of I' U ©, with A the under-
lying #’-structure, =® = R, S® = §, and ¢f = q; for each i < m. Clearly
then (¥, R) and (¥, S) both are models of I'. Hence by (i) R = S, so
TCo+ * *Cp—_1 —> SCy- - €, _; holds in B. Thus (1) holds.

By (1) there are finite subsets I'" and ®’ of I" and ©® respectively such that

I"U O Ercy-Cpn_1 =>SCy - "Cry.

Let y and 6 be the conjunctions of all members of I and ®’ respectively.
Thus {y, 0} Emcy- - -cp—1 = Sep- - -€,,_ 1, and hence we easily obtain

Fy A mcy- - €Cp_y > (0 —>Scq- - -Cp_y).

Note that the sentence y A mcq- - - ¢, _, does not involve S, and the sentence
#—Scy- - -¢,_, does not involve w. Hence by the interpolation theorem
there is a sentence ¢ not involving = or S that the following two conditions
hold:

@) Ey A mCo- - -Cpoy —> &
3) FE— (0 —>Scy- - -Cp_1).

Next we claim
G IFEmcy---Cp_1 6 &
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In fact, " Exmey- - ey = & by (2), since y 1s a conjunction of members
of I". To prove the converse, suppose B = (2, R, a;); <, 1s any model of
I"u {€, where 20 is an #’'-structure, ®® = R, and ¢® = «; for all i < m.
Let € be the expansion of B to an .#*-structure with S€ = R also. Clearly ¢
is a model of I' U O U {£}. Since 8 is a conjunction of members of 0, it
follows that € k 4. Hence by (3), € F S¢q- - -¢,, 1, and hence € Fmey- - ¢, 5.
Thus B Fmeey- - -¢,,_ 1, as desired: (4) holds.
From (4) we infer that

(5) I'EVoy- - Vo, _(Ttvg: - U1 o &),

where ¢’ is obtained from ¢ by replacing ¢y, ..., ¢,_; by vo, . . ., 0, _; TESpPEC-
tively, after changing bound variables to avoid clashes. Now let IV =
{6 e Sentgy, : ' E 8}, and let ¢ be the sentence of (5). It remains only to
show that 1" U {p} axiomatizes I'. Obviously I U {¢} < I'. Recalling the
proof of 11.30, we easily show

for any formula ¢ of .Z there is a formula " of ¥’ with the same

©) free variables as ¢ such that {g} F i <> ",

Now if ¢ € I', choose by (6) a sentence 4" of £’ such that {¢} F e ¢’. By
(5), ' E4', so " € I by the definition of I'". Hence I'" U {¢} F ¢, as desired.
This completes the proof in case 7 is a relation symbol.

The case of an operation symbol = is similar: we begin by adjoining
an m-ary operation symbol O and m + 1 individual constants ¢y, ..., ¢,,
obtaining #*. Let © be obtained from I" by replacing = by O in each sentence
of I'. Then we obtain formulas y, 8, ¢ analogous to the above:

(1) Frv®Enc, ¢, =c¢,—>0c¢; - Cp_;=¢p;

(2) Fy A Ty - Cpoy = Cp —> &

3) FE—>(0—>0cy --cp_; =c,);

4 FEncy--cp_1=cpe &;

5) I'EVog- - Vo (rtvg: « - Up_y = vy > €).

It remains only to check the existence and uniqueness conditions for &.
But both conditions are clear by (5). O

As our final application of the interpolation theorem we shall discuss
the problem of independently axiomatizing theories.

Definition 22.5. A set of I' of sentences is independent if for every pe T’
we have not (I' ~ {¢} F p). A theory I is independently axiomatizable if
there is an independent set which axiomatizes I'.

Our goal is to show that every theory is independently axiomatizable.
The case of countable languages is rather obvious, and will be useful in
the general case:

Lemma 22.6. If T is a theory in a countable language, then 1 is independently
axiomatizable.
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ProoF. Write I' = {g;: i€ w}. For each icew let i§; be the sentence
/\i<i ¢; = ¢, where by convention #, is @,. Let A = {§; : not(F};)}. We
claim that A independently axiomatizes I'. Obviously I" F i, for each i, and
hence I' k x for each x € A. By induction on i it is clear that £ A;.; 4; = ¢,
for each /e w. Hence A F ¢, for each ie w. Hence I' = { : A F 4}, ie.,, A
axiomatizes I'. It remains to show that A is independent. First note:

e)) if i, b€ Aand i # J, then R, v ;.

In fact, suppose i < j. Clearly F = ¢; > A, .; @, and hence F =4, > ¢,
and F = 4; = ;. Thus (1) holds.

Now assume that y€ A and A ~ {yx} Fy. Thus F A\ ©® -y for some
finite subset © of A ~ {x}. But for each 6 e ® we have F§ v x by (1), so
F A® v x. Hence Fy, contradiction. L]

Lemma 22.7. Suppose I', A < Sentg and.

O IT| < |Al,and I’ A =0
(ii) for every p € A, not(I' U A ~ {¢} F p)

Then there is an independent set © which axiomatizes {p € Sentg :
v AEg.

ProoF. Let ¢:T">> A, Let ©® ={p A ,: 9’} U(A ~ Rngy). Then
obviously "'UA S {p: O F¢}, and O < {p: " U Ak ¢}, so ® axiomatizes
I'u A.

Now to show that O is independent, let y € ®, and suppose, to try to
reach a contradiction, that ® ~ {x} F y. First suppose that y has the form
o A i, where pe ' If €T and 6 # ¢, then 0 # ), since TN A = 0, so
(T'U A) ~ {,} FO; also ¢y # ,, so (I'U A) ~ {,} Eify; it follows that
(T'UA)~ {f,} EO A by whenever Oel, 0 # ¢. If 6 A ~ Rngs, then
0# g, and ("'VA)~ {,)EO Thus (I'UVA)~ { }FO for each fe
O ~ {x}, so, by our assumption that ® ~ {y} Fy, (I' U A) ~ {,} Fx and
hence (I' U A) ~ {§,} F 4,. This contradicts (if). If y e A ~ Rng ¥, a contra-
diction is similarly reached. O

Lemma 22.8. Let £ be a language with infinitely many nonlogical constants.
Suppose that T is a set of sentences in & satisfying the following condition:

(i) if e, mew ~ 1, €™, and there is a nonlogical constant
occurring in @ but not in \; <, i, then not(F N\, ., &; = o).

Then {p : I' E ¢} is independently axiomatizable.

PrOOF. Let £~ be the reduct of .# to all nonlogical constants occurring
in some sentence of I'. Now

if A < Sentg - independently axiomatizes {p € Sentg - : I" F ¢}

() in £, then A independently axiomatizes {p : I" F ¢} in Z.
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For, assume the hypothesis of (1). Then A k ¢ for each ¢ € I', so A axioma-
tizes {p : I' F ¢}. Obviously A is still independent in the .#-sense.

By (1) it suffices to show that {gp e Sente- : I' F ¢} is independently
axiomatizable. Thus, returning to the original statement of the theorem,
we may assume

(2) every nonlogical constant of ¥ occurs in some sentence of I'.

By 22.6 we still may assume that . has infinitely many nonlogical constants.
Let a well-ordering of I" be fixed, so that we can speak of the first member
of any nonempty subset of I'. Let m = |Fmlag|. Clearly m is the cardinality
of the set C of all nonlogical constants of .%, and it is also the cardinality
of T". Choose ¢ so that ¢:m —» C. For each sentence ¢ of .Z let Cop be the
set of all nonlogical constants appearing in ¢.

We now define a sequence (¢, :« < m, of sentences of I'. Assume that
B < m and that ¢, has been defined for all « < 8. Thus clearly |, <; Co,|
< m. Let d be the first nonlogical constant in the list ¢y, ¢;,... not in
We<s Cpo, and let @, be the first member of 1" in which d occurs. This
defines the sequence (¢, : o < m).

Next we define a sequence (A, : « < m)» of subsets of I, namely A; =
{fel: Cy < Cop,}, while for any 5 # 0 we set

Ap={gpel:Ch<= | Cp,and Ch N Cpy ~ |_J Co # 0.

a<f a<pB

Now we note some properties of the sequences ¢ and A. By induction on
B we clearly have

3) ¢z € U<y Cop for each 8 < m.
Hence it follows that
(4) U Cos = C.
B<m
®)) If <y < mthen AN A, =0.

For, if B < y < m and ¢ € Ay, then Cy < |, <z Cop,, while for each y € A,
we have Cx & Us<y Cpe 2 Ua<s Cpas 80 ¢ A,
© A, =T
B<m

For, < is trivial, so assume that s € I'. If Cy = O, then ¢ € A;. Assume that
C) # 0. By (4) we may choose y < m minimum so that C) € (s, Cop.
Note that y # 0 and y is not a limit ordinal, since 0 < |Cy| < X,. Say
y = & + 1. Thus C¥ & Ug<s Cpp. It follows that o € A,, as wished in (6).

For any B <m, let Ty = Cps ~ (Jy<s Cp,. Then the following two
conditions are obvious:

)] ifB<y<mthen7;,NT, =0;
®) UT,=c
B<m
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Since (7) holds, it follows that for any $ € I' the set {8: Cy N T, # 0} is
finite. This enables us to define, for any 8 < m,

Jp = N{p. e < Band Co; N T, # 0} — g

where if Cp; N T, = 0 for all « < 8 we understand that ; is the sentence
Voolvg = vg) = 5. If xeI' ~ {p,: « < m}, we define a sentence x' as fol-
lows:

X = Ndpgie <mand Cy N T, # 0} — x;

again, we let x’ be the sentence Vuy(vo =1v,) = x if Cx N T, =0 for all
« < m (this can happen, by (8), only if x has no nonlogical constants).

Let © ={fy:B<m}and Q={y:xel ~ {p,:a« < m}}. The rest of
this proof is devoted to showing that Q U © axiomatizes {g : I F ¢} and that
Q and © satisfy the conditions of Lemma 22.7; hence by that lemma, our
lemma follows. Obviously QU ® < {¢: I' F ¢}. By induction on g it is clear
that QU © k¢, for each 8 < m. Hence it follows easily that QU © Fy
for each ye I' ~ {p, : « < m}. Thus Q U © axiomatizes I'.

It remains only to check the conditions of 22.7. It is clear that ¢, € A,
for each B < m, and hence by (5) ¢ is one-one. Therefore ¢ is also one-one,
and hence |[Q] < |©]|. Furthermore, it is obvious that Q N ® = 0. To check
condition (if) of 22.7, assume that 8 < m and that (Q U O) ~ {@z} Ff,; we
shall reach a contradiction. By this assumption, there exist m, n € v and
ace™m ~ {B}), xe ™' ~ {g, : ¥ < m}) such that

) ;:/\ (/\{%:y < oz and Coy N T, # 0} = @u)
A /\(/\{%3y< mand Cy; N T, # 0} = x;)
_)(/\{qu:y < Band Cp; N T, # 0} = p)),

where for simplicity we ignore the case when some of these expressions
should be replaced by Vvy(vy = v,). We now construct a structure which is
not a model of the sentence in (9). Let I = {i < m: Cp,; N T; = 0} and
J={j<n:Cx; T, = 0}. Note that if y < 8 then Cp, N\ T; = 0, while
Coz N T,y # 0. Thus
Cos & U Cou U | Cx; U U {Coyiy < B,Co N T, # 0},
iel jeJ
It follows from assumption (/) of our lemma that there is an #-structure 2l
which is a model of the sentence
(10) /\(Pm’/\/\XiA/\{(P'y:'y<ﬁyc‘PBmTy7é0}A_"pB'
iel jer
Now if iem ~ I, then Cop,; N Ty # 0; since «; # B it is clear that 8 < o,
and hence 2 is a model of the sentence

(1 “‘/\{(py:y<aiandC<paiﬂTy;é0}
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for each i e m ~ [. Similarly, 21 i1s a model of the sentence

(12) “ Afp,:y <mand Cy; N T, # 0}
for each jen ~ J. Thus 2 is a model of all of the sentences in (10), (11),
(12). This contradicts (9). ]

Theorem 22.9. (Reznikoff). Every theory is independently axiomatizable.

PROOF. Again, we let Cp denote the set of all nonlogical constants occur-
ring in . By 22.6 we may assume that our language has infinitely many
nonlogical constants. Let I' be a theory. We define (A, : i < w) by recursion:

A, = {q;e r: not(U A, F(p) and |Cg| = n}

Let A, = U<, Ai. Then A, axiomatizes I'. This follows from the following
obvious fact:

ifpel and |Ce| = n, thenUAihp.

This fact also implies that
(N ifpe A, yeT,and |Cx] < |Cy|, then not(Fy — ).

Now to show that I' is independently axiomatizable, it suffices to show
that A, satisfies the condition (/) of Lemma 22.8. Hence assume that ¢ € A,
mew~ 1, ye™\,, Cp £ C Nicn i, while F A\;.,, b = @. By the inter-
polation theorem let y be a sentence such that ¥ A;., ¢; > x, Fx = ¢, and
Cx € CoNC Aicnih. Since Cp &£ C Ajcn i, it follows that Cx < Co
and hence |Cx| < |Cop|. This contradicts (1). So the condition (/) of 22.8
holds, and 22.8 implies that I' is independently axiomatizable. O

EXERCISES
22.10. Prove the interpolation theorem for formulas ¢, ¥ and y.
22.11. Let ¢ be the sentence
FooVvi(vy = v V v1 = Oy vV v = 00v0,)
and let ¢ be the sentence
Vo = Roovg A VooV, Voo (Rogry A Ruyve — Rigre) = Ve = Rugy;.

Show that k@ — ¢, and find a sentence y involving only equality such
that kp — x and Fxy — .

22.12. Let ¢ be the sentence
VUovl71(L7o s Ul) A 31‘051;0
and let ¢ be the sentence

YvoSvy A VooV, (Rog e Rey).
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22.13.
22.14.
22.15.

22.16.

22.17.

22.18.

22.19.

Chapter 22: The Interpolation Theorem

Show that Fp — i, but there is no sentence y involving neither R nor
equality such that Fp — y and ky — 4.

Show that 22.2(ii) cannot be omitted.
Show that 22.2(iv) cannot be omitted.

Under the hypotheses of 22.2, show that I'; U I'; is a conservative exten-
sion of T'y.

Let %, Ty, &, T for i € I be given, satisfying the following conditions:
(i) %, and each %, are first-order languages, and %, is an expansion

of Z;

@if) for distinct i, j € I, any nonlogical symbol common to %, and %
is a symbol of %;;

@iii) T is a consistent theory in % (each ieI), and T’y is a consistent
theory in %;

(iv) for each i e I, T'; is a conservative extension of I',.

Show that (s I'; is consistent.

Let % be a language with nonlogical constants O (unary operation symbol)
and P (unary relation symbol). Let I' be the theory in £ with the follow-
ing axioms:

O is one—one

Yvo(O™o = vo = P1y), each new ~ 1,
where O™ is O repeated n times: Show that P is not definable in terms of
O in (Z,T).
For any structure ¥, give explicitly an independent axiomatization of
the diagram of Y.

If A is an infinite free Boolean algebra and I is an ideal of %, then I has
an irredundant set of generators. That is, there is a subset X of I which
generates I but is such that no proper subset generates I.
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* QGeneralized Products

In this chapter we want to present some interesting logical properties of
products. The proofs of the results use a very general notion of product,
which we shall develop only enough to obtain results concerning ordinary
products (but see the exercises). The idea of the generalization is to consider
two languages, one language for the factors and one somehow connected
with the index set of the product. A third language, for the product, is
derived from these. The basic definitions are as follows.

Definition 23.1. Let two first-order languages %,. and %4 be given.
Suppose that {(2;:ie I} is a system of %, -structures. For any formula
@ of %, and any fe “P,., A; we set

K3f={iel: % Folprof].

An %,., Zns-sequence is a sequence {p, o, ..., P> such that ¢ is a
formula of £, with Fve < {v,, ..., v,} and ¢, . .., ¢, are formulas of
Fac- Welet plp, o, . . ., b,> betheleastnsuchthat Fv \/, . 4 S {v,, - . ., v,
The sequence {g, ¥, . . ., ¥, is partitioning if the following formulas are
tautologies:

Vism '/’i;
@ A Y for i # j.
We suppose now that %4, and %4 each have only finitely many non-
logical constants, and then we fix upon an enumeration {,, ;, ... of all
Fracs Lma-sequences. In case %4, and %4 are effectivized, we suppose
that the associated sequence of Godel numbers ¢* %o, #*¢;, ... is recur-
sive, where g* is defined in the usual way. Let %4 be a first-order
language whose nonlogical constants are, for each n € w, a p,-ary rela-
tion constant R,, where p, = p{,.
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Chapter 23: Generalized Products

Now if we are given U as above and we are also given an .%,,, structure
B with universe SI, we define the generalized product € = P2, ¥;, which
is to be an %, q-structure. Its universe is P,.; 4;, while for each n € w,

RE = {fe Py 4, : there is a g € “Py; 4; such that f < g and
B FplKihg, - .., Kihglh
Where Zn = <‘P9 l,bo, ) ¢m>'

We will also assume below that %, is a language extending a language
for Boolean algebras, and that B is an expansion of the Boolean algebra
(SI, U, N, ~,0,1).

Before proceeding to the main theorem let us see how to conceive of direct
products as a special case of this notion. Let B be the Boolean algebra
(S, u, N, ~,0,I). Now ¢ = v, =1 is an &4 formula with Fv ¢ = {v,},
and, if S is an m-ary relation symbol of %,,, then ¢ = Svy---v,_, is a
formula of #,.. Thus (g, ) is an Z,., Fna-sequence, say (¢, ¥) = {,. Then
for any fe "Pyg; 4,

feRS  iff 3g € °P,; 4; such that f < g and B F p[Kg]
iff 3g € ®Pye; A; such that f < g and K¥g =1
Vi€ I(fo, - - oy faors) € SH.

Thus R is the same as the relation of P;.; ¥; corresponding to S. Similarly,
for an n-ary operation symbol O there is a p € w such that R is an (n + 1)-
ary relation of € which is identical with the n-ary operation that is the opera-
tion of P, ¥; corresponding to O (take p as above and ¢ = QOvg- - -v,_; = v,,).

Lemma 23.2. If (¢, $os...>¢¥n) is an La,, Fina-sequence then one can
effectively find a partitioning %4,,, Fing-sequence (x, b,, . .., 8,) such that
Fv Ai<m ¥ = FV Ai<n 0, and for any U and B as above, and f € “P,, 4,
BE@[KS, - - - Konf1iff BEXIKSS, - . ., K]

PrOOF. Let n =2"*1 — 1, and let ry,...,r, be a list of all subsets of

{0, ..., m}. Foreach k < nlet

0, = /\ i A /\ ;.

jerk jem+1)~rk

and set
x=0&v.:k<nler},...Bv.:k <n,mery)).

Clearly (x, 0o, . . ., 6,) is a partitioning %, ., Lqa-sequence and Fv A, . f; =
Fv Ai<. 6;. Now note that

B Ey[KLS, ..., KLSf] iff
BEJKESk<nOert,....,U{KES k<nmer}].

But it is easily seen that if / < m, then \J{KZf/:k < n,ler} = K2Zf, so
the desired equivalence follows. O
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The main theorem on generalized products is as follows:

Theorem 23.3 (Feferman, Vaught). Assume the notation above. Then for
each formula y of ZLyreq there is a partitioning %,., Linq-sequence & =
(p, o, . . -, ) With the following properties (for any system {U;:iel)
of Lac-structures and any ¥, q-structure B):

(i) v, is free in x iff it is free in some ¢;;
(i) € is effectively obtained from y;
(ii)) P12 F X1 B F plKTo, - . ., K]

Proor. We proceed by induction on y, where by 23.2 we do not have to
produce a partitioning sequence. First suppose that x is Ruvko: - - Ukon—1)-
Let £, = (@, Yo, - - -» ¥m). For each j < m let x; = $,(vio, - - -5 Vgon—1y)- Con-
sider the %, ., Fna-sequence (¢, xo, - - -» Xm)- We have, with € = PZ, ¥,

2%k x[f] iff (feos -+ s ficon-1) €RE iff there is a
g2 (fros - - -s Juon—1) Such that g € ®Py; 4, and B k p[KZg, . . .,
Kyngl

Now for each j < m, if g is as above, then

{iel: % kfpriogl

{iel: % Edylfrois - - > fuon—1il}
= {iel: % Fy[pr;of1}

= K%f.

Kig

Il

Thus, by the above,
PR: A Fx[f] iff BF@IKLS ..., Kinf]

Second, suppose that y is v; = vy, let ¢ be v, = 1, and let ¢ be v; = v,. Thus
(@, ) is an Fae, Lna-sequence, and

P2 % F x[f] iff f; = f iff Vie I(f;; = fu)
iff K% = iff B E o[K3f].

Now we proceed to the induction steps. Suppose that (g, Yo, ..., ¥,) is
correlated with x as in the statement of the theorem. Then (=g, ¢, .. ., ¥,)
is an Z,., Lna-sequence, and

PR % F ~x[f1  iff not(PR; % F x[f])
iff not(SB F ‘P[K%lof, RS ] Kilmf])
iff BF 9[K%f, . .., K3of].

Next, suppose that (g, ¥, . . ., ¥,) is correlated with y, and (6, 7o, ..., 7,)
with y,, as in the statement of the theorem. Then (p V (U1, - - -5 UVmen+1)s
Yoy - - +s Pms Tos - - -» To) 1S AN FHo, Lng-sequence, and it is straightforward to
check that it works for y, v x;. Conjunction is treated similarly.

Finally, suppose that a formula Vuv;y is given, and that a sequence
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L = (@, Yo, - - -» ¥m) is correlated with x (in particular, { is a partitioning se-
quence). For each k < m let u, be the formula v, and let 6 be the formula,

Youe1 Voumei[Onsr FUansr =1 A

Om+k+1Ome141 =0) A
k<l<m

Omtr+1°Uk = Unsscs1) > PUnss - o5 Vams1)]-
k=m

Thus (8, o, . - +» im) 18 an o, Fng-sequence. Now suppose that PR ¥, F
Vox[f]. In order to check that BFO0[KYf, ..., K¥._1,f], assume that
Jos ..., Jn € B forms a partition of I, and that J, < K% f for each k < m.
We now define g € P;; 4;. Given i € I, there is a unique £ < m such that
i € Ji, and hence i € K% f, which means that ¥; F w,[pr; o f]. Since w, = vy,
we may hence choose g; € 4; such that U; k4, [(pr; o f)};]. This defines g.
Thus for any i€ I, with k as above, ¥ F . [pr; of?], so i € K¥.f}. That is,
J. © K3.fi. Now since { is a partitioning sequence, it follows that
K% fi, ..., K3.f} is a partition of I. Hence J, = K3, f} for all k < m. Also,
P2, A; k x[fi], so by the induction hypothesis, B F ¢[Jy, . . ., J,,], as desired.

Conversely, suppose that B k 0[K%,f, ..., K% f], and let g € P;; 4;. Then
K%.f1 < K¥ ffor all k < m, and K3 f} is a partition of I, so the definition
of 8 yields B F ¢[K%,f1, ..., K3, f1]. By the induction hypothesis, PZ; ¥, F
xLf3)- O

Now we shall give some interesting consequences of 23.3.

Theorem 23.4. If U =., B, for each i € I, then Pic; U =¢e Picr B

PrOOF. Let € be the Boolean algebra of all subsets of I. As we saw following
Definition 23.1, any sentence x of our given language can be considered as
a sentence of Zoq. Thus by 23.3, Py, U Fx iff € F[KT,, ..., K¥ -y iff
CEQKD, ..., Kpn_1] iff Pic; B Ex, where (@, o, ..., ¥n) is correlated
with x by 23.3, and K%, = K3, since ¥; =, B, for all ie L. O

Theorem 23.5. If U =..B and I and J are index sets such that either |I| =
|| < R, orelse |I], |J] = Ry, then A =,, 'B.

ProOF. By Theorem 21.34, the hypothesis implies that the Boolean algebras
SI and SJ are elementarily equivalent. Now if ¢ is a sentence of our language,
then K€D ijs I or 0, and K<®#¢> is J or 0. Furthermore, the first is 7 iff
the second is J, since U =,, B. Hence for any sentence y, if (g, o, . . ., ¥m)
is correlated by 23.3 we have
U Ey iff SIE @[K§3D, ..., K{%eD]
lﬁ‘ SJ }; (P[Ké?:ien’ e Kﬁlﬂ:iel)]
iff ’B Fy. O

Theorem 23.6 (Vaught). If Picr U F x for each finite F < I, then Pie; % F x.
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Part 4: Model Theory

ProOOF. We may assume that 7 is infinite. Assume the hypothesis of 23.6.
Let (@, ¢o, . . ., ) be correlated with y by 23.3. Set L = {k < m: K%, is
finite}. For each s € w let 6, be the following sentence of the theory of Boolean
algebras.

Voo - - Vo [(Kv, . . ., U,y forms a partition of the universe) A Ajer
(there are exactly |K%| atoms < v,) A A+~ (there are at
least s atoms < v;) —> ¢].

We claim
(1) there is an s € w such that , holds in every finite BA.

Otherwise, for each s € w let B, be a finite BA in which 6, fails; say
%, ..., b5, € By satisfying the hypothesis of the implication above but not
@ in B,. Choose a finite L, < I so that K3 < L, for each k<L, while
L, N K3, has at least as many elements as there are atoms of B, < b5, for
ke(m + 1) ~ L. Note that K¥** = L, N K3, foreach k < m. Let €, = SL,.
Clearly there is an isomorphism £, of B, into €, such that /;bf = K3 for
each k < m. Thus B, F —[b}, . . ., b5], while €k o[fb5, ..., f/:b5], by the
hypothesis of the theorem. Let F be a nonprincipal ultrafilter over w. Then
Psew Bs/F and Py, €/F are infinite atomic BA’s. Let b, = [{b} : 5 € w)].
Then there is an isomorphism g of P, B/F into P, €;/F such that g[x] =
[ fixs: s € w)] for all x € Py, B, Now let B’ and € be the expansions of
Pseo Bs/F and Py, €,/F respectively to models of (I';. By the proof of
21.34, ', is model complete. Hence by 21.27(iv) there is a universal for-
mula ¢ in ['$ such that [T Feey and Fvy < {v,, ..., v,}. Since
€' F @lghy, ..., gb,), it follows that € F [gh,, ..., gb,], hence B’k
S[by, . . ., by] and B E @lby, ..., byl. But also B F —gplb, .. ., b,], contra-
diction. Thus (1) holds.
From (1) and the completeness of the theory of infinite atomic BA’s it
follows that 8, holds in all infinite BA’s, for some s. Choosing such an s,
we see that SI F o[K3,, .. ., K¥,]. Hence by 23.3, Py % F x. O

Corollary 23.7. If T is a set of sentences and Mod I' = {A : U is a model
of T} is closed under products with two, or zero, factors, then Mod T is
closed under arbitrary products.

Finally, we give some applications to decidable theories.

Theorem 23.8. If % has a decidable theory, then so does 'U.

Proor. From 21.34, SI has a decidable theory. The decision procedure
for {y : ' k x} goes as follows. Given yx, determine (g, ¥o, . . ., $,) by 23.3.
Note that K3, = I or O for each k < m. Hence we can determine if SIk
o[K3, - . ., K3, by first deciding whether or not 2 F i, for each k < m,
then using the decision procedure for SI. By 23.3 this gives the decision
procedure for "2 F . O
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Chapter 23: Generalized Products

Theorem 23.9. If {x : Kk x} is decidable, then so is {x : PK F x}, where PK
is the class of all products of members of K.

Proor. The decision procedure for {y : PK F y} is as follows. Given y, let
(p, Yo, - - -, ¥n) be determined as in 23.3. Then let T = {k < m: K F =},
which can be effectively determined, by assumption. Let 6 be the following
sentence of the theory of Boolean algebras:

VUo"‘VUm[Uo+"'+ vm=1 A /\ (Ui'vJ':O) A /\Uk=0'9q)].

i<j<m keT

We claim
)) PKEy iff 8 holds in all atomic BA’s.

By 21.34 and 15.6, this completes the decision procedure.

To prove (1), first suppose that PK F y. By 21.34 it suffices to show that
6 holds in any BA of the form SI. Assume that J,,...,J,, € I, they form
a partition of I, and J, = 0 whenever k € T; we must show that
SIE@[Jy,...,Jn). Now for ke(m + 1) ~ T there is a structure A, eK
such that 2, E ;.. Define 8: I — K as follows. Given i € I, there is a unique
ke(m + 1) ~ T such that i€J,, and we set B, = ¥,. Thus K3 = J, for
each kem + 1, and hence, since (g, ¢, . . ., ) is partitioning, K3, = J,
for all kem + 1. But PK k y, so by 23.3, ST F ¢[K%,, ..., K3,], as desired.

Conversely, suppose that 8 holds in all atomic BA’s. To show that PK k y,
let %: I — K be given. Then K&, . . ., K3, forms a partition of /, and K3\, = 0
if k e T. Hence, since 6 holds in SI, we see that SI F ¢[K3,, . . ., K2,]. Hence,
by 23.3, Pic; % E x. ]

We conclude this chapter with two simple applications of the above
results.

Corollary 23.10. The theory of Boolean algebras which have a maximal
nonzero atomless element, but infinitely many atoms, is complete and
decidable.

PrOOF. Let A and B be two such Boolean algebras. Then we can write
A~ E x € and B =~ 9, X 9,;, where €, and ©, are atomless, while €,
and 9, are infinite atomic. By 21.7 and 21.34 we have €, =, 9, for i < 2.
Hence % =,, B by 23.4. 1l

The following is immediate from 23.6:

Corollary 23.11. For any structure U, a sentence ¢ holds in all powers 'd
of U iff  holds in all finite powers ‘A of Y, i € w.

EXERCISES

23.12. Let %, be an expansion of the language for Boolean algebras obtained
by adjoining a unary relation symbol Fin. Given any formula ¢ of %,
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23.13.

23.14.

23.15.

23.16

23.17.

382

and any m € w with Fvp < {vo, . . ., vm-1} One can effectively find M € w,
functions p* € S"w for each k < m and partitions (U¥%, Uk, Uk, U%) of
Sm for each k < M, such that for any Z-structure of the form B =
(SI, v, N, ~, 0,1, F)), where F; is the collection of all finite subsets of I,
and given x € B the following conditions are equivalent:
i) DBk plx];
(ii) there exists k < M such that for each r < m, the set (MNiex; N
niem~1(1 ~ x!) has:
(a) exactly p*r elements, if r € U¥;
(b) at least p*r elements, if r € U%;
(c) at least p*r elements, but only finitely many elements, if r € U%;
(d) infinitely many elements, if r € U%.
Hint: proceed by induction on ¢, beginning with atomic formulas of the
form v; = v;, v, + v; = vy, etc.

The theory of a structure of the form B in 23.12 is decidable.

Let a language £ have a certain individual constant ¢ in it. Given a
system <{(;, a;) : i e I> of #-structures such that for each iel, {a;} is
the universe of a substructure of 2;, we form the weak direct product
Pl AU; as follows. Its universe is {fe€ Py Ai: {i: fi # a;} is finite}. This
set is clearly the universe of a substructure Pii; U; of Pie Y.

We now indicate how to encompass such products under the general
notion of product of 23.1. We let %, = & and Fna = i in 23.1.
Let {, = (Fin vo, =, == ¢). We define a translation from certain formulas
x of Z to formulas y* of Z,..q. Set (v; =v;))* = v, = v;. For an n-ary
relation symbol S of %, set {, = (vo =1, Svg- - -v,_,) and let

(Svio * *Vin-1)* = Ryvio- * *Vyen—1).

If O is an n-ary operation symbol of &, set {, = (vo =1, Qvg-* *vp—1 = v,)
and let
(Ovio* * *Vyn—1) = Vin)* = Ryvio* * - Uyn.
Further, let (Tp)* = —p*, (p V §)* = ¢* vV *, (p A P)* = ¢* A ¥,
and
(VWP)* = Vv, (Rnt; ‘—>(P*)-

Now let <(U,;, a;) : i € I> be as above, let B be as in 23.12, and show that
for any formula y of & and any x € “PY; 4,,

Pgl Ak X*[x] iff Pie, U F x[x].

If A has a decidable theory, then so does A7 (i.e., Pi; B; where B, = A
for each i e I).

(Skolem). The structure (w ~ 1, -, 1) has a decidable theory. Hint: use
23.15, and recall that (w, +, 0) has a decidable theory.

The structure (w, -) has a decidable theory. Hint: if ¢ is any formula
built up from atomic formulas v; = v; and v;-v; = vy, and y : {i : v; occurs
in @} — 2, we can effectively associate a formula ¢, as follows:



23.18.
23.19.
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(U{ _ l)j)y = Dy - Uj ifyb Vi "_'é 0’
(Ut = Uj)y = VUD(UO = UO) if Yi =Y = 09

(v = v5)y = Wue(vo = vg) otherwise,

o0, = vk)y = 04°0; = v if yi, 5, ye # 0,

(v;+0; = vr)y = VY0o(vo = o) ify, =y =0o0ry;, =y =0,
(i*v; = vr)y = —WVoo(vo = o) otherwise,

(T@)y = Ty, (@ V )y = @y V iy, (p A )y = @y A Yy,
Voip)y = @y~iavin if v; does not occur in g,

Voip)y = VYuip: A @y, if v; occurs in ¢, where z = yi, w = yi.

Note that if y; = 0, then v; does not occur free in ¢,. Now show that for
any ¢, », x, z, if ¢ and y are as above, x € “w, y S sgo x, z€(w ~ 1),
zi = xi if xi # 0, and zi = 1 if xi = 0, then (w, -) Fo[x] iff (w ~ 1, )k
@ylz]. Then use 23.16.

The theory of any free Abelian group is decidable.

Theorem 23.6 does not carry over for weak direct products. Hint: con-
sider Boolean algebras.
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Equational Logic

In this chapter we shall prove several theorems of a truly model-theor-
etical character, relating structures and languages, but restricting ourselves
to very simple first-order sentences, namely equations. The main result is a
purely algebraic characterization of those classes of structures definable by
equations. The results of this chapter show in a simplified situation the kind
of model-theoretic connections with which we deal in more complicated
settings in the two following chapters. Also, a great deal of algebraic machin-
ery needed later is introduced. The material of this chapter really lies on the
borderline between logic and general algebra.

Definition 24.1. A language % is algebraic if it has no relation symbols.
In any language, an atomic equality formula will also be called an equa-
tion. An (equational) identity is the universal closure of an equation. A
variety is a class of #-structures which is the class of all models of a set
of identities, in an algebraic language. For any class K of #-structures,
let

SK = {2 : U > B e K for some B};
PK = {2 : A ~ P, DB, for some B € ’K}.

Note that PK is always nonempty, even if K is empty, since one can choose
I = 0in 24.1. Thus K = PK implies K # 0.
Lemma 24.2. If K is a variety, then K = SK = PK.

Proor. Say K is the class of all models of the set I' of identities. Obviously
K < SK and K < PK. Now assume that f: A>> B, 8K, and [[¢ = 7]] eI
for any x € “A we have, using 19.5,

JoUx = oB(fo x) = 73(fo x) = fr¥x.
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Chapter 24: Equational Logic

Thus [[¢ = 7]] holds in ¥, and it is an arbitrary member of T, so A K.
Next, assume that f: A» P;; B; = € with B €K, and [[¢ = 7]]eT. For
any x € “A and any i € I we have using 18.14

[o5(f e )] = 0B (pri o fo x) = 2 (pr; o fo x)

= [r%(f° %)l
Since i is arbitrary, e®(fo x) = 7(f o x). Then by 18.22 we have o%x = 7%x.
Thus [[e = 7]] holds in %. Hence A € K. O

We need to consider another algebraic operation under which varieties
are closed. It is important for languages in general, not only for algebraic
languages, so we do not restrict the language.

Definition 24.3. Let % and B be F-structures. A homomorphism from
into % is a function f mapping A4 into B such that:

(i) if O is an operation symbol, say of rank m, and if a € "4, then
FO%(ap, ..., an-1) = O%3(fay, ..., fa,_1);
(i7) if R is an operation symbol, say of rank m, and if a € "4, then
{Qps - ..y -1 R = {fa,, ..., fa,_1> e R,

We say that fis a homomorphism of % onfo B if it maps onto B. We
use the respective notations f: % — B and f: A - B for these two cases.

Note that in (i7) above we do not insist that <{fa,, ..., fa,_;> € R® >
{ag, . .., Gn-1y € R¥. Hence a one-one homomorphism is not necessarily an
isomorphism. We state without proof two very easy consequences of the
definition of homomorphism; the first proposition is a generalization of a
part of 18.23.

Proposition 24.4. Let f be a homomorphism from U into B; let o be a term,
and let x € ®A. Then fo¥x = oB(f o x).

Proposition 24.5. Let {(¥;:ie ) be a system of &L-structures. Then pr; is
a homomorphism from P, YU; onto ;.

Now we introduce a useful notion related to the notion of homomorphism;
in fact, it can be considered as a kind of internal version of homomorphisms.

Definition 24.6. Let .Z be an algebraic language, and let 2 be an #-struc-
ture. A congruence relation on 2 is an equivalence relation R on A4 such
that for any operation symbol O (say m-ary) and any a, b € ™A, the
condition Vi < m(a;Rb;) implies O*(ay, . . ., ap_1)R OX(by, .. ., b,,_1).
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Part 4: Model Theory

Given such a relation R, we can define a uniquely determined #-
structure /R whose universe is the set 4/R of R-equivalence classes and
whose operations are given by

O¥*([ao], . . ., [an-1]) = [O¥ao, - - ., an-1)];
this structure is denoted by %/R.
If fis any function, then the kernel of f, ker f, is {(x, ) : x, y€ Dmn f
and fx = fy}.

The basic facts relating homomorphisms and congruence relations are
as follows:

Proposition 24.7. Let £ be an algebraic language, and let A and & be ¥-
Structures.

() If R is a congruence relation on 2, then [ 1 is a homomorphism from
A onto A/R.
@iy If f is a homomorphism from U into B, then ker f is a congruence
relation on 2.
(@ii) If f is a homomorphism from A onto B, then B ~ A/R; in fact, there
is an isomorphism g from B onto U[R such that g o f = [ Jxers:

a—L» @

A/R
Proor. Conditions (i) and (i) are completely straightforward. Now
assume the hypothesis of (iii). Let g = {(fa, [a]) : d € A}. To see that g is a
function, assume that fa = fc with a, ¢ € A; we must show that [a] = [c]—

but this is obvious. Thus g: B - A/R. Similarly, g is one—one. If O is m-ary
and a € ™4, then

g O% (faO’ .. ~,fam—1) = ngQl (aO’ ) am—l)
= [Og‘(ao: R am—l)]
= O%m([aola RS ] [am—I])
= O%®(gfa,, .. ., gfa, ).

Hence g: B >» A/R. Obviously go f =[] O

Definition 24.8. Let K be a class of #-structures, where .# is not neces-
sarily algebraic. We set

HK = {2 : 2 is a homomorphic image of some B € K};
UpK = {2 : U is isomorphic to an ultraproduct of members of K}.

Note that all of the classes SK, PK, HK and UpK are closed under taking
isomorphic images.

Proposition 24.9. If K is a variety, then K = HK.
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Chapter 24: Equational Logic

Proor. Obvious from 24.4. d

Thus a variety is closed under all three operators H, S, and P. The main
theorem of this chapter is that the converse holds. Before beginning the
proof of this, we want to develop the basics of general algebra and equational
logic a little further. The following proposition is easy to prove.

Proposition 24.10
(i) SHK < HSK.
(ii) PSK < SPK.
(iii) PHK < HPK.

Easy examples can be given to show that none of the inclusions in 24.10
can be replaced by equalities, in general; see Exercises 24.25-24.27. These
inequalities lead to the following useful equivalences.

Proposition 24.11.  The following conditions are equivalent:
(i) K = SK = HK = PK.
(ii) K = HSPK.
(iii) K = HSPL for some L.
Proor. Obviously (i) = (ii) = (iii). Now assume (iif). Clearly HK = K
and K < SK, K = PK. Next,

SK = SHSPL < HSSPL by 24.10(i)
= HSPL = K.

Finally,

PK = PHSPL < HPSPL < HSPPL by 24.10(ii), (iii)
= HSPL = K. O

To prove our main theorem, we need the notion of an absolutely free
algebra. As will be seen, this notion is very analogous to the construction
in 11.12 of an “internal”’ model for a consistent set of sentences. It is really
just a part of that construction.

Definition 24.12. Let ¥ be an algebraic language. We construct an #-
structure Fre which will be called the absolutely free F-algebra. Its
universe is Trmg, and for any operation symbol O of .%,

Ogt’?(ao, cisopmoy) = Qog- - oy
Now the definition of satisfaction yields the following basic fact about

Ste:

Proposition 24.13. If & is algebraic, % is an & -structure, and x € “A, then
{o¥%x : o € Trmg) is a homomorphism of Fre into .
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A very useful congruence relation on Frg is introduced in the following
definition.

Definition 24.14. If .# is an algebraic language and I' is a set of equations
of %, we let

=r={(o,7):0,7eTrmgand I' Fo = 7}.

Proposition 24.15. Under the assumptions of 24.14, = is a congruence
relation on Ft .

The following simple proposition is proved by induction on o:

Proposition 24.16. If g is a homomorphism from Frg into A, and if x; = gv;
for every i < w, then o¥x = go for every term o.

Recall that, by the completeness theorem, the model-theoretic condition
I' F ¢ is equivalent to the proof-theoretic condition I' I ¢. If we apply this
fact when ¢ is an equation and T is a set of equations, it seems a little un-
satisfactory, since the proof-theoretic condition involves the logical axioms
and hence the whole apparatus of first order logic. We now describe a proof-
theoretic condition in which only equations appear—no quantifiers and not
even any sentential connectives.

Definition 24.17. Let I' be a set of equations in an algebraic language.
Then I'-eqthm is the intersection of all sets A of equations such that the
following conditions hold:

i e A;
(i) vo=vo € A;
(@ii) if pe A, i < w, 0 is a term, and ¢ is obtained from ¢ by replacing
v; throughout ¢ by o, then $ € A;
(iv) fo=reAand p=7€A, theno=peA;
(v) if o= 7€ A, O is an operation symbol, say of rank m, i < m, and
g, - - ., 0y _o are variables, then the following equation is in A:
O(ctgy - - o5 01,0, gy o ooy O 3)

= 0(“05 ceey X1y Ty gy hny am—2)'

We write I' k., ¢ instead of ¢ € I'-eqthm.

We shall prove an analog of the completeness theorem for this notion.
First a technical lemma:

Lemma 24.18. Let ' be a set of equations in an algebraic language. Then
for any terms o, 7, p,
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() T'kyyo=o0;
@) frygo=7,then' by 7 =03
@ii) fThqqo=r1and U by r=p, then I' oy 0 = p;
(iv) if O is an operation symbol, say of rank m, and if oy, ..., 0p_1,
Tos -« - Tm—1 are terms such that T' b, o, = =, for each i < m, then
r l-et:1 00'0' c Oy = 070' Tm-1-

Proor. Condition (i) is obvious from 24.17(ii) and 24.17(iii). For (ii):
assume that I' b, o = 7. We also have I't,; r=7 by (i), so Tty 7=0
by 24.17(iv). Condition (iii) clearly follows from (i) and 24.17(iv). To prove
(iv), let g, . . ., o, _; be distinct variables not occurring in any of o, . . ., 61,
Tos -+ s Tm—1. Lhen

F I—eq 0(0!0, BRIRPRTIES PR TS B DI OCm—l)

= O(cos v - o5 ®im1y Tis @1y v vy Em1)
for each i < m. Applications of 24.17(iii) then give, for each i < m,

F I_eq O(TO’ cees Tim15 055 Oig1y« - o Um—l)

= O(TO9 s Tic1s Tis Oig1s - - oy am—l)-

Now several applications of (iv) give the desired result. ]

Theorem 24.19 (Completeness theorem for equational logic). Let I' U {¢}
be a set of equations in an algebraic language. Then I F o iff I ko, o.

Proor. It is easily checked that I' b, @ == I' Ep. Now suppose that
not(T" k., ¢); we shall construct a model of I' U { =1[{g]]}. In fact, the desired
model is simply % = Fr/=r. To show that U is a model of T, let o = 7 be
an arbitrary element of I', and let x € “ITrmg; we want to show that
o[ 1ex) = 7¥[]ex). To do this, for any p € Trmg let Sp be the result
of simultaneously replacing v; by x; in p, for each i < w. Then

€)) I' boq So= S+

To prove (1), let vy, ..., Vym-1, be all of the variables occurring in the
equation o = 7. Let By, ..., -1 be new variables, not appearing in ¢ = 7,
different from v, ..., Vyn-1, and not appearing in X, ..., Xjm-1)- Let
¢’ = 7’ be obtained from ¢ = 7 by replacing in succession v;, throughout
by Bo, v;; throughout by B, ..., vym-1, throughout by 8, _,. By 24.17(iii)
we have I' b, o’ = 7'. Since By, ..., fn—1 do not occur in ¢ = = and they
are different from v, ..., vm_1), the equation ¢ = 7’ is also obtainable
from o= by simultaneously replacing vi,..., %im-15 bY Bos--.> Bm-1
respectively. Now by replacing 8, throughout by x;,, then g, throughout
by X1, ..., Bm_1 throughout by x;,,—1, we obtain So = St and (1) follows.
Note that B, . .., Bm_1 are introduced to reduce simultaneous substitution
to a sequence of simple substitutions.
Next, note that

2 for any term p we have p%([ ] o x) = [Sp].
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Condition (2) is easily proven by induction on p.
From (1) and (2) we obtain

o*([ 1o x) = [So] = [S7] = ([ ] - x).

Thus ¢ = 7 holds in ¥, so 2 is a model of I'. However, 2 is not a model of
¢. For, say ¢ is the equation o, = 7,. Let y; = [1;] for each i € w. Then by
24.16 we obtain o3y = [g,] and ¥y = [r,]. Since not(I' ko4 0o = 7¢), We
have [og] # [7o]- Thus oy = 7, fails to hold in 2. O

Now we return to our discussion of free algebras, and give a lemma
needed for our main characterization theorem.

Lemma 24.20. Let K be a class of £-structures, where £ is an algebraic
language. Let I = {oc = 7 : the equation ¢ = 1 holds in each member of K}
Then Fro[=r € SPK.

ProofF. Let I = ?2Trm ~ {(0, 7): o = 7 € I'}. Then for each (o, ) € I there
is a structure 2, € K such that ¢ = 7 fails to hold in ¥,,; hence, further,
there is an x,, € 4, such that o%:x,, # 7%:x,,. Let y be the unique element
of “Pse; A, such that for each me w and i€ I, ()i = (X)m Let B = Py ..
Then

)

For, suppose ¢ = 7. Thus I' F ¢ = 7, so it follows that ¢ = 7 holds in every
member of K. From 18.14 we infer that ¢ = + holds in B, as desired.

By (1) there is a mapping f of Fry/=r into B such that f[o] = o®y for
each term o. It is easily checked that f'is a homomorphism of Frg/=r into
B. It only remains to check that f is one-one. Suppose [o] % [r]. Thus not
(I' Eo = 7), so in particular o = 7 ¢ I'. Thus (o, 7) € I. Hence

r € {o=1:0%y = 7By}

I

(0'%)))” = PIg: (U%y) = O'Ql'"(prat °© }")
= UQla'xat # TQI‘”xat = (T%y)ar

Hence ¢®y # 8y, so f[o] # f7]. [
We now find it convenient to prove Exercise 19.42.

Lemma 24.21. Suppose K = SK = UpK, in a not necessarily algebraic
language L. If A is an L -structure every finitely generated substructure of
which is in K, then A is in K.

PROOF. Let I = {F:0# F< A, F finite]. For each Fe I, let %, be the
substructure of 2 generated by F. Thus 2, € K by assumption. For each
Fellet M, ={Gel:F< G}.If F,Gel, then Mz " M; = Mz ¢ It fol-
lows that there is an ultrafilter § over [ such that M, € § for all Fe I. Thus
Prer Ae/F € K, so it suffices to define an embedding f of A into Pre; Ax/F.

390



Chapter 24: Equational Logic

By the axiom of choice let x € Pgre; Ar. For each a e A define g, € Ppe; Ar
by

g =a iff ae Ap,
g.F = x» otherwise,

and let fa = [galg. The desired properties of f are easily checked. ]

Theorem 24.22 (Birkhoff). K is a variety iff K = HSPK.

PrROOF. The trivial direction = is given by 24.2 and 24.9. Now assume
that K = HPSK. By 24.11, K is closed under H, S, and P; and so it is also
obviously closed under Up. Let I' = {o = 7: 0 = 7 holds in every member
of K}. We claim that K is exactly the class of all models of I'. Obviously
each member of K is a model of I'. Now let U be a model of I'. By 24.21 it
now suffices to take any finitely generated substructure ¥ of 2, say generated
by F # 0, F finite, and show that B € K.
Choose x € ®B so that Rng x = F. Then

) for every b € B there is a term o such that oBx = b.

Indeed, let C = {o¥x:0€ Trmg}. It is easily seen that F < C and C is a
subuniverse of U, so B < C, as desired in (1). Now U is a model of I' and
B < A, so B is a model of I'. Hence there is a function f mapping Fre/=r
into B such that f[¢] = oBx for all o € Trmg. Clearly fis a homomorphism
from Frgy/=r into B, and it is onto by (1). Hence B € K by 24.20. (]

Theorem 24.22 is a typical characterization theorem (it was historically
the first such). A logical concept (variety) is characterized in terms of non-
logical notions (closure under H, S and P). It may of course also be viewed
as a characterization of closure under H, S, and P in terms of the logical
notion of a variety. Such equivalences between notions in widely separated
domains are typical of a large part of model theory and illustrate a healthy
trend toward unification in mathematics.

A closely related result is the following preservation theorem.

Theorem 24.23. Let ¢ be a sentence, in an algebraic language, which is
preserved under H, S, and P. That is, assume about ¢ the following three
things:

(i) if A Ep and A - B, then B F ;
(i) if AEp and B < U, then B E p;
(i) if A, E @ for each i € I, then Pic; U F o.

Then there is a conjunction s of equational identities such that ke < .

PrOOF. Let K be the class of all models of ¢. The conditions (i)-(iii) imply
that K = HSPK. Hence by 24.22 there is a set I' of identities such that K
is the class of all models of I'. Thus I'' k ¢, so Fy — ¢ for some finite con-
junction i of members of I'. But obviously Fp — i also, so Fp < . O
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Part 4: Model Theory

Theorem 24.23 is a typical preservation theorem. Such a theorem has the
following form: if a sentence ¢ is preserved under certain algebraic opera-
tions or relations, then ¢ is equivalent to a sentence ¥ of a specified syn-
tactical form. In such cases it is usually obvious that such a sentence ¢ is
preserved under the given operations. Thus, for example, any identity is
obviously preserved under H, S, and P.
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EXERCISES

24.24.* If we consider sequences of operators H, S, and P, there are exactly

24.25.
24.26.
24.27.
24.28.
24.29.

24.30.
24.31.

24.32.
24.33.
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18 distinct sequences (with the empty sequence allowed).

Give an example of a class K such that SHK # HSK.

Give an example of a class K such that PSK # SPK.

Give an example of a class K such that PHK # HPK.

For any equation g, Fo iff ¢ has the form ¢ = ¢ for some term o.

In an algebraic language, a class K is a variety iff K = HSP(Gt/=r),
where I' = {(0, 7) : 0 = 7 holds in each member of K}.

Birkhoff’s theorem cannot be improved by eliminating H, S, or P.

An algebra U is a subdirect product of the system <(B;:ieI) provided
that % = P B, and prf 4 = B, for all i e I. Show that K is a variety
iff K is closed under H and under subdirect products. Hint: if A <
B €K, consider {be®B:3Jaec A{i e w : b; # a} is finite}.

A class K is a variety iff K is closed under H, S, Up, and finite products.

Let I U {p} be a set of sentences in an algebraic language. Assume that
¢ is preserved under HSP relative to T, i.e., assume that if K is the set
of all models of T and L is the set of all models of T" U {¢}, then A e
K N HSPL implies 2 F p. Show that there is a conjunction ¢ of equa-
tional identities such that " k ¢ <> 3.



Preservation and
Characterization Theorems

In this chapter we shall prove several more theorems of the general type
of 24.22 and 24.23. We shall consider universal sentences, quasivarieties,
universal-existential sentences, and positive sentences. We have not tried to
give uniform proofs for these results, but we have instead chosen the proofs
that seem most natural to us.

Universal Sentences

Definition 25.1. For any set I of sentences, Mod I' is the class of all models
of I. A class K is a universal class if K = Mod TI" for some set T of universal
sentences. K is an elementary class if K = Mod I" for some set I" of sen-
tences. We also say that I" characterizes Mod T'.

We shall give two characterizations of universal classes. The first is due to
Lo$, and is valid in any language; its proof is similar to that of 24.22 in many
respects. The second is due to Tarski. In its simplest form, which is all we
shall give here, it applies only to languages with no operation symbols and
only finitely many relation symbols. Elementary classes will be discussed in
the next chapter.

Theorem 25.2 (L.oS). A class K is universal iff SK = K and UpK = K.

Proor. The direction = is trivial. Now assume that SK = K and UpK = K.
Let I' = {¢ : ¢ is a universal sentence which holds in each 2 e K}. Clearly
K = Mod I'. Thus the main part of our proof is to take any % € Mod I and
show that 2 € K. To do this it is enough, by our assumptions, to show that
2 e SUpK.

Let < be a well-ordering of A. Let .#’ be an A-expansion of %, and let A
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be the #’-diagram of . We shall form an ultraproduct over the index set
I={0:0 is a finite subset of A}. Given any @€l let ca(0,0),...,
ca(©, mg — 1) be all of the new constants which occur in the sentences of 0,
where a(0,0) <--- < a(©, mg — 1). Let o be obtained from A O by
replacing all occurrences of ca(®, 0), ..., ca(®, mg — 1) by 00, ..., v(mg — 1)
respectively, and let pg be the universal sentence Vv,- - -Vo(mg — 1) =1 4.
Thus A F =g so, since 2 is a model of T', g ¢ I'. Hence we may pick a
structure By € K such that By F —pg. Choose x4 € “Bg such that By F
g[xe]. For any O eI let

Mg ={Qel:0 < Q}.
Thus Mg N My = Mg g for any 0, Q € I, so the family {Mg : ® € I} has the
finite intersection property. Let F be an ultrafilter over I such that Mg e F
for each O € I. Thus Pg.; Be/F € UpkK. It remains to define an embedding f

of 2 into this ultraproduct.
Define g: A — Pec; Be by setting, for any b € 4,

(gb)e = xei  if b= a(0,i),
(gh)e = x40 if b# a(0, i) for all i < mg,.

Let fb = [gb] for all b € A. Now we check that f: A >> Pgc; Be/F. First, fis
one-one. For, suppose that b and ¢ are distinct elements of A. Then
=, =c¢c) eA. Let ©® = {~(c, =c,)}. If Q is any member of Mg, we may
choose i, j so that a(Q, i) = b and a(Q, j) = c. Now —(c, = c,) is a conjunct
of A Q, so =(v; =v;) (or —(v; = v;)) is a conjunct of . It follows that

(8b)a = xqi # xoj = (gC)a-

Hence {Q : (gh)q # (g¢)a} 2 Mg € F, so fb # fc.

We check that f preserves operations; a similar argument shows that f
preserves relations. Let O be an operation symbol of rank n. Set € =
Pec: Bo/F, and let by, ..., b, € A. Let ¢ = O¥b,- - -b,_,, and set

@ - {cho v 'cb(n_l) = Cc}.

Suppose that Q is any member of Mg. Then we may choose i, . . ., i, < mq
such that a(€, i;) = b, for each j < n and a(Q, i,) = c. Thus the formula

O(vig, . . ., Vip_1) = vi,
is a conjunct of ¢, and hence
0%%((gho)a; - - -» (8bn-1)a) = OPHxqly, . . ., Xqin-1) = Xais = (g0)a.
Since this is true for each Q € M, and Mg € F, it follows easily that

oc(fbm'--’fbn—l) =fC. D

Now we want to draw some conclusions from 25.2. For this purpose the
following trivial proposition will be needed; it is analogous to 24.10.
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Chapter 25: Preservation and Characterization Theorems

Proposition 25.3. UpSK = SUpK.

Recall from 11.14 the notion of a reduct of a structure, for which we
introduced the notation % | £. We now need to extend this notation to
classes of structures:

Definition 25.4. Let .#’ be an expansion of .%, and let K be a class of .#’-
structures. Then we let K [ % denote the class of all #-reducts of members
of K.

The following corollary of 25.2 is very important.

Corollary 25.5. Let K be a class of #'-structures and let £ be a reduct of
&', If K can be characterized by first-order sentences, then S(KK | &) is a
universal class.

Proor. By 25.3 and 18.29, S(K | %) is closed under S and Up. Hence 25.5
is immediate from 25.2. |

Of course, Corollary 25.5 is valid for & = ¥’ also. Some applications of
25.5 are as follows:

1. The class of all semigroups embeddable in groups is universal. Specific
universal sentences for this purpose have been found by Malcev; his
sentences are infinite in number and cannot be replaced by a finite set of
sentences.

2. The class of all rings which can be ordered is universal.

. The class of all rings embeddable in fields is universal.

4. The class of all structures {4, R) embeddable in linear orderings (B, <>
is universal.

W

A somewhat stronger form of 25.5 can be given which depends on the
following important model-theoretic notion.

Definition 25.6. Let U be a unary relation symbol in a language %, The .#-
closure conditions for U are all sentences of the following forms:

Jv,Up,
VUO. . 'va—l ( /\ UU,- —)UOU()' . 'Um—l)

j<m

for each (m-ary) operation symbol O.

Let £~V be the reduct of £ obtained by deleting U. Now with each #-
structure 2 which is a model of the #-closure conditions for U we associate
the uniquely determined substructure A | U of & [ &~V with universe U%.
And for each class K of such structures A welet K | U = {A | U: A K]}
Given any expansion .#’ of % and any #’-structure B which is a model
of the .#-closure conditions for U, the -#~Y structure (3 [ %) | U is
called a relativized reduct of B.
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Proposition 25.7. With notation as in 25.6, suppose that for each i€ I, an
L-structure &, is a model of the F-closure conditions for U. Then

Piet (& [ U)/F = (Pies &/F) [ U.
ProoF For any x € Pi; (€ | U), let fx = [x], the equivalence class of x
under F in the structure P;.; €;/F. It is easy to see that f induces the desired
isomorphism. The induced map is, in fact, only in a subtle way different from
the identity map. O

Corollary 25.8. Assume that £, U, and &' are as in 25.6, and that U is a set
of sentences of £’ including the set of F-closure conditions for U. Then
S(Mod I') | &) | U) is a universal class.

ProoF By 25.2 and 25.3 it suffices to show that (Mod I') | &) | U is closed
under ultraproducts. Suppose that 2; € (Mod I') | #) | U for each i € I, say
A = (B [ L)} Uwhere B, € Mod I'. Then

Prot A/F = (P,«E, @, 1 z)/F) U by 25.7
= ((Piel Q3i/F) [Z) U by 18.28
and Pi; B,/F € Mod T, 50 Pie; 2/F € (Mod I') | £) | U. O

We want to give one nontrivial application of 25.8. Let % be a language
with two nonlogical constants, a binary operation symbol - and a unary
operation symbol Y. We say that an #-structure A = (4, -, V) is a relation
system provided that A is a collection of binary relations on some set X,
and for any R, S€ A4,

R-S = {(a, b) : Ic(aRcSbh)},
RY = {(a, b) : (b, a) € R}.
Let K be the set of all #-structures isomorphic to a relation system, Then K
is a universal class. In fact, expand . first by adding a unary relation symbol
U, forming .#’. Then expand .#” further to .#” by adjoining V (another unary
relation symbol) and F (a ternary relation symbol). Let T" be a collection of
sentences in .#” expressing the following:

(1) &’-closure conditions for U;
(2) U and V are disjoint;
(3) V is nonempty;
(4) F establishes an isomorphism from (U, -, Y) onto a relation system of
relations on V.
For example, four sentences can express (4):
Vo Vo, Vo,(Foov,0, = Uvg A Vo, A Vo),
Vo¥u,{Uvy A Uv; A —wy = v, = 0,30,
[(Foovavs A —Fv10505) v (Foiv03 A —Fugva0,)1},
VooV, Voo Vus[F(vo <01, 03, v5) € v (Fogvav, A Fov,05)],
Voo Vo, Vos(Fogwavs < Fofoan,).
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Clearly S(Mod I') | #") | U) = K. Hence by 25.8, K is a universal class.
This class K has been studied in connection with algebraic logic and in the
theory of semigroups. A “nice” set of axoms for K has not been given. It is
known that K is axiomatizable by a set whose corresponding set of Gédel
numbers is elementary, but it is unknown whether it is finitely axiomatizable.

Another corollary of 25.2 is the following characterization of universal
classes.

Corollary 25.9. A class K is universal iff SK = K and K = Mod I for some
set I' of sentences.

And a corollary is the following preservation theorem which is analogous
to 24.23.

Corollary 25.10. Let I' U {¢} be a collection of sentences. Then the following
conditions are equivalent:
(i) @ispreservedunder substructures relativeto T, i.e., for all 4,8 € Mod T,
ifAd < Band BEg, then Uk @;
(ii) there is a universal sentence  such that I' F p < .

Proor. It is trivial that (if) = (/). Now assume that (i) holds. Now by 25.3,
SMod(T" U {¢}) is closed under Up, so by 25.2 we may write SMod(T" U
{¢}) = Mod A for some set A of universal sentences. Now by (i) ModI' n
SMod(I' U {¢}) = Mod {¢}, so I' UA F¢. Hence I Fy = ¢ for some finite
conjunction ¥ of members of A. But Mod (I' U {¢}) < Mod A, so I' U {g} F ¢,
hence I' F ¢ & . Clearly Fi <> x for some universal sentence y. J

Now we shall give Tarski’s characterization of universal classes, which is
simpler than the ultraproduct characterization and easier to prove.

Theorem 25.11 (Tarski). Let & be a language with no operation symbols, and
with only finitely many relation symbols. Let K be a class of < structures.
Then the following conditions are equivalent:

(i) K is a universal class;
(it) SK = K, and for every subset o7 of K directed by <, | ) o €K;
(iii) SK = K, and for every L-structure ¥, if every finite substructure of U
isin K, then A is in K.

PROOF

(i) = (ii). Assume (i) and the hypothesis of (ii); say K = Mod I', with T
a set of universal sentences. Let ¢ = Vv,5- - - Vv, - 1,3 be any member of T,
where ¢ is quantifier-free. To show that | &7 E ¢, let x € “|J & be arbitrary.
Then, since &7 is directed, choose % € &/ such that x;;, € 4 for each j < m.
Thus 2 F ¢[y] for any y € 4 with x;; = y;; for each j < m, since 2% € Mod I'.
Hence | o7 E4[y]and so {J o F ¢. Since ¢ is arbitrary. | &/ e Mod T = K.

(if) = (&ii). This is obvious, since any structure is the union of its finite
substructures.
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Finally, assume (iii). Let I' = {p : ¢ is a universal sentence and 2 k ¢ for
each % € K}. Obviously K = Mod I'. To prove the converse, let % € Mod T'.
Let B be any finite substructure of 2. Let £’ be a B-expansion of %, and let
A be the #’-diagram of B. Thus A is finite, by our special assumptions on the
language -Z. Let ¢ be a conjunction of all members of A, let ¢’ be obtained
from ¢ by replacing all constants ¢, for b€ B by variables, and let ¢ be
obtained from ¢’ by prefixing existential quantifiers in front of ¢’ for all these
variables. Then ¢ holds in . Hence — does not hold in Y and, since
F =) <> y for some universal sentence y and A e Mod I', = fails in some
€ek, ie.,, € Ey. Hence B can be isomorphically embedded in €. Hence
B € K since SK = K by (iii). Since B is arbitrary, 2 € K by (iii).

Quasivarieties

As the name suggests, quasivarieties are closely related to varieties. Instead
of equations, we deal with simple implications, as defined in the following
definition.

Definition 25.12. A Horn formula is a formula ¢ of the form
QO' - 'Qm—l A l/‘i’

i<n

where each Q; is a quantifier Vv, or v, and each ¢; has one of the following
three forms:

(i) x, x atomic;

(i) —xo V- -V "y, €ach x, atomic;
(iii) xo A - A Xp => Xq; €ach x, atomic.
We say that ¢ is a universal Horn formula (or an implicational identity)
if each Q; is universal. A quasivariety is a class characterized by universal
Horn sentences.

We obtain a logically equivalent definition of Horn formulas if in 25.12
we say that each formula ; is a disjunction of atomic formulas and their
negations, having at most one unnegated disjunct. In a language with no
relation symbols, every variety is a quasivariety, but there are examples in
which the converse fails. The theory of quasivarieties is not as well developed
as the theory of varieties. We give here, again, characterization and preserva-
tion theorems.

Theorem 25.13. The following conditions are equivalent:
(i) K is a quasivariety;
(ii) K is a universal class, and PK = K;
(iii) SK = K, UpK = K, and PK = K;
(iv) SK = K, UpK = K, and 4 x B € K whenever A €K and B e K.

PROOF
(i) = (ii). Let K = Mod I, T" a set of universal Horn sentences. Let % € ’K;
we wish to show that P;; % = B € K. So, let ¢ be any member of I'; say ¢
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has the form 25.12(iii). Let x € ®B, and assume that B k (xo A -+ - A xp)[x].
Now since each x; is atomic, it follows from 18.13 and 18.14 that ¥, F
(xo A+ A xp)[pri o x]foreach k € I. Since U, € K = Mod T, it follows that
Ay F xq[pri o x] for each k € 1. Hence by 18.13 and 18.14 again, B F y,[x].
Thus B F ¢. Since ¢ is arbitrary, B € K.

(i1) = (iii) and (iii) = (iv) are obvious.

(iv) = (i). Assume (iv). By Lo§’s theorem 25.2, K is a universal class, say
K = Mod T, where I is a set of universal sentences. We may assume that
each member ¢ of ' has the form

Qw[Xfo -> 0(0’ <P) VeV o(mm -1, ’P)]a

where Q, is a string of universal quantifiers, y, is a conjunction of atomic
formulas, and each 6(i, ) is atomic (perhaps x, does not occur, or m, = 0;
then the notation should be changed, but the argument to follow is still 0.k.).
For each €I and each j < m, let ¢; be the universal Horn sentence

Q. (xo — 8(J, ). Clearly

(1 Fp; — @ whenever p € I" and j < m,,.
) For each ¢ € " with m,, # 0 there is a j < m, such I F ¢,.

For, assume the contrary: say ¢ € I', m,, # 0, and for all j < m, not (T k ¢,).
Then for each j < m, let A; be a model of I' in which not (¥, E ¢;). Say
x’€®A4; and not 2 k [y, = 0(j, p)][x’]. Let ¥: w — Pj<m, U, be defined by
setting (ym); = x’m for all m € » and j < m,. Then by 18.13 and 18.14, not

(Pm %,k o > 00, @) v -~ v O(m, — 1, qa)][y]).

Since P;<me Y; € K by (i), this is a contradiction. Thus (2) holds.

For each ¢ € " with m,, # 0, let fo be the least natural number <m, such
that I' F ¢,. Clearly for each ¢ € I’ with mp = 0 there is a set O, of identities
with Mode =Mod 0,. Let A= J{0,:pel’,m, =0}U{p,,: pel,mp#0}.
Clearly A is a set of universal Horn sentences, and by (1) and (2), K =
Mod I'. O

Our preservation theorem for quasivarieties is as follows.

Theorem 25.14. Let ' U {¢} be a set of sentences such that PMod ' =

Mod I'. Then the following two conditions are equivalent:

(i) @ is preserved under substructures and finite products relative to T, i.e.,
forall, BeMod T, if d = B and B ko then Ak ¢, and if % F ¢ and
BEpthend x BEFg;

(ii) there is a conjunction § of universal Horn sentences such that T F
P

ProofF. It is trivial that (ii) = (i). To prove (i) = (ii), assume (7). By 25.10
let y be a universal sentence such that I' k ¢ «» . The method of proof of
25.13 then gives the desired sentence i. O
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Universal-Existential Sentences

Definition 25.15. A formula is universal-existential if it has the form

Vao- - 'V“m—lalgo‘ . ‘3/31.—1‘/’,

where ¢ is quantifier-free.

Obviously every universal sentence is also universal-existential. A class
characterized by universal-existential sentences is not in general closed under
substructures. For an example, take the class of linearly ordered structures
with no last element. There is a natural algebraic operation which charac-
terizes universal-existential sentences, however. Our characterization theorem
in this case has the following form.

Theorem 25.16 (Chang; L.o$, Suszko). Let I' be a set of sentences. Then the
following conditions are equivalent:
() Mod T can be characterized by a set of universal-existential sentences;
(ii) Mod T is closed under unions of directed subsets;
(iii) Mod T is closed under unions of chains of type w.

ProOOF

(i) = (ii). Suppose Mod I' = Mod A, where A is a set of universal-
existential sentences. Suppose & is a subset of Mod I' directed by <. Let
@ be any member of A; say ¢ is the sentence

¢)) Voio- + - V0ign— 15304+ - 300 _ 18

To show that ¢ holds in | 7 take any x € ®|_J . Then by directedness there
is an ¥ € 7 such that x;; € A for each j < m. Since 2 F ¢, choose y € “4 with
ylo~{i;:m<j<n =xlw~{i;:m<j<n}such that A F4[y]. But
A< |, solJ EP[y] also. Hence | & F 3oy - -Ivy - 1y [x]. Since x is
arbitrary, | & F ¢. Hence, ¢ being arbitrary, | &/ € Mod A = Mod I,

(ii) = (iii) is obvious. Now assume (iii). Let A = {@: ¢ is a universal
existential sentence and I" F ¢}. Obviously Mod I' € Mod A. Now take any
2 € Mod A; it suffices to show that 2% € Mod I. To this end we shall construct
a chain ¥ = B, € B, <- - of structures whose union will be in Mod I' by
(iii). The following notation will be useful. We write A <,, B provided that
% = B and for every universal-existential formula ¢ and every x € ®4, if
B k p[x] then A F ¢[x]. To get our chain started we need the following state-
ment:

(2) there is a model B, of I' such that A =, B;.

To prove (2), let #’ be an A-expansion of .Z. Let A’ be the set of all universal
sentences in %’ which hold in (2, @)yc4. Then

(3) A’ u I’ is consistent.
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For, otherwise there is a conjunction ¢ of members of A’ such that I' F =g,
Now F-p <> ¢ for some existential sentence ¢ of #’. We can replace the
constants ¢,, for a € 4, which appear in by variables and obtain a universal-
existential sentence x of & such that ky > and I' F y. Thus y € A, so 2 k y.
On the other hand, = holds in (2, @)4c4, S0 ™y holds in 2, contradiction.
Thus (3) holds.

Let (B, ls)ses be a model of A’ U I'. Noticing that the #’-diagram of &
is a subset of A’, we see that /: 2 >> B. Now suppose that ¢ is a universal-
existential formula of £, x € ®4, and % F =g[x]. Say ¢ has the form (1).
Choose ye®4 suchthat y w ~ {i;:j<m}=xw~ {i;:j < m}and AF
Vi Vou-1y T ¥[y]. Let Fv Vo, - -Vo,_q 2 S {vg, ..., 0,_1}. Then
(U, @)gen EVOIm- - Y011y T1(Cyo, . .., Cyp_1y), SO the sentence Vu,,- - -
Y0in-1y (€4, . - ., Cyp—1,) Of £’ is in A’ and so holds in (B, 1,),.,. Hence
B EVo, V-1 TPl o y] and so B F =p[/ o x]. Now a simple replace-
ment yields (2).

Let B, = ¥, and let B, be as in (2). We now suppose that B,, and B, ,
have been defined so that B,, <, By, ;. Now we define B,, ., and B,,, .
We shall find 9,, , , so that

4) Bon X Bansa and By 41 S Bonsa

To do this, let £’ be a B,, . ,-expansion of %, let A’ be the elementary .#’-
diagram of B,,, and let I be the #’-diagram of B,, ;. Then

(5) A’ U I" is consistent.

For, otherwise there is a finite conjunction ¢ of members of IV such that
A’ F —¢. Replace constants ¢, for b € B,, ., ~ B,, occurring in ¢ by variables,
and generalize; we obtain a universal sentence ¢ of .#”, involving only con-
stants from B,,, such that A’ ki and k) — —¢. There is then a universal
formula y of £ such that ¢ = x(cyo, - . ., Com—_1)) fOr some m. Hence Bo, E
x[bos - - . by 1] Since Bay S5 By sy, it is clear then that By, ., F y[b,, . . .,
bn-1]. But (Bzni1, Blrepens+1y Fo, and hence (B, .y, b)oenizny F b and
DBan+1 F xlbo, . . ., by-1], contradiction. Thus (5) holds after all.

By (5), let (€, /,)penan+ 1) be a model of A’ U I'. Thus / is an embedding of
Bon+y into € and [ | By, is an elementary embedding of B,, into €. Let
Byn+2 be an L-structure and s amap such that By, ; S By yp, 51 € By, 4 s,
and so/ = I | By, ;. Clearly then also B, <X B, , as desired in (4).

Next, we shall find B, ., 5 so that

(6) Q52n+1 Zee %2n+3 and %2n+2 g:w ,?2"_(_3,

To this end, let £’ be a B,, , .-expansion of .Z, Let A’ be the set of all sentences
holding in B,, ., and let I'" be the set of universal sentences of .#’ holding
in (Ban+ 2, Dvencan+2- Then

(7) A" U T is consistent.
For, otherwise there is a finite conjunction ¢ of members of IV such that
A’ E —g. Replacing the constants ¢,, b € B,, ., 5, which occur in @ by variables

401



Part 4: Model Theory

and generalizing, we obtain a sentence ¢ equivalent to a universal-existential
sentence such that Fy > —ipand A’ . Hence B, .1 Fib. But (Bony 2, D)oenians 2
E ¢, and hence B,, ., E ). By (4) it follows that B,, F =, and hence the
assumption By, < .5 Bon+1 yields By, 1 F 4, contradiction. Thus (7) holds.
Then (6) easily follows, using the argument that (3) implies (2).

Thus we have constructed our chain % = B, < B, < B, < - - - so that B,
is a model of I', B, =, Bz =¢e By = + +» and By X By, < B, <X - -. Hence
B, 11 18 @ model of T for each n € w, so that by (iii), e, Ban+1 is a model
of I'. And by 19.36, we have A <X U,ce, Ban. But obviously U, co Bons1 =
Ureo Br = Unew Bans 50 A has been elementarily embedded in a model of T'.
Thus A itself is a model of T'. O

Corollary 25.17. Let I' U {g} be a set of sentences such that Mod 1" is closed
under directed unions. Then the following conditions are equivalent:
(i) @ is preserved under directed union relative to T', i.e., Mod (I' U {¢}) is
closed under directed unions;
(ii) there is a universal-existential sentence § such that I ¥ ¢ & 3.

The corollary is proved just like 25.10.

Positive Sentences

Definition 25.18. A formula ¢ is positive if it is built up from atomic formulas
using only A, v,V, and 3 (no negation). We write U pos B provided that
every positive sentence holding in ¥ also holds in 3.

The main theorem concerning this notion is proved very similarly to 25.16
above. First we need three lemmas.

Lemma 25.19. If AU pos B, then there is an elementary extension B’ = B and
a homomorphism f: A — B’ such that (A, a),c4 pOs (B, fa),c. (in a suitable
A-expansion of our language).

ProOOF. Let .Z be our initial language, .#’ an A-expansion of %, and #” a
B-expansion of .#; say we have new constants c,(a € 4) in £’ and new con-
stants d,(b € B) in £”". Let T be the set of all positive sentences of £’ holding
in (2, @)ees, and A the elementary £”-diagram of (B, b)yez. Our assumption
2 pos B implies, by the argument usual in this chapter, that I' U A has a model
€' = (€, la, sb)gca.pes- Thus by a basic fact concerning elementary diagrams,
there is an isomorphism ¢ of € onto an elementary extension B’ > B such
that tos = I | B. Clearly (¥, @),c4 pos (3', tla),., (because of I' holding in
€’) and hence, as is easily seen, o /: A — B’ is a homomorphism. O

Lemma 25.20. If U pos B, then there is an elementary extension A’ = U and
a one-one mapping g: B— A’ such that (¥', gb)pes POSs (B, b)pes.
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PrOOF Let £’ and £ be as in the proof of 25.19. Let I" be the elementary
Z’'-diagram of 2, and let A be the set { ¢ : ¢ is a positive sentence of .£”
and (B, b)yes F 19} The rest of the proof proceeds as with the proof of
25.19. (]

Similarly we have:

Lemma 25.21. Assume that B is a model of {g : ¢ is a positive sentence and
' F@}. Then T has a model A such that % pos B.

Proor. Consider I' U { =p : ¢ is a positive sentence and ' F —g}. O

Theorem 25.22 (Lyndon). For any set I of sentences the following conditions
are equivalent:
(i) Mod I can be characterized by a set of positive sentences;
(if) Mod T is closed under homomorphisms, i.e., if 4 € Mod T and % » B,
then B e Mod I,

ProoF. The trivial direction is (i) = (if): assume (/). To show (i/) it suffices
to prove

(1) if ¢ is any positive formula, f: A - B, x € “4 and A F ¢[x], then
DB Fo[fox].

This statement is proved by an obvious induction on ¢, using 24.4; we take
one atomic case and the passage from ¢ to Vu,p as examples. Suppose first
that ¢ is Roy- - -0, _,. Since U k ¢[x], we have (of'x, .. ., o%_,x) € R%. Hence
(fod'x, ..., fom_1x) € R, so by 24.4, (6P(fo x), ..., 6%_(f° x)) € R®. Thus
B F ¢[f o x]. Now assume (1) for ¢, and suppose that % FVu,p[x]. Let b be
any element of B. Say b = fa. Then 2 F ¢[x%], so by the induction hypothesis
B Eg[foxt], ie., B Eg[(fo x)i], as desired.

(i) = (i). As usual, let A = {p: ¢ is a positive sentence holding in each
member of Mod I'}. Thus Mod I = Mod A, so it suffices to take any model
B of A and show that B is a model of I". We shall do this by constructing
structures, U, and B, such that B8 < B, U, is a model of T, and A, » B,
which obviously shows by (ii) that B is a model of T

To construct %, and B, we construct certain sequences <2, :#n€ wd,
(Bp:newy, {f:newy, and {g,:new~ 1>. Let B, = B, and choose
Ay € Mod I so that Y, pos By, by 25.21. By 25.19 choose B, and f, so that
By X By, /o isa homomorphism of %, into B,, and (Yy, @) g0 POS (B, fo@)ac s0-
Then by 25.20 choose ¥; and g, so that (2, @)ucs0 <X (1, @)aeso, g1 IS @ ONE-
on¢ map of Bl into Al, and (Qll’ a, glb)aeAO,beBl pos (%1,]{2)(1, b)aeAO,beB1~
Now suppose that n > 1, %;, B;, and g, have been defined for all /i < n, and
f: has been defined for all i < n, so that the following condition holds:

(2) (le a, gnb)aeA(n— 1),beBn pos (%n’ f;n -14, b)aeA(n— 1),beBn-
We now define B,.1, fo, Un+1, and g, ;. Choose B, ., and £, by 25.19 so
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that (%n’ fn. -14, b)aeA(n —1),b€Bn < (%n +1 fn -14, b)aeA(n —1),beBn> fn iS a homo-
morphism of (Q[m a, gnb)aeA(n —1),beBn into (%n +1s fn -14, b)aeA(n —1),beBns and
(le a, gnb’ a’)aeA(n —1),beBn,a’cAn pos (%n + I’fn -14, b; fna’)aeA(n —1),beBn,a’eAn Then
we use 2520 to find A,.; and g,,; so that (Y, @ean <X i1, Dacans
&n+11s a one-one mapping of B, ,; into A, .1, and (U, 41, @, 8n+10)acan, benn+1)
POs (B + 15 o, B)acan,venn+ 1>

This completes our inductive definition. Thus we have the following
situation:

9‘0<Q[1<Q[2<"' <an<91n+l<"'

f.\‘ ng‘ Igz ""‘I RI&\‘#I
BBy XV X" XBp X Bps1 X -

Since f, is a homomorphism of (%, @, g,6)acacm - 1).pepn INLO

(Q?’n +1s fn -14, b)aeA(n —1),beBn>

it follows thatf, _, < frandg; ! < f,.Let U, = Upeo Ynand B, = U co B
By 19.36 we have A = 2, < U, and B = B, <X B,,. Since A is a model of T,
sois A,. Let f, = Uneo fo- Then clearly f,, is a homomorphism from 2, into
B,. But g; ! < f, for all n € w, so f,, maps onto B,,. O

Corollary 25.23. Let I' be a set of sentences such that Mod T is closed under
H, and let ¢ be a sentence. Then the following conditions are equivalent:
(i) @ is preserved under homomorphism relative to T';
(ii) there is a positive sentence s such that I' E ¢ & .

EXERCISES
25.24. For any class K, the class SUpK is the smallest universal class containing K.

25.25. A class K can be characterized by a single universal sentence iff SK = K,
Upk = K, and Up(~K) = ~K.

25.26. Let Z be a language with one nonlogical constant, a binary operation
symbol. Let K be the class of all structures isomorphic to structures (B, o),
where B is a set of one-one functions (with not necessarily equal domains)
closed under composition o of functions. Show that K is universal.

25.27. Let %’ have nonlogical constants < (binary relation symbol) and s (unary
operation symbol), and let .Z be the reduct of £’ to s. Let I be the follow-
ing set of sentences in £’

sentences saying < is a linear ordering

Vuo(ve < svo).
Thus by 25.5 S(Mod I'" | %) is a universal class. Find explicit universal
axioms for it, and show that it is not finitely axiomatizable.

25.28. Let £’ be an expansion of .Z, T a set of sentences of .#’, and let 2 be an
Z-structure. Then the following conditions are equivalent:
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25.29.

25.30.
25.31.

25.32.
25.33.

25.34.

25.35.

25.36.
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(1) AU can be embedded in B | £ for some model B of I,
(2) for every universal sentence ¢ of %, the condition I' k ¢ implies that
Ak P.

Let K be the class of all Abelian groups in which every element is of finite
order. Show that 25.11(i) and 25.11(ii) hold but 25.11(7) fails.

Give an example of an elementary class K such that PK is not elementary.

Let K be the class of all commutative rings satisfying Voo(vo-vo = vo —>
vo = O). Show that K is a quasivariety but not a variety.

Give an example of a universal class which is not a quasivariety.

Give an example of a system <%, : i € w)> of structures such that ; < U; .,
forallie w, A, = A;,; for all i, but not Ao = Ueo ).

If K is an elementary class closed under directed unions and under products,
then K can be characterized by universal-existential Horn sentences. (Such
sentences are defined in a natural way along the lines of 25.12 and 25.15.)

An occurrence of a symbol in ¢ is positive if it is within the scope of an
even number of negation symbols; otherwise it is negative. Now let £ be
a language with no operation symbols. Assume that ¢ and ¢ are sentences
in which = does not occur, and that Fp —> i, not (F =1 ¢), and not (k).
Then there is a sentence x in which = does not occur such that k¢ —y
and ky —4¢, and such that any relation symbol occurring positively
(negatively) in y also occurs positively (negatively) in both ¢ and .

Hint: Use the model existence theorem, as follows. For each sentence x
of Z let

T, = {0: 0 is a sentence of .#’, and each relation symbol
which occurs positively (negatively) in 8 also occurs
positively (negatively) in x}.

Also, let IV = {0 : 6 is a sentence of %, and = does not occur in 6}, Let
S be the collection of all A = Sentg. such that there exist finite subsets
Q& I'yand ©; € 'y with A = ©y U 0O, such that:

(1) if y € A and = occurs in y, then y is ¢ = ¢ for some c € C;

(2) both ®; and ®; have models;

@3) for all xoeI'y"nTyNTI"and y, €l NT, NI, if FABOy—>xo
and FA ©; — 1, then yo A y: has a model.

Let I be a consistent theory in %, and let A be a set of sentences of &
such that for each finite subset ® of A there is a ¢ € A such that F\/ © &> ¢.
Then the following conditions are equivalent:
(1) there is a ® = A which axiomatizes T';
(2) for any model A of I" and any Z-structure B, if every ¢ € A which
holds in & holds in B, then B is a model of T'.

This lemma can be used to shorten the proofs of 25.16 and 25.22.
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Elementary Classes and
Elementary Equivalence

We now investigate the basic notions of first-order logic. We shall give
mathematical characterizations of elementary classes due to Fraissé, Ehren-
feucht, and Keisler and Shelah. The fundamental results of first-order logic
are distinguished from more general languages by a theorem of Lindstrom.

Definition 26.1. Let K be a class of .#-structures.

(i) We set ®pK = {p € Sentg: ¢ holds in each member of K}; we call
Op the theory of K. We set Qpd = 0p{AU}.

(ii) K is elementarily closed iff for all #-structures U, B, if A =, BeK
then A e K.

(iii) K is a projective (or pseudo-elementary) class iff there is an expansion
Z' of # and an elementary class L in %’ such that K = {% | Z:
AeL}.

(iv) K is compact iff for all I' < Sentg, if every finite subset of I" has a
model in K, then I' has a model in K.

Relationships between these notions are given in the following theorem,
which has an important corollary for the rest of our work in this chapter.

Theorem 26.2. Let K be a class of £-structures. Each of the following condi-
tions implies the succeeding one. If K is elementarily closed, then they are
all equivalent.

(i) K is an elementary class;
(i) K is a projective class;
(iii) UpK = K;

(iv) K is compact.
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ProOF. Obviously (i) = (if) = (iii) = (iv). Now suppose that K is elemen-
tarily closed and compact. We show that K = Mod @pK, so that (i) holds.
Obviously K € Mod ®pK, so we need to take any U € Mod ®pK and show
that % € K. Now

(1) Mod ©p{2} N K # 0.

For, otherwise K compact implies that there is a finite A = 6p{2} such that
A does not have a model in K. Thus = A Ae€K,so 7" AAe@pK and 2 F
= A A, which is impossible.

So (1) holds. Hence U =,, B € K for some B, so % € K since K is elemen-
tarily closed. O

There is a projective class which is not elementary. In fact, let £ be any
language, and let K be the class of all #-structures with > |Fmlag| elements.
Then by the downward Loéwenheim-Skolem theorem, K is not elementary.
To see that K is projective, let £’ be an expansion of .Z obtained by adjoining
new nonlogical constants ¢, for all « < |Fmlag|*, and let I" be the set of all
sentences of the form —(c, = ¢4), where « < B. Obviously K = (Mod I') | %,
as desired. Examples of classes K with UpK = K but K not projective appear
to be known only under the assumption that no measurable cardinals exist.
Finally, a compact K with UpK # K is found by letting K = {2: 2 is an
Z-structure and |4| = |Fmlag].

Corollary 26.3. For any class K the following conditions are equivalent:

(i) K is an elementary class;
(ii) UpK = K, and K is elementarily closed.

This corollary gives rise to the possibility of mathematically characterizing
elementary classes by means of mathematically characterizing elementary
equivalence. We shall do this in two different ways, due respectively to
Ehrenfeucht and Fraissé and to Keisler and Shelah.

The characterization of Ehrenfeucht and Fraissé can be given in many
forms. We shall give four of these forms here and prove their equivalence.
Since A =, Biff A [ £’ =, B | L’ for every reduct £’ of & to finitely many
symbols, we may assume that our language has only finitely many symbols.
It is also clear that A =,, B iff A’ =,, B’, where 2’ and B’ are the relational
versions of A and B respectively (see Theorem 11.28). So, we may also assume
that our language has no operation symbols. These assumptions will be useful
for our main theorem, but they are not needed for some of the lemmas.

Definition 26.4. Let ¥ be any first-order language, and let A be an Z-
structure. If % has individual constants, we let 24~ be the substructure of

A generated by {c¥: ¢ is an individual constant of .#7}.
Now we define some equivalence relations =,, between structures in
various languages; however, U =, B shall always imply, implicitly, that
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A and B are .L-structures for the same £, These relations are defined by
induction on m.

A=, iff A and B are F-structures and either £ has no individual
constants or else it does and A~ =~ B~ ;

A =,,, Biff for every a € A4 there is a b € B such that (2, a) =, (B, b)
and similarly with the roles of % and ¥ interchanged.

Lemma 26.5. Let ¢ be a sentence in prenex normal form with m initial
quantifiers, and suppose that A =, B. Then Ak ¢ iff Bk ¢.

PRrROOF. We proceed by induction on m. For m = 0, ¢ is a sentence with no
variables, and hence .# has individual constants. Thus the assumption % =, B
means that A~ ~ B~. Hence, obviously, A F ¢ iff B F ¢.

Now assume the result true for m, for all logics £ and all pairs of #-
structures. Suppose @ is a prenex sentence with m + 1 initial quantifiers and
A =,,, B. We take only the case where the first quantifier of ¢ is existential,
assume that 2 F ¢, and prove that B F ¢. Say ¢ is Jv;b. Choose a € 4 so that
A Eyla, a,...]. Thus (%, a) F Subf2y in a suitable expansion of the language
of 2. Since A =,,,, B, choose be B so that (¥, a) =,, (B, b). Then by the
induction hypothesis, (B, b) F Subfiiy, e, B EY[b, b,.. .1, 1e, BEep. [

According to this lemma, if A =,, B for all m (a purely mathematical condi-
tion), then A =,, B. This is true for any language whatsoever. The converse
fails in general (see Exercise 26.47), but it does hold for languages with no
operation symbols and only finitely many relation symbols. We shall prove
this via a slight reformulation of the definition of =,,.

Definition 26.6
(i) Let# bealanguage with no operation symbols and only finitely many
relation symbols. We define some sets A, of formulas of &, where 0 < i <
n > 0, by induction on i. Let A% be the set of all atomic formulas of &
with free variables among v,, . . ., v,_;. Our assumptions on .# imply that
A2 is finite. Suppose i < n and A} has been defined so that it is a finite set
of formulas with free variables among vy, . . ., v,_;_;. Let AL*? consist of

all formulas

3vn-1-i(/\¢/\ A 9

Qe @eA(l,n)~6

for © a subset of Al.

(ii) Let e € w U {w}, and let A and B be two L-structures (£ any first-
order language). An «-sequence for A, B is a sequence I = I, : me o)
such that the following conditions hold:

(1) I, € ™A x "B for each mec;
(2) 01,0,
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() If m + 1 €«, xI,,y, and a € 4, then there is a b € B such that {x,, ...,
Xm—1, @1n+1{Y0s . - -» Ym—1, b, and similarly with the roles of 4 and
B exchanged;

(4) If cew ~ 1 and xI,_,y, then A F ¢[x] iff B F¢[y] for any atomic
formula ¢ with variables among {v;: i€ — 1}, and if « = w then
Ak p[x] iff B F ¢[y] for any x € "4 and y € "4 with m € w, xI,y, and
any atomic formula ¢ with Fve < {vo, ..., vp_1}.

Note that there is, trivially, always a 1-sequence for any two structures 2,
B in a language with no operation symbols, since then 26.6(ii)(4) holds
vacuously, there being no atomic formulas without variables.

Lemma 26.7. Let % be a language with no operation symbols and only finitely
many relation symbols. Assume that A and B are F-structures, ne w ~ 1,
and that for any ¢ € AT, A E @ iff B E @. Then there is an (n + 1)-sequence
for AU, B.

ProOF. Foreachi < nlet
I ={(x,y):x€'4, ye'B, and A F ¢[x] iff B F¢[y] for all p e A}~1}.

Obviously 26.6(ii)(1),(2),(4) hold. To check (3), suppose thatm + 1 < n + 1,
xI,y,and a€ A. Let

O ={pelAy " AFP[xo, ..., Xm_1, al}.

Then the formula 3v,,(Agece® A NAovean-m-1.m~e @) isin AL~™and it holds
in 9, so it also holds in B. This gives us an element b € B such that {x,, .. .,
Xm—1> A1m +1{V0s - - +» Ym—1, D), as desired. Of course the argument is similar
if 2 and B are interchanged. Hence 26.6(ii)(3) holds. ad

The following lemma completes the proof of equivalence of =,, with our
mathematical notions in 26.4 and 26.6.

Lemma 26.8. Let n€ w. If there is an (n + 1)-sequence for A and B, then
A=,B.

Proor. Let {I,:m < n) be an (n + 1)-sequence for 2, B. We now prove
the following statement by induction on i; the case i = n gives the desired
result.

1 if xI, 1y, then (2, x,);cn—i =1 (B, Vde<n—i-

The case i = 0 is obvious. Now assume (1) for i, and suppose that x7,,_;_, y.
To prove that (U, X)i<n-i-1 =i+1 (Bs Vi)i<n-i-1, Dy symmetry take ae A4.
From the definition of I, 26.6(ii), choose b € B such that <x,, ..., X,_i_2, @)
L,_{Pos...» Vu_i_2, b). By our induction assumption, (U, x;, @)icn_i—1 =
(%9 Yt b)t<n—i-1- D
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Now we introduce another slight variation of the notion =,,.

Definition 26.9. Let % and B be Z-structures. A partial isomorphism of A
into B is a one-one function f mapping a subset of 4 into B such that if
m < |Dmn f|, ¢ is an atomic formula, Fve < {v,, ..., vn_1}, and x ¢
"Dmn f, then A k ¢[x] iff B F ¢[fo x]. For any « € o U {w}, an a-system
of partial isomorphisms of 2 into DB is a system <I,, : m € ) satisfying the
following conditions:

(i) each I, is a nonempty set of partial isomorphism of 2 into B;
(ii)ifm+ lea,thenl,. ., < I,;
(fiiy if m + 1 €a, fel,.,, and ac A (resp. b € B), then there is a ge I,
such that f < g and a € Dmn g (resp. b € Rng g).

In view of the above lemmas, the following lemma shows that elementary
equivalence implies this new notion.

Lemma 26.10. Let A and B be L-structures and let ncw. If there is an
(n + 1)-sequence for U and B, then there is an (n + 1)-system of partial
isomorphisms of AU into B.

Proor. Let {J,:men + 1) be an (n + 1)-sequence for 2, V. For each
men + 1 we set

Iy = {(x, y):i < k}:k < n — mand xJ,)}.

Thus 26.9(ii) is obvious. By 26.6(ii)(2),(3) each J, is nonempty, so each I,
is nonempty. Also, from 26.6(i7)(2),(3),(4) we infer that for each k < n, if
xJ,y then A F ¢[x] iff B F ¢[y], for each atomic formula ¢ with variables
among vy, - . ., U;_1. It follows that each I, is a set of partial isomorphisms
of A into B. Finally, 26.6(ii)(3) immediately yields (iii). O

Our final equivalent for elementary equivalence is not quite such a simple
reformulation of the relations =,. It is formulated in game terminology, and
we shall first give an intuitive account of the game.

Let 2% and B be L-structures, and let two players I and II be given. Player I
begins the game by picking a positive integer n, an €2, and if ¢ = 0 an
element a, of A, while if ¢ = 1 an element b, of B. The game continues with
IT and I moving in turn. At the ith move of I, he chooses an s € 2, and if
e = 0-an element a; of A4 while if e = 1 he chooses an element b, of B. Then
II chooses an element b; of B if ¢ = 0, or an element a; of A if £ = 1. The
game ends after 2n moves, at which point two sequences e €4 and b € "B
have been constructed. The rule of the game is that II wins provided that
{(a,, b) :i < m} is a partial isomorphism of U into B. As we shall show,
elementary equivalence is equivalent to the existence of a winning strategy
for II. It is clear intuitively what we mean by ““ winning strategy’’: there must
exist a completely deterministic method for II to make a move, given what
has happened so far in the game, so that at the end II always wins. The precise
definition runs as follows:
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Definition 26.11. Let % and B be Z-structures. We say that Il has a winning
strategy for the m-elementary game over U, B provided that there is a
function F with the following two properties:

(@) Ifk <m, xe¥A4, and y €*B, then F(x, y,0, a) € B for each ae 4
and F(x, y, 1, b) e A for each b € B.

(ii) For every ze™({0} x 4) U ({1} x B)], define xe™4 and ye™B
by induction as follows. Suppose k < mand x [ k, y | k have been defined.
If (zk)o = O, let x,, = (zk); and y, = F(x [ k, ¥y | k,0, x). If (zk)o = 1,
let y, = (zk), and x, = F(x [ k, y [ k, 1, y,). Then for the so defined
sequences x and y it is the case that {(x;, y;)} : i < m}is a partial isomorphism
of % into B.

Lemma 26.12. Let A and B be L -structures, and let m be a positive integer.
If there is an (m + 1)-system of partial isomorphisms of U into B, then
player 11 has a winning strategy for the m-elementary game over U, B.

ProOOF. Assume the hypothesis of 26.12, and let {/,: k < m) be an (m + 1)-
system of partial isomorphisms of A into B. We define a function satisfying
26.11(7) as follows. Let a well-ordering of 4, B, and all sets I, for k < m be
given. Let k < m, xe*4,and ye*B. Set f = {(x;, ) : i < k}. Letae A and
b € B. If there is no g € I,,_, such that f < g, we let F(x, y, 0, a) be the first
element of B and F(x, y, 1, b) be the first element of 4. Now suppose there
is such a g, and let g be the first such. By 26.9(iii) let /1 be the first member
of I, _,_, such that g < 4 and ¢ € Dmn 4, and let / be the first member of
I,_,._, such that g < [/ and be Rngl. Then we set F(x, y,0, a) = ha and
F(x, y, 1, b) = [~b. Thus F is constructed so that 26.11(;) holds.

To check 26.11(ii), let z e "[({0} x A) U ({1} x B)] be given, and construct
x and y as in 26.11(i). It is straightforward to check by induction on k that
whenever k < mthereisan ge l,_, such that {(x;, y,)) : i < k} < g. Applying
this for k = m, we obtain the conclusion of 26.11(i%). O

Our final lemma completes the circle of implications between the above
notions.

Lemma 26.13. Let A and B be L-structures, and let m be a positive integer.
If player 11 has a winning strategy for the m-elementary game over U, B,
then A F o iff B F o whenever ¢ is a prenex sentence with m initial quantifiers.

ProoF. Let F be as in 26.11, and for each z € [({0} x A) U ({1} x B)] let
x,and y, be constructed as in 26.11(i7). Let @ be a sentence Quvo- + * Qu_ 1Um— 1%
where ¢ is quantifier free and each Q; is V or 3. We now prove the following
statement by downward induction on k from m to 0.

for all k < mand all ze™[({0} x A) U ({1} x B)], A F Qv - -
(l) Qm—lvm—ll/’[xzos ey xz(k - 1)] iff BF kak' o
Qm—lvm—llﬁ[yzoy LR ] yz(k - 1)]
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The case k = m is true because of the conclusion of 26.11(ii). Now suppose
that (1) is true for k + 1; we prove it for k. Suppose that z € "[({0} x A) U
({1} x B)]. We take only the case Q, = V, and argue from satisfaction in %
to satisfaction in 8. Assume, then, that A F Q.- - Q,_10m_1¥[x.0, ...,
x,(k — 1)]. Let b be any element of B. Let w be like z except that w, = (1, b).
Clearly (by 26.11(i0)) x, [ k = x, [ k, s0 AF Q- - Que10m_135[x,0, . . .,
xy(k — 1)]. Since Q, =V, we have AF Qu 15,1 Qu_o10m_19[x,0, ...,
x,,k]. By the induction hypothesis, B F Q4 1041 - Q- 10m_1¥[Vu0, . . ., Yukl.
But ywk = b and Yw fk =D fk, so BF Qk+1vk+1' : 'Qm—lvm—ll/’[yzo, cees
ylk — 1), b]. Since b is arbitrary, it follows that B F Q,v,- - - Qu_ 10m_1¥[ 3.0,

.., y{(k — 1)]. Hence (1) holds. But condition (1) for k = 0 is exactiy what
we want to prove. d

Now we can give the main theorem characterizing elementary equivalence
by the back-and-forth method:

Theorem 26.14 (Fraissé, Ehrenfeucht). Let & be a language with no operation
symbols and only finitely many relation symbols. Let A and B be two ¥-
structures. Then the following conditions are equivalent:

() A=ee B,
(i) A=, Bforeachme w;
(iii) for each m € w, there is an m-sequence for A, B,
(iv) for each m € w, there is an m-system of partial isomorphisms of U into
3B,
(v) for each m € w, player 11 has a winning strategy for the m-elementary
game over U, B.

As mentioned following 26.3, this theorem immediately gives rise to
mathematical characterizations of the logical notion of an elementary class,
using 26.3. We shall not state these characterizations explicitly.

We now want to give an application of 26.14. We shall give a simple
characterization for the elementary equivalence of two structures (e, <),
(B, <), where « and B are nonzero ordinals. For the next few pages .# will
denote a fixed first-order language with only one nonlogical constant, a binary
relation symbol <, and we shall implicitly work within .%. We assume a very
modest acquaintance with the arithmetic of ordinals. In what follows we deal
with the ordinal operations of addition, multiplication, and exponentiation.

The division algorithm for ordinals plays an important role in what follows.
According to it, if « and B are any two ordinals with 8 # 0, then there exist
unique ordinals y and & such that « = 8-y + 8 and & < B; we call § the
remainder upon dividing « by 8. Given ordinals «, 8 and a nonzero ordinal v,
we say that « and B are congruent modulo y, in symbols « = B (mod y), if «
and 8 have the same remainder upon division by y. Our mathematical charac-
terization of elementary equivalence of (e, <) and (B, <) is that « = B < w®
orelse o, B = w® and a = B (mod w®). We proceed to prove one implication:
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Lemma 26.15. [If (¢, <) =.. (B, <), then « = B (mod w®), and if « < w® or
B < w® then « = B.

Proor. The idea of the proof is to show that each ordinal <w® is elemen-
tarily definable; the theorem then easily follows. To prove this, we need to
express some simple concepts concerning ordinals. Let “v, — v, is a suc-
cessor’’ be the formula

U1 < 0o A o[y < vy A Avg(v, < V3 A V3 < V)]

Clearly we have
(D

Next, let “v, — v, is divisible by »’’ be the formula

(e, <) E“vy — vyisasuccessor” [B, y]iffy < B < eand B — vy
is a successor ordinal.

v; < vy A (“vy — vy is a successor ).
Thus

@) (o, <) F“vy — vy isdivisible by 0™’ [B, y]iffy < B < «and

B — y is divisible by w.

For any positive integer m, having defined the formula “v, — v, is divisible
by ™, let “vy — v, is divisible by w™*1” be the formula

Jva(va < o A “Dp — vy is divisible by w™”) A Voalvs < 1,
—=>Jvy(v: < 3 A V3 < Vg A “v3 — v, is divisible by «™”)].

3)
We now prove:

@ (e, <) E“vy — v, is divisible by o™’ [B, y] iff y < B < « and

B — vy is divisible by w™.

We show this by induction on m. The case m = 1 is given by (2). Now suppose
that (4) holds for m; we verify it for m + 1. First suppose that y < 8 < «
and B — v is divisible by w™*!; say 8 — y = w™*1.8. Thus 8 # 0. Hence
y + o™ < B and (y + o™ — y = o™ is divisible by »™, and the induction
hypothesis (4) yields the satisfaction by (8, y) in («, <) of the first conjunct
of (3) form + 1. Now let ¢ < B be arbitrary. If e < y,thene < y + o™ < 8
and (y + o™) — y = o™ is divisible by ™, giving satisfaction of the second
conjunct of (3). If y < ¢, write ¢ — y = w™**.{ 4+ 5 with 5 < 0™*!, and
7 =ow"n+ 0 where n€ew and 6 < 0™ Then e <y + &+ + ™
m+Dzpand(y+ o™+ m+1)—y=0"{+o™Hn+1)
is divisible by w™, so again the second conjunct of (3) is satisfied.

For the converse of (4), assume that (¢, <) F “vy — v, is divisible by
w™*t1” [B,v]). Clearly y < B. Write § — y = 0™*1-8 4+ e withe < w™*! and
write e = w™-n + { withne wand { < o™ Suppose { # 0. Theny + w™*!.
8 + w™-n < B, so by (3) and the induction hypothesis there is an % with
y + ™18 + w™-n < n < Bandn — y divisible by «™. Say n — y =w™- 6.
Since

y+ ot (wd+n=y+o"d+o™n<n=y+ o™,
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it follows that w-6 + n < 6. But

I8=,y_+_wm+l_8+€=y+wm+1.8+wm.n+z
<y+ o™l d+o™n+o"=y+ " (w8+n+1)
Sy+omf=19<8B,
a contradiction. Thus { = 0. Suppose n # 0. Then y + w™*!.§ + ™
(n — 1) < B, so by (3) and the induction hypothesis there is an . with y +
w18 + w™(n—-1) << B and ¢ — y divisible by o™ Say « —y =
o™ k. Then

y+ o™ (w8 +n—1)

y+ o™*l8 + o™ (n—1) <
Y+ o™k,

sow-6 +n—1 < «. Hence

B=y+ o™+ w"n=y+ o™ (wd+n<y+ o™«
—.<B

again a contradiction. So n = 0 also, and we have 8 — y = w™*!.8. This
completes the proof of (4).

Now for each m € w let “v, — v, = m” be the formula saying that v; < v,
and there are exactly m v, such that v; < v, < v,. For m, new ~ 1, let
“vo — v; = @™ n’’ be the formula

3

vy — v, Is divisible by w™,”” and there are exactly » — 1 v, such
that v, < vy < vy and “v, — v, is divisible by ™.

&)

letkew~1, me¥w~1),ne*(w~1),and my >---> m,_,. We define
“Do — U1 = @™ ng -+ 0™~V by induction on k. The case k = 1
is taken care of by (5). Assuming the formula defined for k, we let “v, — v, =
w™.ny + -+ 0™ -n,” be the formula

avz(vl < (25 A 12 < (2 A “Uz - U = w'"o-no +---+ wM(k—l)'nk_l’,

13

A Vg — Vg = w”'k‘nk”).
Clearly we have

if me w, then (e, <) “vo — v, =m” [B,y]iff y < B < ¢ and
B—v=m

ifkeo~1l,me*m~ 1),ne*m~ 1),and my >---> m,_4,
(7) then(x, <)F“vy — vy = @™ 1y + -+ @™ Vo, [B,y]
iffy<B<eoandB —y=w"ny+--+ o™ Vg, _,.

6

Recall that for any B < w®, either B < w or B can be written in the form
B=ow"ny+- -+ o™* " V.p,._, withm, >---> m,_,. Thus we have now
shown that any ordinal <w?® is elementarily definable.

To prove the lemma, assume that (¢, <) =, (8, <). Write ¢ = w®-y + §
and B = w?-¢ + { with §, { < »®. Suppose & # {, say 6 < {. Choose m €
w ~ 1 so that { < o™ Now clearly

(e, <) Ev Vv, m (v2 < v1) A vy — v, is divisible
by o™’ A 30;(*v; — vy = 87)[w®-y].
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Hence the following sentence holds in («, <):

Avo{I, [Vv, 1 (v, < v1) A “vy — v, is divisible
by o™’] A —3v;(“v; — vy = 87}

Hence it also holds in (B, <), so there is an n < B such that 5 is divisible by
™, but there is no 8 such that § — n = 8. This latter statement implies that
n + 6 = B.Say 5 = ™. Then

wti=n<B=wece+ <0+ o™
=" w?% e+ 0" = 0™ (w®e + 1),

SO ¢ < w®-¢e. But then
B<n+d=o"1+d< o™ e+ {=wec+{=2§8,

contradiction. Thus § = { after all. Thus « = B (mod w®).
Now suppose, say, that ¢ < w® while 8 > »®. Then

B, <) FAry(Vv, 1 (2 < 01) A “vg — 13 = o))

Hence

L]

(a, <) ‘:avoavl(vvz = (vz < Ul) A “vo -0 =a’),

which is impossible. O

To obtain the converse of 26.15 we need to define another equivalence
relation:

Definition 26.16. Let <oy, ..., a,_1> and {By, ..., Ba_1> be sequences of
ordinals, where new ~ 1, and let me w. We write <ag, ..., ¢p_1> ~p
{Bos - . +» Ba—1y provided the following two conditions hold for all i, j < m:

@) o < o iff B; < By
(ii) if o < «;, then either a; — o; = B; — B;, or else both are >w™ and
a; — o = B; — B; (mod w™).

Note that {&) ~, {B)> for any ordinals «, 8 and any m € w. If m = 0, then
condition (ii) does not say anything. Also note that if m > n then « =
B (mod «™) implies that « = 8 (mod ™). The converse of 26.15 follows from
the following lemma:

Lemma 26.17. Let U = {oty, <, g, ..., 0,10 andB =By, <,Bas ..., Pn-1>
where oy, ...,a,_1€0,7# 0 and Bo,...,Bu_1€Bo# 0. Assume that
gy v v vy Cp_1) ~y <:BO’ ey ;Bn—1>, where o = Bl = 0. Then A =, .

ProOOF. We proceed by induction on m. The case m = 0is clear. Now assume
the lemma for m, and assume the hypothesis of the lemma for m + 1. To
verify that % =, ,, B it suffices, by symmetry, to take any «, € o, and find
B. €Bo so that (U, ;) =, (B,B,). f ¢, = ; for some i =1,...,n — 1, let
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B, = Bi; from 26.16 it is then clear that (¥, «,) =, (3, B.). So suppose that
o, # o for all i < n. Choose «; maximum so that «; < «,, and choose «,
minimum so that «, < «; o, always exist (perhaps j = 1 or k = 0). We shall
now find B, so that

Bn — B; = @, — a; or bothare >w™and B, — B, = o, — «;
(1) (mod w™), and B, — B, = &, — «, or both are >«™ and
Bx — Bn = ax — @, (mod ™).

Because <{agp, ..., @z-1) ~ps1<{Bos - .» Bn_1y, We have two possible cases:
Case I. op — oa; = B, — B, Let 8, = B; + (o, — ;). Then (1) is clear.
Case 2. o — o; and B, — B; are both >w™*!, and o, — o, =B, —

B; (mod w™*1), We consider three subcases.

Subcase 1. «, — «; < o™ Let B, = B, + (¢, — «;). Obviously then 8, —

B; = a, — a;. Since o, — a; and B — B, are both = w™*?!, and w™*?* absorbs

all smaller ordinals, we have

Be = Bi = (Ba — B) + (Bx — Bn)

and hence B, — B, = o™, s0

Be — Bi = (Bn — B) + @™ + (B — Bn) — ™)
= W (B — ) — W)
= Bk - Bm

and similarly o, — o; = o — @, = w™*!. Hence also o« — o, = B, — Ba
(mod w™).

Subcase 2. oy, — a, < o™ (Note thatsince (e, — o)) + (o, — &) = o —
o; > w™*! this subcase is mutually exclusive of subcase 1.) By the assumption
of this case we may write o, = «; + @™y + dand B, = B; + w™*le + 8
with 8 < w™*! and y, ¢ # 0. Now

2 o+ o™ty < a,.
For, otherwise o, < «; + w™*!-y;write o, = «; + {. Then { < w™*!.y, and

if we write { = w™*!.9 + 0 with § < w™*! we have < y. But then

o — o = (0 — @) + (05 — o) = { + (o — @)
= o 4 0+ (o — o),

and 8 + (o, — «,) < o™*1 But y and 8 are uniquely determined by «, and
oy, SO m = v, a contradiction. Hence (2) holds.
Write ¢, = oy + 0™*1.y + ¢+ with ¢ < w™*1, Then

Wty + 8 = o — oy = (an — o)) + (o — )
= wm+1,,y + ¢+ (ak - an)s

0 8 =t + (o — ;). Let B, = B; + w™*t-e + . Clearly B, — B, = o —
a,, while 8, — B,, ¢, — a; > w™ and

Bn—Bi=1 (mod ™)
a, — ay (mod w™)
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Subcase 3. a, — «;, o — @, = 0™ Write &, — o; = w™-x + A with A <
w™ Let B, = B; + o™ + A Thus a, — «;, B, — B; = «™ and both are con-
gruent to A mod ™. Now since o, — o, > ™ and hence o, — «, absorbs A,
we have

o — oy = ™k + A+ (o — o) (mod w™)
= (o — &) + (@ — o)
=0 —o; =P — (mod w™)

(Br — B) + (B — Bn)
="+ A+ B —-B)=h — B  (modow)

This completes the proof of (1).

Now suppose that «, < o # . Then o — o, = (e — @) + (o — ),
and either o; — o, = B, — By or else both are >w™*!; and & — o, = B, —
Bi (mod w™*1). Hence clearly either «; — «, = 8, — B, or else both are > ™
and o — o, = B; — B, (mod w™). We argue similarly if «;, < «,. Hence we
have now shown that {ay, ..., @,» ~, By, ..., Bry. Hence by the induction
hypothesis {cg, <, &g, ..., &> =5 <{Bo, <, Pay...s Puy. Thus A=,.,B. O

Combining Lemmas 26.15 and 26.17 with the Ehrenfeucht-Fraissé theorem
we obtain

Theorem 26.18. For any nonzero ordinals «, B, we have («, <) =, (B, <) iff
=8 < w®orbotha, Bz w®and « = B (mod v®).

Now we turn to the second main topic of this section, Lindstrom’s charac-
terization of first-order logic. Roughly speaking, only first-order logic has the
compactness theorem and the downward Lowenheim-Skolem theorem. To
make this precise we must, of course, have some general notion of logic. We
introduce this notion in the following definition.

Definition 26.19

(7) Let & and %’ be two first-order languages. A function f is an
isomorphism of £ into &£’ provided that f maps the nonlogical constants
of & one-one into the nonlogical constants of .#”’, taking relation symbols
to relation symbols and operation symbols to operation symbols, and f
preserves the ranks of all symbols. We call f an isomorphism onto if f
maps onto all nonlogical constants of #".

@) Given &, &', f as in (i), with f onto, with each #-structure A we
associate an .#’-structure 2, by setting

A; = A4;

I = (f~I0) for each nonlogical constant IT of £,

(iii) For any first-order language %, we let S¢ be the class of all #-
structures.

(iv) A weak general logic is a class L of quadruples (&, T, 2, ¢) such
that £ is a first-order language, with no operation symbols and only
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finitely many relation symbols, I' is a class, % € Sy, and ¢ € T, such that
I' is uniquely determined by % alone, ie., if (%, I, %, ¢) and also
(Z, I", %", ") are in L, then I' = I’. We sometimes write A F, o ¢ when
(Z, T, YU ¢)e L. An L, P-sentence is an object ¢ such that ¢ € I', where
(&, T, B, $) e L for some B, . For any L, F-sentence ¢ we let

Modg, o = {A: AF, & @}

A class K is an L-elementary class provided that K = Modg ; ¢ for some
# and ¢; we also call it an L, Z-elementary class.

(v) A general logic is a weak general logic L which satisfies the following
conditions:

(1) Every L-elementary class is closed under isomorphism.

2) If £, %", fare as in (i), f onto, and K is an L, #-elementary class, then
{2, : 2 €K} is an L, ¥’-elementary class.

(3) If K is an L, ZP-elementary class and ¢’ is an expansion of %, then
{eSe A Z €K} is an L, L'-elementary class.

(4) If K is an L, #-elementary class, then Sg ~ K is an L, #-elementary
class.

(5) If K and M are L, Z-elementary classes, then so is K N M.

(vi) Given a first-order language %, and a general logic L, a class K
of Z-structures is an L-projective class, or an L, £-projective class provided
that there is an expansion £’ of £ such that K = {d | & : % € M} for
some L, .#’-elementary class M.

(vii) If L, and L, are general logics, we write L, < L, -(respectively
L, < neL;) provided that every Ly-elementary class is also an L, -elementary
class (respectively, every Lo-elementary class has the same infinite members
as some L,-elementary class). Also, we write L, = L, provided that
Ly<c L, € L,

(viii) L, is the class of all quadruples (%, Sent g, , ¢) such that &# is
a first-order language with no operation symbols and only finitely many
relation symbols, A€ Sy, ¢ € Senty, and A k ¢. Clearly Ly, is a general
logic.

This definition is rather long, but the notions introduced in it are all very
intuitive. The properties of a general logic given in 26.19(v) are very minimal,
and apply to all of the known extensions of first-order logic in which the
notion of model is still first order; thus the various infinitary languages and
the Q-languages of Chapters 30 and 31 fall under this heading. Note that the
notion of elementary class corresponds to the notion of a finitely axiomatizable
elementary class in the usual sense: a class is Ly,~elementary in the sense of
26.19(iv) iff it is a finitely axiomatizable elementary class in the usual sense.
Since we are dealing with finitely axiomatizable elementary classes, and since
operation symbols can be replaced by relation symbols as indicated in
Chapter 11, it does not seem to be a loss of generality to restrict ourselves
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as indicated, to first-order languages with no operation symbols and only
finitely many relation symbols.

We shall prove two theorems about general logics here. One is that a
general logic in which the compactness theorem and downward Léwenheim—
Skolem theorem hold is equivalent to Ly, in the sense of 26.4(viii). The other
is that an effectivized general logic, as defined below, in which the downward
Léwenheim—-Skolem theorem holds is effectively equivalent to L, in the sense
indicated below. The proofs of these results depend on a main lemma, 26.22
below. First we need two small lemmas. The first one gives another useful
fact about the Ehrenfeucht—Fraissé construction:

Lemma 26.20. If A and B are denumerable L-structures and there is an w-
sequence for A, B, then A =~ B,

ProoF. Let 4 ={a,:icw} and B = {b;:icw}. Let {I,: me w) be an w-
sequence for A, B. Now we define sequences x € “4, y € “B by recursion.
Suppose that x; and y; have been defined for all i < 2m in such a way that

{Xgy -+ s Xom—12Tam{ Vo5 - - -» Vam—1y (note that this holds if m = 0). Choose i
minimum such that a; ¢ {x,, ..., Xom-1}, and let x,, = @. Then choose j
minimum such that <{x, . . ., Xon>lom+1{Vos - - -» Yam—-1, b;> and set Yo, = b;.

To define y,,, 41 and x5, ., We interchange the roles of 4 and B. This completes
the definition of x and y. Thus

) X0y - v vy Xme12Inl Vo5« + +s Ym-1y fOr all m € w.

Furthermore, by induction on i,

2) a, €{xq, ..., Xoi} for all i € w, and b; € {yo, . . ., Var+1}

for all i € w. Hence by 26.6(ii)(4), {(x;, y.) : i € w} is the desired isomor-
phism. O

Lemma 26.21. Let & be a first-order language with no operation symbols and
only finitely many relation symbols, and let K be a class of L -structures.
Suppose that w is any cardinal, and that there is no finitely axiomatizable
elementary class which has the same members of power m as K. Then for
every n € w there are L -structures A€ K and B € Sy ~ K of power m and
an (n + 1)-sequence for U, B.

Proofr. Clearly we may assume that n # 0. We shall apply 26.7. For each
2 € K let pg be the sentence

N{peAr:AFot A A{p:pell, AF g},
and let x be the sentence
V {py : ¥4 €K, and A has power m}.

Note that K has members of power m, since otherwise K and Mod {p A —¢}
would have the same members of power m, for any ¢ € Sent g, contradicting
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our hypothesis. Since each member of K of power m is in Mod {yx}, but by
hypothesis the converse fails, choose B € Mod {y} ~ K. From the construc-
tion of x, B F gy for some A € K. Clearly A F s iff B F s for all s € A}, so our
lemma follows by 26.7. ]

Now we come to the main lemma:

Lemma 26.22. Let L be a general logic such that L, < L but L &, Ly,.
Assume also that L satisfies the downward Lowenheim—Skolem theorem, in
the sense that any L-elementary class with an infinite member has a denumer-
able member.

Furthermore, let £ be a first-order language with exactly one nonlogical
constant, a unary relation symbol P. Then there is a class K of £ -structures
satisfying the following conditions:

(i) every member of K is infinite;

(ii) for any A = (A4, P¥) € K, the set P¥ is finite and nonempty;
(iii) for every n€ w ~ 1 there is a countable % € K such that |P¥| = n;
(iv) K is L-projective.

ProOF. By assumption there is an L-elementary class M, say in a language
#’, such that there is no finitely axiomatizable elementary class in the usual
sense with the same infinite members as M. Then

(1) there is no finitely axiomatizable elementary class N with the same
denumerable members as M.

For let N be any elementary class. Since L;, & L, we also have that N is an
L-elementary class. Now let Q = (N ~ M) U (M ~ N). Then by 26.19(v)(4),
(5) we see that Q is an L, #’-elementary class. Now by our choice of M,
there is an infinite %A € Q. Hence by the downward Léwenheim—Skolem
theorem for L, Q has a denumerable member B. Thus B8e (M ~ N) U
(N ~ M), as desired in (1).

Let the nonlogical constants of #’ be R, .. ., R, _;, of ranks ng, . . ., n, _
respectively. Let #” be an expansion of £’ in which we have additional
relation symbols S, ..., Sp_1, To, Ty, T, Ts, Ty of ranks ng, ..., 0,4,
1, 2,2, 3, 3 respectively. Let £” be the reduct of £ to T,. It suffices now to
verify the conclusion of the lemma for #” in place of %, since #” is isomorphic
to an expansion of £ via a mapping that takes T, to P [see 26.19(i),(i7),(v)(2)].

Clearly there is a sentence ¢ of £ such that for any #”-structure 9,
A F ¢ iff the following conditions hold:

(2 T§ # 0;

(3) T? is a one-one function mapping 4 onto a proper subset of 4;

(4) T2 is a linear ordering of T§ such that Tg has a T3-first element, while
every member of T§ which has a T-successor has an immediate T%-
SUCCESSor ;
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(5) for every a€ A, the relation f, = {(x, y) : (a, x, y) € T3} is a function
mapping T¥ into 4;

(6) if x is the TZ-first element of TZ, then there are a, b such that (x, @, b) €
T%;

(D if (x, a, b) e TZ, x € TE, y is the immediate TZ-successor of x, and z € 4,
then there exist ¢, d, u such that (y, ¢, d) € TZ, fux = z, fox = u, while
for every v e T%, if v # x then f,v = f,v and fov = fv;

(8) like (7), but with a and b interchanged in its conclusion;

©) if (x,a,b)eTL, i <m, and y = {(Jy, ..., Yu_1y is 2 sequence of TF-
predecessors of x, then f, o y e R¥*iff £, o y € S¥;

(10) if (x, a, b)) € T and y and z are Tg-predecessors of x, then f,y = fz

iff £,y = foz.

Next, let £ be the reduct of #” to the symbols S,,..., S, _;. Clearly
&’ is isomorphic to £V, via the isomorphism g taking R; to S; for each
i < m. Let Q, be the class of #"-structures such that % [ £’ € M; thus by
26.19(v)(3), Q, is an L-elementary class. Let Q, = {%,: A € Se ~ M}; by
26.19(v)(4),(2), Q, is an L-elementary class. Hence so are Q, = {A €Sy :
AL €Qy}and Q; = Qo N Q.. By the assumption Ly, = L, Mod {¢} is an
L-elementary class. Let Q, = Q3 N Mod {¢}. Thus Q, is also an L-elementary
class. It is Q, that we work with below, Q, through Q; being mentioned just
to construct it; and the properties of Q. that we need below are just the
following: 2 € Q, iff the following hold:

a1 Ake;
(12) A 1 ¥ eM;
(13) (U | £7),-1€Se ~ M.

Now we shall verify that K = Q. [ £" satisfies the conditions (i)-(iv).
Indeed, (i) is immediate from (11) and (3), and (iv) is obvious. Next we check
(iii). To this end, let n be any positive integer. By (1) and Lemma 26.21 there
are #’-structures 3 eM and €€ Sy ~ M, both denumerable, and an »-
sequence {I; : i < n) for B, €. We now construct an .#"-structure 2 whose
Z"-reduct will satisfy (iii). We may assume that B = C = o (using 26.19(v)
(). Let A = w, R¥ = RP, S¥ = RY for all i < m. Set T¥ = n. Let T¥ be
any one-one function mapping « onto a proper subset of w. Let T3 be the
natural ordering of T%. In order to define T¥ and T%, let g be a one-one
function mapping » onto w". Then we set

T¢ = {(m,x, y):m, ye w and x € n and g,x = y};
T4 = {(m,x, y):menand x, y € w and
<gx09 DR gx(m - 1)>Im<gy05 L) gy(m - 1)>}

In the definition of T% it is to be understood that (0, x, y) € T¥ for all x, y € w.
It is now a straightforward matter to check that 2 € Q, (which is all that is
needed to check (iii), since |T§| = n and |4| = R,). In fact, A | &’ = B,
and (¥ | £¥),-1 = €, so (12) and (13) hold. To check (11) we must look at
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the conditions (2)-(10). Of these conditions, (2), (3), (4), (5), and (6) are
obvious. Now assume the hypotheses of (7). Thus

<ga0, BRI ga.(x - 1)>Ix<gb09 ey gb(x - 1)>’

so there is a u € w such that (g0, ..., 2.,(x — 1), 2>1,..:1<{g:0, ..., g(x — 1, .
Choose ¢, d€ w so that g, = (g,)¥ and g, = (g,)%. Then the conclusion of
(7) is clear. Condition (8) is checked similarly. Next, assume the hypothesis
of (9). Thus (g.0, .. ., golx — 1)OTKg:0, .. ., g{x — 1)>. By 26.6(ii)(3),(4), it
follows that for any atomic formula ¢’ with variables among v, ..., v,_;
we have AF @'[g0,...,g.,(x — 1)] iff BE[g0,...,g(x — 1)]. Hence,
noting that f; = g, for all 7 € w,

JacyeRY  iff {guyo,. .., 8aVni-1> ERY
iff AF Ry - - Vyni— 1[0, - - .5 galx — 1)]
iff B FRwyo: - - vymi-1[8:0, . . ., golx — 1]
iff <g»Y0, .. .» EoVni-1> ERP
iff £, o yeRP.
Thus (9) holds. Finally, (10) is proved just like (9). We have now checked
condition (#ii) of our lemma.

It remains only to verify condition (i7). Suppose, to the contrary, that we
have a member B of Q, such that TP is infinite (note, by (11) and (2) that
T2 # 0 always). Let #” be an expansion of #” by adjoining a new binary
relation symbol T;. Let Q5 be the elementary class of #¥-structures 2 such
that TZ is a one-one function mapping T¥ onto a proper subset of T. Since
L, = L, Qs is also an L-elementary class. Let Qg = {A€ Q5 : A [ £ € Q,).
Clearly [by 26.19(v)(3),(5)] Qs is an L-elementary class. For any 2 € Qg we
have properties (11)-(13) as well as

(14) T¥ is a one-one function mapping T onto a proper subset of TZ.

Now clearly B can be expanded to give us a member of Qg, so, in particular,
Qs has an infinite member. By the downward Léwenheim—Skolem theorem
for L, let A be a denumerable member of Qg. Let € and 2 be the two ¥'-
structures € = (4, R¥), ., and 2 = (4, S¥); <m- By (12) and (13) we have

(15) €eMand Z2e€Sge ~ M.

But we shall now apply Lemma 26.20 to show that € ~ 2. In view of 26.19(v),
(1), this is the contradiction we have been seeking.

To apply 26.20, first, in view of (11) we may choose f as in (5). Now T¥
is infinite by (14), so by (4) we can choose for each n € w a member a, of
T¥ which has exactly n T,-predecessors. Now for each n € w we set

(16) I, = {(x, y) : xe ™A, y € "4, and there exist ¢, d € 4 such that (a,, ¢, d) €
T and Vi < n (fia; = x; and fua; = y)}.

Thus to apply 26.20 and hence finish the proof it remains only to check that
I, : n € w) is an w-sequence for €, Z. Conditions 26.6(ii)(1),(2) are obvious.
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Now assume that xI,y and b € C (the case b € D is treated similarly). Thus
by (16) there exist ¢, d € A such that (a,, ¢, d) e T¥ and Vi < p (f.a; = x; and
Jfaa; = ;). It follows from (7) that there are ¢’, d’ € A such that (a,,,, ¢', d’) €
T%, f..a, = b, while for any v € R¥ different from a, we havef,v = f,v and
fav = fav. Hence {xo,..., Xp—1, 0L :1{V0s- - -5 Yp-1,f20y>, as desired in
26.6(ii)(3). Finally, assume that p e w, x, y€?4, xI,,y,and Fve’ < {vg,. .., Up_1},
where ¢’ is an atomic formula. Choose ¢, d as in (16). If ¢’ is v; = v;, then

€ kv, = vy[x] iffx; = x; iff foa; = fea;

iff fua; = faa; (by (10)
iff 2 Fv; = v;[y] similarly.

If (P’ iS Rivjo‘ . 'Uj(ni—l) With i< m, then

€ F¢'[x] Hf {xjos + - +s Xyni-1)) € Rf
iff <Xj0, - - -» Xjcni— 1y € RY
iff {feajo, . - ., feltjni- 1)y € R¥ by (16)
iff {fadjos - - -» fajmi- 1> € R¥ by (9)
iff 2 E ¢'[y] similarly. O

The following form of this lemma will be needed.

Lemma 26.23. Let L be a general logic such that Ly, < Lbut L & L,. Assume
also that L satisfies the downward Lowenheim—Skolem theorem, in the sense
0f26.22. Let & be as in 26.22. Then there is a class K of L-structures satisfy-
ing the conditions (ii)—(iv) of 26.22.

ProOF. By 26.22 we may assume that L <,; L;,. Let K be an L-elementary
class which is not a finitely axiomatizable elementary class in the usual sense.
Then there is a finitely axiomatizable elementary class L with the same
infinite members as K. Then

for every m € w there is an # > m such that K and L do not have
the same members of power n.

)

For, otherwise choose m € w such that for all n > m, K and L have the same
members of power n. Say L = Mod {¢}. For each n < m, let M,, be a set of
members of K containing exactly one member from each isomorphism type
of members of K of power n. For each 2 of power <n let iy be a sentence
whose models are exactly all structures isomorphic to 2. Then the sentence y:

(3 at least m + 1 things,and ) A A \/ da

n<m AeMn
characterizes K, i.e., K = Mod {x}, which is impossible. Thus (1) holds. Let
% be the language of K, let %’ be an expansion of £ by adjoining a new unary
relation symbol P, and let #” be the reduct of #’ to P. It suffices to verify
our desired conclusions for #” in place of £ (by 26.19(v)(2)). Let ¢ be the
formula 3vy(Pv,). Then Mod {¢} is an L, #’-elementary class, since Lg, S L.
Set

@ M = Mod {g} 0 (K ~ L) U (. ~ K)).
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Then M | #” satisfies (ii) and (iv) of 26.22, obviously. Given new ~ 1,
choose by (1) a structure A € (K ~ L) U (L ~ K) with |4| > n, and let B be
any expansion of % with |P¥| = n. From (2) it is clear that B € M. Thus
26.22(iii) holds. O

Now we can prove the first main theorem of Lindstrom.

Theorem 26.24 (Lindstrom). Let L be a general logic such that L;, < L.
Assume that L satisfies the downward Léwenheim—-Skolem theorem and the
countable compactness theorem; that is, assume the following conditions:

(i) any L-elementary class with an infinite member has a denumerable
member;

(i) if A is a countable collection of L-elementary classes and (\ &F # 0
for every finite F < A, then (\ A # 0.

Then Ly, = L.

PrOOF. Assume the hypothesis, but suppose that L ¢ L;,. By Lemma 26.23,
with Z as in 26.22, there is an expansion £’ of .# and an L-elementary class
K, of #’-structures such that K, [ .Z satisfies (ii)—(iv) of 26.22. For each
new~ 1let

K, = Mod {Evoo --3Av, 4 /\ [(wi=v) A Py A Pv,]}.

i<jf<n

Then for each mew, (N,<n K, # 0 by 26.22(iii), but (N, K, = 0 by
26.22(ii), contradiction. O

The notation used in this theorem as well as its proof is a little bit illegal.
Since L-elementary classes are proper classes if they are nonempty [by
26.19(v)(1)], we cannot really speak of a collection of L-elementary classes.
But each L-elementary class is determined by a single object ¢, so we could
make these formulations legal by talking about the ¢’s instead. Thus 26.24(ii)
could be reformulated as follows:

Let & be a first-order language, let (Z, 1", B, ) e L, and let T be a count-
able subset of T'. Suppose that for each finite subset U of T there is an U
with A ¥, & @ for each ¢ € U. Then there is an A such that A ¥, & ¢ for each
peT.

We think that the formulation actually given in 26.24 is clearer from an
intuitive point of view.

The second theorem of Lindstrom depends upon an effectivization of our
notion of general logic:

Definition 26.25
(i) A weak effectivized general logic is a collection L of quintuples
(& T, 4, e, h) such that (&, T, U, ¢) satisfies the conditions of 26.19(iv),
h depends only on .Z, and # is a one-one function mapping I" into w.
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(if) An effectivized general logic is a weak effectivized general logic L
such that the following conditions hold:

(1) There is a unary recursive function Comp, such that if (Z, I', 2, ¢, 1) €
L and . is a reduct of %, (see 14.22), then for any ¢ € I', Comp, hp =
hy for some € I" such that Mod g ;4 = Sy ~ ModZ, o;

(2) There is a binary recursive function Int, such that if £, I', /4 are as in
(1) and ¢, ¢ € I', then Int, (hp, i) = hy for some y € I' such that
Modg  x = Modg ¢ N Modg, ¥;

(3) Theset{hp: (L, I, A, ¢, )eL,pe ', L isareduct of £} is recursive.

(iii) LT is the set of all quintuples (&, Senty, 2, ¢, i) such that
(Z, Sent g, 2, @) is as in 26.19(viii) and for some ¢, (&, ¢) is an effectivized
first-order language and 4 = 4" | Sentg; if £ is a reduct of %, then we
insist that g is the restriction of the Gédel-numbering function of #,,.
Clearly then L is an effectivized general logic.

(iv) If L and L' are effectivized general logics, we write L S L’
provided that L = L', and there is a unary recursive function Trans;;. such
that if (LT, A, @, h)el, (L1, A, ¢, h")e L and ¥ is areduct of &,
then for any ¢ € I', Trans,;. iy = h'y for some x € I'' such that Mod g ; ¢
= Modg . x. Wewrite L =os L' If L Sop L' S L.

(v) An effectivized general logic L is recursively enumerable provided
that the following set is r.e.:

{hp : (LT, U, o, h)eL, L areductof £, e, and Ak, o3
for all A € Sg}.

Note that the functions Comp,, Int;, and Trans;;. above do not depend
on the particular language . Also note for later reference that under the
assumptions of (i/) a kind of disjunction can be formed. Namely, there is a
binary recursive function Uny such that if ¢, ¢ € I', then Un(he, i) = hy
for some y € L such that

Modg,. x = Modg L ¢ U Modg . #.
Namely, for any i, j € w let
Un, (i, j) = Comp,, (Int,, (Comp,, i, Comp, j)).

The last clause of 26.25 says, roughly speaking, that a logic is recursively
enumerable if its set of universally valid sentences is (uniformly) recursively
enumerable.

The main theorem on effectivized general logics can now be proved:

Theorem 26.26 (Lindstrom). If L is a recursively enumerable effectivized
general logic, L§Y < ¢ L, and L satisfies the downward Léwenheim—Skolem
theorem, then LY = L.

ProoOF. First we show that L < L. Assume not. Let £ be a language with
only one nonlogical constant, a unary relation symbol P. Then by 26.23
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there is an expansion £’ of %, still with only finitely many relation symbols
and no operation symbols, and there is an L, #’-elementary class Mod;_ ¢ ¥,
such that the following conditions hold:

(1) For any % € Mod &, 4, P¥ is finite and nonempty.
(2) For every new ~ 1 there is a countable %€ Modg ¢ such that
[P%| = n.

By 26.19(v)(2) we may assume that .#” is a reduct of %,,.. Let #” be an expan-
sion of £’ by adjoining a binary relation symbol R, with .#” still a reduct of
Zin. Say the symbols of #” are S,, ..., S,,_;, R, P,of ranks ng, . . ., #,, 4, 2, 1
respectively. By 26.19(iv)(3) let ¥ be an L, .#"-sentence such that

(3) Modg., x = {A€Sg : % | £ € Modg ; 4.

Let £ be the reduct of #” to R. We recall the following fact about .#”
which is a consequence of 16.52 and 15.32.

(4) #**{0 € Sentg. : 6 holds in all finite #"-structures} is not r.e.

For each formula 6 of #” let 58 be obtained from ¢ by relativizing all quanti-
fiers to P (replacing Vv, by Vu;(Pv, — ). Clearly the formation of s8 is an
effective procedure, so there is a recursive function s’ such that s’y * 6 = 4*s6
for every formula 8 of #”. For any #"-structure 2 with P¥ # 0 let 2 be
the #"-structure (P¥%, R¥ N2 P¥). By induction on 6 one easily shows that
for any #"-structure 2 with P% # 0, any x € “P¥%, and any formula 8 of #",

A E 50[x] iff A¥E O[x].
Hence for any sentence 6 of #” and any #”-structure 2 with P% % 0 we
have
(5) AEsOiff APE 6,
Now for any x € w let
tx = Un, (Comp,, g*x, Transyqo o),z $'%).

We claim

(6) for any sentence § of £, 6 holds in all finite £"-structures iff 15+ 0 = Ay
for some ¢ € I" and VA € S (AU ko ), where (£”, T, B, u, h) € L for
some B, u.

By 26.25(iv), this will contradict (4) (cf. 6.10). To establish (6), note from the
construction of ¢ that for any sentence 8 of £, 15" 0 has the form /o, where

(7) Modg. ;o = (Sg- ~ Modg-;, x) U Modg. {s6}.

Assume that U Fg. ; o for all #”-structures . If B is any finite #”-structure,
we can, by (2), find an .#"-structure % such that A [ &’ Eg. ;4 and AF = B.
Thus by (3) % € Modg- ;. x, so the assumption 2 Fg. ; o yields via (7) that
Ak s6. Hence by (5) B F 6. Similarly reasoning gives the converse of (6).
Hence (6) holds, and a contradiction has been reached. Hence L < L.
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Now we show that L <. L. Let f be a recursive function with range
27 * Sent gy Now for any x, y € w we set

k(x, y) = Uny(Int; (x, Transo,etr),2 f3), Int; (Compy,, x,
Comp,, Trans; g, esr),z f)).

Thus & is a recursive function, and if (&, T', A, ¢, A) e L, y € T, # is a reduct
of £, new, and fn = g*x, then k(h, n) = h8 for some 6 € I such that

Modg,, 0 = (Modg ¢ N MOd_?,L(fo,etf) x) YU [(Seg ~ Modg . )
N (Sg ~ Modg, 1,6t X)]-

Thus
(8) Akyp BforallAeSyiff Modg, , b = Mode, Lioeir) X-

Now by the assumption of the theorem and 26.25(iv), let [ be a recursive
function whose range is the set indicated there. Then our desired function ¢
showing that L < . L is defined as follows:

tx =0 if x is not in the set of 26.25(i)(3),
tx = flun(n)o = k(x, (M) if x is in the set of 26.25(i)(3).

In fact, ¢ is defined by cases over a recursive set by 26.25(i)(3). The p operator
is always applicable, by (8) and the fact that L = L. So, ¢ is recursive, and
the preceding facts also show that it works as desired. O

The last main topic of this chapter is the theorem of Keisler and Shelah
characterizing elementary equivalence and hence elementary classes. The
theorem, 26.42 below, is that % =, ¥ iff some ultrapower of U is isomorphic
to some ultrapower of B. There is no restriction on the language here as there
is in the Ehrenfeucht-Fraisse characterization. The theorem was first proved
assuming GCH by Keisler in 1961; his proof was relatively short, being a
fairly natural back-and-forth argument. Shelah in 1972 showed that the GCH
is not needed, using an entirely different and much more intricate argument.
The argument of Shelah, given below, is based upon the idea of introducing
set-theoretical combinatorial conditions in the construction of ultrafilters, an
idea first introduced in a simpler setting by Kunen.

Recall the notion of a filter from 18.15. The following proposition is
obvious and justifies the definition given after it.

Proposition 26.27. If F is a nonempty collection of filters over I, then ( F
is a filter over 1.

Proposition 26.28. If K is a collection of subsets of I, we set
F4K = (N {F: K < F, Fis a filter over I};
F4K is called the filter generated by K.
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The following three propositions are easy to establish, but are quite useful
later on. We shall use them without specific reference to them.

Proposition 26.29. If K is a nonempty collection of subsets of I, then for any
X < I the following conditions are equivalent:
(i) Xe%HK;
(i) Imew~13Ye™(YoN---NY,_; S X)

Proposition 26.30. Let F be a filter over I and let Z < I. Then for any X < I
the following conditions are equivalent:

(i) XeFg(Fu{Z});
(@) IYe F(YNZ < X).

Proposition 26.31. If K is a collection of subsets of I, then the following
conditions are equivalent:

(i) K has the finite intersection property;
(ii) 0 ¢ FK.

It is convenient to have a special notation for the following operation on
cardinals:

Definition 26.32. For any infinite cardinal m let m? be the least cardinal n
such that m" > m,

Let us note a few facts about this operation; they will be used below with-
out proof. Since m" = m for n finite but m™ > m, we clearly have X, <
m? < m. Obviously X = R,. If GCH is assumed and m is regular, then m? =
m. We have X9 = X,, since

Nm = Emea) Nm < Hmew Nm+1 < Nfu”.

Again assuming GCH, m? = cf m for all infinite m, where cf m is the smallest
cardinality of a family of ordinals <m with union m. It is consistent with
ZFC to assume that 8¢ = X,, or that X2 = X,. The main fact used below is
that Xg < m2 < m.

The following definition is the main one for all that follows. It expresses
the combination of some set-theoretical conditions with the existence of a
filter.

Definition 26.33. Let m and n be cardinal numbers, with n infinite. A triple
(F, G, D) is m-consistent over n provided that the following conditions hold :

(i) F < "(9) (i.e., F is a set of functions mapping n into nd);
(i) G < U,<n?"p (i.e. G is a set of functions f with Dmn f = n and
Rng f < p for some p < nd);
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(iii) D is a filter over n, and D is generated by a set of cardinality <m;

(iv) for all p < ng, for all one-one fe€ *F, for all « € °(nd), for all n € w,
for all one-one A €™F with Rng 2 N Rng f = 0, and for all £ € "G,
the following set is not in D:

n~ {8 <n:Vy < p(f;B = «,) and Ym < n(h,B8 = k.B)}.

To understand this definition a little bit, think of the members of D as
being “large,” |F| large, and G as a small set. The set in braces in 26.33(iv)
is then to be considered large. Thus intuitively speaking the members of F
take on many common values and agree with finitely many members of G
at a large number of places. Note that D is a proper filter because of condition
(iv) (with p = f = « = n = h = k = 0). The notion will be used as follows.
Given U=, B, the cardinal n will be chosen large relative to |4|, |B|,
and |Fmlag|. Then we shall construct a long sequence of triples m-consistent
over n, in which we are only really interested in the third component, the filter
over n. The first triple has |F| very large, G = 0, m = 2, and D = {n}. As
the construction proceeds, D is gradually extended to an ultrafilter over n
with some desirable properties; F is reduced in size, G increases, and m
increases. The final ultrafilter D over n will be such that "%/D ~ "®3/D. The
sets F, G, m serve only an auxiliary purpose, to obtain our desired properties
of D. What these “desired properties’’ are will perhaps become clear as we
proceed. The main parts of the construction are expressed in several lemmas.
The first few lemmas are purely set-theoretical. We begin with the lemma that
enables the above construction to be started.

Lemma 26.34. Letn > R,. Then thereisan F < "(n9) with |F| = 2" such that
(F, 0, {n}) is 2-consistent over n.

Proor. Since G is empty, we really only have to find a “big” F whose
members take on many common values; in our case the condition 26.33(iv)
simply reads

(1) for all p < n? and for all one-one g *F and all « € ?(n?) there is a
B < nsuch that Vy < p(g,8 = «,).

The other conditions are trivial. Let H be the set of all pairs (4, 4) such that:

(2) A < n,and |4] < nd,
(3) his a function, Dmn 4 < SA, |Dmn 4| < n?, and Rng h < no.

Now the number of sets A4 satisfying (2) is
> W< > n (bydefinition of nd)
o 8

p<n p<n
<nnd=n (since n2 < n),

For each such A4, the number of X € SA4 with | X| < n? is at most

> @4y < > @< 3o
0 t 0

p<n p<n p<n
<nnd =n (since |4, p < nd),

429



Part 4: Model Theory

And for each such 4 and X, the number of functions 2 mapping X into n?
is at most (n?)!¥! < n!¥! < n, Thus |H| < n. But clearly ({«}, {({«}, 0)}) € H for
each « < n, so actually |H| = n. Hence we may write

H = {(4,, h,) : « < n}.
Now for each B < n define f; : n — n@ as follows. For any « < n,
froe = hy(A, N B) if A, N Be Dmn 4,,
fea =0 otherwise.

Let F = {f3: B < n}. We claim now that (F, 0, {n}) is 2-consistent over n and
|F| = 2", as desired in the lemma. To prove this, first note:

4) if B, C = nand B # C, then f; # /.

For, say B & C, say a € B ~ C. Then ({o}, {({}, 1)}) € H, by (2) and (3), so
there is a 8 < n such that A; = {«} and h; = {({}, 1)}. Thus A, " B =
{a} € Dmn Ay, so fzB = hg(A; N B) = 1. Clearly, though, f.8 = 0. Hence
f5 # fc, and (4) holds.

From (4) we know that |F| = 2". To check (1), which is all that remains,
assume its hypothesis. Say g; = fz; for each B < p. Since g is one-one, the
function B in the subscript of f here is also one-one. Hence whenever 8 <
y < p we can choose 8;, € B;AB, (the symmetric difference of B; and B,).
Let C = {8;,: B < y < p}. Thus |C| < n?, and B; N C # B, N C whenever
B < y < p. Let I be the function with domain {B; N C: 8 < p} such that
I(B; N C) = of for each B < p. Thus by (2) and (3), (C, ) e H; say (C, ) =
(Ag, hg). Then for every y < p we have

&8 = faB = hy(45 0 B)) = I(C N B)) = ay. O
The following obvious lemma will be used without specific citation:

Lemma 26.35. If (F, G, D) is m-consistent over w and F' = F, G' = G, and
m < m', then (F', G', D) is m’-consistent over n.

The next lemma will be used at limit stages in our construction:

Lemma 26.36. Let 8 be a limit ordinal <m™* and suppose that (Fg, Gs, Dy)
is mg-consistent over n for each B < 8. Also assume that if B < y < 8 then
FB =2 Fy, GB < Gy, and Dﬁ < Dy. Set Fé - mﬂ<5 Flg, G6 = UB<6 Gﬁ,

Dy = Up<s Dy, and my = (Up<s mp)- 3.
Then (f;, Gs, Ds) is ms-consistent over n.

Proor. The conditions (i)-(iii) of 26.33 are obvious. Now assume the
hypothesis of 26.33(iv), but assume that the conclusion fails:

(1) n~{B<n:Vy < p(f, = «)and Vm < n(h,p = knp)} € D,.
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Say that this set is in D,, where ¢ < 8. Clearly k € "G, for some ¢ < 8. Let
n = ¢ U £, which is the maximum of ¢ and £. Then fe“F,, he"F,, k "G,
and the set of (1) is in D,, contradicting the fact that (f,, G,, D,) is m,-
consistent over n. |

The following lemma enables us to add to the set G in certain circum-
stances.

(F, 0, D) is m-consistent over n and |F| > m. Suppose that G is a finite

subset of U, <n? "p.
Then there is an F' < F with |F'| < m such that (F ~ F', G, D) is
m-consistent over n.

Lemma 26.37. Let n > R, and assume that n® < m > R,. Suppose that

PrOOF. Let G = {gy,- - ., g}, Where g is one-one. Suppose there is no F’
of the kind indicated. Then we shall define pe ™ (n9), f& Pgem*?*F, x €
Ps<m*??(n?), g€ ™ w, h € Pyem+¥F, and k € Py +*¥G by induction. Sup-
pose that B < m* and py, fy, xy, 9v, hy, and ky have been defined for all
y<B Let FF={f8:y <B,8< py}Y{hym:vy < B, m < gy}. Clearly

|F'| < z lpy| + z Ro<mn2 + m- Ry < m.
rY<8 y<B8
Hence by our supposition, (F ~ F’, G, D) is not m-consistent over n. This
means that we may choose a p; < 19, a one-one f; € *(F ~ F'), a x; € *5(n9),
a gz € w,aone-one h; € ¥(F ~ F'ywith Rng h; N Rng f; = 0, and a k,; € %G
such that n ~ Az € D, where

Ay = {8 < n:Vy < ps(fs,3 = xs,) and Vm < qyhsnd = kynd)}.

This completes.the definition of p, £, x, ¢, #, and k.

Since k € Pg<m+ %G, we can choose for each 8 < m* and m < g; an
integer iz < n such that kg, = gis.m- Since (F, 0, D) is m-consistent over n,
by 26.33(iii) write D = Fg{J,;: B < m}, where {J;: 8 < m} is closed under
intersections. Since n ~ A, € D for each B < m™*, choose « € ™*m such that
Jug & n~ A for every B < m*, Now

m* = U U U{ﬁ€m+:aﬁ =Y Ps = K43 =S},
y<m u<na sew
and all of m, n?, w are <m, so there exist yo, < m, p, < n? and s, € w SO
that |B| = m™*, where
B ={Bem* s = yo, pg = o> 95 = So}-

Let ¢ be a one-one function mapping m* onto B. Now since G is finite and
G < U;<nd@"r, there is a 7, < n@ such that g, e"r, for all m < n. Let

{65, ..., 65 : B < 7.} be an enumeration of all (n + 1)-termed sequences of
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ordinals <7, (thus 7, < 7 + R, and 7, = 7, if 7, is infinite; note that
7, < n2), Now let

C={8<n:V8< 7 Vy < u(fus+d = xus,») and
VB < 7, Vm < So(hys,m® = Oftys,m)}-

Note that if B, B < 71, 7, ¥ < po, and (B, ) # (B ¥'), then fys, # Sy,
Further, if B, B' < 71, y < po, and m < s,, then fy5., # hgm. And if B,
B < 1, mym < so, and (B, m) # (B', m’), then hyp n # hys - Since |74]-
|wo| + |71]:|so| < n9, and since (F, 0, D) is m-consistent over n, it follows
that n ~ C¢ D. In particular J,, £ n ~ C, so we may choose éeJ,, N C.
Choose 8 < 7, such that <{g¢8, ..., g,8> = <65, ..., 65>. Then since py; = pq
and 6 € C we have for any m < s,

hys.md = ogwﬁ.m = Ziwp.mO = Kyp,m0.

Since gy; = s, the fact that 8 € C yields further that 8 € 4,;. But «y; = v,,
80 Jyo = Jaus S m ~ Ay,; but 6 € J,,, contradiction. O

We now extend this lemma slightly:

Lemma 26.38. Ler n > R,. Assume that G < \J,<n? "p and that 9 + |G| <
m > R,. Suppose that (F, 0, D) is m-consistent over n, with |F| > m,
Then there is an F' < F with |F'| < m such that (F ~ F', G, D) is m-
consistent over n.

Proor. Let I = {H: H < G, H finite}. For each H € I choose Fy; < F by
the preceding lemma so that |Fy,| < m and (F ~ Fy, H, D) is m-consistent
over n. Then clearly Upe; Fy S F, |Uner Fu| < m, and (F ~ Uger Fu, G, D)
is m-consistent over n. O

The next, very important, lemma enables us to slowly extend D to an
ultrafilter.

Lemma 26.39. Suppose that (F, G, D) is m-consistent over n and I' < n. Then
thereisan F' <= Fwith|F — F'| < ndsuch that either (F', G, Z ¢(D U {I'}))
or (F', G, F4(D U {n ~ I'})) is m-consistent over n.

ProoF. Let D; = F4(D U {T'}) and D, = Fg(D U {n ~ I'}). Assume that
(F, G, D,) is not m-consistent over n. This means that there is a p <n?, a
one-one f € °F, an o € ?(n9), an n € w, a one-one h € "F with Rng A N Rngf =
0, and a k € "G such that n ~ Be D;, where

B={B<n:V¥y < p(f,B = ) and Vm < n(h,B = knB)}.

Choose A € D so that ' " A = n ~ B (using 26.30). Now set F” = Rng fuU
Rng h. Clearly [F"| < n?, so it suffices now to show that (F ~ F”", G, D,) is
m-consistent over n. Suppose not: then there is a p’ < n?, a one-one
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f'e®(F~F"), an o' €?(n9), an n'€w, a one-one h'e™(F ~ F") with
Rngh' N Rngf’ = 0, and a k' € G such that n ~ C € D,, where

={B < n:Vy < p'(fif = &) and Vm < n(hnf = knB)}.
Choose ®eDsothat(n~ MNnO®cn~C.ThusANO®<n~ (BNC),
so n ~ (BN C)e D. But this clearly contradicts the fact that (F, G, D)
m-consistent over n. OJ

An easy argument gives a generalization of the lemma just proved:

Lemma 26.40. Suppose that (F, G, D) is m-consistent over w and that ', < n
for every o < m. Assume that wé < m. Then there exist F' < F with
|F ~ F'| < m,and D' 2 D such that (F', G, D’) is m-consistent over n and
for every « < m, either Tye D' orn ~ I'ye D',

ProOF. We define (H,: o < m) and {E, : « < m) by transfinite recursion.
Suppose H; and E,; have been defined for all 8 < «, where « < m, in such a
way that H; © F, |Hy| < m, (F~ H,, G, Ep) is m-consistent over n, and
H;< H, and E; < E, whenever B < y < a. Then by Lemma 26.36,
(F~ Ug<e H;, G, UB<aE,,) is m-consistent over n. By 26.39 there is an
F' & F~ Ugeg Hywith |(F ~ Uz <o Hy) ~ F'| < n@such that (F', G, E,) is
m-consistent over n, where either E, = Fg(Us<o Es VU {l}) or E, =
fy(Uﬁ«z E; v n~T). Let H, = UB<a Hz v ((F ~ UB<a Hg) ~ F).
Note that F~ H, = F’, so the induction assumptions are met and the
definition of H and E is complete. Since n? < m, an argument by transfinite
induction shows that |H,| < m for each « < m. Applying 26.36 again, we see
that (F ~ Uq<m Hys G, Ug <m Ez) is m-consistent over n, Clearly [\, «mH.|
< m and the conditions of the lemma are met. ‘O

The next lemma, whose formulation is somewhat involved, essentially
ensures the desirable properties of the final ultrafilter which yield the
isomorphism between the ultrapowers.

Lemma 26.41. Assume that n > X, and n@ < m. Suppose that (F, 0, D) is
m-consistent over n, and |F| > m. Let A be an F-structure, |A| < nd.
Suppose p < m*, a:p X w X n—> A, and ¢ € *“Fmlag. Suppose that for
every finite M < p there is a v < p such that for all xe A and all 6 < n
the following condition holds:

(i) AE ‘Pv[<avjé 1Jj < w>2] Wfor alloe M AEF olays i j < w>2]

Furthermore, assume that for every v < p we have
@) {8 < n:AFQuep)ay;s:j < w)l}e D.
Under all of these assumptions it follows that there are be "4, F' < F

and D' 2 D such that |F ~ F'| < m, the triple (F', 0, D") is m-consistent
over n, and for every v < p we have

(i) {8 < n:AF@[ays:j < wdilte D'
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Note that the essence of this lemma is that in the final ultraproduct certain
small sets of formulas can be satisfied simultaneously by the same elements,
a general phenomenon which will be investigated more thoroughly in the next
two sections. The condition (i) of 26.41 is rather innocuous, saying roughly
that the system of formulas ¢ is closed under conjunction.

PrROOF OF 26.41. Let 4 = {c,:y < p}, where p < n?. For each v < u let
B, = {8 < n: Ak @uep,)[ays:j < o]}

Thus B, € D by 26.41(ii). Now for every v < u choose g, : n — p such that
forevery 8 € B, we have A F ¢,[<a,;s : j < w)Ys]. Let G = {g, : v < u}. Since
(F, 0, D) is m-consistent over n and |F| > m, by Lemma 26.38 choose a
nonempty F; < F such that |Fy| < m and (F ~ Fy, G, D) is m-consistent
over n. Fix fe F ~ Fj. Let

F'=(F~ F)~{f},

and for each 6 < n let

bs = cys iffo <p
bs = ¢,  otherwise.

For each v < p let
C, = {8 <n:¥ }:‘Pv[<avjd Jj< w>gt}]}y

and let D' = F4(D U {C,:v < p}). We claim, now, that (F’, 0, D’) is m-
consistent over n, and hence the lemma holds. Since p < m™*, clearly D’ is
generated by <m elements. Suppose that (F’, 0, D) is not m-consistent over
n. Then there is a ¢ < ng, a one-one he®F’, and an o € ¢(n9) such that
n ~ Ee D', where

) E={<n:Vy < £&h,8 = o)}.

Now by (7) it is clear that if M is any finite subset of u then thereisav < p
such that (M, C; = C,. Hence from our assumption n ~ E€ D’ and by
the definition of D’, there exist X € D and v < psuchthat XN C, < n ~ E.
Hence

) XNB,cn~{§ <n:VYy < £h,5 = «,), and f§ = g,8).

In fact,let 8 € X N B,. Thus A k ¢,[{ay;s : j < )Y,;]. Assume that 8 is in the
set in braces in (2). In particular, 8 € E and f8 = g,8 < p, 50 bs = ¢;5 = Cppe.
So A Eg,[<a,;s 1 j < w)ls]; but this contradicts the fact that X N C, < n ~ E.
Hence (2) does hold. But B, € D, so the right-hand side of (2) is in D. This
contradicts the fact that (F ~ F,, G, D) is m-consistent over n. 0

Now we can give the promised ultrapower characterization of elementary
equivalence:
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Theorem 26.42 (Keisler, Shelah). The following conditions are equivalent:

() 4d=,,B;
(ii) there exist I and D such that '%|/D ~ '3/ D.

Proor. Obviously (ii) = (i), so we begin immediately with the hard direc-
tion (i) = (ii). Assume that A =, B. Let
1 = 2l4l+IB+|Fmlag|

The set I of the theorem will be this cardinal number n. Note that n'4l =
nlBl = niFmle#l — n_and hence |4], |B|, |[Fmlag| < nd.Let"4 = {a,: « < 2"}
and "B = {b, : « < 2"}. Now the set

{0,a): 0 < 2B U{(1,b):e < 2 U{2,A):A < n)

has cardinality 2"; let R be a one-one function from 2" onto this set, with
R, = (0, ao).

Now we shall define by recursion on y < 2" a set of functions F,, a filter
D, over n, and a relation H, such that the following conditions hold:

(1) (F,, 0, D,)is(n + |y|)-consistent over n, |F;| = 2", Dy = {n}, |[F, ~ F,| <
n + |y|, and for any B < y, F; 2 F,, and D; < D,;

(2) H = "4 x "B, |H,| < |y|, and for any B < vy, H; = H,;

(3) if ¢;H,d; for all i < w and ¢ is any formula, then {§ < n: A F ¢[{c;§:
i<od}eD,iff {§ <n:BEk[Kdd:i < wylle D,;

(4) if ce“Dmn H, and ¢ is any formula, then either {§ < n: 2 F ¢[{¢;5:
i<w)lleDyor{d <n:AF mep[ed:i < wdl}e D,;

(5) if R, = (0, a,), then a, € Dmn H, , ,;

(6) if R, = (1, b,), then b, € Rng H,, ;

() if R, =(2,A),thenAeD,,;orn~A€eD,,;.

The importance of these various conditions for our construction should be
fairly clear. Condition (3) assures that in the final ultrapowers H,-related
elements will have the same first-order properties, while (5) and (6) assure
that the limit of the relations H, will induce a function with domain "4/D
and range "B/D. Condition (7) allows a slow extension to an ultrafilter.
Condition (4) has a technical character, while (1) embodies the combinatorial
conditions that make the construction possible. Note that the construction
again has a back-and-forth character.

Suppose that F,, D,, and H, have been defined for all < y so that
(1)<(7) hold whenever the relevant indices are <7, where y < 2". We now
define F,, D,, and H, by distinguishing several cases.

Case 1. y = 0. By Lemma 26.34, choose F, < "(n?) with |F,| = 2" such
that (Fy, 0, {n}) is 2-consistent over n. Let H, = 0, D, = {n}. Clearly (1), (2),
and (4) hold. Condition (3) holds since % =., 8. Conditions (5)—(7) are not
relevant to this case.

Case 2. v is a limit ordinal. Let

Fy=mFm D7=UDn’ H7=UH71-

n<vy n<y n<y
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By Lemma 26.36, (F,, 0, D,) is (n + |y])-consistent over n. Also, we have

|Fo~ F)| = |\U (Fo~ F)| < 2 |Fo — F|
< > @+ )<+ )yl =n+ v

Thus (1) holds for y. Clearly (2) holds. In (3) and (4) we may assume that
Rng ¢ and Rng d are finite, and then these conditions are obvious. Conditions
(5)—(7) are not relevant to this case.

Case 3. v =8+ 1, R; = (0, a,). The construction here is in two steps:
first to insure that (4) holds, and second, to take care of (3). For every formula
¢ and every c € ®(Dmn H,; U {a,}) for which there is a de€ Dmn H; U {a,}
with ¢; = d for all but finitely many i < w let

IFpe ={8 <n:AEp[Ce;d:i < w)l}

Clearly the number of such sets T, is

IA

|Frlag| (Z Iyl’") ¥l (using () for B)

mew

|[Emlag]-Jy]-Ro < n + [g].

I

Hence we may apply 26.40 to (Fg, 0, D) and the set of all I' .. We thus obtain
(F',0, D) such that F' < F,, Dy D', |F;~ F'| <n|B|, (F',0,D") is
(n + |B|)-consistent over n, and for all ¢, c as above, I',, € D’ orn ~ T',. € D".
To do the second step of the construction in this case, it is convenient to
consider two subcases.

Subcase 1. y = 1. Thus 8 =0 and o« = 0. Let ® consist of all ¢ such
that Fvp < {vo} and {6 < n: A F p[a,6]} € D'.

Say @ = {p,:v < n} (obviously 0 # |®| < n). Pick b:n X v x n— B
arbitrarily. We shall now verify the hypotheses of 26.41 with n, m, F, D, ¥,
i, a, ¢ replaced by n, n + |B|, F', D', B, n, b, ¢ respectively. Now U F Jvyp
for each p € ©, and A =, B, s0 B FIv,p for each p € O. If M < n is finite,
then clearly Ageu @6 € O, 58y Asenr o = @y; clearly then 26.41(7) holds for
B, b. Thus the hypotheses of 26.41 are met. Hence we can choose b "B,
F, < F', and D, 2 D’ such that |F’ ~ Fy| < n, the triple (Fy, 0, D;) is
n-consistent over n, and forevery v < n, {8 < n: B F ¢ [b8]} € D;. Set H, =
{(ay, b)}. Then all of the conditions (1)-(7) except (3) and (4) are clear; and
(4) is immediate from our construction of D’. Now suppose that ¢;H,d, for
all i < w, and ¢ is any formula. Thus ¢; = g, and d; = b for all i < w. Let
¥ = @(vy, . - ., Uy), With enough v,’s to take care of all free variables of ¢.
Then for any structure € and any ceC, €Folc,c,...] iff €Eyglc]. If
{8 <n:AF[{e;d:i < wd]} € Dy, then {8 < n:AFPH[c,d]} € D; and hence
{8 < n: Ak Y[c,8]} € D’ by our choice of D’, since D, 2 D’. So s € O, and
we infer that {8 < n: B F[d,8]} € D;. Hence {6 < n: B Fp[{did:i < w]} €
D,, as desired.

Subcase 2. vy > 1. From (5) and the fact that R, = (0, a,) we know that
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Hg # 0. Let © consist of all pairs (p, ¢) such that ¢ is a formula, ¢ € “Dmn Hj,
for some d e Dmn H,; we have [{i: ¢, # d}| < R,, and

B) (d <n:AFp[Ked:i < w)lylte D'

Clearly 0 # |O] < n + |B]. Say © = {(p,, ¢,) : ¥ < n + |B|}. Now for any
v < n + |B| we have {8 < n: 2 FIve,[c,id:i < wdl}e D' = Dy so, by (4)
for 8, {6 < n:AFIvyp,[{c,;0:i < w)]} € D;. For each x e Dmn H, choose
d, so that xH,d,.. Then by (3) for 8 we obtain for eachv < n + ||

{6 < n:BEIveg,[{d,i6:1 < wd]} € Dy.

We now check the hypotheses of 26.41 with n, m, F, D, A, u, a, ¢ replaced
byn,n+ |B, F', D', B,n + |B|,{did:v < n+ |B],icw, § < n), prespec-
tively. In fact, it remains only to check (i). So suppose M < n + |B] is finite.
Foreachve MletJ, = {j€w : v; occurs free in ¢,} ~ {0}. Choose <K, : ve M)
so that each K, € w ~ 1, the K,’s are pairwise disjoint, |J,| = [K,|, and
for all j € U, K, the variable v; does not occur in any of the ¢, for ve M.
Say u, : J, >» K,. Let ¢, be obtained from ¢, by replacing each free occurrence
of v; by v,,; for each je J,. Let y = A, @y. Define e € “Dmn H, as follows,
where z € Dmn H, is fixed: for each j € w,

e;=cuyyj ifjekK,andveM,
e; =2z otherwise.

Now the value assigned to uyj under {e;6:i < w)} is ¢,;8, for any jeJ,,
so for any x € 4, § < n, and v € M we have

AE@,[Kewd:i < wdl] iff AE@[Ced:i < wdl]

Hence it is clear that A F¢[{ed:i < w)l] iff for all ve M, AF ¢,[<c,;5:
i < w)3]. Nowby (8) foranyve Mwehave {§ < n: AFg,[{c,d:i < wdlys]}
€D, so{d <n:UAEY[{ed:i < w)l,s]} € D'. Hence (¢, €) € O, say (¥, e) =
(945 ¢5), Where o < n + |B|]. Now for each ve M and 8§ < m, the value
assigned to uyj by {d;;:0 : | < w) 18 d,5y;6 = d,,,;6 = d_,;6, which is the same
value the sequence <{d,,;8 : i < w) assigns to j, where j € K,. Hence for any
y € B we have

Bk @o[doi®: i < 0}l iff e M
BEQ[deid:i < w))] ffVve MBFo[ld,d:i < wf],

which is as desired in 26.41(i). We now apply 26.41 to obtain b € "B, F, = F’
and D, 2 D’ so that |[F' ~ F,| < n + |y|, (F,, 0, D,) is (n + |y|)-consistent
over n, and for every » < n + |B| we have

9) {6 <n:BE@,[Kd,,i0:i < wdlsl} € D,.

Let H, = H; U {(a,, b)}. Clearly now (1), (2), and (5) hold, while (6) and
(7) are not relevant to this case. To check (4), suppose x € “Dmn H, and ¢
is any formula. We may assume that there is a y € Dmn H, such that x; = y
for all but finitely many i € w. Thus by our choice of D’, we have either
I'y,e D' < D,orn~ Iy, e D' < D,, as desired.
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To check (3), suppose that x;H,y; for each i < w, that 8 is any formula,
and that

10 {8 < n:AEOKx8:i < wd]}e D,.

We may assume that a, ¢ Dmn Hj, and hence that y;, = b whenever x;, = a,.
To apply the result of our construction, we need to reformulate things so that
only the variable v, has the new value 4,8 assigned to it. To this end, let ¢’
be obtained from 6 by replacing each free occurrence of v, by a new variable
vs, and changing all bound occurrences of v, to some still newer variable. Let
x' = x50 and y' = y3,. Thus still x;H,y; for each i < w, and by (10),

(D) {8 <n 1 AEO[Kxi6:i < wd]} e D,.

Let X = {i:x; = a,, v; occurs in 8}, and let  be obtained from 8§ by
replacing v; by v, for each i € X. Choose w so that a,H,w, and define for each
IEw

z; = X} if x; # a, and v; occurs in ¢,
zZ; = a, otherwise,
u = y; if x; # a, and v; occurs in ¢,

U =w otherwise.

Thus z;Hguy; for all i < w. Moreover, z; = a, € Dmn H, for all but finitely
many i€ w. Furthermore, for any 6 < n we have A F §'[{x;8:i < w)] iff
AFP[{z;6:7 < w)lps]- Hence from (11) we obtain Ee D,, where E =
{en: AFP[Kz8:i < w)lys]}. By our choice of D’ it is then clear that
Ee D'. Thus (¢, z) € O, say (4, z) = (¢, ¢;). Thus (9) holds for this ». Now
for all i < w we have z;Hzu; and z,H,d,,;, and {8 < n: A F (v, = v,)[z8, z,8]}
= ne Dy, s0by(3)for B, {8 < n:B k(v = vy)[w8, d;;81} € Dy. Thus for any
i€ w,

{6 <n:ud=4d,3eD,.

Now if we intersect all of these sets where v; occurs in ¢ with (9) we easily
obtain

{8 < n:BEY[Kud:i < w)d]} € D,.
It follows easily that
{8 <n:BEIYS:i < wdl}eD,,

as desired.

Case4. y =B+ 1,R; = (1, b,). Like Case 3, with 4 and B interchanged.
Subcase 1 is unnecessary.

Case 5. y =8+ 1, Ry(2, A) where A < n. By Lemma 26.39 choose F, <
Fz and D, 2 D4 so that |Fy~ F,| < w9, D, = FgDsU{A}) or D, =
F4(Dg U {n ~ A}), and (F,, 0, D,) is (n + |y|)-consistent over n. Let H, =
Hj. All of the desired conditions are clear except (3). Assume that ¢;H,d; for
all i < w, that ¢ is any formula, and that {§ < n: A F¢[{¢;6 : i < w)]} € D,.
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By (4) for B it is clear that {8 < n: A F ¢[{¢;8 :i < w)]} € Dys. Hence by (3)
for B, {8§ < n:BE@[Kdd:i < w)]}e Dy = D,, as desired.

This completes the inductive definition. Let p = 2" and let E = D,. By
(1) and (7), E is an ultrafilter over n. Let K = {([alz, [b]z) : aHb}. By (5) and
(6), K has domain "A/E and range "B/E. If aHyb and a’Hyb', then aH,b and
a'H,b' for some y < p, so

[alz = [a']e iff {§ <n:a; =as}ekE
iff {8 < n:AE @, = vy)as asl} € E
iff {§ < n:AE W, = vy)as asl}e D, by (4)
iff {§ < n:B k(v = vy)[bs, bsl}e D, by (3)
iff [b]z = [b']g similarly.

Thus X is a one-one function. In an exactly analogous way it is shown that K
preserves relations and operations. For example, if R is an m-ary relation
symbol, aq, ..., an_1 €"A, and a;Hyb; for all i < m, then a;H,b; for some
y < p, and hence, with ¢ the formula Rvy- - -v,_1, € = "U/E, ® = "BJE,

<[a0], LR [am—1]> eR¢ iff € F <P[[ao], ] [am—l]]
iff {§ < n:AE@ags,...,a,_18]}eFE
T {8 < n:AEkplags,...,a,_18}eD, by4)
iff {§ <n:BEg[byd,...,b,18]}eD, by(3)
iff {[bo), - - .» [Bm—1]> € R® similarly. O

As mentioned at the beginning of this section, a characterization as in
26.42 immediately gives a characterization of the notion of elementary class:

Theorem 26.43 (Keisler, Shelah). The following conditions are equivalent:

(i) K is an elementary class;
(ii) UpK = K and if '%/F € K, then A € K.

ProoF. The implication (i) = (ii) is obvious. Now assume (ii). By 26.2 it
suffices to show that K is elementarily closed. Assume, then, that 2% =,, B e K.
By Theorem 26.42 there exist I and F with '%/§ ~ '8/F. Since UpK = K and
B eK, it follows that ‘A/F € K. Hence by (ii), 4 € K, as desired. O

Thus we may say that a class K is an elementary class iff it is closed under
ultraproducts and ultraroots.

EXERCISES

26.44. If K is compact and L = {U : for some B, A =,, B € K}, then L is elemen-
tary.

26.45. For any class K, let K< = {2 : for some B, A < B € K}. The following
conditions are equivalent:
(i) K is an elementary class;
@ii) UpK= € K.
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26.46.

26.47.

26.48.

26.49.
26.50.
26.51.

26.52.

26.53.

26.54.

26.55.
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A =,, B iff A can be elementarily embedded in some ultrapower of B.
Prove directly, without using 26.42.

The converse of 26.5 fails in general. Hint: consider % = <A, R )i, and
B = <B, S¢>gew, Wlth A=B= w, Ro = So = w, R¢+1 = R; ~ {l + 1},
Siv1 = St ~ {l}

Use 26.14 to show that the following two structures are elementarily
equivalent: A = (w, <), B = (w + w* + w, <) (see 20.2 for notation).

Show that the conditions (1)—(5) of 26.19(v) are independent of each other.
OpK U OpL is consistent iff UpK m UpL # 0.

K is closed under elementary equivalence iff both K and S¢ ~ K are
closed under ultrapowers and isomorphisms.

K is a finitely axiomatizable elementary class iff both K and S¢ ~ K are
closed under ultraproducts.

If L is a general logic in which every L, ¥-elementary class is closed under
ultraproducts, then L < L.

IfK = UpK, L = UpL, and KN L = 0, then there is a finitely axiomatiz-
able elementary class M suchthat K< Mand LN M = 0.

Derive Craig’s interpolation theorem from the result of Exercise 26.54.



Types

So far in this part we have spoken about satisfaction of sentences and
methods for finding models for sets of sentences. We now want to consider
similar general questions concerning sets of formulas. Thus instead of con-
sidering global questions, about classes of structures, we shall be considering
local questions, about sets of elements, or sets of finite sequences of elements.
Generally speaking, we shall be concerned with conditions on a set A of
formulas for there to exist a structure U and an x € “4 such that x € ¢%
for all ¢ € A. The basic definitions with which we shall be working in this
chapter are given in

Definition 27.1.

(i) For any n € w, Fmla’ is the set of all formulas ¢ of Z such that
Fve < {vg,..., Un_1}-

(ii) If A < Fmla%, U is an #-structure, and a € "4, then we say that a
realizes A in A provided that A E ¢[a] for all ¢ €A,

(iii) If A = Fmla’%y and U is an #-structure, then we say that 2 realizes
A provided that some a € ®A4 realizes A in 2. If no a € "4 realizes A,
then we say that 2 omits A.

(iv) If A is an #-structure and a € "4, then the n-type of a in U is the set
{p e Fmla% : A F p[a]}. A set A = Fmlal is an n-type if it is the n-
type of a in 2 for some a € "4 and some #-structure 2!

(v) Let (T, &%) be a theory, and let A < Fmla%. We say that A is con-
sistent over T' provided that for every finite A’ = A, T'U{3v,---
Jv,_, A A’} is consistent. We say that A is an n-type over I' provided
that it is the n-type of a in U for some a and some model % of T'.

Note that if A = Fmla% is realized by a in ¥, then A is contained in an
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n-type. It is clear that a set A = Fmla% is consistent over a theory I iff every
finite subset of A is realized in a model of I". The possibility of omitting sets of
formulas can be illustrated by the structure % = (w, 0, s, <). Consider the
set A of all formulas An < v, for n € w (recall the definition of A from 14.1).
Obviously A is omitted in 2. Some natural questions which will occupy us
for much of this and the next chapter are: does a theory I' always have a
model which omits many sets; or omits few sets; does I' have a model with
many sequences which admit a given set?
The following equivalent formulations of n-types are frequently useful.

Proposition 27.2. Let (I', £) be a theory and let A < Fmlag. The following
conditions are equivalent:
(i) A is an n-type over T';
(i) A is maximal consistent over T';
(iii) there is a model A of T' with |A| < |Fmlag| and an a € "4 such that
A is the n-type of a in 2L

PrOOF. Obviously (¢) = (ii) and (iii) = (/). Now assume (ii). Let us expand
the language & to ¥’ by adjoining new individual constants ¢, ..., €,_;.
Let
A = {p(cg, ..., Cho1) :pEA}L

Our assumption that A is consistent over I' clearly implies that every finite
subset of A’ U I' is consistent. But A’ U I' is a set of sentences, so we can
apply the compactness theorem to obtain a model (2, ay, . . ., @,—1) of A’ U T
with |4| < |Fmlag|. Clearly A is contained in the n-type of a over . Since
A is maximal consistent over I', it must actually equal this n-type. O

By applying Zorn’s lemma we obtain a simple criterion for realizability:

Corollary 27.3. Let (T', &) be a theory and A = Fmlaly. Then the following
conditions are equivalent:
(i) A is realizable in a model of T';
(ii) A is consistent over T'.

It is more difficult to give a simple criterion for omitting types. The follow-
ing general theorem turns out to be very useful.

Theorem 27.4 [Omitting types theorem (Henkin, Orey)]. Let I' be a con-
sistent theory in a countable language . Suppose that N is a non-empty
subset of w and that for each ne N a set A, < Fmlal is given. Then the
following conditions are equivalent:

(i) there is a countable model A of T' which omits each A,;

(i) there is a consistent theory I = T' which satisfies the following con-
dition: for any ne N and any € Fmlaly, if I U {3v, - - - v, _ 13} has
a model, then there is a ¢ €A, such that I'" U {3v, - - - 3v,_1(F A Do)}
has a model.
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PrOOF

(i) = (ii). Let % be a model of I' which omits each A,. Set I'' = ©p.
To verify (ii), suppose n€ N, € Fmlal, and IV U {Jv, - - - v, _,4} has a
model. Since TV is complete, it follows that v, - - - v, _ 13 holds in A. Hence
there is an a € "4 such that 2 F [a]. Since 2 omits A,, we also have A F
—1p[a] for some p €A,. Hence A FIv, - -- v, _1(p A ), as desired.

(ii) = (i). We shall apply the model existence theorem 18.9, in the form
of Corollary 18.11. Let %’ be an expansion of & rich by C. Let .S consist of
all finite ® < Sentg, such that I'" U ©® has a model. Now S satisfies (C0O)-
(C9). To check this, only (C6) and (C9) require any thought. For (C6),
assume that Jep € ® € S. Choose ¢ € C so that it does not occur in any
sentence of ®. Obviously then any model of ® can be modified to become a
model of ® U {SubfZep}. Hence clearly ® U {Subfle} € S. Condition (C9) is
similarly checked. So, S satisfies (C0)—(C9).

It also has the following property:

(1) if ®e S, neN,and ce"C, then there is a p €A, such that ® U
{ﬂ(p(COs veey cn—l)} € S.

For, let dy, . . ., d,,_, be all of the members of C ~ {c,, ..., ¢,_1} which
occur in A 0. Let ¢ be obtained from A © by first changing all bound
variables of A O to variables v; with i > m + n, and then replacing c,, . . .,
C,-1, 4o, ..., d,_, Tespectively by vg, ..., Un_1, Uy o« o Upam—1. Since IV U O
has a model, clearly I U {3v, - - - v, + m_14} has a model. Therefore, by (i7),
there is a @ €A, such that the set IV U {Jv,- - 0,1 Fv, - - - Fvpy 1 A
—1¢)} has a model, call it 2. Choose @ € "*™4 such that 2 F —¢[ay, . . ., @y-1]
and A F[ag, ..., Apsim—1]. Now we expand U to an Z'-structure A’ by
assigning dg, . . ., Gn_1 t0 €oy .o .3 Cu1y Gny -« oy nam-1 t0 dg, ..., dp_y, and
extending on in any fashion. Clearly %’ is a model of I U ® U { —g(cy, . . .,
€1} 50 ® U {mg(cy, ..., c,_1)} €S, as desired in (1).

Now the set {(n, ¢) : n € N and ¢ € "C} has power X,, so we can enumerate
it in a simple infinite sequence {(n;, ¢;) : i < w). For each i < w we define a
function f;: S — S: for each © € S,

ﬁG) = @ % {_I(P(ciO’ e ey ci,n{—l)}s

where ¢ is minimum (in some fixed well-ordering of Fmlag) such that O U
{¢(Cip; - - s Ci.mi-1)} €S and @ €A,; this is possible by (1). Clearly each
function f; is admissible over S. Clearly I'e S, so by 18.11 we obtain a
countable model (2, a;)ecc Of I' such that 4 = {a.: ¢ € C} and foreachi < w,
thereisa ® e S with I' € fi® < {p: (Y, ac)eec F ¢}- To see that A omits each
A, with ne N, take ne N and xe"4. Say x = a-d with d € *C. Choose
i€ w with (n,d) = (m, ¢;), and choose ® € S with I' = £i® < {9 : (¥, ac)cec F @}
By the definition of f; it follows that there is a ¢ € A, such that (¥, dc)eec F
=p(d,, . - ., d,_1), which shows that A omits A, O

We shall derive some consequences of the omitting types theorem which
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are most easily motivated using terminology of Boolean algebras, although
no results of Chapter 9 will be used.

Definition 27.5. Let I" be a theory and m € w.

(7) We define 2, = {(¢, ¥) : ¢, y € Fmla’y and T F ¢ & 4}

(i) A formula ¢ € Fmlay is m-atomic over T" provided that I' U
{3v, - - - Av,,_ 19} has a model and for any ¢ € Fmla%, either I' F ¢ — 4
or'F P —> —n/J.

(fii) A formula ¢ € Fmla%y is m-atomless over T' provided that I' U
{3v, - - - v, 19} has a model but there is no formula € Fmla%
m-atomic over I' such that I' F ¢ — ¢.

Using the procedure of 9.56, Fmla%y/~% can be made into a Boolean
algebra UL, A formula ¢ € Fmla’y is m-atomic over T iff [¢] is an atom of
AL, and it is m-atomless over T iff [¢] is an atomless element of AL. Let m e w
and let £’ be an expansion of . by adjoining m new individual constants
Co---5€n_1. Then a formula ¢ e Fmla% is m-atomic over I' iff T'U
{p(co, ..., €pn-1)} is a consistent complete set, while ¢ is m-atomless over T’
iff TV {p(cy,...,cn_1)} is consistent but is not contained in any finitely
axiomatizable complete consistent extension of T'.

To illustrate these notions by concrete examples, first take I' =
Op(w, 0,4, <). Since this is a complete theory, it is clear that v, = 0 is
1-atomic over I'. On the other hand, consider the theory P of Peano arith-
metic. For each m € w, there are no formulas m-atomic over P, for if ¢ were
m-atomic over P, clearly P U {3v,---3v,_,4¥} would be complete and
axiomatizable, contradicting 16.2. Thus every ¢ € Fmla%,.s, is m-atomless
over P.

The following theorem is a weaker kind of omitting types theorem.

Theorem 27.6 (Ehrenfeucht). Let I" be a consistent theory in a countable
language &, and suppose 0 # N < w. For each ne N let A, be an n-type
over I, and assume that no set A, contains a formula n-atomic over T'. Then
I' has a countable model that omits each type A,,.

PrOOF. We shall apply 27.4. To this end, assume that n e N, € Fmla’,
and ' U {Jv, - - - Jv, .4} has a model. If ¢ ¢ A,, then =) € A, since A, is an
n-type. So in this case I' U {3v, - - - Jv,_ (6 A — =)} has a model, as desired
in 27.4(if). Assume, on the other hand, that s €A,. Now by hypothesis ¢
is not n-atomic over T', so there is a ¢ € Fmla’ such that not (T F ¢ = ¢) and
not (I' F¢— —p). Since A, is an n-type, either p €A, or =peA,, say
p €A,. From not (I" k ¢ — o) it follows that there is a model AU of T such that
AFETvy---Fv,_1( A —p), as desired in 27.4(i). 0

We can apply Ehrenfeucht’s theorem to the theory P to obtain further
incompleteness properties of it. For example, if A is any 1-type there is a
countable model of P which omits A. Thus the infinitely long formula
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v, A A is not a consequence of P. Another example: let 2 be any denumer-
able model of P, say 4 = {a,:new}. For each new~ 1 let A, =
{pe Fmla% : A Fopla,, ..., d,, ...]}. Clearly A, is an n-type over P. Let B be
a countable model of P omitting each type A,. Then each element of B has
type different from each element of A4, i.e., first-order distinguishable from

each element of A.
Using the omitting types theorem 27.4 we can prove the following useful

theorem of Vaught.

Theorem 27.7 (Vaught). Let I' be a consistent theory in a countable language.
Then I has a countable model U such that for every n € w, every n-tuple of
elements of A satisfies either an n-atomic formula over I’ or an n-atomless
formula over T.

Proor. For each n e w let
A, = {p e Fmla% : - is n-atomic or n-atomless over I'}.

To check the hypothesis of 27.4, assume that n € w, ¥ € Fmla%, and that
I' U {3v, - - - 3v,_ 4} has a model. If  is n-atomless over I', then —wpeA,
and the desired conclusion is obvious. Otherwise there is a formula ¢ n-
atomic over I' such that I' F ¢ —> . Thus —p €A,, and any model of T' U
{Fvy---Fv, 19} is amodel of I' U (Fv, - - - Jv, _1(F A = —g)}, as desired.
Thus 27.4 applies, and this obviously gives the desired model. O

We now apply these results to characterize the following important notion
(cf. the notion of a prime model in 21.28):

Definition 27.8. A structure U is an elementary prime model of T" provided
that 2 is a model of I" which can be elementarily embedded in each model
of .

Note that if I" has an elementarily prime model, then I' is automatically
complete. If I' is model complete, then prime and elementarily prime have
the same meaning.

Theorem 27.9 (Vaught). Let .# be countable and T' a complete theory in .
Then for any &-structure U the following conditions are equivalent:
(i) YU is an elementarily prime model of T';
(ii) U is a countable model of T', and for every n € w and a € "A, a satisfies
some n-atomic formula over I in .

PRrROOF

(i) = (#/). Let A be an elementarily prime model of I'. By the downward
Lowenheim-Skolem theorem, I' has a countable model 3. Since U can be
elementarily embedded in B, U is also countable. Now let #n € w and q € "4.

Set A, = {p € Fmla% : A F ¢[a]}}; thus A, is an n-type over I'. Now

(1) A, contains an n-atomic formula over I'.
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For, if not, by 27.6 with N = {n} there is a countable model B of I which
omits A,. Let /22 >>B be an elementary embedding. For any ¢ €A, we
have 2 F ¢[a] and hence Bk ¢[foal. Thus B admits A,, contradiction.
Hence (1) holds. Therefore a satisfies an n-atomic formula over I' in 2.

(i) = (i). Assume (ii). Let A = {a;: i < »}, and let B be any model of
I'. For each ncw let ¢, be an n-atomic formula over I' such that A E
enlaos - - -5 a,-1]. We now define a sequence (b, : i < w) of elements of B by
recursion. Since A E ¢y, A is a model of I', and I' is complete, we have
I" F o and hence B F ¢,. Suppose that n € w, by, .. ., b,_, have been defined,
and B Eg,[by, ..., bp_1]. Now A Fp,[aq, ..., a,_1}and A F o, [ao, . .., a.l,
so A E(p, A Jvp@,.)ao, ..., a,_1]. Since A is a model of I, therefore it is
not the case that I' F ¢, > —3v,¢,,,. Since ¢, is n-atomic over I, it follows
that I' F ¢, > 3v,9, ... Hence, since B is a model of I" and B F ¢, [b,, ..., b,_1],
choose b, € Bsuch that 8 k¢, ,[b, ..., b,]. This completes the definition of
the sequence (b icq.

Now let f = {(a;, b)) : i € w}. We claim that f is the desired elementary
embedding of 2 into B. First we show that f is a function. For, suppose
a; = a;, say i < j. Let ¢ be the formula »; = v;. Thus & Ff[a,, ..., a;], and
€ Fmla’s*. Since also %k ¢;,,[a, . .., a;], and ¢,,; is n-atomic over I, it
follows easily that I' Fe;,; —4. Since B F ¢, 1[by, ..., 5], hence BF
Slbo, - - ., b], 1.e., by = b;. If we suppose a; # a;, take ¢ to be —(v; = v,) and
apply the same argument, we see that b, # b,. Thus fis a one-one function
mapping A4 into B.

To show that f is an elementary embedding, let ¥ be any formula, let
x € ®“4, and suppose that 2 E y[x]. Say x; = a;; for all i < w. Now for any

formula y, say with Fvy < {v,,..., v,_-1}, and ZL-structure €, and any
u, we ®C with y; = wj; for all i < w we have

(2) €k X[uO’ ey un—l] lﬁ@ F X(UjO’ IR Uj(n—l))[WOa LI wm]

where m = max {jo, ..., jn-1}- (2) is easily established by induction on y.
Now we return to our formula . By (2), U F (v, - . ., Vj— )0, - - -5 Q-
But also A Fe@,.1[ae, ..., a,] so, as above, I' Fgy .1 = $(vj0, . - -5 Viin—1))-
Therefore, B F vy, - - - Vjn-1)bos - - -» bm]- Hence, again by (2), BEF
Bl fxo, .. ., fXn_1], since fx; = fa; = by for all i < n. O

Theorem 27.10 (Vaught). Let I' be a complete theory in a countable language
. Then the following conditions are equivalent:
(i) T has an elementarily prime model:
(ii) for every n € w there are no n-atomless formulas over T'.

PrROOF

(i) = (ii). Let I’ have an elementarily prime model A. Let n € w, and let
@ € Fmlak, with ' U{3v,---3v,_,¢} consistent. Thus A is a model of
v, - - - v, _ 19, so choose a€”™4 such that AFe¢lay,...,a,-1]. By 27.9,
there is a n-atomic formula 6 over T’ such that Ak f[ay, ..., a,_,]. Thus
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AE(O A @)lag, - - -, a,_1]. Since 8 is n-atomic over T, it follows easily that
I' F 8 — ¢. Thus ¢ is not n-atomless, as desired.

(i) = (i). Assume (if). Obviously 27.7 and 27.9 yield an elementarily
prime model of T'. O

Theorem 27.11 (Vaught). Any two elementarily prime models of a theory T’
in a countable language & are isomorphic.

Proor. We shall apply 26.20; so we need to construct an w-sequence for
the elementarily prime models 2% and B of I'. For each m € w, let I, consist
of all pairs (x, y) ™4 x ™B such that there is an m-atomic formula ¢ over
I" such that both A F ¢[x] and B F ¢[y]. Note that the 0-atomic formulas
over I' are just the ¢ with I" E ¢, since I' is complete. Thus 0/,0. Now suppose
that xI,,y and a € A. Say ¢ is m-atomic over I and 2 F ¢[x], B E ¢[y]. By
27.9 choose an (m + 1)-atomic formula ¢ over I' such that A F x[x,, ...,
Xm—1, ). Hence, easily, I' F ¢ = 3v,,4, so B F v, [y]. Hence choose b € B so
that B EY{ve, .. -5 Ym-1, b]. Thus we have {xq,..., Xp_1, @0ln1{Vos- - -
Ym—1, b), as desired. The proof is similar with 2 and ¥ interchanged. Finally,
suppose that m € w, xI,,y, ¢ is an atomic formula with Fv ¢ < {v,, . .., v, 1},
and (say) U F ¢[x]. Say ¢ is m-atomic and both ¥ F ¢[x] and B F ¢[y]. Clearly
'k — @, 50 B E gp[y], as desired. O

One of the most striking theorems concerning types is the following
characterization of R -categoricity. Recall the definition of =% from 27.5(i).

Theorem 27.12 (Engeler, Ryll-Nardzewski, Svenonius). Let I' be a complete
theory in a countable language £. Assume that I' has only infinite models.
Then the following conditions are equivalent:

(i) T is Ry-categorical:
(if) for all n € w, Fmla’y [T is finite.

PrOOF
(i) = (ii). Assume that (ii) is false; fix n € w such that Fmla'y/x} is

infinite. Let

A = {¢:p e Fmla% and —¢ is n-atomic over I'}.
We claim that A is consistent over I'. If not, choose a finite A’ < A such that

0 there is no model U of I" having an x € "4 with
AE@[xg, ..., Xp_1] forall peA’.

Let A” = A’ U 3vy(vy = vo)}. Now we claim:

) for any ¢ € Fmla%, there is a subset A” of A” such that
T Eg o Voear 7o

[Of course, (2) is a contradiction]. To prove (2), let ¢ € Fmla%. Let A” =
{peA": T F mp—¢}. Clearly ' F \/ yea~ @ —>¢. Suppose I B — \/ pear 9.
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Let 2 be a model of I' such that there is an x € "4 with 2 F [x,, ..., x,_1]
and Ak ¢[x,, ..., x,_1] for all ¢ €A”. By (1), choose ¢ € A’ such that A F
=[x, ..., X,_1]. Thus ¢ ¢ A”. Since A F( A —@)[xp, ..., X,_1] and g
is n-atomic over I, it follows easily that I' F ¢ —> 4. Thus ¢ € A", This is
impossible. Thus (2) holds. Hence A is consistent over I" after all. Also note:

3) if o is n-atomic over I', then —p is not n-atomic over T'.

For otherwise both ¢ and =@ would be in A, contradicting the consistency
of A,

Now extend A to an n-type A* over I'. By 27.2, there is a denumerable
model of T" which realizes A*. Note by construction and (3) that A* does not
contain an n-atomic formula over I'. By 27.6 there is a denumerable model of
I which omits A*. Thus I is not X,-categorical.

(if) = (i). By 27.11 it suffices to show under the assumption (i) that
any denumerable model 2 of I' is elementarily prime. We shall do this by
applying 27.9. (From the point of view of the theory of Boolean algebras
the desired conclusion is obvious, since Fmlaly/xY is finite. The remainder
of this proof is just to work out in first-order logic some elementary Boolean
algebra.) To this end, let n € w and a € "4. Let A have exactly one member in
common with each equivalence class under =%. By (ii), A is finite. Now
Avo(vo = vo) € Fmla'y, so I' F Ave(vy = v,) &> @ for some ¢ € A. Hence there is
a peA with AE¢la], and we can form ¢ = A {peA:AFgp[a]}. Thus
A F y[a). Furthermore, ¢ is n-atomic over I' (as desired). For, let ¢ be any
member of Fmla%y. Say ' kEgper ¢’ with ¢' €A, and T' F —p e ¢” with
¢" €A, If AF ¢[a], then A F ¢'[a] and clearly I' ko > . If A F —p[a] it is
similarly clear that I F 4y = —p. Thus ¢ is n-atomic over I'. O

The last topic of this section is indiscernibles. We want to find models in
which many n-tuples realize exactly the same n-type and hence cannot be
distinguished from each other by first-order means. For the main theorem
we need a purely set-theoretical result known as Ramsey’s theorem.

Definition 27.13. S, X ={Y: Y < X, |Y| = m}.

Theorem 27.14 (Ramsey). If X is an infinite set, new ~ 1, and S, X =
Ay I Ay, then there is an infinite Z < X and an i < 2 such that S, Z < A,.

Proor. We proceed by induction on n. The case n = 1 is trivial. Assume
the result for n, and assume that X is an infinite set and S, ., X = 4, U 4.
We now define three sequences {x;:i < w), {Y;:i < w), {m; ;i < w) by
recursion. Let f'be a choice function for non-empty subsets of X. Set x, = fX,
Y, = X, my = 0. Now suppose that x;, Y;, m; have been defined so that ¥;
is an infinite subset of X and x; € Y;. Let 4; = {Z :Z e S(Y; ~ {x;}), and
Z U {x;} € A;} for each je2. Thus S,(Y; ~ {x;}) = Ao U 4}, so there is an
infinite subset ¥;,; of ¥; ~ {x;}and anm;,; € 2 such that S, Y;,; S A1
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Chapter 27: Types

Let x;,, = fY;,,. This completes the recursive definition. Now {i : m; = 0}
or {i: m; = 1} is infinite; say, by symmetry, that {i : m; = 0} is infinite. Let
Z = {x,: m; = 0}. Now note:

D) Y= 1

2 x;e Yi~ Yiis;

(3) x is one-one;

@@ Viewm, =0=VWeS, Y. .(WU{x}e Ay)l.

By (3), Z is infinite. We claim that S, ,,Z < A,. For, let WeS, ,,Z. Choose
i minimum such that x; € W. Thenm; = Oand by (1)and 2) W ~ {x;} < Y;,,.
Hence by (4), W € A,, as desired. O

Definition 27.15

(i) A simple ordering structure is a pair A = (4, <) such that < is a
simple ordering with field 4.

(ii) Let A = (A, <) be a simple ordering structure, B an £-structure
(2 is an arbitrary first-order language). We say that U is homogeneous for
B, or is a set of indiscernibles for B provided that A = B and the following
condition holds:
(*) Vne wV¥x e®AVy e "A(Vi,j < n(x; < x;iff y; < p))

= x and y realize the same n-type in B).

Perhaps the archtype of indiscernibles is furnished by the transcendentals
in C. If x,, . . ., x,-, are distinct transcendentals and y,, . . ., y,_, are distinct
transcendentals, then there is an automorphism f of C such that'fx; = y, for
each i/ < n. Hence, clearly, x and y realize the same n-type in C. Thus any
ordering of the transcendentals gives a set of indiscernibles for C in the sense
of 27.15. Perhaps the notion in 27.15 should be termed order-indiscernibles,
since indiscernibles in the more natural sense do exist. The following slight
reformulation of the notion will be useful in what follows.

Propeosition 27.16. Let A = {A, <> be a simple ordering structure, A < B,
B an L -structure. The following conditions are equivalent :
(i) U is homogeneous for B;
(i) VnewVxe"AVy e "A[Vi,j < n(i < j = x; < x; and y; < y,) = x and
y realize the same n-type in B].

PROOF. (i) = (if): trivial. (if) = (i). Assume (ii), and assume that n € w,
¢ € Fmla%, x, y e "4, and
) Vi,j < n(x; < x;iff y; < y)).

Say |{x;:i < n}| = m. There is an order-preserving function x’ mapping m
one-one onto {x; : i < n}. Choose s: n -» m such that x; = x}; for all i < n.
For any j < m choose i < n with si = j and set y; = y,. This does not de-
pend on the particular choice of such an i, by (1). Thus y; = y/; foralli < n.
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Part 4: Model Theory

If j < k < m, then x; < x; by the choice of x"; and if si = j, s/ = k, then
Xx; < Xx;, hence y; < y, by (1), hence y; < y}. Hence

2 Vi,j < m(i <j= x; < xjand y; < ).
Hence, using (ii),

BEp[xg, ... Xm_1] iff BE@(Usos - - -5 Usine 1)[X05 - - -5 Xm—1]
iff B F @050, - - -5 Vstn-1)[V0s - - -5 Ym-1]
lﬂ%}:‘i’[}’o,---,J’n—l]- D

The basic existence theorem for indiscernibles is as follows. This theorem
has found wide use in logic.

Theorem 27.17 (Ehrenfeucht, Mostowski). Let I' be a theory with an
infinite model, and let A = {A, <> be a simple ordering structure. Then T
has a model B such that:

(i) A is homogeneous for B;
(if) any automorphism of U extends to an automorphism of B;
@#ii) |B| < |Fmlag| + |4]|.

ProoOF. Let € be an infinite model of I', and let < be a simple ordering of

C. Let #’ be a Skolem expansion of . (see 11.33), and let I be I" together

with the Skolem set for .2, ¥’'. By Lemma 11.36 let €’ be an expansion of €

to a model of T".

Next, expand £’ to #” by adjoining new individual constants d, for
ac A. Let A be the set of all sentences of the forms

—(d, =d,) for a # b,
‘P(dao, L ] da.n) « (P(db05 R} dbn)a

where ¢ € Fmla’yt! for some new, a,be™**4, and forall i,j < n, if i < j
then a; < a; and b; < b;. We claim that I'" U A has a model. To prove this
we apply the compactness theorem. Let @ be a finite subset of A; say @ =
{o, . . ., ¥} U O, where for each ; < m the sentence i; is, as above,

)] ®idaios - - -5 ainy) <> @iyio, - - -5 Qyingy),

while ®’ is a finite set of sentences of the form =(d, = d,) where a # b.
We now define subsets D, ..., D,., of C by induction. Let D, = C.
Having defined D; as an infinite subset of C, where i < m, we define D, ,
as follows. Let

E, = {FeS,; .. D, :if x is the unique order-preserving map from
n; + 1 onto F, then € k ¢,[x,, .. ., xu]},
E, = Sm‘+1Di ~ E,.

By Ramsey’s theorem, there is an infinite D;,; < D; and a je 2 such that

S,i+1D;+1 € E;. This completes the definition of the sequence D,, ..., Dy, ;.
Now let A" ={xeA:x = a; or x = b; for some | < m and j < n} U

{x € A : d, occurs in some sentence of ®'}. Thus A4’ is finite. Let f be an order
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preserving map from A’ into D, ;. Set € = (€', [,),c4, Where I: 4 — C is
arbitrary subject only to the restriction that f < /. We claim that €” is the
desired model of IV U . It is obviously a model of IV U @’. Now suppose
that i < m; we must check that the sentence (1) holds in €”. Now g;o < - - -
< Gingys SO f@io < - -+ < fayqy, and similarly fby, < - - - < fbipg,. With E, and
E, as above, let us suppose that S,;,;D;,, € E,, the case S,;,,D;,, < E,
being treated similarly. Since Rngf< D,., < D;,;, we have both
{faio, . . -, fainwy} € Eo and {fb;, . . ., fbiny} € Eo. Thus € E o[ fay, - - -, faine]
and € F @[ fbio, . . ., fbinwy]- Since f < [, it follows that (1) holds in €”. Thus,
indeed, € is a model of TV U O,

Hence, by the compactness theorem, I'' U A has a model, which we may
assume has the form ® with 4 < D, and with d, interpreted by a for each
ac A. Let B’ be the substructure of ® generated by 4, and set 8 = 8’ | &,
We now proceed to check the conditions (i)-(iii) of the theorem. Clearly
|B| < |Fmlag| + |A|, i.e., (iii) holds. To check (i), first note that B’ < ®
and ® is a model of the Skolem set for &, #’, so by Proposition 19.20,
B9 [Z Henceif new, x,ye"4, and x; < x;, y; < y; whenever i < j < n,
then for any ¢ € Fmla’y we have

Bk p[x] iff ® Folx]iff ® Fold,, ..., don_1]
iff ® kFeldyo, ..., dyn-1)
iff B E [yl
Thus by 27.16 U is homogeneous for B, i.e., () holds.

Finally, let f be an automorphism of . Clearly

¥)] B = {¢®x:01is a term of ¥’ and x € ©A4}.
Now let f* = {(6®x, 0®(fo x)) : cisaterm of &’ and x € ®A}. Then by (2),
Dmnf* = Rngf* = B. Obviously f< f*. Now f* is a function. For,
suppose that 0®x = 7®y, where o and = are terms of .’ and x, y € “4. Say
the variables of o are among v,, . . ., v, and those of = are among vy, . . ., v,.
Let 7' be obtained from = by replacing vg,..., 0, bBY Uni1,.. s Unsnt1
respectively. Let z; = x; for i < m and z; = y,_,,_, for i > m. Clearly then
0®x = 0®z and ° = 7'®z. Thus ® k(6 = 7)[2, . . ., Zms+n+1). Note from
27.16 that 2 is homogeneous for ® [ #’. Hence ® F (o = )[fzo ...,
Sznin+1), 80 6¥(fo x) = o®(fo2) = 7®¥(foz) = 7°(f y), showing that f*
is a function. In an entirely analogous way one shows that £ * is one-one and
that it preserves relations and operations. O

We shall present one corollary of this important theorem. It depends on
the following result from the theory of ordered sets.

Theorem 27.18. For any infinite cardinal m there is a simple ordering structure
A = {4, <> with |A| = m such that A has 2™ automorphisms.

Proor. LetA = m x T, where T is the set of all rational numbers r such that
0 < r < 1. We define a linear order on A4 as follows:

(e, 7) < (B,5)iffa < B,ora=PBandr < s.
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In the notation of the theory of ordered sets, this linear order has type
(1 + n)-m; one replaces each ordinal « < m by a copy of the rationals in
[0,1). Let F={fe™2:fo =0 for every limit ordinal « < m}. Clearly
|F| = 2™. With every fe€ F we shall associate an automorphism g, of % =
{4, <>, as follows. Take any («,r) € A. Write « = 8 + m, where B is a
limit ordinal and m € w. We define g/(«, r) as follows:
Case 1. fo =0, f(e« + 1) = 0. Let
gile,r) = (B + 2m, 2r) if0<r<1/2
gia,r) = B+ 2m + 1,2(r — 1/2)) ifl2 <r< 1.
Case 2. fo = 0, f(« + 1) = 1. Let
gia, r) = (B + 2m, 3r) if0<r<1/3
g, r) =B + 2m + 1,3(r — 1/3) if 1/3
gile,r) = (B + 2m + 2,3(r — 2/3)) if 2/3
Case 3. fo = 1, fl« + 1) = 0. Let
gie,r)y =B +2m + 1,r).
Case 4. fo = 1, f(« + 1) = 1. Let
gle,r) =B + 2m + 1, 2r) if0 <r<1)2
g, r) = (B + 2m + 2, 2(r — 1/2)) ifl2<r<1.
Obviously g, maps A4 into A. Also, g; is onto, for let (y, s) € A. Write y =
B + n, B a limit ordinal, »n € w.
Case 1. n even, say n = 2m.
Subcase 1. f(B + m) = 0,f(B + m + 1) = 0. Then g/(B8 + m, s/2) = (y, s).
Subcase 2. f(B + m) = 0. f(B + m + 1) = 1. Then g,(B + m, s/3) = (y, s).
Subcase 3. f(B + m) = 1. Then by our assumption on f, m # 0.
Subsubcase 1. f(B+m — 1) = 0. Theng,(B + m — 1, (s + 2)/3) =
B+2m—1 4+ 23 + 2)/3 —2/3) = (y, s).
Subsubcase 2. f(B+ m — 1) = 1. Theng(B+m — 1,(s + 1)/2) =
B+2m—-1)+2,2((s + 1)/)2 — 1/2)) = (y, 5).
Case 2. nodd, sayn = 2m + 1.
Subcase 1. f(B+ m) = 0,f(B+ m + 1) = 0. Then g/(B + m, (s + 1)/2) =
(. 5).
Subcase 2. fB + m) =0,f(B+ m+ 1) = 1. Theng,(8 + m, (s + 1)/3) =
(s 5)-
Subcase 3. f(B + m) = 1, f(B + m + 1) = 0. Then g,(8 + m, s) = (v, s).
Subcase 4. fB+m) =1, f(B+ m+ 1) = 1. Then g8 + m, 5/2) = (y, 5).
Thus g; maps 4 onto A. To show that g, is an automorphism of 2 it
remains only to show that it preserves <. So, assume that («, r) < (B, ).
Case 1. « < B. Write « =y + m, B = 6 + n, where y and & are limit
ordinals and m, n € w. If y < 8, clearly g (e, r) < g/(B, s). Hence assume that
y = 8. Clearly it suffices now to take the case n =m + 1, ie., 8 = « + 1.
Subcase 1. fo = 0, fB = 0. Then 1%t coord g/(e, r) < y + 2m + 1,
Itcoord g/(B,s) =y +2m + 1) = y + 2m + 2. So g/(e, r) < g;(B, s).
Subcase 2. fo = 0,fB = 1. Then 13 coord g{e, r) < y + 2m + 2,
Istcoord g;(B,s) 2y +2m + 1)+ 1 =9y + 2m + 3. So gie, r) <

gf(ﬁ9 S)-
452
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Chapter 27: Types

Subcase 3. fo = 1, fB = 0. Then 1* coord g (e, r) = v + 2m + 1,

I*coord g/(B,s) =2y +2m + 1) =y + 2m + 2. So g/(e, r) < g/(B, 5).
Subcase 4. fo = 1,fB = 1. Then 1** coord g,(e, ¥) < y + 2m + 2,

1*coord g;(B,8) =2y +2m + 1) + 1 = y + 2m + 3. So gy(e, r) <

£/8, ).

Case 2. o = B, r < 5. The desired conclusion is clear.

Thus g, is an automorphism of %. Now suppose f, /' € F and f # f'. Say
o < mand fe # f'a. Say fa = 0, f'a = 1. Let « = B + m, B a limit ordinal,
m € w. Then 1% coord gy(«, 0) = 8 + 2m. 15t coord g;(e,0) = B + 2m + 1,
SO g # & u

This theorem together with the Ehrenfeucht-Mostowki theorem gives the
following interesting property of first-order theories:

Corollary 27.19  If T is a theory with an infinite model and m > |Fmlag|,
then I has a model of power m with 2™ automorphisms.

EXERCISES

27.20. Let % be a language whose only nonlogical constants are individual
constants ¢; for i < w. Let " be the theory in with axioms —(¢, = ¢,) for
all i # j. Show that I' is complete.

27.21. Continuing 27.20, find the elementarily prime model of T'.

27.22. Give an example of a complete theory in a countable language, having
only infinite models, which has a prime model but no elementarily prime
model.

27.23. Give an example of a complete theory in a countable language with only
infinite models, Ro-categorical, and with exactly one 1-atomic formula
(up to equivalence of formulas).

27.24. Suppose Z is a countable language, 2 is an Z-structure, and ¢ € Fmla%
is such that ¢% well-orders 4. Show that ®p2 has an elementarily prime
model.

27.25. Under the hypotheses of 27.12, the conditions (i) and (i) are also equivalent
to:
(*) for every model 2 of T', every n € w, and every a € "4, a satisfies some
n-atomic formula over T in A (cf. 27.9).

27.26. If A is any Boolean algebra, then the atoms of 2 form a set of indiscernibles
for 2, under any ordering of them.

27.27. Does Op(w, s, 0) have an elementarily prime model?

27.28. Suppose a group & = (G, -, 1) has the property that for every ¢ € Fmla?,
if & F Juyp(vo), then there is an n€w ~ 1 such that & FJp(vi =1 A
¢(vo)). Show that ® is elementarily equivalent to a group in which every
element has finite order.
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Saturated structures are structures in which all possible types are realized
(roughly speaking; see below for an exact formulation). In this chapter we
prove their existence and uniqueness and show how they can be used in logical
investigations.

Definition 28.1. An Z-structure 2 is m-sarurated iff for every X < A with
| X] < m, if #’ is an expansion of ¥ obtained by adding a new individual
constant ¢, for each x € X, and if A € Fmlal,. is such that for each finite
subset A’ of A there is an a € 4 with (2, x),.x F A A'[a], then there is an
a € A such that (%, x),.x F ¢[a] for all p €A,

An Z-structure U is saturated iff it is | A|-saturated.

Given that are are trying to make exact the notion of a structure in which
the maximum amount of formulas can be simultaneously satisfied, Definition
28.1 exhibits two peculiarities. First, constants are taken from 4, rather than
dealing with just formulas of the original language #. Second, only formulas
with just one free variable are considered rather than arbitrary formulas. The
first restriction is essential; without mentioning constants from A, an essenti-
ally weaker notion is obtained (see Exercise 28.34). It is from the point of view
of applications that the stronger notion given in 28.1 is to be preferred. The
second restriction in 28.1 is inessential, as the following proposition shows.

Proposition 28.2. Let A be an F-structure and m an infinite cardinal. Then
the following conditions are equivalent:

(i) U is m-saturated,
(i) for every X = A with |X| < m, if &’ is an X-expansion of ¥, and if
A is a set of formulas of £’ such that for each finite subset A’ of A
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there is an a€ ®A with (U, X)xex F /\ A’[a], then there is an ac“A
such that (U, x)..x F @la] for all p e A.

ProOOF. Obviously (i7) = (). Now assume (i) and the hypothesis of (i).
We may assume that A is closed under conjunction. For each ¢ € A choose
m,, such that Fve < {v,, .. ., v,,}. We define a € “A4 by recursion. Suppose
that a [ i has been defined in such a way that each formula

v, - - - J0meP(Ca05 - - - Cai—15)s pEA,

holds in (2, X, @;)xex.;<:- This is clearly true for i = 0. Now let © be the set
of all formulas 3v;,; - - - Jv,,9(Caps - - -5 Cau—1)) With @ € A, Thus

| XU{a;:j<i}| <m,

and O is a set of formulas ¢ with Fv ¢ < {p;}. If ®’ is a finite subset of ©,
we may write ©' = {v;,; - Fvyee(Chos - - -» Cog-1)) : p EA’}, where A’ is a
finite subset of A. Now A A" €A, s03v; - - - vy, A A'(€yo, - - -5 €a— 1)) holds in
(¥, X, @;)xcx.;<i- Thus there is a b € 4 such that b assigned to v; satisfies each
P e 0 in (U, X, a;)xex,j<i- 1t follows from (i) that there is an a; € A such that
each formula

o410+ WpeP(Caos - - -5 Cat)s pEA,

holds in (2, X, @;)xex,;<i- This finishes the construction of a. Clearly the
conclusion of (i7) then holds. ]

We are really interested in the notion *‘the Z-structure 2 is m-saturated”’
only when |Fmlag| < m < |A|. The next few remarks indicate why these
restrictions are reasonable. Since, clearly, n < m and A m-saturated imply 2
n-saturated, the assumption that |[Fmlag| < m does no harm when we prove
the existence of m-saturated structures. Since the assumption |Fmlag| < m
is needed for our constructions, we are justified in making it. The assumption
m < |A| is resonable in view of the following two results.

Proposition 28.3. If A is m-saturated, then either U is finite or |A| = m.

PrROOF. Suppose 2 is infinite and |4| < m. Let &’ be an A-expansion of
%, and let A be { (v, = ¢,) : a € A}. Clearly every finite subset of A can be
realized in (¥, a),c4, but A itself cannot be, so U is not m-saturated. O

Proposition 28.4. 2 is finite iff A is m-saturated for all m.

Proor. The second condition implies the first, by 28.3. Now suppose that &
is finite, X = 4, |X| < m, &’ is an X-expansion of %, and A = Fmlal,.
Suppose that A cannot be realized in (Y, x)cx. Then for each a € A4 there is a
@, €A such that (2, x),cx F 7@ [al. Thus {p, : a € 4} is a finite subset of A
which cannot be realized in (2, x),.x. Hence 2 is m-saturated. [l
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Before coming to the main existence and uniqueness results we want to
give a few more trivial properties of m-saturated structures, some of which
are useful in applications.

Proposition 28.5
(i) A is m-saturated iff A is n-saturated for every n < m;

(i) if m is a limit cardinal, then U is m-saturated iff YA is n-saturated for
everyn < m;

(iii) ¥ is m-saturated iff for every X < A with |X| < m, the structure
(&, X).ex is O-saturated,;

(iv) if U is m-saturated, X < A, then |X| < m, then (Y, X)yex is m-
saturated.

We now consider the existence of m-saturated structures.

Theorem 28.6. Let &, ', £" be first-order languages, m and n cardinals,
and T" and 1" theories in £ and &' respectively, subject to the following
conditions:

(i) NO < ms n;
(ii) &' is an expansion of %, and |Fmlag.| = n;
(iii) " is an expansion of ¥’ rich by C;
(iv) if p is any nonzero cardinal < m, then v’ < n;
(v) ' < I, and 1" is consistent;
(vi) for each B < C with |B| < m, let %, be the reduct of " to the symbols
of £ and B; then there are at most n 1-types over I' in the language
L.

Under all of these assumptions it follows that there is a model A of T’
of power < w such that A | £ is m-saturated.

ProoF. Let a well-ordering of C be given. We shall apply the model exist-
ence Theorem 18.9 in its full form. Let S be the set of all ® < Sentg- such
that I' U ® is consistent and {c € C: ¢ occurs in some ¢ € 0} has power <n.
It is a straightforward matter to check that S is a consistency family; cf.
the proofs of 22.1 and 27.4. The family S also has this additional property:

(1) ifOeS,Bc C,|B|l <m,andA is a 1-type over I in .%; which
is consistent over ©, then ® U {¢(c) : p € A} € S, where ¢ is the
first member of C not in B or in any sentence of ©.

For, if A’ is any finite subset of A, then by the hypothesis of (1), ® U
{3v, A\ A’} has a model, 2. We can modify 2 by assigning to ¢ an element
a € A such that A F AA’[a], and we then obtain a model of ® U {p(c) : p €A'}.
Thus O U {¢{c) : ¢ € A} is consistent, so it follows that it is in S, and (1)
holds.

Let T = {(B,A): B< C, |B] < m, and A is a 1-type over I in %;}. The
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assumptions of the theorem imply that |T| < n, and obviously T # 0. Hence
we may write T = {(Bs, A,) : « < n}. For each « < n we define a function f,
with domain S:

f,0 = O U {p(c): p eA,}if this set is in S, where ¢ is the first member
of C not in B, or in any sentence of @;
.0 =0 otherwise.

Obviously f, is admissible over S.
By the model existence theorem, since I'' € S, let (¥, a.)cec be a model of
I'" such that 4 = {a,: ce C}, hence |4| < n, and:

2 if « < n, then there isa ® € S such that I'" < £,0 <
{9’ : (QI, ac)csc l: (P}-

To show that A [ &% is m-saturated, let B < C with |B| < m, and let
A < Fmlaky be such that (U [ %, ay)ees F I, A\ A’ for each finite subset
A’ of A. Thus A is consistent over Op(A | &, ac)ces, SO We can extend A to
a l-type A* over Op(U | &, a)ecs- Thus A* is a I-type over ' in %, so
(B, A*) e T. Write (B, A*) = (B,, A,), and choose © by (2) so that ® € S and
I'c f,0 = 0p(Y, a.)cc- Since A* is consistent over ® because O < £,0 <
Op(¥, ac)eecs it follows from (1) and the definition of £, that (% | &, a,)eec E
o(d) for each ¢ € A*, where d is a suitable element of C. Thus a, realizes A
in (A | &, ag)een, as desired. O

Theorem 28.6 is our main existence theorem for saturated structures. We
shall apply it in two ways: to R,-saturation on the one hand, and m-satura-
tion for m > Fmlag on the other hand. In the case of countable languages,
we can actually characterize when a theory has an X,-saturated countable
model:

Theorem 28.7 (Vaught). Let I' be a theory in a countable language £. Then
the following conditions are equivalent:

() T has a countable R -saturated model,;
(ii) for each m € w there are only countably many m-types over T'.

PrOOF

(7) = (if). Let A be a countable X,-saturated model of T, and let m € w.
For each m-type A over T’ let fA = {a € ™A4: arealizes A in 2}. Since ¥ is N,-
saturated, by Proposition 28.2 we see that fA # 0 for each m-type A over I
Clearly fA N fA’ = 0for distinct m-types A, A’ over I'. Hence (i) holds since
2 is countable.

(@) = (i). We apply 28.6 with m=n=R;,, ¥ =%’ and T = I".
Obviously i’ = n for 0 < p < m. Let .Z” be as in 28.6, and let B < C with
|B| < Ry, say B = {bg,...,b,_;} with m < w. For each ¢ € Fmlak, let
¢’ be obtained from ¢ by first suitably replacing bound variables and then
replacing by, .. ., b,_; by vs, ..., v, respectively. For each 1-type A over T
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in %, let fA = {¢': p € A}. We claim that f establishes a one-one corre-
spondence between 1 types over I' in %, and (m + 1)-types over I' in %,
It is a routine matter to check this claim. Hence the assumption (ii) yields the
fact that there are only countably many 1-types over I' in %;. Thus the hy-
potheses of 28.6 are fulfilled, and (i) follows. O

From 28.7 and 27.12 we obtain many examples of theories with countable
N,-saturated models:

Corollary 28.8. If ' is a consistent Ry-categorical theory with only infinite
models, in a countable language, then T' has a countable R,-saturated
model.

Of course, actually all the countable models of T" in this case are X,-
saturated. Recall from Chapter 21 our many examples of N,-categorical
theories. Actually 27.12 is not needed to establish 28.8. A more direct argu-
ment can be given which generalizes to prove

Corollary 28.9. If I is a consistent theory in a countable language and T" has
up to isomorphism only countably many countable models, then T' has a
countable Ry-saturated model.

PrOOF. Let m € w. Each m-type over I' is realized in some countable model
of T', by 27.2. Hence there are only countably many m-types over I' (cf. the
proof (i) = (i) in 28.7). So by 28.7, I" has a countable R -saturated model. [

Corollary 28.9 makes evident the existence of Nj-saturated models in
several more theories. For example, consider the theory I' of algebraically
closed fields of characteristic 0. The countable models of I' are, up to iso-
morphism, the algebraically closed fields 2, for « < w, where 2, has tran-
scendence degree « over Q. Hence by Corollary 28.9, one of these fields is
N -saturated. In fact, only 2, is N,-saturated. For, let m < w, and let X
be a transcendence base for 2,,. Thus [X| = m. For each n€ w one has a
formula ¢, of &’ (with £’ as in 28.1) such that 2, F ¢,[a] iff a is not algebraic
of degree n over Q(X). For each n there is such an a, by elementary field
theory, but {@,:n¢c w} is not realized in (U, X)xcx. Thus %, is not N,-
saturated. So 2, is 8,-saturated by 28.9.

The following interesting result connects Ry-saturation with the existence
of elementarily prime models.

Theorem 28.10. Let I' be a complete theory in a countable language. If " has
a countable R,-saturated model, then T has an elementarily prime model.

ProoF. Suppose that I' has no elementarily prime model. Then by 27.10
there is an n € w for which there is an n-atomless formula ¢ over I'. We shall
show that there are 2% n-types over I, so that by 28.7 I" has no countable
N,-saturated model.
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For each f€ |Unco ™2 we define a formula ¢,. Let s, = ¢. Suppose that
¢, has been defined so that i, € Fmla% and ¢, is n-atomless over I'. Then
there is a x € Fmla% such that I' ¥4, —> y and T' ¥y, &> =y, Let ;0 =
¥, A x and ¢;; = ¢, A —y. Clearly ,, and ), are again n-atomless over
I'. This completes the definition. For each fe®2 let A, = {,: g = f}.
Clearly A, is consistent over I" and so it can be extended to an n-type ®,. For
f# hobviously O, # 0,, as desired. O

In the case of X -categorical theories with only infinite models, the de-
numerable model is both X,-saturated and elementarily prime. If T is the
theory of algebraically closed fields of characteristic 0, its elementarily
prime model, the field of algebraic numbers, is different from its X ,-saturated
model.

Now we turn to the existence problem for m-saturated structures with
m > |[Fmlag|. The main theorem is as follows:

Theorem 28.11. Let £, X' be the first-order languages, m and n cardinals,
and T a theory in ', subject to the following conditions:

({) |[Fmlag| < m;

(i) &' is an expansion of %, and |[Fmlag.| < n;
(iii) if v is any nonzero cardinal <wm, then n® < p;
(iv) I is consistent.

Under all of these assumptions it follows that there is a model U of T of
power <n such that A | £ is m-saturated.

Proor. LetI' = IV N Sentg. By extending ¢’ and I we may assume that
|Fmlag.| = n. Let #” be as in 28.6. Clearly 28.6 will give the desired result,
and only 28.6(vi) remains to be verified. Suppose that B < C with |B| < m
and with % as in 28.6. Now by (i), |Fmlagy| < m. The number of 1-types
over I' in %; is clearly <2/¥m1a2Bl < n by (iif), so 28.6(vi) holds. O

The most useful corollaries of this theorem are as follows.

Corollary 28.12. Suppose |Fmlag| < m, and U is an L-structure with
N, < |A4| < 2™ Then there is an m*-saturated elementary extension B of
A of power 2™.

ProOF. Let £* be an A-expansion of %, with new individual constants ¢,
for ae A, and let .#’ be an expansion of £* by adjoining new individual
constantsd,, « < 2™ Let [V = {pe Senty. : (A, @)pes Fpt U {d, =d;: ¢ <
B < 2™}. The conditions of 28.11 are clearly met with m, nreplaced by m*, 2™
respectively. |

Corollary 28.13. Suppose that m is strongly inaccessible, |[Fmlag| < m, and
A is an PL-structure with Ry < |A] < m. Then A has an m-saturated
elementary extension B of power m,
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The proof of 28.13 is similar to that of 28.12. Using GCH we obtain

Corollary 28.14 (GCH). Every theory in £ with infinite models has a
saturated model of each regular cardinality >|Fmlag|.

We now want to give different proofs for these corollaries which are
perhaps more natural than the above. The proofs are based on the following
lemma, which is of course, weaker than 28.12:

Suppose |Fmlag| < m, and U is an L-structure with R, < |A4]
< 2™. Then there is an elementary extension B of U such that

*) |B| = 2™, and if X is a subset of A of power <m, % is an X-
expansion of %, and A is a 1-type over Op(2, X)xex in Lx, then A
is realized in (B, X)xex-

We prove (*) by applying the compactness theorem; it can also be proved
using ultraproducts (Exercise 28.39). We consider each language %y as a
reduct of a certain A-expansion %, of Z. For each pair (X, A) such that
X< A4, |X]| < m,and A is a 1-type over Op(2, x)..x in F, we introduce a
new constant cx,, thus expanding %, to a new language #’. Let I be the set

@p(Ql, a)aEA \V/ {(P(cXA) X< A, |X| < m,A a
1-type over Op(2, X).ex in Fx, ¢ €A}.

Clearly every finite subset of I" has a model, so I' has a model B of power
<|Fmlag.|. Now the number of pairs (X, A) of the above sort is clearly at
most 2™, so [B| < 2™. Also, 2 is elementarily embeddable in B, so B is
infinite. By the upward Lowenheim-Skolem theorem we can assume that
|B| = 2™. Clearly B | £ is as desired in (*) (up to isomorphism).

On the basis of (*), Corollary 28.12 is established as follows: Assume the
hypothesis of 28.12. We define a sequence (B, : « < m*) of Z-structures.
Let 8, = 2. Suppose that « < m* and B, has been defined so that 8, <
[B,| < 2™. By (¥), choose B, ., to be an elementary extension of B, of power
2™ such that if X is any subset of B, of power <m, %% is an X-expansion of
%, and A is a 1-type over ®p(B,, X).cx, then A is realized in (B, .1, X)xex- For
A a limit ordinal <m*, let B, = |J, < B.. Then B, satisfies the conclusion
of 28.12. In fact, it is obviously an elementary extension of 2 of power 2™.
Now suppose that X < B, ,, | X| < m, % is an X-expansion of %, and A is
a subset of Fmlal,x such that (B,,,, X).cx F v, A A’ for every finite subset
A’ of A. Extend A to a 1-type A* over @p(By, X)xex- Thereisan « < m* such
that X < B,, since | X| < m and m* is regular. Clearly A* is also a 1-type
over ®p(B,, x).ex- From our construction it follows that A* is realized in
(B, 415 X)xex- Since B, X By, A* is also realized in (Bm+, X)xex. Thus By,
is m-saturated.

Corollary 28.13 can also be easily established in case |[4| < m, on the
basis of (*) or 28.12: one simply extends the above construction all the way
to m. We leave the details for an exercise.
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Another way of establishing these corollaries, and one which is very
interesting from the point of view of general algebra, is via the notions of
universal and homogeneous structures.

Definition 28.15. Let K be a class of .Z-structures and let m be a cardinal.
An #-structure U is m-universal over K provided that every member of K
of power <m can be embedded in Y. This is the general algebraic notion,
which we modify as follows for the present purposes. An .#-structure 2%
is m-universal provided that every model B =, A of power <m can be
elementarily embedded in . U is universal iff it is | A|-universal.

An Z-structure 2 is algebraically m-homogeneous over K provided that
for every substructure B of A and for every isomorphism f of B into «,
if |B| < m and B €K, then f can be extended to an automorphism of 2.
Again, we modify this for logical purposes. An Z-structure 2 is m-
homogeneous iff for all « < m and all x € *4 and y € %4, if (Y, X2)s <y See
(2, ye)s <o then for any c € 4 there is a d € A such that (Y, x;, €)scy =ece
(¥, ys, d)s <o A is homogeneous iff it is | A|-homogeneous.

We will not be working with the purely algebraic notions defined in
28.15. We mention them only in order to be able to informally describe the
third method for constructing saturated structures. In fact, for all classes K
and cardinals m having some natural properties one can construct in a
straightforward algebraic fashion a structure m-universal and m-homo-
geneous over K and of power m. Applying this general existence theorem to
certain very special classes K one obtains the existence of universal-homo-
geneous structures (in the above, logical, sense). We shall now establish that
these structures are just the saturated structures. We break the proof into
several steps, some of which are independently interesting. First of all it is
convenient to slightly reformulate the definition of m-saturation.

Proposition 28.16. Let A be an ZL-structure. The following conditions are
equivalent:

(i) ¥ is m-saturated,;

(ii) for all « < m, if &' is an expansion of £ obtained by adding new in-
dividual constants ¢, for each £ < a, if a € *A, and if A = Fmlal,. is
such that each finite subset of it can be realized in (Y, ay):<,, then A
can be realized in (Y, as); < .

ProoF. Assume (i) and the hypothesis of (ii). Let X = {a,: ¢ < «}, and
let #” be an X-expansion of %, obtained by adding new individual constants
d, for each x € X. For each formula ¢ of £’ let ¢” be obtained from ¢ by
replacing each individual constant ¢, by dg.. Then for any y € “4 and any
formula ¢ of #’, we have (¥, a,); <. £ e[y]iff (4, x),x F ¢"[y]. It follows that
if we let A” = {¢” : p € A}, then each finite subset of A” can be realized in
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(2, X)xex- Hence by (i), A” can be realized in (2, X)ex, S0 A can be realized
in (Q[a a€)§<rx-

Now assume (ii), and let X, %', and A be as 28.1. Then there is an « < m
and a one-one a: o - X. Let #” be an expansion of £ be adjoining new
individual constants ¢, for ¢ < «. Say ¥’ is obtained from £ by adjoining
new individual constants d, for x € X. For each formula ¢ of £’ let ¢” be
obtained from ¢ by replacing each individual constant d, by ca~!x. Then for
any y € “A, (Y, X)rex Foly] iff (Y, @) F @"[y]. We proceed further as in
the proof of (i) = (ii). O

Lemma 28.17. If U is m-saturated, then U is m-homogeneous.

PrOOF. Assume that 2 is an m-saturated Z-structure, o < m, x € %4,
¥ €A, (U, Xz ca oo (U, Ye)r<ar and c € 4. Let £’ be the expansion of &
to a language for (2, x,)s<.. Set A = {p € Fmlal, : (Y, xz): <, F ¢[c]}. Since
(A, X2)s <o =eo (Y, Vo) <o each finite subset of A can be realized in (2, y): <.
Hence by 28.16, A can be realized in (%, y:): <o Say (2, yo):<. F @[d] for each
@ €A, Clearly then (2, x;, €)scq Zee (U, Ve, D)z <o O

Lemma 28.18. If U is m-saturated, U =,, B, and b € ™B, then there is an
a e ™A such that (Y, ay)s < =oe (B, b)e<m-

ProoF. Assume the hypothesis. We define the sequence a € ™4 by induction
so that for each ¢ < m the following condition holds:

(1) (Q[, a{)&<a = (B, bt){<a-

Thus (1) is given for « = 0. Suppose a, has been defined for each ¢ < o so
that (1) holds, where « < m. Let A = {p : Fvp < {05}, @ is in the language of
(B, b)s <> and (B, by): <, F p[b,]}. From (1) it is clear that each finite subset
of A can be realized in (¥, a;):.,. Hence, by 28.16, choose a, so that a,
realizes A in (2, @;): <. Thus (1) holds with « replaced by « + 1, the definition
of a is complete, and (1) holds for « = m. O

Lemma 28.19. If U is m-saturated, then 2 is m™* -universal.

ProoF. Let 2% be m-saturated, and assume that % =, B and |B| < m. Let
b: m-» B be an onto map. Then by 28.18 there is an ae€ ™A such that
(@, @)s<m =ce (B, e <m-

Let f = {(bs, a;) : ¢ < m}. Clearly f'is a one-one function mapping B into
A. Now let ¢ be any formula of &, say ¢ € Fmla’y, and let x € "B. Say x; = by
for each i < n. Then

B F p[x] iff Bk @lbso, .. ., ben—1)]
iff (B, b)e<m F (€205 - - -5 Cotn-1))

iff (A, @)ecm F (Cros - - -» Cen—1)
iff A Egp[fox]. O
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Lemma 28.20. Let.Z be a first-order language and assume that |Fmlag| < m.
If Y is m-universal and m-homogeneous, then U is m-saturated.

Proor. Suppose that 2 is m-universal and m-homogeneous, and assume
that the hypothesis of 28.16(ii) holds. Expand #’ to #” by adjoining a new
individual constant d. Now consider the set

I'= 0p(Y, a)s<a Y {p(d) : €A}

Our hypothesis of 28.16(ii) implies that every finite subset of I' has a model
which is an expansion of (¥, a;);.,. Hence I' has a model (B, b;, €): ., of
power <m. Thus A =, B, so by the m-universality of A we may assume that
B < U Hence (A, @)sca =ce (B, b2)r <o =ce (Y, b): <o Furthermore, e realizes
A in (B, bs)s < and hence in (%, b;):.,. From the m-homogeneity of A it
follows that there is an x € A with (%, @, X)s <y =ce (Y, bs, €)s . Hence x
realizes A in (2, @y)s <q- O

Combining the essential content of the preceding lemmas, we obtain

Theorem 28.21. Let ¥ be a first-order language, % an F-structure, m a
cardinal, and assume that |Fmlag| < m. Then the following conditions are
equivalent:

(i) ¥ is m-saturated,;
(i) U is m*-universal and m-homogeneous;
(iii) U is m-universal and m-homogeneous.

Now we turn to the question of uniqueness of saturated structures.

Theorem 28.22. If U and B are elementarily equivalent saturated structures
of the same power, then A ~ B,

Proor. Let|A| = |B] = m,and leta: m >» 4 and b: m >» B. We use the
by now very familiar back-and-forth method to show that A ~ B; otherwise
the proof is similar to that for 28.18. We define sequences x € ™4, y € "B.by
induction so that for each « < m the following condition holds:

(1) (Q[s xt){<a =ee (%’ y6)5<a-

Thus (1) is given for « = 0. Suppose x; and y, have been defined for each
¢ < « so that (1) holds, where « < m. If « is even, we proceed as follows.
Choose £ minimum such that a, ¢ x*«, and set x, = a;. Let A = {p : Fvp =
{vo}, @ is in the language of (¥, x:): <4, and (A, x.); <, F ¢[x,]}. From (1) it is
clear that each finite subset of A can be realized in (2, y.): ., so0, since B is
m-saturated, by 28.16 we see that there is a y, € B which realizes A in
(B, yo)s <o If @ is 0dd, we interchange the roles of @ and b, x and y, % and B
above. Clearly (1) now holds with « replaced by « + 1, the definition of x
and y is complete, and (1) holds for &« = m.
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Let f = {(xs ys) : € < a}. We claim that f is the desired isomorphism.
To prove this, first note:

(2) ife < myand « = B + n where Bis a limit ordinal and # € w, then
a, € x*(B + 2n + 1) and b, € y*(B + 2n + 2).

This condition is easily proved by induction on «. Hence f has domain 4
and range B. It is then clear from (1) for « = m that f is the desired iso-
morphism. O

We now want to give a couple of applications of saturated models.
Saturated models have been extensively used in logic, and these two appli-
cations just give a very small sample of their effectiveness for logical problems.
The first, rather simple, application is a corollary of the following property
of universal structures.

Theorem 28.23. If U is an m* -universal F-structure of power m > |Fmlag|,
then A is isomorphic to a proper elementary substructure of itself.

Proor. Assume the hypothesis. Let B be a proper elementary extension
of A. Choose be B~ A. Let (€, a, b),., be an elementary substructure of
(B, a, b),. of power m. Thus A < C, and in fact A < €. For, if ¢ is any
formula and x € °4, then % F ¢[x] iff B F p[x] iff € F ¢[x]. Also, note that
b ¢ A, so 2 is a proper elementary substructure of €. Since 2 is m*-universal
and oA =,, €, there is an elementary embedding f of € into . Clearly /| 4
is an isomorphism from 2 onto a proper elementary substructure of A. []

Corollary 28.24 (GCH). If U is any infinite &-structure and |Fmlag| < m,
then there is a B =,, A of power m such that B is isomorphic to a proper
elementary substructure of itself.

Proor. By Corollary 28.12, let € be a saturated elementary extension of %
of any power n > m. By Theorem 28.21, € is n*-universal, so by Theorem
28.23, there is an isomorphism f of € onto a proper elementary substructure
® of €. Expand & to ¥’ by adjoining a unary relation symbol P and a unary
operation symbol O. Then for any ¢ € Fmla’, the following sentence holds
in (€, D,f):

o Yoo+ Vo, A\ Por > [p > #7000, ... 00, ),

i<n
where ¢F is obtained from ¢ by relativizing quantifiers to P. Let (B, E, g) be
an elementary substructure of (€, D, f) of power m. Since all of the sentences
(1) hold in (€, D, f), they also hold in (B, E, g), and it follows easily that g
is an isomorphism of B onto a proper elementary substructure of itself. []

We will see at the end of this chapter that GCH can be eliminated in
28.24. Our second application depends on the following two important
properties of saturated structures. The first proposition is obvious.
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Proposition 28.25. If U is an m-saturated F-structure and &' is a reduct of
%, then A | &' is m-saturated.

Proposition 28.26. Let £ be a language having a unary relation symbol P,
and suppose that U is an m-saturated F-structure satisfying the following
conditions:

@) |ng I = Xo;
(ii) for each operation symbol O of &, the set P¥ is closed under O,

Let B be the &L-structure such that B = P%, R® = RN "P¥ for each
m-ary relation symbol R of £, and O = Q% | "P for each m-ary operation
symbol O of Z.

Then B is m-saturated, and |B| = m.

PrROOF. Suppose X < P% with |X| < m, and let ¥’ be an X-expansion of
Z. Assume that A < Fmla},, is such that each finite subset of A can be real-
ized in (B, x),x. For each formula ¢ of £’ let ¢* be obtained from ¢ by
relativizing quantifiers to P. Then for any b € P¥,

M (&, X)xex F@*[b]  iff (B, X)xex F @[b].

Now let A* = {¢p* : p €A} U {Pvy}. Then each finite subset of A* can be
realized in (Y, x),ex, by (1), so A* is realized by some element b. Clearly
be B and, by (1) b realizes A in (B, X),cx. Thus B is m-saturated. Ob-
viously |B| = m. O

The construction of 28.26 is of general interest; see, e.g., 25.6-25.8.

Theorem 28.27 (Specker) (GCH). Let &£ be a first-order language having
unary relation symbols P and Q. Suppose that ¥’ is another first-order
language, and that f and g are isomorphisms from &' into & (see 26.19).
Let A be an #-structure, and assume the following :

(@) [P¥, |Q¥ = Ro;
(it) for each operation symbol O of £', P¥ is closed under (fO)¥, and Q%
is closed under (gQ)*.

Now let B and € be the &'-structures such that B = P¥%, C = Q¥, while
if R is an m-ary relation symbol of &’ then R® = (fR)¥ N "P% and R¢ =
(ER* N ™Q%, and if O is an m-ary operation symbol of %' then OB =
(fO)% | "P¥ and OF = (gO)* | "Q%. Assume that B =, .

Under all of these assumptions there is a structure ¥’ =, A, such that if
B’ and €' are formed from A’ similarly to the formation of B and € from ¥,
then B’ ~ ¢'.

Proor. By Corollary 28.12 choose 2’ to be a saturated structure elemen-
tarily equivalent to 2. By 28.25 and 28.26, ¥’ and €' are saturated, and
|B’| = |C’| = |A|. Hence by 28.22 (since clearly 8’ =,, €' because B =, €),
B~ €. O
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Again, we shall see shortly how to eliminate GCH. These two applica-
tions of saturated structures are typical in the need to assume GCH. For many
applications, one can show by delicate considerations concerning models of
set theory that the GCH is unnecessary. Even in such cases the problem
remains to devise a proof within ordinary set theory without GCH for the
result in question. A small modification of the notion of saturated structure
turns out to be sufficient for most problems:

Definition 28.28. An Z-structure % is special if and only if either [4] is a
successor cardinal, and ¥ is saturated, or else | 4| is a limit cardinal and
there is a sequence (B, : m < |4|) such that:

(i) each 9B, is m*-saturated;
(i) Bm <X B, whenever m < n < |A[;
(i) A = Um<ia Bm-

We shall not go into the theory of special models very much; we restrict
ourselves to an existence theorem and a uniqueness theorem.

Theorem 28.29. Suppose 2 is an F-structure and m is a cardinal. Assume
that 2" < m whenever n < m, that |[Fmlag| < m, and that R, < |A| < m.
Then A has a special elementary extension of power m.

Proor. If m = n* for some n, then the assumptions imply that 2" = n*,
so the desired result is clear from 28.12. So assume that m is a limit cardinal.
We define the desired sequence {B,:n < m), leading up to the desired
structure, by induction on n. Set p = |[Fmlag| + |4|. Thus 29 < m. By
28.12, let B, be a p*-saturated elementary extension of 2 of power 29, and
for 0 < q < p, let By = B,. Now suppose that p < n < m and B, has been
defined for all ¢ < n so that By < B, for ¢ <t < n, and |B4| < 2°*9. Then
[Uq<n Bgl < 2", so by 28.12 let By, be an n*-saturated elementary extension
of (Uq<nBq of power 2". This completes the definition of (B, :n < m}.
Clearly Un <m Bn is as desired in the theorem. O

Note that, by this theorem, without GCH, any infinite .#-structure 2 has
a special elementary extension. In fact, pick any cardinal m > |4| + |Fmlag|
such that n < m implies 2" < m. For example, m can be the supremum of
the sequence

|4| + |Fmlag|, exp (|4] + |Fmlag|), exp exp (|4| + |Fmlag|),.. ..

Then apply 28.28. On the other hand, without GCH one cannot always find
a saturated elementary extension of a structure; see exercise 28.40.

Theorem 28.30. If A and € are elementary equivalent special £-structures of
the same non-denumerable cardinality, then A ~ €.
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PrOOF. We may assume that m = [A4] is a limit cardinal. Let (B, :n < m)
be a sequence of the sort described in 28.28 for U, and let <®;;:n < m> be a
similar sequence for €. Let n:a>»{p: R, < p < m}, where n is strictly
increasing and hence « is a limit ordinal. Choose a: m >» 4 and c: m >» C.
We now modify the sequence a; more precisely, we define a new sequence
a': m — A by recursion. Suppose that ¢ < m and a’ | £ has been defined.
Choose y < « minimum such that ¢ < n,. Then choose » minimum such that
a, € By, ~ {a, : y < £}, which is possible since |By,| = n; by 28.28 and 28.3,
and set a; = a,. Thus clearly

(1) a [n,ev B, foreach y < «.
2) a:m>» A,

For, obviously a’ is one-one. Suppose Rnga’ # A, and choose » minimum
such that a, ¢ Rng a’. Choose y < « minimum such that a, € By,. For each
7 < 7 there is a #, < msuch that a, = ag,. Let § = ((U;<, 8 + 1) Un,. Let
y’ be minimum such that ¢ < n,. Thus y < y’, and 7 is minimum such that
a, € By, ~ {a, : p < &}, since a, = ay, and 6, < ¢ for each 7 < 5. Hence
a; = a,, contradiction. So (2) holds. Similarly we can define ¢’: m »» C so
that

) ¢ I n,e"Dy, for each y < «;
(&) ¢ im>» C.

Now we define two sequences {x, : y < o« and {y, : y < «) by recursion;
we want x,:n, — B, and y,: n,— Dy, for each y < «. Suppose we have
already defined x, and y, for all y < B, where 8 < «, in such a way that

(6) (Ql, xyv)7<ﬁ,v <ny =ee (G’ yyv)y<B,v <ny;
@) x,:n,— By, and y,:n,:n, — Dy, for each y < B.

We now consider two cases

Case 1. B = & + 2n for some 8, a limit ordinal or 0, and some n € w. Let
xB be any function mapping n; onto {a’y : y < ng}. Thus by (1), xB: n; — By,.
Now

I{yw:y <Bv< ny}l < Z n, < ng;
y<B
yyveDnyc Dna fOT‘}' < Bandv < n,;

(€, Yi)y<pv<ny =eo Pngs Yi)y<p,v<nye

Since ®n, is nj-saturated, clearly (®ng, ¥yw)y<s.v<ny 18 also. Hence from (6)
and all of the above we easily infer from 28.18 that there is a yp: nf — Dy,
such that (Q[, xyv)ysﬁ,v<ny =ee (gnﬁ, yyv)vsB,v<ny- Thus (6) and (7) now hold
with B replaced by 8 + 1.

Case 2. B is odd. We reverse the roles of x and y, etc.

The rest of the proof now follows a familiar pattern; cf. the proof of
28.22. O
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Now we return to the consideration of our two applications of saturated
structures. The first one can now clearly by proved without GCH using special
structures as soon as we prove

Lemma 28.31. If A is an uncountable special structure, then % is |A|*
universal.

The proof of this lemma is, however, just a “one-sided” version of the
proof of 28.30; see the relationship between the proofs of 28.18 and 28.22.

Turning to the second application of saturated structures, we first note
that the analog of 28.25 is clear:

Proposition 28.32. If A is a special L-structure and £’ is a reduct of %,
then A | &’ is special.

The analog of 28.26 also holds. Since it is not quite so clear, we sketch the
proof of it.

Proposition 28.33. Let £ be a language having a unary relation symbol P,
and suppose that U is a special L-structure satisfying the following con-
ditions:

(@) [P¥ = Ry
(if) for each operation symbol O of %, the set P¥ is closed under O,

Let B be the ZL-structure such that B = P¥, R® = R¥ N "P for each
m-ary relation symbol R of %, and O = 0% | "P% for each m-ary opera-
tion symbol O of Z.

Then B is special, and |B| = |A|.

ProOF. We take only the case in which m = |A4] is a limit cardinal. Let
{€,:n < m) be a sequence as indicated in 28.28 for A. For each n < m let
9, be obtained from €, like B was obtained from . Then by 28.26, each
structure 9, is n*-saturated and of power >n*. Clearly ®, < 9, whenever
n<p<mand B = Uncm On O

From 28.32 and 28.33 one can prove 28.27 without using GCH, by re-
placing saturated structures by special structures in the proof of 28.27.

EXERCISES

28.34. Let m = X,. Give an example of a O-saturated structure of power m
which is not m-saturated.

28.35. Every complete theory with infinite models in a countable language has
0-saturated models of each power =exp X,.

468



28.36.

28.37.

28.38.

28.39.

28.40.

28.41.

28.42.

Chapter 28: Saturated Structures

Let T be a theory in a language -%, and let £’ be an expansion of £ by
adjoining m new individual constants, where m € w. Show that there is a
one-one correspondence between 1-types over I' in £’ and (m + 1)-
types over T in % (See the proof of 28.7.)

Assume the hypotheses of 27.12. Then the following condition is equiv-
alent to () and (i) of 27.12:

(*) T has a model which is both R,-saturated and elementarily prime.

Let I' be a complete theory in a countable language. Then I" cannot have
exactly two nonisomorphic countable models.

Prove the lemma (*) following 28.14 using ultraproducts instead of the
compactness theorem.

Find a denumerable structure ¥ such that A has a saturated elementary
extension of power X, iff exp Ny = X;.

If A, is m-saturated for each ¢ < n, A, <X A; whenever « < B < n, and
n is regular, then U, <n Y, is m-saturated.

Find the denumerable Ro-saturated model of the theory of 27.20.
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PART V

Unusual Logics



In this part we shall treat several kinds of logic which differ from first-
order logic in standard formalization, which has been the almost exclusive
topic in Parts II, III, and IV. Our aim is not to give as comprehensive a
treatment as for first-order logic, but just to introduce various new forms of
logic, prove one or two important theorems about the new logic, and state
without proof some further results. To avoid consideration of trivialities, we
shall not formulate the foundations of the new logics as carefully as we have
for first-order logic. The one or two results we select usually show strong
connections, or strong differences, of the new logic when compared with
first-order logic.



Inessential Variations

We begin by considering four logics which are usually considered to be
inessential variations of first-order logic with equality: first-order logic
without equality, description operators, Hilbert’s e-operator, and many-
sorted logic.

Logic without Equality

Here we modify the notion of a first-order language only by eliminating
the equality symbol. Throughout this section, unless otherwise mentioned,
the languages referred to will be equality-free. Most of the facts concerning
logic with or without equality are similar, and we shall not state all' the
important results even without proof. The notion of an .Z-structure remains
the same, and the relation A F ¢[x] and related concepts are defined as before.
For logical axioms we can take the following formulas, where ¢ and i are
arbitrary formulas and « is any variable:

¢, for ¢ a tautology;

Vo(p = ) = (p = Vaib) if « does not occur free in ¢;

Vap —> Subfie, if no free occurrence of « in ¢ is within the scope of
a quantifier on a variable appearing in .

This leads to a notion I' b, ¢ as in Chapter 10. Various elementary facts
about F,, are proved just as in Chapter 10. Of course we still have the notion
I' E ¢ as in Chapter 11. We can prove the model existence theorem for logic
without equality, and it even becomes simpler. We shall carry this through in
detail for relational languages.

Definition 29.1. Let %’ be a rich expansion of % by C, and let S be a family
of sets of sentences of #’. Then S is a consistency family (for &£, L")
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iff for each I' € S all of the following hold, for all sentences ¢, 4 of .#’:

(CO) if A< T, thenA€eS;

(Cl) p¢Tor np¢l;

(C2) if mpel, thenT U {p} € S;

C)ifpAagpel, thenTU{pleSand U {f} e S;

(CY) ifpvgel, thenTU{pleSor T U {Y}es;

(C5) if Yap e T, then for all ce C, ' U {Subfig} e S;

(Cé6) if Jap e T, then for some ce C, ' U {Subfig} € S;

(C7) if « is a limit ordinal < |[Fmlag|, ®,€ S for each B < o, O, = O,
whenever 8 < y < o, and |{c € C: ¢ occurs in some ¢ € @, for some
B < o} < |C], then Us<, Os€ S;

(C8) |{c e C:c occurs in some pe I'}| < |C|.

Theorem 29.2. Let £ be a relational language, and let &' be a rich expansion
of £ by C. Let S be a consistency family, and let T € S, Then T" has a model
A with A = C, and hence |A| = |Fmlag|.

Proor. Let m = |Fmlag|, ¢: m »» Sentg., and let a well-ordering of C be
given. We now define a sequence (9, : « < m)» of members of S. Let ©, = I.
Suppose that ©, € S has been defined, where « < m. Let

®;= 0, if@au{q)a}¢S;
9, = 0, Y {p,} otherwise;
O =0, U{p} fO,U{p}€ES, @, =0, vV e, and
0, U {p} €S,
0; = O,V {g} ifO,V{pteS, p,=9 v ®, and

O,V {p} ¢ S,
0, = 0, otherwise;
0,1 = O, U {Subffy} if O,V {p,}eS, ¢, =38, and c is
the least member of C such that @ U {Subffy} e S,
Oy = OF otherwise.

Clearly ©,,;€S. For X a limit ordinal <m let O, = | J,.» O,. Clearly
0, € §if A < m. This completes the definition of (®,:« < m). All of the
following hold, for all sentences ¢, ¢ of .Z".

(1) ¢¢ O or g ¢ O;

(2) if =g e O, then ¢ O;

(3) ifp A e O, then g, pe Oy

4 ifovihe Oy thenpe O or e Op;

(5) if Vap € Oy, then for all c € C, Sub fip € Op,;
(6) if Jop € O, then for some ¢ € C, Sub flp e O ;

Let 4 = C, and for each m-ary relation symbol R of & let R% = {c e "C:
Rey---¢p_1 € Op}. For ce Clet ¢® = ¢. This defines an .#’-structure 2.

(7) for any sentence ¢ of &, if p € O, then A F ¢, while if —p € Q,, then
AE —gp.
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The proof of (7), by induction on ¢, is straightforward using (1)—(6); see the
proof of 18.9. Hence the theorem follows. O

From 29.2 we immediately obtain the completeness theorem for logic
without equality:

Theorem 29.3. Let £ be a relational language, 1" a set of sentences of £
consistent in the sense bn,. Then I' has a model of power [Fmlag|.

Corollary 294. T'F.o iff TEe iff I'te.
Corollary 29.5. ..o iff Fo iff Fe.

Let us go into a little more detail about the relationship between logic with
and without equality.

Definition 29.6. If .Z is a first-order language with equality, we let .#° be
the first-order language without equality in which equality is treated as a
new binary relation symbol.

Thus .#* is obtained from % by moving the equality symbol from the list
of logical constants to the list of nonlogical constants. If 2 is an Z-structure,
then (2, =) is a natural kind of .Z°-structure. But of course in #°-structures
equality can be interepreted as any binary relation whatsoever. The relation-
ship between .# and .#*° can be expressed more fully using the following
concepts.

Definition 29.7. Let .Z be a relational first-order language without equality,
and let A and B be F-structures. A two-way homomorphism from AU onto
B is a function f mapping 4 onto B such that for every m-ary relation
symbol R and every ae ™4, a e R¥ iff foa € R®.
If .Z is a relational first-order language with equality and T’ < Fmlag,
then EI is the following set of sentences of £ :

Yoo(ve = 1)

Vo,Vv,(vy = v, = v, = v)

VooV, Voo (v =01 A 03 = 03 —> 1y = ,)

Voo V0om 1RO -+ - Uy A AN 03 = Uy

— R, - - - Vg, _,) fOr any m-ary relation symbol R which occurs in
some formula of T'.

The following proposition is easily established by induction on ¢:

Proposition 29.8. Let £, A, B and f be as in the first part of 29.7. Let ¢ be a
Sformula and x € °A. Then A F [x] iff BEp[fo x].

475



Part 5: Unusual Logics

From the very definition of satisfaction we obtain the following prop-
osition:

Proposition 29.9. Let £ be a relational first-order language with equality,
@ an L-sentence, and A an L-structure. Then U kg ¢ iff (YU, =) kg, .

Proposition 29.10. Let £ be a relational first-order language with equality,
@ € Sent gy, and I' a set of FL-sentences such that equality does not appear in
any sentence of T'.

Then ' kg iff T Ege A\ E{@} = o.

Proor. First assume that I' F& . Let (%, E) be any model in the #*-sense
of I" U E{e}, where U is the underlying -#-structure. Then E is an equivalence
relation on 4. We form an Z-structure A/E with universe A/E by setting
R¥E = {([ao), . . ., [an_1D) : (@o, - . ., an-1) € R¥} for each me-ary relation
symbol R of &, For each a € A let fa = [a]. It is easily verified that fis a two-
way homomorphism of % onto U/E. From 29.8 we see, then, that (A/E, =)
is a model of I' in the #*-sense, so obviously 2/F is a model of I" in the .#-
sense. Hence by assumption 2/E Fg @. Thus 29.9 yields (Y/E, =) k. ¢, and
so by 29.8 we get (Y, E) kg, @, as desired.

Conversely, suppose T' kg, A E{p} = ¢, and let A be any model of T.
Then (¥, =) is a model of I" U E{p} in the #*°-sense, so it is a model of .
By 29.9 this means that U Fg ¢. O

If we recall 16.51, we obtain the following lemma.

Lemma 29.11. Let £ be a first-order language without equality, and with
exactly two non-logical constants, both binary relation symbols. Then
g e peSenty, Fy ¢} is not recursive.

We can apply the method of proof of 16.51 to improve 29.11:

Lemma 29.12.  The theory of one binary relation, in logic without equality, is
undecidable.

Proor. Let.Z be as in 29.11, with R and S the nonlogical constants, and
let %’ be a language without equality with single nonlogical constant T,
a binary relation symbol. With each formula ¢ of £ we associate a formula
¢° of &’; we define ¢° by recursion on ¢. For ¢ = Row;, let v, and v, be the
first two new variables, and set

¢° = v, [Tow, A Tow; A Fo(Too, A Tow, A Tow))).
For ¢ = Svw,, let v, and v, be the first two new variables, and set

¢° = v, [Fv(Tovew, A Tow, A Tow) A
To; A J0(Too, A Tow; A Tow,)]

476



Chapter 29: Inessential Variations

Further, we let
@A)’ =¢"Ad (@ Vv h° =09 v (T9) = ¢
(Vag)® = Vo ~3B(Tap) — ¢°),
where B is the first variable not occurring in Vap. Now:

if o is any #-structure, then there is an #’-structure B such that

M A E p[x] iff B F ¢°[x] for every formula ¢ and every x € “A4.

For, given 2 we introduce new elements S, Sq»; for each (a, b) € R* and
new elements 40, fop1, faps fOr €ach (a, b) € S¥. These elements are to lie
outside 4 and should be distinct from each other for different choices of
(a, b). Let B be A4 together with all of the new elements. For each (a, b) € R¥
the following set is to be a part of T2:

{(Savos Sav0)> (Savo> @), (Savos Sav1)s (Sav1> H)}-
For each (a, b) € S¥ the following is a part of T®:
{(tavo> tav1)s (tav1s tav0)s (tavos @)s (Favos tap2)s (anas D)}-
This completes the definition of 9. It is routine to check (1). Next,

@) if B is an #’-structure for which {b € B : Vc(b, ¢) ¢ T3} # 0, then
there is an #-structure ¥ such that A and B are related as in (1).

For,let A = {be€ B:Vc(b, c) ¢ T¥}, and set
R% = {(a, b) : B F (Royv,)°[a, b},
S% = {(a, b) : B E (Svev,)°[a, b}
Then (2) is easily checked. From (1) and (2) we easily get
3) for any sentence ¢ of %, k ¢ iff FIv,Vv; = Togw; — ¢°.

Our lemma now follows. O

Theorem 29.13. Let % be a relational first-order language without equality
and with at least one relation symbol of rank > 2. Then {p: Fe} is un-
decidable.

ProOF. Let R be a relation symbol of £ of rank >2. Let ¥’ be a first-
order language with sole non-logical constant the binary relation symbol S.
With each formula ¢ of ¥’ we associate the formula ¢° of £ obtained by
replacing each atomic part Sy, of ¢ by Rop,p; - - - v,. Clearly E ¢ iff F ¢°, so
29.12 yields our theorem. J

Now we turn to model-theoretic matters. The compactness theorem is, of
course, an immediate consequence of 29.3:

Theorem 29.14. If U is a set of sentences, every finite subset of which has a
model, then T has a model of power |Fmlag| (in a relational language).

471



Part 5: Unusual Logics

The notions of elementary substructure and elementary extension carry-
over in an obvious way to logic without equality, and the proof of 19.17
yields:

Theorem 29.15. Let £ be a relational language without equality, B an ¥-
structure, m a cardinal such that |Fmlag| < m < |B|, and C a subset of B
such that |C| < m. Then there is an elementary substructure U of B such
that C < A and |A| = m,

Concerning the upward Léwenheim-Skolem theorem, we can prove here
an even stronger theorem than 19.24. This is perhaps surprising, since our
second proof of 19.24, essentially involved equality. Finite structures can be
elementarily extended to infinite structures!

Theorem 29.16. Let U be an FL-structure, ¥ a relational language without
equality, and let A < B. Then there is an ¥-structure B with universe B
such that A < B.

Proor. Fix a € 4 and define f: B — A by setting fx = xfor xe€ A and fx =
a for x € B ~ A. For each m-ary relational symbol R, let R2 = {xe™B: fo
x € R¥}. This defines our .#-structure B. One easily checks

(1) for any x € “B and any formula ¢ of ¥ we have B F ¢[x] iff
AFp[fox].
Thus A < B. 0

Our final theorem for logic without equality is a version of Craig’s inter-
polation theorem; cf. Exercise 25.35, where an even stronger result is stated.

Theorem 29.17. Let £ be a relational language without equality, and let ¢
and § be sentences of & such that F @ —  while neither ¥ = ¢ nor F .
Then there is a sentence x such that F ¢ — y, k y —> i, and every nonlogical
constant occurring in x occurs in both ¢ and .

Proor. First note:
€)) there is a nonlogical constant common to ¢ and .

For, suppose not. Let 2 be a model of ¢ and B a model of —. By taking
elementary extensions, by 29.16 we may assume that 4 = B. Let C = 4, and
for R a relation symbol occurring in ¢ let R® = R, and let R® = R® other-
wise. Clearly € is a model of ¢ A —¢, contradiction.

Making use of (1), one can now apply the model existence theorem 29.2
just like 18.12 was applied in the proof of 22.1. Instead of Jvy(v, = v,), used
in the proof of 22.1, one can use any sentence § v -6 where 6 involves only
nonlogical constants common to ¢ and . O
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The Description Operator

We now imagine a first-order language with equality . endowed with a
new symbol v and a distinguished individual constant O. Intuitively, we
want to consider expressions like tv;p, where ¢ is any formula, and interpret
it as ‘““the unique v; such that ¢, or O if there is no v;, or several v;, such that
¢.”” We want to define for such a language the precise meaning of terms and
formulas and their precise interpretation in £-structures. Then we prove the
basic fact about descriptions, which for clear reasons is analogous to a
similar fact about definitions: description operators can be eliminated. A
triple (£, =, O) as above is called a descriptive triple.

Definition 29.18. Let (%, =, Q) be a descriptive triple. We define simul-
taneously the notions of terms and formulas for (%, =, O):

(i) any variable is a term;
(i) if O is an operation symbol of rank m and o,, ..., o,_, are terms,
then Qo - - - 0, _; is a term;
(iii) if o and p are terms, then ¢ = p is a formula;
(iv) if R is a relation symbol of rank m and oy, . .., 0, _, are terms, then
Roy---0,_; is a formula;
(v) if ¢ and ¢ are formulas, then so are =, ¢ Vv ¢, and ¢ A ¥;
(vi) if « is a variable and ¢ is a formula, then Vag is a formula;
(vii) if o is a variable and ¢ is a formula, then tagp is a term.

Some examples of terms are v;, Tvi(v; = 0), v; 4 T0,(v; = T(v, < vy)), in
a language with appropriate operation and relation symbols O, 4, <. The
notions of free and bound occurrences of variables in formulas or terms (!) is
defined as usual. In this regard, v; is to be regarded as bound wherever it
occurs in Tugp, i.e., T is a variable-binding operator.

Definition 29.19. Let (%, %, O) be a descriptive triple, let A be an Z-
structure, and let x € “A. We define simultaneously the notions o¥x (for
¢ a term) and A F ¢[x] (for ¢ a formula):

fix = x;

(Oog -+ - 0 _1)¥x = OH(aBx, .. ., 0F_1X);

Ak (o = p)[x] iff o¥x = p¥x;

AERaoq - - o, [x] iff (c¥x, ..., 0¥_,x) e R¥;

A F —p[x] iff not (A F ¢[x]);

AE(p v P)[x]iff A Ep[x] or A E[x];

AE(p A P)[x]iff A Fp[x] and A F $H[x];

Ak Vop[x] iff for all a e 4, A E ¢[xi];

(tv;p)¥x is the unique a € 4 such that U F ¢[xi], if such an g exists and is
unique, and it is O% otherwise.
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Before proceeding to our main theorem, we may mention that the main
place in formalized mathematics where descriptions are useful is in axiomatic
set theory. In fact, the class {x : p(x)} is most naturally interpreted as

TyVx[x ey o ¢o(x)]

in formalized set theory. In precise metamathematical investigations of
axiomatic set theory the following theorem is then quite useful.

Theorem 29.20. Ler (%, t, Q) be a descriptive triple, I a set of sentences in
(Z, =, 0), o aterm of (Z, <, O) and ¢ a formula of (£, <, O). Then

(§) if vy is a variable not occurring in o, then there is a formula  not
involving = and with Fv y < Fv o U {v,}, such that I' F o = v, > ;

(ii) there is a formula ¢* not involving = and with Fv ¢* < Fv ¢ such that
I'Epe ot

ProoF. We proceed by simultaneous induction on ¢ and ¢. If ¢ is v;, then
for ¢ in (i) we may obviously take the formula v, = v,. If 0 is Opg - - - pp_1
and v, does not occur in o, first choose distinct new variables vy, . . ., Uy -1,
not occurring in o and different from v,. By the induction assumption there
are formulas ¢; for i < m not involving = such that

I'Ep,=v; 0y for each i < m.

Clearly then

M'Fo=v, <> 3vy,-- 'aul(m—l)(/\ b A Ovg -+ - Oym -1y = Uk)-
f<m
Next, suppose ¢ is the formula ¢ = p. Let v, be a variable not occurring in
¢, and by the induction hypothesis let ¢ and y be formulas not involving =
such that ' Fo=v, e ¢ and I" F p = v, & y. Clearly then

IlFkEo=pe v A y).

In all of the above cases the free variable restriction in the theorem can
clearly be met. Atomic formulas Rog- - -0, _, are treated similarly. The
induction steps involving =, v, A, V¥ are trivial. Finally, suppose o in the
term Tu;p, and v, does not occur in o. By the induction assumption let ¢* be
a formula not involving © with Fve* € Fve and I' F ¢ & ¢*. Let v, be a
new variable. Clearly then

I'Eo=v e [Vo(e* o v, =0v) A v, =1,]

v [—IHU,Vvi(tp* oy = Ul) A= O]. D

The correspondence from ¢ to ¢* in 29.20 is clearly effective. A particular
case of 29.20 is that F ¢ iff F p*, for any sentence ¢ of (%, x, O). Thus we
obtain a weak completeness theorem by 11.21 and 6.10:
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Theorem 29.21.  For a descriptive triple (£, 7, O) the set g**{p : ¢ a sentence
of (%, =, O) and E ¢} is recursively enumerable.

This gives rise to a possibility of giving logical axioms for 7, and this has been
done, leading to a notion I' Fp . The completeness theorem can thus be
proved for this notion.

The Hilbert e-operator

A choice triple is a triple (%, €, O) of the same kind as a descriptive triple,
and all the syntactical definitions above are the same. But now we want to
interpret sv;p differently, namely ambiguously as any v; such that ¢ holds.
It is not completely clear how to make this rigorous, but the following way
has seemed appropriate.

Definition 29.22. Let (%, &, O) be a choice triple. A choice structure for
(Z, &, O) is a pair (2, f) such that U is an .#-structure and f is a choice
function for nonempty subsets of 4. The definition of ¢®'x and (%, f) k
¢[x] for x € ®“A goes just as for the description operator in 29.19 except
for the term ev;p, where we set

(evip)Wx = flae A : (2, f) F p[xi]} if this set is nonempty;
(ev;p)¥x = O¥ otherwise.

The analog of 29.20 does not hold for the e-operator. A counterexample
can be obtained as follows. Let £ be a language with just one nonlogical
constant, an individual constant O, and consider a choice triple (%, €, O).
Suppose that ¢ is a formula not involving & such that F evo(vy = vo) = vg > ¥;
such a formula would have to exist if the analog of 29.20 holds. Let % be any
ZL-structure with |4]| > 1, and fix a € 4. If 2 F [a], let f be a choice function
such that f4 # a. Then (evy(vo = 1)) = fA # a, so (U, f) ¥ (eve(vey = vo) =
vo e P)[a]. If A ¥ H[a], we let £ be a choice function such that f4 = g and
get a similar contradiction.

As is to be expected, however, there is a close connection between the
g-operator and Skolem expansions. We describe this in the next definition
and results.

Definition 29.23. Let (£, €, Q) be a choice triple, and let £’ be a Skolem
expansion of %, with notation as in 11.33. With terms ¢ and formulas ¢
of (<, g, O) we shall associate terms o* and formulas ¢* of %', by re-
cursion:

f =05 (00 0p_1)* = 005 -+ - om_1;

(c=p)* =o*=p*; (Roo---0p_1)* =Rof---af_,;
(mp)* = —p*, (p v )" = ¢* vV % (¢ A )* = o* A P,
(Voip)* = Voup*;
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the only nontrivial part of the definition is in dealing with eye. Let
Fv3ve = {vj0, . - -» Vjem-1} With jo <--- < jn_,. Choose k minimal such
that ¢* is a formula of %,.. Then we set
(eiP)* = Shuior Vio " * * Vsom—1)-

Next, let 2 be an #-structure, and let f be a choice function for nonempty
subsets of 4. We shall define an .#’-structure Bq; which is to be an ex-
pansion of 2. Thus we must interpret in Bgq; all of the new operation
symbols S&,,. For each term ev,p of (&, £, O) with notation as above, and

for each a,,...,a,_,€ A4, let xe€“A4 be any sequence with x;, = a; for
each ¢t < m and set

SEPM (o, « - -5 Am-1) = fla: (L S) F o[xi]} if this is nonempty,
SES(ao, . . ., ap-1) = O otherwise.

Since our mapping * is clearly one-one, this is possible. For S%,, not of the

above form, let S22 be the constant function with value O%.

Proposition 29.24. Let the notation be as above. Suppose that ¢ is a term of
(%, €, 0), ¢ is a formula of (£, &, O), and x € “A. Then c¥x = o*¥¥x and
(%, f) F @lx] iff Bays F @*[x].

ProoF. The simultaneous inductive proof on ¢ and ¢ is straightforward. []
From this proposition we again obtain a weak completeness theorem:

Theorem 29.25. The set g**{p: @ is a sentence (¥, €, Q) and F ¢} is re-
cursively enumerable.

Proor. We claim that F ¢ iff I" F ¢*, using the notation of 29.23, where I" is
the following set of sentences of &£':

the Skolem set of £’ over .Z;
Xijou fOT i, j < w and ¢, ¢ formulas of &,

where y;;,y is formed as follows. Let Fv 3v,p = {vyo, . . -, Ugem-1} With ko <
s < kp_1, and Fv3vah{ve, ..., -1} With I, <--- < [,_,. Choose s
minimum such that ¢ is a formula of %, and ¢t minimum such that ¢ is a
formula of %,. Let vy, . .., Uym+n be the first m + n + 1 distinct variables
not occurring in 3v;p or v, and set

¢’ = Subf}id - - - Subf iR~ Be,

' = Subfyf - - - SubfpG - .

Then let x;;,4 be the sentence

i !
Vvuo ct Vvu(m+n—1)[Vvu(m+n)(SUbfgu(m+n)¢ «
v ; et
Subfylm+ m’) => Sfvioluo = Vum-1 = Shvsulum** * Vum+n-1]

Our claim can now be routinely checked. Since I' is clearly effective, the
theorem follows. O
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Chapter 29: Inessential Variations

As in the case of description operators, Theorem 29.25 implies the
possibility of developing a proof theory based upon the e-operator. This has
been done, and the completeness theorem has been proved for the resulting
notion .. Two of the major results here are: (1) (‘“‘second e-theorem”) if
I' U {p} is an e-free set of sentences and I' |, @, then I' F ¢; (2) (“first e-
theorem”) a formulation of Herbrand’s theorem in the e-language. Note
that for any formula ¢ we have F3Iv,p < p(ev,p). This gives rise to the
possibility of founding logic using the e-symbol and no quantifiers, taking the
above as a definition of 3; this has been carefully worked out. Another
interesting use of the e-calculus is in axiomatic set theory. Although the
second e-theorem above implies that nothing is gained by introducing
the e-symbol after setting out the usual axioms for ZF (set theory without the
axiom of choice), the situation is different if e-formulas are allowed in the
schema of set formation of ZF. Then the axiom of choice in its usual formu-
lation becomes provable. This is worked out carefully in Bourbaki’s treatment
of set theory.

Many-Sorted Logic

This variant of first-order logic is considerably more important than the
ones above. The basic idea is to allow several universes in the structure instead
of only one. As far as syntax is concerned, this is expressed in the following
definition:

Definition 29.26. A many sorted language £ is determined by specifying
the following. There is a nonempty set & of sorts. For each se€ & we
have individual variables of sort s:

S S
Vo, U1y e e

The logical symbols are the usual ones: =1, v, A, V, =. The nonlogical
constants are some relation and operation symbols. Each relation symbol
and each operation symbol has a rank which is a finite non-empty sequence
of members of 7.

Given such a language, we define terms and formulas as follows:

(i) v is a term of sort s;
(i) if O is an operation symbol of rank (s, ..., s,) and o, ..., o, are
terms of sorts sy, ..., S, respectively, then Qog - - -0, _; is a term
of sort s,;
(iii) if o and = are terms of the same sort, then ¢ = 7 is a formula;
(iv) if R is a relation symbol of rank (s, . . ., s,) and oy, . . ., o, are terms
of sorts so, . . ., 5, respectively, then Roy - - - o, is a formula;
(v) if ¢ and ¢ are formulas and « is a variable, all of the following are
formulas: —p, @ v ¥, ¢ A i, Vop;
(vi) terms and formulas can only be formed in these ways.
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The notion of an .Z-structure for such a language is clear:

Definition 29.27. Let . be a many sorted language as above. An Z-
structure is a triple 2 = (4, f, R) such that:

(i) A is a function which assigns to each s € & a nonempty set A;;
(ii) fis a function whose domain is the set of operation symbols of Z;
if O is an operation symbol of rank (so, . . ., Sp), then fo: A x - - -
X As(m—l) - Asm;
(iii) R is a function whose domain is the set of relation symbols of .Z;
if R is a relation symbol of rank (s, ..., S,), then Rg & Ay x - - -
X Agm.

Let % and 2 be as in 29.27. Given x € Py “4,, it is clear how to define
the notions ¢%x and AU F g[x]. This, then, defines the fundamental notions
for many-sorted logic.

There is a natural way of relating many sorted logic to ordinary logic.
Let .# be a many sorted language, as above. With .# we associate an ordinary
first-order language #* as follows. The language .£* is to have the relation
and operation symbols of %, and additional unary relation symbols P, for
s € & If O is an operation symbol of Z of rank (s, . . ., sp), then as a symbol
of Z* the operation symbol O will have rank m. For a relation symbol R of
rank (so, ..., Sn), the symbol R will have rank m + 1. We shall treat the
variables v{ as the variables of .#* also. Note that this is, strictly speaking,
impossible when || > X,, but for almost all logical purposes it makes no
difference. Now with each formula ¢ of £ we associate the formula ¢* of
£* obtained by replacing “Vu{”* by “Vui(P; = throughout ¢. Let T' be
the set of all of the following sentences of £*:

iP5 for each s € &;

VotVost - - - Vosim 1)[ /\ P, — P, 009 - - - vf,f@;l’]
i<m
for each operation symbol O of £ of rank (s, . . ., Su).

Next, let 2 be any #-structure. Fix a € A. We convert it into an £ *-structure
A¥ as follows. Set

A* = U As;
s ¥
R%* = R¥%;
0¥ (ay, ..., an-1) = O¥ay,, ..., a,-1) ifa;eA,foreachi > m,
0% (ay, ..., a,_-1) = G otherwise,

where O has rank (s, . . ., Sn—1)- The following proposition is then easy to
establish.
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Proposition 29.28. Let ¥ be a many sorted language, £* the associated
first-order language, % an L-structure. Then A* is a model of T' above.
Furthermore, let x € Psesy “As. Then o¥x = ¢¥*x and A F @[x] iff A*F

@*[x].
Corollary 29.29. For any many-sorted sentence o, F ¢ iff I' F ¢*.
Corollary 29.30. 4**{p : ¢ is a many-sorted sentence and F ¢} is r.e.

Again, explicit axiom systems for many-sorted logic have been developed.
The model theory for many-sorted logic is rather well developed. Some of
the details are outlined in the exercises.
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EXERCISES

29.31. Let . be a relational language without equality. Let {(2;:ielI> be a
system of Z-structures. Let F be an ultrafilter on I. We define a structure
B = Pf.; A, which serves the role of ultraproducts in logic without
equality. Its universe is B = Pic; 4;. Given an m-ary relation symbol R,
we set

R3 ={xe™B:{i:(Xot,.-.»Xm-1.) ER¥} eF

Prove the following version of the fundamental theorem on ultraproducts:
If x € “B and ¢ is a formula of %, then the following two conditions are
equivalent:

() Pl % Folx];
@) {iel: YU kolpr, - xl} € F.

29.32. Find a set I" of sentences in a suitable language without equality such that
T" has no finite model.

29.33. Let . be a relational language without equality, 2 an .#Z-structure. A
relation E < A x A is a congruence relation in 2 if it is an equivalence
relation on A, and for any m-ary relation symbol R of %, if a, be ™A,

485



Part 5: Unusual Logics

29.34.
29.35.

29.36.

29.37.

29.38.

29.39.

29.40.

29.41.

29.42.
29.43.

29.44.
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a,Eb; for all i < m, and a € R¥ then b e R¥. Given such an E, we let
A/E be the ZL-structure with universe A/E and with

R¥E = {x € ™(A/E) : there exists a € R¥ with q; € x; for all i < m}.

Show that the mapping f such that fa = [a]g for all ae A is a two-way
homomorphism from 2 onto A/E.

With . and YU as in 29.33, there is 2 maximal congruence on 2.

For any relational language % without equality there is a denumerable
ZL-structure Y and a congruence E on U such that |A/E| = 1.

Let # be a relational language without equality. An Z-structure 2 is
primitive if there is no congruence on 2 except the identity. If 4] > 1 and
A is elementarily equivalent (without equality) to a one-element .#-
structure, then A is not primitive.

Let £ be a relational language without equality and with only finitely
many non logical constants. Suppose that 2 is a finite #-structure, A is
elementarily equivalent (without equality) to B, and |4| < |B|. Then B
is not primitive.

Formulate Definition 29.18 more precisely. Hint: let Trmfmla be the set
of all pairs (7, 0), (¢, 1) with 7 a term and ¢ a formula, and define Trmfmla
in a standard set-theoretic way.

Let (&, T, 0) be a descriptive triple. Take as logical axioms the schemes
10.23(1)—(5) as well as the following two schemes:

(6) You(v; = v; > @) > v; = Ty, if j is minimum such that v; does not
oceur in @;
(7 —3v,Voi(v; = v; 6 @) = tvip = 0, with j as in (6).

This gives rise to a notion I' ky ¢ and the attendant notions, such as
d-consistency. Prove the usual versions of the completeness theorem,
analogous to 11.19-11.20. Hint: reprove 29.20, using F4 instead of F.

Show that with descriptions the usual validity 10.61, that FVoap — SubfZp
under certain conditions, no longer holds.

The description operator can be made precise in several non-equivalent
ways. We indicate briefly another possibility different from the one
expounded in this section. It applies to an arbitrary first-order language,
without an individual constant O being distinguished. But satisfaction is
modified as follows. If Y is an #-structure and a € A, we define (¥, a) F
¢[x] for x € ™A just as in 29.19, except that (tv;p)¥x is a if there is no
unique b € A4 such that (¥, a) F ¢[xb]. Show that 29.20 then fails, in general.

The compactness theorem holds for many-sorted logic. Hint: Use 29.28.

Define the ultraproduct of many-sorted structures and prove the funda-
mental theorem on ultraproducts.

Formulate and prove a general downward Léwenheim—Skolem theorem
for many-sorted logic.
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29.45. Formulate and prove a general upward Lowenheim—-Skolem theorem for
many-sorted logic.

29.46. Let I be the theory of vector spaces of infinite dimension over algebraically
closed fields, formulated in a two-sorted language. Show how this can be
done in a precise way, and show that I'" is complete.
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Finitary Extensions

In this chapter we want to consider various essential extensions of first-
order languages in which the formulas are still of finite length. In particular,
we shall consider higher-order logic, w-logic, and cardinality quantifiers.

Weak Second-Order Logic

Let a first-order language .Z be augmented by new quantifiable variables
F,, F,,... which in an Z-structure are interpreted to range over finite
subsets of the universe: this gives us a formulation of weak second-order
logic. Among the atomic formulas are new ones of the form Fio, where o
is a term.

In a weak second-order logic the compactness theorem fails to hold.
Perhaps the simplest example is given by the following set of sentences:

AF Vv Fov,;
there are at least » things (a sentence for each n € w).

Various other of our theorems in first-order logic fail in weak second-order
logic. Two important theorems are the upward L.owenheim—Skolem theorem
and the recursive enumerability of the set of validities. To prove that these
do not hold here, consider the following set Q¥ of weak second-order sen-
tences, formulated in Z,:

Q (recall 14.17)
VuoAF,[Fove A Yo (Fosv, —> Fovy)]

It is clear that 2 is a model of Q¥ if and only if 2 is isomorphic to (w, +, -, 0, 9).
In fact, let A = (4, +, -, 0, f) be a model of Q¥. Define g: w — A recursively
by setting g0 = 0 and g(m + 1) = fgm for all me w. Thus gm = (Am)*
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for each m € w (proof by induction on m). The function g preserves + and
- because R is a subtheory of Q. Suppose that g does not map onto 4, and
choose ae A ~ g*w. By axiom 14.17(i)(c) of Q we see that it is possible
to define a sequence {x; : [ € w) such that x, = a and sx;,,; = x; for every
i€ w. This clearly contradicts our one weak second-order axiom for QV.
Hence g is onto, so it is an isomorphism from (w, +, -, 4, 0) onto . Thus
the upward Lowenheim-Skolem theorem fails. Furthermore, we can repeat
the proofs of 15.20 and 15.21 to obtain

Theorem 30.1. The set {g*y : ¢ is a sentence of £, in weak second-order
logic and Q¥ E i} is not elementarily definable in (w, +, -, 9,0), in weak
second-order logic.

Now Q¥ F ¢ iff E A Q¥ — . Hence {g*¢ : Ff} is not weak second order
elementarily definable in (w, +, -, 0, o) either. Thus by 14.16, {g*¢ : F} is
not recursively enumerable, so there is no hope of finding a reasonable proof
theory for this logic.

In view of all of these negative results, it is interesting that the downward
Léwenheim—-Skolem theorem, 19.17, goes over verbatim. The proof of this
fact depends upon the following lemma analogous to 19.16 (where we use
a rather obvious notation for satisfaction):

Lemma 30.2. Let U and B be L-structures, with A < B. Then the following
two conditions are equivalent:

(i) 4 <X B in the weak second-order sense;

(i) for every weak second-order formula @, every k € w, every x €® A, and
every ye®{F:F< A, |F| < R}, if B Fvp[x;y] then there is an
a € A such that B E ¢[xk; y), and if B k AF,p[x; y] then there is a finite
G < A such that B E ¢[x; yE].

The proof is just like for 19.16.

Theorem 30.3 (Tarski). Let B be an L-structure, let m be a cardinal such
that |[Fmlag| < m < |B|, and let C be a subset of B of power <m. Then
there is an elementary substructure U of B (in the weak second-order sense)
such that C < A and |A| = m.

Proor. The proof is very similar to that for 19.17, but for completeness
we shall sketch it. Let € be a choice function for nonempty subsets of
B U SB. We now define a sequence {D,, : m € w) by recursion. Let D, be
any subset of B such that C < D, and |D,| = m. Fix d € D,. Now suppose
D,, has been defined. Let J,, be the set of all sextuples (G, ¢, k, I, x, y) such
that G is a finite subset of D, ¢ is a weak second-order formula of .%,
k,lew, x€® G, and x; = d whenever v; does not occur in ¢, and y € SG
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and y; = 0 whenever F; does not occur in ¢. Clearly equality (5) in the proof
of 19.17 still holds. Now let

Dyyy =D, U {{la:BFEo[x; yI}: (G, 9, k, 1, x, y) €J, and B F up[x; y 1}
U{G{H:BEgx;yul: (G, 9, k, I, x,y) €eJ, and B FIFg[x; y]}.

The rest of the proof proceeds as before. O

We may mention without proof the following decidability results of
Liuchli [4] and Rabin [6]: the weak second-order theory of linear ordering
is decidable; the weak second-order theory of one function is decidable.

Monadic Second-Order Logic

In monadic second-order logic we strengthen a first-order language by
adjoining variables P,, Pi, ... which are to rahge over all subsets of a given
universe. The negative facts mentioned above for weak second-order logic
still are true for the monadic case. We need new proofs now, however. Let
Q™ consist of the theory Q together with the sentence

VP, [PyO A Yuo(Povo —> Posvg) = Voo Povo].

Then up to isomorphism (w, +, -, 0, 4) is the only model of Q™. Hence the
upward Lowenheim-Skolem theorem fails to hold. Thus just as for 30.1
we obtain the important

Theorem 30.4. The set {g*y : i} is a sentence of £, in monadic second-order
logic and Q™ E i} is not elementarily definable in (w, +, -, 4, 0), in monadic
second-order logic.

Thus again {g* : F ¢} is not r.e., and there is no reasonable proof theory
for this logic. Theorem 30.4 stands in contrast with the following result:

Theorem 30.5. The set {g*3 : ¢ is a sentence of %, in ordinary first-order
logic which holds in (w, +, -, 0, 9) is elementarily definable in (w, +, -, 0, 9)
in monadic second-order logic.

ProoF. We wish to formalize in monadic second-order logic the following
definition of truth of a sentence in (w, +, -, 0, 9). First define a function f
mapping the variable-free terms of %, into @ as follows:

f0=0; fSo=fo+ 1;
fle+n=fo+fr; flo7) = fo fr.
Then we can say that a sentence ¢ holds in (w, +, -, 0, 9) if and only if it is

a member of the unique set A of sentences such that a sentence ¢ is in A4
iff one of the following conditions holds:

(1) ¢ has the form ¢ = 7, and fo = fr;
(2) ¢ has the form =y, and x ¢ 4;
(3) ¢ has the form x A 6, and ye 4 and 6 e 4;
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(4) 4 hastheformy v 0, and ye A or e 4;
(5) ¢ has the form Vu,y, and Subf¥%,y € A for every m € w.

In fact, {peSenty,  :(w, +, ,4,0) Fp} = B clearly satisfies (1)-(5), and
if A satisfies (1)«(5), it is easily seen by induction on the sentence ¢ that
¢ € A iff p € B. To formalize this definition, consider the following relations:

2 *Sentg, _;
m:m = g*(c = 7) for some variable-free terms o, = such that fo = fr};
g

{(m,n): m = g*p and n = g*(¢) for some sentence ¢};

{(m,n,p):m = g*p, n = g*4, and p = g*(p A ¢) for some sentences
?, 45

{(m,n,p):m = g*p, n = g*4, and p = g*(p A ) for some sentences
?, ¥}

(m,n,p):m = g*pand p = ¢*Vv,p for some sentence Vv,¢};

g F4
(m,n,p,q):m = g*e and q = g* Sub f%e for some formula ¢ with
g F4

Fve < {v,}}.

Clearly all of these relations are recursive. Hence by 14.15 they are elemen-
tarily definable in (w, +, -, 4, 0), say by formulas @o, @1, @2, 3, Ps, s, 6,
respectively. Hence {#*4 : ¢ is a sentence of %, in ordinary first-order logic
which holds in (w, +, -, 4, 0)} is elementarily defined in (w, +, -, 4, 0) by
the following formula of monadic second-order logic:

VP, [Vuo(®o —> {Povo <> @1 V T01[@a(v1, 09)] A Povy

v 30,30,[@5(v1, V2, o) A Povy A Povg] v 30,305[@4(vs, s, o)

A (Povy v Povy)] v 30,30,[es(vy, 03, vo)

A Y0 V,(@e(v1, U2, U3, 04) = Povy)]}) = Povg]. O

The compactness theorem fails in monadic second-order logic, since we
can add to %, a new individual constant ¢ and consider Q™ together with
all sentences —(c = Am). The downward Lowenheim-Skolem theorem
fails, since, for example, we can fully express, by finitely many sentences, the
usual definition of the field of reals as a Dedekind complete ordered field; in
fact, the ordered field axioms are finitely many first order sentences, and
completeness is expressed by the following sentence:

VP,(FvgPovo A 0,V0o(Povro = vy < 1) = v {Voo(Povy = vy < ;)

A Yuo[Voo(Povg = vy < 1) >0y < U V 13 = 1,]}).
One of the strongest decidability results in all of logic is Rabin’s theorem
that the monadic second-order theory of two successor functions is decid-
able (see the table at the beginning of Chapter 13).

Second-Order Logic

Now we expand the apparatus of monadic second-order logic by adding
to first-order logic for each i € w ~ 1 variables R}, R, ... ranging over i-ary
relations of the universe, and variables O}, O,... ranging over i-ary

491



Part 5: Unusual Logics

operations on the universe; the formation rules and satisfaction and truth
rules for this language are obvious. For simplicity we shall delete from this
natural definition the variables ranging over operations, retaining only those
which range over relations (plus all of the usual first-order set-up). As for
first-order logic, this is not an essential restriction, since m-ary operations can
be considered as special (m + 1)-ary relations. Naturally enough, the nega-
tive results concerning monadic second-order logic extend automatically to
this case. There are a couple of results about this logic that are worth men-
tioning in this short survey, however.

Theorem 30.6. For any formula ¢ of second-order logic there is a formula
in the following very particular prenex normal form such that Ep <>

¢’ = Qoo - 'Qm—l“m—lvlgo' ' ~VB,,_1370- ' 'HYp—le

where the s are all relation variables, the Q’s are quantifiers V or 3, the
B’s and y’s are all individual variables, and x is quantifier-free.

Proor. The usual transformations yield a prenex normal form for ¢. To
get the quantifier prefix in the above specific form, we need some facts which
will allow us to interchange types of quantifiers. The first fact is obvious:

) k30,3 R} > AR Fvb.
0)] FV0,AR{) < AR, W',

where Rj*! is new and ¢’ is obtained from ¢ by replacing each atomic part
Rioy---0;_, of ¢ by Ri*lo,---0,_,v;. We prove (2) somewhat informally,
in particular ignoring assignment of values to the variables other than
those mentioned in (2). Take a structure 2 and first suppose RY*VA < i+14
so that for all a € 4, U k4’ under the obvious assignment. Given any a € 4,
let R{¥ = {x €74 : x{a) € R{*V¥}. Clearly, then 2 F ¢y under this assignment.
Conversely, suppose 2 EVy,ARLp. For each ae A choose Ri, = ’A so that
¢ will hold under this assignment. Let Ri** = {x{a):a€ A and x € R],}.
Clearly then ¥ F Vo4’ under this assignment.
Taking negations in (2) we easily obtain

€)) FIoV R — VR 13v.
with assumptions similar to the above. Another obvious fact is

) EVoV R & VRV vab.
) FoVv < ARL[Fv,Riv; A YoNv(Riv, > $)],

where R} is new. Again we give an informal proof. Assume that A F 3o Vv,
and choose a€ A so that for all b€ 4 we have A F under the obvious
assignment. Let R = {a}. Obviously then the right hand side of (5) holds
in 2. Now suppose the right-hand side of (5) holds in %, and choose R}% < A4
accordingly. Fix ae Ri¥. Then for any be A, A k4 under the natural
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assignment, as desired. By standard arguments for shifting quantifiers around
we obtain the following from (5):

if 4 is in prenex normal form, ¢ = Qqcg- - - Q- 1@m-1x With x
quantifier free, each Q; either V or 3, and the «;’s individual or
relation variables, then

6) FIovr,Qo00: - Qm_1om_1x
o IRV YY,A0,Qo00 - - Q- 10— 1(REV; A (REv; —> X)),
where Ri and v, are new.

Now using (1)—(6) we can easily carry out the proof of our theorem. In fact,
we can use (1), (3), and (6) to shift all existential quantifiers Jv; to the far
right of the quantifier prefix of . Then we can use (2) and (4) to shift the
second-order quantifiers to the far left of the prefix. O

Another important fact about second-order logic is that there is a reason-
able proof theory with respect to a weakened form of validity. We shall go
into this in some detail for the more complicated theory of types below. In
conclusion, note that for second order logic it is natural to expand our notion
of structure, by also admitting various second-order relations. For example
we might admit a binary relation constant between elements and subsets of
the universe. Again, more details will be found below in the discussion of
type theory.

Theory of Types

If we imagine iterating the process which led from first-order logic to
second-order logic we arrive at third-, fourth-, etc., order logic. The union
of them all is the theory of types, a version of which we now proceed to
describe fairly precisely.

First we need the notion of a type (symbol). The type symbols are built
up from symbols ( 0) as follows:

(1) o is a type symbol;

(2) if o is a finite nonzero sequence of type symbols, then (o) is a type
symbol;

(3) type symbols can only be formed in these ways.

Now a type language consists of the following parts:

logical constants: =, v, A, V, =; for each type = # o, relation variables
P, P, ... and for each type = not of the form (o), operation variables
vh, Vi, ...

nonlogical constants, namely relation constants of types #o and operation
constants of various types.
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For such a language, we define the notion of a term:

(4) operation variables of type o and operation constants of type o are
terms of type o;

(5) a relation variable or constant of type o # o is a term of type o;

(6) If O is an operation variable or constant of type (oo, ..., o,) With
m > Oand 7, . . ., 7,,_, are terms of types oy, . . ., o, _; TESPECtively, then
O7g, ..., Tn_1 is a term of type o,;

(7) terms can only be formed in these ways.

Then we define formulas:

(8) If o and 7 are terms of the same type, then o = 7 is a formula;
(9) if R is a relation variable or constant of type (oo, . . ., oy), and 7o, .. ., T
are terms of types oy, . . ., o, respectively, then Rz, - -7, is a formula;
(10) if ¢ and ¢ are formulas, so are =g, ¢ vV Y and ¢ A ;3
(11) if ¢ is a formula and « is a variable, then Ve is a formula;
(12) formulas can only be formed in these ways.

Now we turn to the semantic notions. After the precise definitions we
shall give a few concrete examples of formulas and satisfaction of them in
structures.

Let A be a nonempty set. By induction on ¢ we now define the set 4, of
relations of type o on A;

(13) 4o = 4;
(14) for a type 0 = (7¢,-- ., ™), S€t A, = {R: R < A;g X -+ X Ay}

Next, we define the set A° of operations of type o on A:

(15) for a type o = (79, --., Tm), m > 0, set A° = {f: f is a function and
f: Azo XX A‘t(m—l)-—)Azm}'

Now let a type language .# be given, as above. An #-structure is a pair
A = (A4, D) such that 4 # 0 and D is a function which assigns to each
relation and operation constant of .# a relation or operation respectively
of the same type on A. Instead of DR or DO we might write R¥ or O%. An
assignment for 2 is a function x assigning to each relation and operation
variable of # a relation or operation on U of the appropriate type. It is
then obvious how to define r%x and % F ¢[x], and we omit these details.

A formula in which the constants have only the types o or (o---0) and
the variables are only the operation variables of type o is essentially just a
first-order formula. Similarly, the second-order formulas can be easily
identified. It follows that the negative results for second-order logic carry
over to this case. Type theory has enormous expressive power; indeed, it
really encompasses a substantial portion of set theory. To illustrate the basic
concepts, let us consider a type language whose sole non-logical constant
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is a relation constant < of type (0o0). The following sentence ¢ holds in a
structure (4, <) iff (4, <) ~ (w, <):

(< is a linear order) A

(< has a first element) A

(in A4 every element has an immediate successor) A

VP (if the least element under < is in P and P$® is closed
under taking immediate successors, then Vo3P v,).

[The actual sentence ¢ is easily constructed from this informal description.]
The following sentence holds in (4, <) iff < well-orders 4 in a type
2601:

(< isa well ordering of 4) A 3v§[v$ has no immediate predecessor,
but every element < v which is not the first element of 4 has an
immediate predecessor, and =3P (v{P® is a one-one function
onto A when it is restricted to {v? : v < vg}].

Now we want to give a weakened kind of validity, for which it is possible to

develop a proof theory and prove a completeness theorem. Let % be a type

language, as above, and ¥ any Z-structure. A frame for Y consists of two

mappings F, G whose domains are the set of all appropriate type symbols

and which satisfy the following conditions:

(16) F° = A = G°;

(17) for a type o = (70,..., Tm), With m > 0 we have 0 # F° < {f:fis a
function and f: G x --- x G"™~D - G™};

(18) for a type ¢ = (7g,..., 7n), We have 0 2 G° < {R: RS G* x ---
X Gtm};

(19) if O is an operation constant of £ of type o, then O% ¢ F°;

(20) if R is a relation constant of .# of type o # 0, then R% e G°.

Note that frames exist; for example let F° = A° for all types o and G° = A4,
for all types o # 0. It is not immediately clear that frames other than this
natural one exist, but that is true, and it follows from the theorem below.

Let (F, G) be a frame for A. An assignment for (A4, F, G) is a function x
such that for each type o, xPf € G’ for ¢ # 0 and x1vf € F°. Given such an
assignment, we define +%#F¢x and (2, F, G) F ¢[x] as follows.

VPUFCx = xp?;

PfUFGxy = xP?;
for R a relation constant of type ¢ # 0, R¥¢x = R¥; if O is an operation
constant or variable of type (oq,...,0,) and 7, ..., 7,_, are terms of

types oy, ..., on_1 respectively, then we let L = O¥ (for O a constant),
or L = xO (for O a variable), and set

(O - T )¥Ox = (3%, ..., 137%x).
If o and = are terms of the same type, then we define
(A, F,G) F(o=17[x] iff o¥FOx = W0y,
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Let R be a relation variable or constant of type o # 0. If R is a variable,
let S = xR, and if R is a constant, let S = R¥. If 0 = (74- - - 7,) and py, . .
pm are terms of types 7, . . ., 7,, respectively, we let

(Ql, Fa G) F RPO' : 'Pm[x] iff (p%lFGx’ CRIRE P?anGx) €s.

b

Further,

(A, F, G) F mp[x] iff not[(2, F, G) F ¢[x]];
(U, F,G) E(p v ¢)[x] iff (A, F, G) E@[x] or (Y, F, G) E ¢[x];
(AU, F, G) F(p A H)[x] iff (4, F, G) F¢[x] and (Y, F, G) F ¢[x];
(Y, F, G) EVPp[x] iff for every R € G* we have

(A, F, G) F p[x8], where Q = P};
(&, F, G) EVvip[x] iff for every O € F* we have

A, F, G) F p[x§], where Q = v}.
Thus we have a new notion of validity, which we shall denote by ;. We shall
now show that this notion reduces, in a certain sense, to first-order validity,
and that (hence) there is a reasonable proof theory for F;. The basic idea is
as for many sorted logic in Chapter 29. For simplicity we shall assume that
there are no operation constants, and no operation variables except those
of type 0. As for first-order logic, this is not an essential restriction.

Let & be a type language as above, with these restrictions. Say the rela-

tion constants are (R, :ieI). Let ¥’ be the associated first-order language,
in which:

(21) the variables P¢, P, ..., 7#0,03, 19, ... are all treated as individual
variables;

(22) A relation constant of type (o, - -0,) is treated as an (m + 1)-ary rela-
tion symbol.

Now we expand .’ to .#” by adjoining new unary relation symbols T* for
each type =, and also for each type 7 = (oo- - -0,) an (m + 2)-ary relation
symbol S*. Now with each formula ¢ of £ we associate a formula ¢* of £”:
W = v))* = vP =07,
(Pf=P)* = P} = P;;
(P;=R)* = VP - -VPI"[S'PE°- - - Pa"Pi & R;PE°, ..., P]T],
where 7 = (0g- - -0, is the type of R;;
(R; = PH)* = (P; =R,)*, 7 the type of R;;
R; =R)* = VP - .VPI™R,PE®- - -Pi"™ > R,PE- - - P7™),
where R; and R; are of type (o, - - 0,);
(P:MO : 'Mm)* = HPIZO' - 'aPlgﬁm[/\ism (Pl(c"-H = Mz)*
A S'P20. .. pgm PP, where 7 = (o, - -6,) and k is minimal
such that Pg°, ..., Pi% ¢ {My, ..., Mpn};
RM,- - - Mp)* =3P - -APTE o[ Ni<m (P4 = MO)*
A RPgo...Pgm ], where R; has type 7 = (oy- - -0,,) and k is
as above;
(m@)* = mg*; (e Vv P*=9¢* vi* (9 AP =" AP
(Voop)* = V(T = ¢*);  (VPip)* = VP{(TP{ > ¢*).
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With each #-structure ¥ and each frame G for A (since there are no opera-
tion symbols except v?, F is omitted) we associate an #"-structure A¥. Let
4= U G
1 atype
R}*¢ = RY;
TrA*G — Gt;
S2U6 = (Uy, ..., Up, V): Us, ..., Up, Ve AE, (U,,..., Uy)e VeG,
where 7 = (gq, . .., Op)-

Now the following lemma is easily checked, by induction on ¢:

Lemma 30.7. Let G be a frame for A, A an F-structure, x an assignment
over A, i.e., xP{ € G° for each type o # 0, and xv? € A for each ic w.
Then (2, G) F o[x] iff 4% E o*[x].

Now let T be the following set of sentences of £”:

Jv§T*v§ for each type 7;

VPg°. - WP"VPYS'PS- - - PamPg— /\ TOP{* A T'P§)
ism

for a type 7 = (04" - - o)}

VPIVPI[VPEO- - WP (S*PE°- - - PSP}

o S*PEO. .. PmPY) — P} = Pi], where 7 = (0¢" - 0y);

APIVPEC- - -VYPI™(R,PG°- - - PS™ > S*PGC- - - PE™PY),

where R, has rank 7 = (o¢- - - op)-

Clearly then:

Lemma 30.8. Under the hypotheses of 30.7, A% is a model of T'.

Now we can prove the main theorem:
Theorem 30.9. For any sentence ¢ of Z, Frp iff I Fg» @*.

Proor. The direction <= is given by the preceding two lemmas. For =,
assume that Fyp, and let B be any .#”-structure which is a model of I'. Set
A = T°B. We now define by induction functions f* with domain T*® for
each type . We let f° be the identity on 4. For r = (¢¢: - -0,) and y € T*®
we set

Iy =A{f"0, .. ., f7"%n) 1 (X0, - - -, Xm, ¥) € S*B}.

Now let G* be the range of f* for each type r. For each relation constant R;
of type 7 = (0q- - -o,,) let

R¥ = {(f°x0, .. ., f°™Xm) : (X0, - - -» Xm) € RF}.
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Then it is easily verified that G is a frame for Y. The following is easily
verified:

(23) Suppose xP7 € T°® and xif € A for all o and i; and let yv? = xv?,
YP? = f°xP{ for all i and o; then for any formula of %, 2% F ¢*[x] iff

BEY*[y]
Now 2 F; @ by assumption, so by Lemma 30.7, %% F ¢* and hence by (23),
B F p*, as desired. L]

From 30.9 we see that {g*¢: ¢ is a sentence of £ and kq} is r.e. if the
language is effective. Thus there is a reasonable proof theory for this form
of validity; it has actually been worked out in detail. See Henkin [2] for the
details, where a more comprehensive type theory is used.

w-logic

Let # be any first-order language. An w-expansion of % is an expansion
&’ of & in which a new unary relation symbol N is introduced as well as
new individual constants ¢, ¢, .... The term w-logic is applied in a loose
sense to considerations about the pair (&, ). An #’-structure (%, N, ), .,
is an w-structure if N¥* = {q,:i < w}. Note that if the a’s are pairwise
distinct, then the w-structure is isomorphic to one of the form (B, w, i); ..
Thus in £’ one has available, so to speak, the set of natural numbers, con-
stants for each of them, and variables to range over w (by restricting quanti-
fiers to N). Now with the above notation, let I" be the set of all sentences
Ng; for i < w. Let A be the set of all formulas Nv, and = (v, = ¢,) for i € w.
Then clearly the w-structures are exactly those models of I' which omit A.
Now let ® be a theory in #’. We say that © is w-complete provided that for
any formula ¢ € Fmlal,., if ¢(c;) € O for each i € w, then Vv (Nv, —> @) € 0.
Then the following basic theorem follows easily from the omitting types
theorem 27.4:

Theorem 30.10 (w-completeness theorem). With the above notation, let ©
be a theory in £’ which includes T, has a model, and is w-complete. Then
® has an w-model, i.e., it has a model which is an w-structure.

ProOOF. From the above remarks we see that it suffices to find a model of
©® which omits A. We apply 27.4 with N = {1}. Suppose that ¢ € Fmla}.
and ® U {3vy} has a model. To obtain a contradiction, suppose that
O U {3vs(y A —p)} is inconsistent for every pe A. Thus O F =9 —> ¢
for each p € A, and hence ® F —wi(c;) for every i < w. Hence by w-com-
pleteness, ® FVu,(Nv,—> —f). But also, since Nvye A, © EVo( Ny, — =),
so O FVv, — ¢, which contradicts the supposition that ® U {Jvg} has a
model. O

Many other logics can be reduced to w-logic, in a certain sense. We shall
illustrate this with weak second-order logic. Let .# be a first-order language,
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and let K be a class of #-structures. We say that K is w-projective provided
that there is an expansion %’ of %, an w-expansion .#” of #’, and a theory
@ in £”, such that K is the class of all .#-reducts of w-models of ©.

Theorem 30.11. Let £ be any first-order language, and let ® be a set of
weak second-order sentences over £ with only infinite models. Then Mod ©
is w-projective.

ProOF. Let %’ be an expansion of £ by adding a new binary relation
symbol R and a new ternary relation symbol S, and let £” be an w-expan-
sion of #’. Now we shall associate with each second-order formula ¢ of &
a formula ¢* of #”; we shall assume that £” is supplied with certain new
individual variables F;q, F;; for i € w:

(c=n*=o0c=1;

(Pag- - -opn_1)* = Pog---0p_y;

(Fio)* = SFoF;y0;

(m@)* = 9% (pVvPF =9 vt (e AP* =" AYY
(Vuip)* = Vop*;

(VEp)* = VEVF,(RFoF; = ¢%).

Now let Q consist of the following sentences of #”;

o*, forpe 0;

Ng;, for each i < w;

A =c)fori <j< w;

VvO' . 'vvn—lavnvvn+l[s(cm Uy vn+1) And \/ (vi - vn+1)9 foreachne w;

i<n

Voo Vv:(Rogv; = Nug);

Vo Vo,Vv,(Svav,v, = Rogy,);

Vo[ o = ¢o = F0,30,(Svev105)];

Vv,3v;Rogvs 5

VooV o,V {Vu;3[S(vo, v1, v3) > S(vo, v, v3)] = v1 = v2}.
We claim that Mod © is exactly the class of all Z-reducts of w-models of Q.
To see this, we have to establish a relationship between satisfaction of ¢
and ¢*. Let U be any infinite #-structure. Let fy be a one-to-one function
mapping A4 onto the set of all finite subsets of 4. Let ag: o >> 4. Set

R¥* = {(agn, b) :new,be A, |fob| < n};
S¥* = {(agn, b, c):new,be A, |fub| < n, c & fub}.

Then with a = ay, as is easily seen, UA* = (A, R¥* S¥* Rnga, a;), ., is a
model of Q except possibly for the sentences ¢*. Furthermore, if x € 4,
ye®X: X< A, X finite}, and if for each / < w we choose n, € w and
b, € A so that |fb;] < n;, and fb; = y;, and if ¢ is any second-order formula
of %, then, with zF,, = a,; and zF;; = b, for all i < w, and with a natural
satisfaction notation,

M AFglx; y]  iff A* F o*[x; 2].
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This is easily shown by induction on . Now it follows that if 2 is a model
of ©, then U* is a model of Q. Conversely, it is easily seen that any w-model
B of Q is isomorphic to A* for some .Z-structure A, so the F-reduct of B
is a model of ©. O

Cardinality Quantifiers

Given a first-order language %, we can convert .& into a Q-language by
adjoining a new symbol Q which is used syntactically just like the universal
quantifier V. Thus to the rules of formulas is added the stipulation that
Qu,p is a formula whenever ¢ is. Of course, Q can be given many interpreta-
tions; some reasonable limitations on the interpretations of Q have been
set down in Mostowski [5]. We consider here certain cardinality interpreta-
tions. Given an infinite cardinal m, the m-interpretation of Quv; is “there
are at least m v; such that.”” Thus to the other satisfaction rules we add:

Ak Quip[x] iff [{facd:AE@[xi]} = m.

First we consider the case m = X,. Then Qu; is interpreted as ‘““there are
infinitely many »; such that’” and hence “—Qu;”’ means “there are only
finitely many »; such that.”” Hence in this interpretation the Q-language
resembles weak second-order logic. Various negative facts are seen just as
in that case. The compactness theorem fails, as is seen from the set

1Quo(vo = vo);
there are at least n things (a sentence for each n € w).

The system (w, +, -, 4, 0) is characterized up to isomorphism by the finite
set
the theory Q;
Yo, — Qudvy(v, 4 v5 = ).

Hence in the familiar way we see that {g*¢: ¢ is a Q-sentence in -%,,s and
F.@} is not r.e., so that there is no reasonable proof theory for the w-valid
Q-sentences.

In spite of these discouraging facts, the situation improves considerably
for m > R,. First consider the compactness theorem. It still fails, for any
m > N,. This can be seen from the following set of sentences (where we deal
with a language with individual constants ¢, for each « < m):

(e, =¢p) fore < B < m;
—Qu,(vo = vo).

However, a weaker kind of compactness sometimes occurs, depending on m.
To encompass some other kinds of weak compactness introduced in the
next section, we give a general definition:

Definition 30.12. Let m and n be infinite cardinals with m < n. We say
that a logic £ is (m, n)-compact provided that if T' is a set of sentences
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with |I'| < n, and if every subset of I' of power <m has a model, then
I has a model. And T is (m, c0)-compact if it is (m, n)-compact .for all
n>m.

Thus ordinary first-order logic is (w, c0)-compact. To formulate our main
result on compactness for Q-quantifiers we need a certain cardinal number
function. For any m > X, let

am = the least n such that there is a family {p, : ¢« < n) of
cardinals <m such that [ [,., p, = m.

Thus 8, < 7m < m for any cardinal m. We have 78, = X,; #¥;, = N,;
am*t < m; #m = m if m is strongly inaccessible; 7m < cf m if m is singular;
and w(exp Ry)* = N,.

Theorem 30.13 (Fuhrken). Let {;:iel> be a system of L-structures, with
[I| < wm, where m = R,. Let ¢ be a Q-formula and x € ®Pi; A;. Then

Piet %/F Fmpl[ 1o x] iff {i € 1: 2 Fry p[pr; o x]} € F.

Proor. The proof is by induction on ¢, and goes just as in Chapter 18
except for the step from ¢ to Qu,p. Let

J={iel: ¥ Fn Qusplpr; o x},
T, ={acA;: Y% Fnol(pr;ox)]]} foreachiel

First suppose Je F. Then |T,| > m for each ieJ, so we can choose
y;: m>>T;. For each « < m let f, € P;e; 4; be such that f,;, = y,, whenever
ieJ. Then {[f,]:« < m)> is one-one. For suppose that « < B < m, Then
Jeliel:fu=ye and fo = pig} S {i 1 fus # fui}, s0 [fo] # [fs]. Further-
more, J< {iel: ¥ F, olpr; o x}.]}, so by the induction hypothesis
Pier 2/F Em @[([ 1 © X){;ey]l. Thus we have shown that P %/F Fpy
Quse[[ ] x]. _

Second, suppose that J¢ F. Thus I~ JeF. Let K = {c € P A/F:
Pic: %/F Em @[([ 12 x)I]}, and let L consist of one representative from each
member of K. Now for each fe L we define Gf € Pie;~; (T; U {0}) as follows:

Gf)=fi iffieT,
(Gf); =0  otherwise.

Now we claim that G is one-one. For, if fand g are distinct members of L,
then Py 2/F Eno[[ 10 x}] and so by the induction hypothesis {ieI:
A, Fr olpr; o x}1} € F, and hence, arguing similarly for g, the set

I~Nn{iel:fi# gyn{iel: U Fyolprox]]}
N{iel: Y Fy @lpr; o x]1}

is in F. But for any member of this set we have f;, g, € T;,, and ie I ~ J, so
(Gf); # (Gg);. Thus, indeed, G is one-one. Hence

Ll < [T (Tl + D < m,

{el~J
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since |T;] <m for iel~J and |I| < #m. Therefore not(P.; W/F Fm
Qu,p[x]). O

Recalling from p. 323 our proof of the compactness theorem using ultra-
products, we obtain

Corollary 30.14. In the m-interpretation, any Q-language is (R,, mm)-com-
pact.

Thus in the (exp N,)*-interpretation, any Q-language is (X,, X,)-compact:
any countable set of Q-sentences such that every finite subset has a model,
also has a model. Since »X, = Y,, this corollary does not give any informa-
tion about the N;-interpretation. Fuhrken, however, has shown that in the
X, -interpretation, any Q-language is (X,, X;)-compact, which is clearly a
““best possible” result. Vaught has shown that the valid Q-sentences in the
N,-interpretation are r.e., and so there is a reasonable proof theory for these
sentences. Keisler has given an elegant axiom system for them. These results
make the N,-interpretation of Q-languages one of the most interesting
extensions of first-order logic. For results on Q-languages, see Bell, Slom-
son [1].

BIBLIOGRAPHY

1. Bell, J. L. and Slomson, A. B. Models and Ultraproducts. Amsterdam: North-
Holland (1969).

2. Henkin, L. Completeness in the theory of types. J. Symb. Logic, 15 (1950),
81-91.

3. Keisler, H. J. Some model-theoretic results for w-logic. Israel J. Math., 4
(1966), 249-261.

4. Lauchli, H. A decision procedure for the weak second-order theory of linear
order. In Contrib. math. logic. Amsterdam: North-Holland (1968), 189-197.

5. Mostowski, A. On a generalization of quantifiers. Fund. Math., 44 (1957),
12-36.

6. Rabin, M. Decidability of second-order theories and automata on infinite
trees. Trans. Amer. Math. Soc., 141 (1969), 1-35.

EXERCISES

30.15. Let % be a countable first-order language and let T" be an X,-categorical
weak second-order theory in % with only infinite models. Show that T" is
complete in the weak second-order sense.

30.16. Let £ be a first-order language whose only nonlogical constant is a binary
relation symbol <. Show that there is a weak second order sentence ¢
whose models are exactly all Z-structures isomorphic to (w + w, <).

30.17. Modify the equivalence relations =,, of 26.4 as follows. First, A =7 B iff
A =0B as in 26.4. Second, A =¥, B iff for every n € w and every a € "4
there is a b € "B such that (¥, a)i<n =m (B, b)i<n, and similarly with the
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30.18.

30.19.

30.20.

30.21.

30.22.

30.23.
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roles of % and B interchanged. Show that if A =} B for every m € w then Y
is weak second order elementarily equivalent to B.

Using 30.17, show that (w®-w-2, <) and (0®-(w + w*), <) are weak
second-order elementarily equivalent. Hence well-order is not definable in
weak second-order logic.

Show that in 30.6 we may instead take the existential quantifiers on
individual variables to occur before the universal quantifiers on individual
variables.

Let T" be a collection of sentences with the special form of 30.6, where no
existential quantifiers on individual variables occur. Show that Mod T is
a universal class in the usual, first-order, sense.

Let T be a set of sentences in a Q-language, and let K be the class of all
models of T in the X,-interpretation. Show that K is w-projective.

There is a set I' of sentences in w-logic such that every finite subset of T’
has an w-model while I" does not have an w-model.

Take a Q-language % with the m-interpretation. Then every set I' of
sentences of % which has a model of power >m + |Fmlag| has a model
of power m + |Fmlag|.
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Infinitary Extensions

In this final chapter we want to consider the presently most popular
extensions of first-order logic, namely languages in which the expressions
are of infinite length.

The Languages L, ,

Consider an ordinary first order language -%, and enlarge it by allowing
countable conjunctions and disjunctions A, ¢; and‘ /i, ;. The satis-
faction rules are clear for such a language. Many natural things can be
expressed in an L, ,-language which require circumlocutions in the other
languages we have discussed. For example, the natural numbers are charac-
terized by adding to the theory Q the sentence

Voo =0 Vvoyo=1voyp,=2v--.)

The notion of an Archimedean-ordered field is expressed by the following
sentence added to the axioms for ordered fields:

Voo <1vuoy<l4+lvoy<l4141v--.)

As is to be expected, the compactness theorem fails in L, as is seen from
the following set of sentences:

o[ (vo=¢co) A--- A (v, =¢,)] (for all n € w);
V(o =¢o VUg=¢, V--).

It turns out, however, that much of the model-theoretic machinery of first-
order logic is still available in the L, ,, case, and new methods can also be
used. We give two illustrations: Scott’s isomorphism theorem and the model
existence theorem.
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Chapter 31: Infinitary Extensions

Theorem 31.1 (D. Scott). Let . be a countable language, and A a countable
&-structure. Then there is an L, ,-sentence  in & whose countable models
are exactly the L -structures isomorphic to .

Proor. For each finite sequence a of length n of elements of A4 and each
B < w; we define a formula ¢f € Fmla%. Let

92 = A { e Fmlag : % k ¢[a] and 4 is atomic or
the negation of an atomic formula}.

For X a limit ordinal <w, let

ot = N\ 75

a<A

Finally, for « < w, let

et = gf A /\ 30,955 A VU, \/ Paco>-

bed beAd

Thus we have, by induction on «,
M A F gglal;
) Fof —> ¢f iff < a< w.

Now by (2), {x: % F¢l[x]}:a < w;) is a sequence of subsets of "4 non-
increasing under <. Since |*4| = X,, it follows that there is an o < w;
such that for all 8 > «, %F ¢%«> pf. Thus to each finite sequence a of
elements of A4 there is such an ordinal «,. If we let 8 be the sup of all ordinals
o,, we have 8 < w; and

for all finite sequences a of elements of A4 and all « > §,

D akgre g

Now let the desired sentence # be

o8 A A {Vvo- - -V, 1(pf = ¢5+1) 1 a is a finite sequence of
elements of A, say of length n}.

From (1) and (3) it is clear that % is a model of . Now let B be any count-
able model of . We shall show that 2 >~ B by constructing an w-sequence
for 2 and B, and applying 26.20. For each m € w, let

I, = {(a,b)e™4 x ™"B: Bk ¢i[b]}.

Since ¢f is a part of ¢, it is immediate that 0I,0. Thus conditions (1) and (2)
of 26.6(ii) hold. Next, suppose that al,b and x € A. Thus B F @f[b]. Since
% is a model of ¢, it follows that B F ¢f*+1[b], so, by the definition of ¢§**
we have B F 3v,¢8,,[b]. Hence there is a y € B such that B F @5 ., [6<{y>].
Thus a{x>I,b{y>. Now suppose that y € B and al,b. Thus B k ¢5[b], so
B F p8*+1[b] and hence B F pf A [6<y>] for some x € 4, so again a(x)I,b{y>.
Thus 26.6(ii)(3) holds. Since kgt — ¢S, condition 26.6(ii)(4) is clear. O

505



Part 5: Unusual Logics

The model existence theorem carries over almost verbatim to L, ,. We
sketch here the necessary changes. First of all, the notation ¢~ must be
extended to infinite conjunctions and disjunctions:

(/\ <P¢)" =V o7

i<w i<o
(Vo) =Aw
i< i<o

The other parts of the definition of ¢ remain as before. Let & be an L, -
language, and let £’ be an expansion of % by adjoining a countable set C
of new individual constants. A consistency family for (£, ¥’) is a family S
of countable sets of sentences of .#’ such that for each I' € S, conditions
(C0)—(C9) of Chapter 18 hold, as well as:

(C3) If Ai<copiel’, then I' U {p;} € S for each i < w.
(C4) If Vicopiel',then I' U {g;} € S for some i < w.

The following lemma is proved just like 18.7:

Lemma 31.2. If S satisfies (C1)~(C9), (C3’), and (C4"), then S’ ={T":
I' = A for some A € S} satisfies (C0)-(C9), (C3'), and (C4').

For our present purposes the following weak kind of model existence
theorem will prove useful.

Theorem 31.3. Let £ have only countably many nonlogical constants. If S
is a consistency family for (%, %) and T € S, then T has a model.

Proor. Let A be the closure of I' under the following operations: passage
to subformulas; passage from ¢ to Subffe, where ¢ € C; passage from —¢p
to ¢; formation of ¢ =d for any ¢,d e C. Clearly A is countable. Let ¢
map w onto all of the sentences in A, let 7 enumerate all primitive terms of
#’, and let a well-ordering of C be given. Now we define a sequence
{0;:i < w). Let Oy =TI'. ©,,, is formed from ®; as in the proof of 18.9,
so that:

(1) if ©; U{p} €S, then g, € B;,,;

(2) if ©; U{p}eSand ¢ = ¢, v @, then p;€ O,,; or g, € O, ;;

(3) if O, U {p;} € S and ¢; = I}, then Subf% € O,, , for some ¢ e C;

(4) forsomeceC,c=7,€ 0, ,;

5) if O, U{p}teSand ¢; = V;., ¥, then ¢, € O, , for somej < w.

At this point the remainder of the proof of 18.9 continues with practically
no changes. n

As an application of 31.3 we give Craig’s interpolation theorem for
Lyo:

506



Chapter 31: Infinitary Extensions

Theorem 31.4. Let ¢ and y be sentences in an L, .-language such that
Fp —> . Then there is a sentence x such that Fp — y, Ex =, and any
nonlogical constant occurring in y occurs in both ¢ and .

The proof is almost identical with that of 22.1, and we omit it.

Of the infinitary languages, L, , is perhaps the most interesting. The
above results give some indications that many interesting methods and
results are still available in L, and it is this fact that has led to its exten-
sive study among the logics much more expressive than ordinary first-order
logic.

Languages L

Let m and n be infinite cardinal numbers. An L,,-language is a first-
order language augmented by allowing conjunction and disjunction of
fewer than m formulas, and universal quantification on fewer than n vari-
ables. Thus the new formation and satisfaction rules are codified as follows:

If {p,: @ < p) is a system of formulas with p < m, then A,<, ¢, and
Va<p @ are formulas. We allow, instead of just X, variables, n variables
{vy : @ < n) and add the formation rule:

If p is a formula and « € Pn is one—one, where p < n, then Voyg: - 0,5 - -9
is a formula.

We say that AF A, <p @.[x] iff for all « < p, A F p,[x]. And we write
UAFEV,g- - -0ge- - -@lx] iff A F @[y] for every y € "4 such that y, = x, for all
¢ ¢ Rng o. Clearly these definitions correspond to the intuitive notions.
Note that one could conceive of more general quantification than the above.
For example,

V00301V02303 crr@

clearly has an intuitive sense. For development of such more general quanti-
fication see, e.g., [2].

The languages L, have been extensively developed. We shall restrict
ourselves here to just one aspect of this development, the question of extend-
ing the compactness theorem. If m > X,, the compactness theorem always
fails, as indicated above for L, ,, by an example that obviously extends to
any language L., with m > R,. The languages L, are clearly just slight
variants of ordinary first-order logic. Despite the failure of the compactness
theorem in general, there are two modifications of it whose study has been
very fruitful in the discussion of numerous foundational questions:

Definition 31.5 (Recall Definition 30.12). A cardinal m > X, is strongly
compact provided that any L;,n-language is (m, co)-compact. The cardinal
is weakly compact if any Lym-language is (m, m*)-compact.

Obviously X, is both strongly and weakly compact, and every strongly
compact cardinal is weakly compact. Our object now is to show that un-
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Part 5: Unusual Logics

countable strongly and weakly compact cardinals are very big, and to give
some purely mathematical equivalents of these notions.

Lemma 31.6. Any strongly compact cardinal is a strong limit cardinal.

PROOF. Suppose that m is not a strong limit cardinal. We shall show that
it is not strongly compact. Clearly there is a cardinal n < m such that
m < 2" Let & be a first-order language with unary relation symbols P,,
for each ¢ < nand ¢ < 2. Let I" consist of the following sentences:

(1) /\{<n VE<2 VUOPEeUO;
(2) YooVo,(vo = vy);
3) A s<n Y0oP; ;:00 (for each fem2).

Suppose T" has a model, % = {a}, P&>s<n.c<2. By (1), there is a function
f&"2 such that P¥,, = {a} for every £ < n. This contradicts (3).

Now let A be any subset of I' of power <m. Since m < 2", there is then
a function '€ "2 such that the corresponding sentence of type (3) is not in A.
Let A = {0}, and for £ < n, e < 2, let

P = {0} ifft =,
P =0 if f€ # e.

Clearly then % = {0}, P£>; .,.c <2 is a model of A, O

In the next few results we shall be working with expansions of a first-
order language which has a binary relation symbol <. In this language, in
any L., with m, n > R, the notion of well-order can be defined:

< is a simple order,
E 2R VEER PN /\ (V141 < ).

i<w

We also need certain formulas ¢, € Fmla}, formulated in any language
Lim such that « < m:

301"'U1+¢"';<a{ /\ (V146 < V14q) A

E<n<a
V01+a[l’1+a < V& \/ (V140= U1+5)]}-
E<a

If B is a nonzero ordinal and y < B, then (B, <) Fg,[y] iff & = v, as is
easily seen.

Lemma 31.7. Any weakly compact cardinal is regular.

ProoF. Assume that m is singular, say m = (J,<n p,, Where n < m and
each p, < m. Let & be a first-order language with two nonlogical constants,
a binary relation symbol < and a unary relation symbol P. Consider the
following set I' of sentences:
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(1) < is a well-ordering,

() Va<n30g: 05" - - ¢ < pa V0pa[PUps = Vg cpa (Upe = 02)],
(3) Fvo(p, A Pvy) for each « < m.

Thus there are m sentences altogether. Suppose I' has a model; we may
assume that it has the form (8, <, S) for some nonzero ordinal B, where
< is the natural ordering on B. The sentences of type (3) together with the
remarks preceding this lemma show that m < S. But the sentence (2) says
that |S| < p, for some « < n, contradiction. So, T" has no model. Take
any subset A of I' of power <m. Let S = {a < m:3v,(p, A Pry) € A},
Thus {S] < m, so |S| < p, for some « < n. Hence (m, <, S) is a model
of A, d

The two preceding lemmas give us the following important result concern-
ing strongly compact cardinals:

Theorem 31.8. Every strongly compact cardinal is strongly inaccessible.

Recall that the existence of strongly inaccessible uncountable cardinals
is not provable in ordinary set theory. Thus it is not provable that any of
the languages Ly, for m > R, are (m, co)-compact. Actually, strongly com-
pact cardinals are extremely inaccessible. If there are arbitrarily large in-
accessibles, and all inaccessibles are enumerated in an increasing sequence
{0, : « € Ord), then the strongly compact cardinals are certain fixed points
of 0, i.e., they satisfy m = 8,,. Even stronger properties of the strongly
compact cardinals are known. We shall not prove any very general facts
here, but to give an idea of the flavor of the arguments we will at least show
that if inaccessibles exist, not all of them are strongly compact:

Theorem 31.9 (Hanf). If m is an uncountable weakly compact cardinal, then
m is not the first uncountable strongly inaccessible cardinal.

PrOOF. Let m be the first uncountable strongly inaccessible cardinal; we
show that it is not weakly compact. Take a first-order language ¥ with
nonlogical constants <, F (ternary), G (ternary), P (unary), and Q (unary).
Let T be the following set of sentences of Lyym:

(1) < is a well ordering;

(2) 3vep, (for each « < m);

(3) Vo,V Vo, Vus(Fogvivg A Fogv,03 = v, = v3);

(4) VovoIu,[v; < vg A VoaVog(Fogogvs = v < 07 A 03 < 1g)];

(5) Voo Vo [Poy A v, < 15 —> Fv,30s(Fogvevs A v, < 05)];

(6) Voo Vo Voo[v, < 05 A 13 < U5 A Va(Gugt, 03 & Gugtavs) —> vy = v,];
(7) Vuo{Quo = T, [vy, < vy A V0,V03(Gogvavs —> v < 1))}

(8) FvoVo; 1 (v < v4);

(9) Voo(Pvy v Quy v 0,{v; < 15 A V[0 < 03> —1(v; < 1)} V @)

Thus |I'| = m. Suppose I' has a model, %. We may assume that U has the
form (¢ + 1, <, F¥, G%, P%, Q%), by virtue of (1) and (8). Because of the
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sentences (2), it follows that m < « + 1 hence m < o« + 1 and actually
m < o« since m is an infinite cardinal. Thus m e « + 1. We shall obtain a
contradiction by showing that each uncountable infinite cardinal ne « + 1
is accessible, i.e., is either singular or else satisfies n < 2P for some p < n.
By (9) we have ne P% or n e Q%

Case 1. neP¥ Let f={(B,v):(n,B,y)eF4. Thus by (3), fis a func-
tion. By (4) we can choose 6 < n such that f maps a subset of & into n. By
(5), U Rng f = n. Thus n is singular.

Case 2. neQ¥ By (7), choose B < n such that 6§ < 8 whenever
(n, y, 8) € G¥. Now for each y < nlet fy = {8: (n, y, 8) € G¥}. Thus fy < B.
And by (6), fis one—one. Hence f: n>> SB, as desired.

Since m is strongly inaccessible, we have reached a contradiction. Thus
I" has no model.

Now let A be a subset of I' of power <m. Let 8 be the supremum of all
ordinals « < m such that Jv,p, € A. We now build up a model % of A with
universe 4 = B + 1 and with the natural ordering of 8 + 1 as the interpreta-
tion of <. Thus (1), (2), and (8) automatically hold for formulas in A, Let
P consist of all singular cardinals <pB. For each n € P% choose p, < n and
a function f;: p, — n such that | Rng f; = n. Set

F = {(n, 7, 8) :neP¥ (y,8) efi}.

Clearly, then, (3)—(5) will hold. Next, let Q¥ = {n:nis a cardinal <p, and
n < 2P for some p < n}. For each ne Q% choose p, < n and g,: n > Spy.
Set

G ={md,y):neQ¥ 8 < n,and y € g,8}.
Then (6) and (7) are clear. Finally, (9) holds since 8 + 1 < m. O

The above results give a fairly good picture of the rarity of strongly
compact cardinals. Now we want to add a few results which indicate that
weakly compact cardinals are rare also. (But perhaps they are not as rare
as strongly compact cardinals.) By the proof of 31.6 we have

Theorem 31.10. Ifm > K, then 2™ is not weakly compact.
Theorem 31.11. Every weakly compact cardinal is weakly inaccessible.

Proor. By 31.7 it suffices to show that any successor cardinal m* > X,
is not weakly compact. Let I'" be the following set of sentences:

(1) < is a well-ordering;
(2) Avyp, for each « < m*;
(3) avo' ¢ .UE' M -¢<mVl)m V§<m (vm — Uf)'

It is easily checked that I' violates (m*, m* *)-compactness. O
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Theorem 31.12 (Hanf). If m is an uncountable weakly compact cardinal,
then there is a cardinal n < m which is uncountable, weakly inaccessible,
and not a power of 2.

ProoF. Assume the hypothesis holds but the conclusion fails. By 31.10
and 31.11, m is weakly inaccessible but not a power of 2. We take a language
# with nonlogical constants <, F (ternary), G (ternary), H (4-ary), P, Q, R
(unary). Let I' be the following set of sentences of Lyymn:

(1) < is a well-ordering;
(2) Avyp, (for each o < m);
(3) VooV, YV, Vo3 (Foav,va A Fogv 03 — v = v3);
4) Voodo,[v; < vy A Voo VU3(Fogvavs = v < 17 A U5 < Ug)];
(5) VuoVu,[Pry A v < 15 —> F0,303(Fvvsv3 A 0y, < 03)];
(6) YoV, Vo,Vu5[(Guovivg A Gugv 03 —> vy = v3)
A (Gogvay; A Gy, = vy = 13)];
(7 Vo,[Quy = Av,(v; < vy A Yuo{vs < 1,
= Vu5lvs < 03 = 30,(vy < 01 A Go2050.)1})];
(8) VooVu, Vo Vo {Vu,[H(vo, v1, v4, 13)
© H(vo, 03, U4, 03)] = 03 = v5};
(9) Voo {Tv, = Fv3[vs < v, A V0,V0,(v, < v,
A H(vo, vy, 03, v3) = v2 < V3)]};
(10) VuoVu3[Tog A v3 < 0o => V0u- - -0 - - s cn(Assesn (V0 < 03)
= 3v,{v; < vy A V03[H(vo, 1, U2, 03) & V4cecn U2 = 0:]}),
a sentence for each n < m;
(11) ooV, 1 (ve < vy);
(12) Voo(Pvy v Quy v T, v 30,{v, < v,
A Vo5[v; < 03— (v, < )T} V Po).

Clearly I" has m elements. Suppose I" has a model, 2.

We may assume that 2 has the form (e + 1, <, F¥, G%, H¥, P¥%, Q¥%, R%),
by (1) and (11). We have m < « + 1 by (2). Thus mea + 1. By (12) we
have three cases.

Case 1. meP% As in the proof of 31.9, we see that m is singular, so
it is not weakly compact (see 31.7), contradiction.

Case 2. me Q¥ By (7), choose B < m as indicated there. For each
y <mlet f, = {(§, &) : (¥, 5, &) € G¥}. Thus f, is a one-one function by (6).
By (7), f, | v: y>>B. Thus m is the least cardinal >f, so m is a successor
cardinal and hence by 31.11, m is not weakly compact, contradiction.

Case 3. me T Choose B < m in accordance with (9). For each y < m
let f, = {8:(m, y, §, B) e H¥}. Thus by (9) f: m — SB. By (8), f is one—one.
From this we know that 8 is infinite. Let A be any subset of 8 and set |A| = n.
From (10) we easily infer that A € Rngf. Thus m is a power of 2, so by
31.10, m is not weakly compact, contradiction.
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Thus I" does not have a model. Now let A be a subset of power <m.
Let B, P¥%, F¥ be as in the proof of 31.9. Q¥ and G¥ are easily defined to
satisfy (6), (7). Let T be the set of all uncountable powers of 2 less than
B + 1. For each n with R, < 2" < B + 1 let hy: 2">» Sn. Set H* = {(2",
o, y, ) :2"eT¥% y < 2%, a € hyy}. This yields, as is easily seen, a model A
of A. O

To hint at the importance of strongly and weakly compact cardinals we
shall now give some results which show their relationships with properties
of cardinals defined in purely mathematical ways. The following definition
will play a role here; it gives one of the most important notions of large
cardinals.

Definition 31.13. An infinite cardinal m is measurable if there is a mapping
wn: Sm — {0, 1} satisfying the following conditions:

@) pm =1;
(i) p0 = pf{a} = O for each « € m;
(#ii) if X is a collection of pairwise disjoint nonempty subsets of m with
[ X] <m, then pUyexx = Z{px:xe€ X} (thus pUsexx = 1 iff
for some unique x € X, ux = 1).

We will give its connections with compact cardinals presently. For now
we give this important result of Ulam:

Theorem 31.14 (Ulam). Every measurable cardinal is strongly inaccessible.

PRrOOF. Let m be measurable, and suppose n < m and p, < m for each
o < n; we shall show that II, ., p, < m (this is one of the equivalent con-
ditions for m to be strongly inaccessible). Let 1 be a measure on S(m) (as
in 31.13). Suppose m < II, ., p,, and let f: m>> P, 4 p,. For each « < n
and B < p, let

Apg =f{yem: fa =B}

Clearly Ays N Aps = 0 if B# 8, and Ugcpe 4Aas = m. It follows that for
each o« < n there is a unique B8, call it g,, such that ud,, = 1. Hence
p(m~ A4,,,) = 0and so

I U (m~ A,,4) = 0.

a<n

But Ua<|1 (m~ Aa,ga) =mn~ moz<n Azz,ga- Thus p ma<nAa,ga = 1. But if
¥ € Na<n Aa,ge» then for all « < n, fie = g,. Thus f, = g. Hence
[MNea<n Aa.ge] < 1, contradiction. ]

The following equivalences for strongly compact cardinals are due to
Tarski, Monk, Scott, and Mycielski.
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Theorem 31.15. For any infinite cardinal m, the following conditions are
equivalent:

(i) m is strongly compact;

(i) if A is an m-complete, m-distributive Boolean algebra, then 2 has
an m-complete ultrafilter (recall that U is m-complete provided that LX
exists whenever X < A and | X| < m; U is m-distributive provided that the
conditions n,p < m and a:n x p— A imply that Z{I1, .y Gy ;o : f€"p}
exists and equals 11, .25 .p aqp; a filter F is m-complete provided that
I1X € F whenever X < Fand | X| < m);

(iii) in every m-complete field of sets, any proper m-complete filter can
be extended to an m-complete ultrafilter (a field F of sets is m~complete if
\U X € F whenever X = Fand | X| < m);

(iv) in the field of all subsets of a set, any proper m-complete filter can
be extended to an m-complete ultrafilter;

(v) any m-product of (m, oo)-compact Hausdorff spaces is (m, c0)-com-
pact (a space X is (m, co)-compact provided that every cover of X by open
sets has a subcover with <m elements; the m-product topology is the
closure of the usual product topology under taking intersections of <m
things);

(vi) any product of (m, )-compact Hausdorff spaces is (m, o0)-compact.

ProoF. We shall prove (ii) = (iii) = (iv) = (v) = (vi) = (ii) and (iv) =
(i) = (iv).

(if) = (iii). Assume (if), and let 2 be an m-complete field of sets and F
a proper m-complete filter over 2. Then 2/F is an m-complete, m-distributive
Boolean algebra. In fact, if ae™4 where n < m, it is easily seen that
Ta<n @] = [Ua<n @) And if n,p < mand a:n x p— A4, then

N aer = U{) aeseirem)
a<it B<p a<n

and it follows easily that /F is m-distributive. By (i), let G be an m-com-

plete ultrafilter over 2/F. Then {a : [a] € G} is easily seen to be an m-complete

ultrafilter over % which extends F.

(iii) = (iv): obvious.

(iv) = (v). Here we generalize one of the usual proofs of the Tychonoff
product theorem. Assume (iv), and suppose that {(X;:ieI> is a family of
(m, co)-compact spaces. Recall that a subbase for the ordinary topology on
Y = Pic; X; consists of all sets of the form {f:f;e U} where ie [ and U
is open in X;. To proceed further we need to show

) m is regular.

For let J = {G < ™2:|G| < m}. Let F be the m-complete ideal in S("2)
generated by J. Since cf(2™) > m, it is clear that F is an m-complete proper
ideal in S(™2). By (iv), let K be an m-complete prime ideal in S(™2) extending
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F. Suppose m is singular, say m = | J, <n po Where n < m and p, < m for
each ¢ < n, Then K is m*-complete. For, if a : m — K, then

Ua=UJ U ack
a<m a<n g<ba
Now for each « < m we have ™2 = {f: fu = 0} U {f: fa = 1}, so we can
choose g, €2 such that {f:fa = ga} ¢ K. By the m*-completeness of K,
{g} = Ne<m {f:fe = ga} ¢ K, contradiction.
Now we come back to the main part of the argument. From (1) it follows
that a base for the m-topology on Y is the family of all sets of the form

2 {1 J€Pies U,

where J is a subset of I of power <m and U; is open in X, for each ieJ.
To check (v), it suffices to take a family & of basic open sets of Y, assume that
no subset of #Z of power <m covers Y, and show that # does not cover Y.
Let K be the m-complete ideal in SY generated by #. By (1), K is a proper
ideal. Hence by (iv), there is an m-complete prime ideal L in SY which ex-
tends K. For each i e / let

¢ ={U:Uisanopensetin X;and {fe Y:fie U}eL}.

Since L is m-complete and Y ¢ L, no subfamily of %, of power <m covers
X;. Hence by the (m, co)-compactness of X;, €; does not cover X;. Thus for
each i e I we can choose f; € X; ~ | €. We claim that f¢ | J %. For, sup-
pose felJ &, say fe V € &, where V has the form (2). Now

V=\{geY:geUy}
ieJ
and |J| < m. Since Ve L (because # < K < L), it follows that there is an
ieJwith {ge Y:g e U} eL. Hence U, € %, and f; € | €,, contradiction.

(v) = (vi): obvious.

(vi) = (ii). Assume (vi), and let A be an m-complete, m-distributive
Boolean algebra. Let B be the set of all subsets of 4 of power <m. Now
we need to show

3) m is measurable.

To prove (3), let C = Jy<m ™. Thus |C| = 2™. Let f: 2™ >» C. For each
£ < 2™ we have |Rngf;| < m, and hence as a discrete space Rngf; is
(m, c0)-compact. Hence by (vi), the space X = Ps.expm Rngf; is (m, c0)-
compact. For each « < m, let ¢, be the member of X such that 7, = fi«
for all ¢ < 2™ Set D = {t,: « < m}. For each o« < m let £, be the unique
ordinal <2™ such that f;,: m — 2, f,,« = 1, while f;,8 = OforallBe m ~ {a}.
Let U, = {g€ X:8xe = 1}. Thus U, is open in X, and DN U, = {¢t,}.
It follows that D is not closed, since otherwise {X ~ D} U {U, : « < m}
would be an open cover of X with no subcover of power <m. So, let u be
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in the closure of D but not in D. Now we are ready to define our *““measure”
p on S(m). For any I' € m we set

pwl=1 if there is a ¢ < 2™ such
that I' = {& < m:¢,¢ = ué},
puI' =0 otherwise.

To check 31.13(i), choose ¢ < 2™ such that f;: m — {0}. Clearly then m =
{o < m:t,& = ué}, since u¢ = 0 and ¢, = 0 for any « < m. For 31.13(ii),
for any ¢ < 2Mlet U = {ge X : g€ = ué}. Thus U is a neighborhood of u,
so there is an « < m with #,eU. Hence t,¢ = ué. This shows that u0 = 0.
Next, for any « < m, suppose uf{a} = 1, and let ¢ < 2™ be such that {o} =
{B < m: t;¢ = ué}. Let U be a neighborhood of u such that z, ¢ U. Let V =
{ge X: g€ = ug}. Thus V is also a neighborhood of u. Choose t,e UN V.
Then B # «and #,¢ = ué contradiction. Hence u{a} = O after all. Finally, sup-
pose that Y is a collection of pairwise disjoint nonempty subsets of m with
| Y| < m. First suppose p | Jyey ¥ = 1. Choose € < 2™ accordingly so that
Uper ¥ = {a@ < m: 1, = u}. Since |Y| < m, we can choose { < 2™ such
that for each y € Y there is a Be Rng f; with f; {8} = y. Let U = {ge X:
g€ = uf and g{ = ul}. Then U is a neighborhood of u, so we can choose
t, € U. Since t,€ = u€, by choice of £ there is a y € Y with « € Y. Thus by
choice of ¢, fye = t,{ = ul implies that y = ;7 Y{ul} = {«: t,{ = ul}, and
py = 1. Thus

if Y is a collection of pairwise disjoint nonempty subsets of m

) with | Y] < mand p J,ey ¥y = 1, then py = 1 for some y € Y.

If y and z are pairwise disjoint subsets of X with uy = 1, then

©) pz =0,

Indeed, suppose that pz = 1 also. Thus there are £, < 2™ with y =
{e < m:tf =uf} and z = {« < m:1,{ = ul}. Choose ¢, in the neighbor-
hood {ge X :gf = uf, gl = ul} of u. Then « €y N z, contradiction. Thus
(5) holds. In particular, the y in (4) is unique. If p |,y ¥y = 0, then by (4)
pwm ~ Uyey ¥) = 1, and hence by (5) py = O for each y € Y. We have now
verified 31.13(iii), and with it (3) has now been checked. Actually we need
not (3), but the following consequence of it (by 31.14):

(6) m is strongly inaccessible.

For each C e B let X be the set P,ec {—a, a}, with the discrete topology.
By (6), | Xc| < m, so X, is (m, co)-compact. Hence by our assumption (i),
s0is ¥ = Pgep X¢. For each C e B, set

D¢ = {f€Paec{—a, a}: Mloec fa # 0}
Now by m-distributivity we have
1 =ec@+ —a) = Z{llaecfa: f€Pocc{—a, a}},
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from which it follows that D; # 0. Now for C, E € B we set
Keg={feY:fo ]CNE=f;| Cn Eand f;€ D, and f; € Dg}.
Each such set is closed; this follows easily from the fact that

{(feY:feICNE=f] CNE}
= () [{feY:fox =x30{fe Y:fox = x})

V{AfeY: fox = —x}n{fe Y :fpx = —x})].

Now if F< B and |F| < m, then (¢ ger Koz # 0. In fact |J Fe B since
m is regular. Choose f€ Dy, and let g € Y be any element such that go =
f 1 C for each CeF. Clearly then g € (¢ ger Kcp. From the (m, co)-com-
pactness of Y it now follows that there is an 4 € (¢ ges Kce. Set F =
Uces Rng Ac. Then F is the desired m-complete ultrafilter on «. For, clearly
F # 0. Suppose 0€ F, say 0 € Rng h¢. This contradicts A; € De. Suppose
xeFand x < y. Say xe Rnghe. Let E = C U {y}. Since h e K, it fol-
lows that x € Rng hg, and hz € Dy implies that hzy = y, so y e F. Next,
suppose x € A is arbitrary. Then A yx = x or hyyx = —x, so xe F or
—x € F. Finally, suppose Z < F with |Z| < m; we must show that [IZ e F.
For each ze Z choose C,e B with ze Rng h¢.. Let E = .., C, U {IlZ}.
Thus E € B since m is regular. Since h e K¢, ; for each ze Z, we have z e
Rng Az. Now I1Z € Rng Az or —I1z € Rng hg. If the latter is the case, then

Mg hgx < M,z z- —T1Z = 0,

contradicting Az € Dg. Thus I1Z € Rng h; < F, as desired.

(iv) = (). This is a straight-forward generalization of the ultraproduct
proof of compactness. Indeed, it is routine to check that the proof of 18.29
extends to Ly,m-languages if F is assumed to be m-complete. In the proof of
the compactness theorem on p. 323, we take I = {A: A = T, |A] < m}, and
for each Aelset G, ={®:A < O®el} The rest of the proof is similar,
replacing ““finite” by ‘“‘cardinality <m”. But here it is necessary to show
that m is regular; this was done above in the proof that (iv) = (v).

(i) = (iv). Let A be the field of all subsets of X, and let F be an m-com-
plete filter over 4. Consider a first-order language with a unary relation
symbol P, for each a € A and an individual constant c. Let I' be the follow-
ing set of sentences of Liym:

all sentences holding in (X, @)gcq4,
P,c for each ac F.

If A is a subset of I' of power <m, then there is an x € X such that x e
N {ae F: P, is in A}. Hence (X, @, X)qc4 is a model of A. It follows from
(m, co)-compactness that I" has a model B = (B, by, )sea- Let G = {a€ 4 :
y € b,}. Our claim is that G is the desired m-complete ultrafilter extending
F.If ae F, then P,ceI' and so y € b, since B is a model of I'. Thus F < G.
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Chapter 31: Infinitary Extensions

Suppose a€ G and a < d € A. Then Vvo(P,v, = P,v,) holds in (X, u),, and
hence in B. Since y € b,, it follows that y € b; and so de G. Next, 0¢ G,
since Vv, 1 Py, holds in (X, )., and hence in 9B, so that y ¢ b, and hence
0¢ G. Now let ae A be given. Then Vo,(P,v, v P_,v,) holds in (X, t)yea
and hence in B, so ye b, or yeb_,, and hence ae G or —a € G. Finally,
suppose Y < G and | Y| < m. Let d = (N Y. Then Yuo( A sey Povio = Patp)
holds in (X, #),c4, and hence in B. Since y € b, for each a € Y, it follows
that y € b, and d € G, as desired. O

Recalling the proof of (vi) = (i), above, we have
Theorem 31.16. Every strongly compact cardinal is measurable.

Now we turn to equivalences for weakly compact cardinals, which we
shall only carry through for strongly inaccessible cardinals. One of them
concerns a generalization of Ramsey’s theorem. Recall that S,§ = {X < S:
|X| = 2}. We shall write m — (n)? provided that whenever S;m = 4 U B
it follows that there is a I' = m with |I'| = nsuch that S,I' = 4 or S,I"' = B.
Thus Ramsey’s theorem says that m— (Xy)? for any m > X,. Another
equivalence involves the notion of a tree. A tree is a partially ordered set
(P, <) in which {x: x < y} is well-ordered for each y e P; its order type
is the level of y. A cardinal m has the tree property provided that if (7, <
is a tree of power m and every level has <m elements, then there is a simply
ordered subset of T of power m.

The following characterizations of weakly compact cardinals are due to
Keisler, Tarski, Erdos, Paroviéenko, Monk, Scott, and Hanf.

Theorem 31.17. Assume that m is strongly inaccessible. Then the following
conditions are equivalent;

(i) mis weakly compact;

(i) m has the tree property;

(iii) if A is an m-complete, m-distributive Boolean algebra of power <m
but > 1, then A has an m-complete ultrafilter;

(iv) if Y is an m-complete field of subsets of m of power m, then any m-
complete proper filter on A can be extended to an m-complete ultra-
filter;

(v) m—> (m)2;

(i) if (T, <) is a linear ordering with |T| = m, then T has a subset of
power m which is either well-ordered under < or under >.

PROOF. We shall show (i) = (if) = (iii) = (iv) = (v) = (vi) = (if) = (i)

(i) = (ii). Assume (i), and let (T, <) be a tree such that every level L,
for « < m has <m elements, while |T| = m. Clearly then L, # O for all
o <m. Let &% be a language with a binary relation symbol <, unary
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relation symbols P, for each o« < m, individual constants ¢, for each re 7,
and one more individual constant d. Consider the following set of sentences:

Jv(Pv9 A vy < d) each ¢ < m,
all Lyym-sentences holding in @ = (7, <, L,, t)q <m ter-

Clearly every subset of I' of power <m has a model. Hence I" has a model,
A. For each « < m choose a, € P¥ with a, <% d¥. Now the following sentence
holds in 9B, hence in 2:

Vo, [Pauo - \/ [ ct].

teLy

Hence for each « < m choose ¢, € T so that a, = c&. Now the sentence
Voo Vo, Voo(0g < 09 A 03 < U3 >0, < 0y V U ==0; V 03 < V)

holds in B, hence in 2. Thus ¢ and ¢ are comparable under < for any
a, 8 < m. Hence ¢, and ¢, are comparable (otherwise the sentence saying
they aren’t would hold in B, hence in 2). Hence (i/) holds.

(ii) = (@ii). Assume (ii), and let 2 be as in the hypothesis of (iii). Say
{a,:a < my has range 4. Let T ={g:3« < m(ge Ps..{a, —a,} and
;.. g5 # 0)}. Thus (T, <) is a tree; the level of g e T is its domain. Since
m is strongly inaccessible, the set of elements of level « < m has power
<2!*l <« m, Furthermore, for each « < m we have

1 =g 0(ag + —ag) = Z{Hy.085:8€Ps<aias —as,

and so there is an element of T of level a. Thus |T| = m. So now we can
apply (ii) to obtain g € Py .m {as, —a,} such that I1,., g; # O for all « < m.
Let F = Rngg. Obviously F# 0, 1€ F,and xe For —xe F for all xe A.
Suppose x € Fand x < y. Then —y ¢ F, otherwise with « such that x, —y e
g*a we would have Il;., g; = 0. So y < F. Finally, suppose that Y < F
and |Y| < m. Then there is an « < m such that ¥ < g*a and T1Y € g*a
or —I1Y e g*«x. In the second case, II;.,g;, < [1Y-—I1Y = 0, which is
impossible. Thus I1Y € F and F is the desired m-complete ultrafilter.

(iif) = (iv). Assume (iii) and the hypothesis of (iv). Let F be an m-com-
plete proper filter on 2. Then /F is an m-complete, m-distributive Boolean
algebra of power <m. By (iii), let G be an m-complete ultrafilter over 2I/F.
Then {a : [a] € G} is an m-complete ultrafilter on 2 which extends F.

(iv) = (v). Assume (iv), and let S;m = 4 U B. For each aem let M, =
{8 :{e, B} € A}. Let U be the m-complete field of subsets of m generated by
all the sets M, as well as the singletons {8} for § < m. Let F be any m-com-
plete ultrafilter over % containing all the complements of singletons. Thus
each member of F has power m. Define {x, : « < m} by induction by letting
x, for each « < m be the least element of

N{My:B < o, Myz€F}
NN~ Mp:B <o MggFn(m~{x:8<a}).
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Thus x is one-one. Set S = {x,: M,, € F}. If « < 8 and x,, x; € S, then
Xz € Mx, and so {«, B} € A. Thus S,S < A4. Similarly, [Rngx ~ S]° < B.
Since |S| = m or |[Rng x ~ S| = m, (v) holds.

(v) = (vi). Assume (v), and let (7, <) be a linear ordering with |T| = m.
Let <X be a well-ordering of T. Set 4 = {{s,#}:s <t and s < t}, and let
B = [T]? ~ A. An application of (v) yields the desired result.

(vi) = (ii). Assume (vi), and let (7, <) be a tree of power m such that
every level has <m elements. For each element x of T and each « < m,
let x* = x if « > level of x, x* = the unique y of level « with y < x if
« < level of x. Clearly then

M

Let <’ be any well-order of 7. We now define another order <” on T. For
any x,ye T, x <"yiff x < y, orelse x and y are incomparable and x* <’ y¢,
where « is as in (1). We leave it to the reader to check that <” is a linear
order of T such that

)] ifu<x,u<zandx<"y<"zthenu < y.

if x and y are incomparable, then there is a unique « such that
x% # y® and the predecessors of x* and y* are the same.

Now by (vi), say that L is a subset of T of power m well-ordered by <”.
We may assume that L has order type m. Let

B={teT:qeclVacl(l<"a=1t < a)}.

We claim that B is the desired linearly ordered subset of T of power m.
Suppose to, t; € B, and choose I, /; correspondingly. Let /; be the maximum
of Iy, /; under <”. Then by the definition of B, t, < /; and #; < /;. Hence
t, and ¢, are comparable. Now let « < m; we show that B has an element
of level «. Let E be the collection of all sets of the form V,, = {I{eL:x < [}
where x is an element of T of level «. Then {/eL:level of | > o} =
U {V, : x of level o}, and since |L| = m and {x : x is of level <a} has power
<m, this union has power m. But there are fewer than m elements of level «,
$0 | V.| = m for some x of level a. Thus V, is cofinal in L (in the <” sense).
We claim x € B. Choose any /e V, with x # [/ and suppose [/ <" a with
ac L. Then there is an [’ e V, with a <" I’. Thus x < [ and x < I’, so by
(2), x < a, as desired.

(ii) = (i). Assume (ii). We shall prove (i) by modifying the proof of the
completeness theorem, 11.19. Let I" be a set of sentences of power m such
that every subset A of I' of power <m has a model U ,. First we modify the
proof of 11.18. Let © be the collection of all subformulas of sentences in T
Expand our language by adjoining individual constants ¢, for each « < m.
Clearly |®] < m. Let C ={c,:a < m}. Let {p,:a < m) be a list of all
sentences of the form ¢, = Iv,,q- * * Vigs..-s< 5« ¥ = Which are obtainable from
members of ® by replacing variables by members of C. Then we define a
sequence <d,:« < m); each d, is to be a sequence of members of C, of
length <m. Suppose d; defined for all 8 < «, where & < m. Then

U Rngd, U {ce C: ¢ occurs in ¢,z for some § < o}

B<a
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has power <m. We let d, be a S,-termed one-one sequence of members of
C not in this set. This defines <d, : « < m). Next, for each « < m let

Q, =T U {3vy0 - Viygeezpy ¥y > ¥y 1y < o,

where ¥, is obtained from ¥, by replacing all free occurrences of v,: (¢ < 8,)
by d,.. Then it is easy to expand each structure 2 , to be a model of A
together with the set in braces. Hence €, still has the property that each
subset A of it of power <m has a model 2.

Now we shall use (i) to extend Q. Let (¥, : « < m> be an enumeration
of all sentences obtained from members of ® by replacing variables by
members of C. Let 7 consist of all functions f such that fe Py {¥;, =¥}
for some « < m, Rng f has a model, and VB8 < «[(¥;€ Qy = fz = ) A
(=¥;€ Qn = fz = =¥p)]. Under <, Tis a tree. There is an element of T
of any level « < m. For, let A ={¥;:8 < ¢, ¥y Q i} U{-¥;:8 < «q,
—¥; € Qn}. Then A has a model, &', and if we let f; = ¥, or -¥; accord-
ing as A’ ¥, or A’ F ¥, we see that fe T. The other hypotheses of (ii)
clearly hold, so T has a branch F of power m. Let E = {f, : fe F, ¢ < m}.
Then 2 2 0,, and ¥,€Z or -¥,€E for each 8 < m. Note that every
subset of E of power <m has a model. We are now in a position to repeat
the proof of 11.12, except that instead of (4) one checks

3 for any sentence ¥, ¥ e I' iff A F ¥y,
We leave the details to the reader. O
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EXERCISES

31.18. Give examples of structures 2, B in a countable language £ such that
A =,, B in the L,,,-sense, A is countable, but B is uncountable.

31.19. If T is a countable set of sentences of L, ., and I" has a model, then I" has
a countable model.

31.20. Show that for any set a there is a formula ¢ with one free variable v,, in

some language Linm with only € as a nonlogical constant, such that for any
transitive set 4, (4, ¢) F p[bl iff b = a.

31.21. Every measurable cardinal is weakly inaccessible.

31.22. Let2 be an #-structure. Suppose ¥ =, B in the Lyym sense, where |4] < m
and Z has fewer than m nonlogical constants. Show that % ~ B.

31.23. Give an example in which 31.17(vi) fails if m = X;.
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Effective set, 12

Effective Skolem expansion, 211

Effectively calculable function, 46

Effectively enumerable, 12

Effectively enumerable set, 92

Effectively incompletable, 267

Effectively inseparable, 100

Effectivized first-order language, 164

Effectivized general logic, 425

Effectivized relational version, 206

Ehrenfeucht, A., 234, 406, 412, 417, 419,
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Elementary class, 393

Elementary diagram, 337

Elementary effectivized first-order
language, 190

Elementary embedding, 334

Elementary equivalent, 327
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Elementary recursive function, 26

Elementary recursive operations, 29

Elementary relation, 30

Elementary substructure, 331

Elementarily closed, 406

Elimination of quantifiers, 233

Embedding, 320

Endomorphism, 145

Engeler, E., 447

Equality symbol, 162

Equation, 384

Erdos, P., 517

Ershov, Yu., 234, 242, 260, 264, 277, 280,
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Exact, 2

Existence condition, 206

Existential formula, 213, 355



Expansion, 201, 329
Exponentiation, 30
Expression, 115, 164
Extension, 208, 328

F

Factorial, 30

Falsity, 121

Feferman, S., 307, 378

Field of sets, 141

Fields of a tape, 14

Filter, 146, 318

Filter generated by, 148, 427

Finite element, 342

Finite extension, 270

Finite intersection property, 318

Finite presentation, 110

Finitely inseparable, 266

First occurrence, 69

First-order language, 162

Fixed point theorem, 83, 275

Formal proof, 118, 172

Formalism, 4

Formula, 168

Fraisse, R., 406, 412, 417, 419

Frame, 495

Free Boolean algebra, 156

Free group, 110

Free occurrence, 176, 177

Freely generated, 156

Fuhrken, G., 501

Full language of a nonempty set, 163,
195

Functionally complete, 129

G

General logic, 418

General recursive function, 45

General recursive operation, 46

General recursive relation, 46

General sentential logic, 129

Generalization, 171

Generalized product, 377

Godel, K., 4, 7, 298

Godel numbering, 12, 52, 53, 54, 77, 121,
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Gritzer, G., 392
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Gurevich, Yu., 234

Index of Names and Definitions

H
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Hanf, W., 277, 509, 511, 517

Hanf number, 337, 340
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Henkin, L., 228, 311, 329, 442, 502,
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Herbrand, J., 214

Herbrand’s theorem, 213

Hermes, H., 14, 25, 64, 111
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Hierarchy theorem, 89

Hilbert, D., 4, 7, 192

Hilbert e-operator, 481

Hilbert’s tenth problem, 111
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Homogeneous structure, 461

Homomorphism, 145, 223, 385

Homomorphism theorem, 147

Horn formula, 398

I

Ideal, 146, 223

Ideal generated by, 148, 224
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Implicational identity, 398
Incompleteness, 6
Independent, 370
Independently axiomatizable, 370
Indiscernibles, 449
Individual constant, 162
Individual variable, 162
Induction on formulas, 168
Induction on terms, 167
Infinite digital computer, 67
Infinite element, 342
Infinitely close, 345
Infinitesimal, 344

Initial state, 15

Inseparable, 266
Intermediate value theorem, 347
Interpretation, 216
Intuitionism, 4
Intuitionistic logic, 137
Intuitionistic model, 138
Inversion, 58

Isolated set, 109
Isomorphic, 145
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Iteration theorem, 81
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Janiczak, A., 234
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Jonsson, B., 392
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Kalish, D., 485

Kalmar, L., 2, 7

Keisler, H. J., 6, 217, 310, 311, 427, 435,
439, 502, 517, 520

Kernel, 147

Kleene, S., 90

Kochen, S., 234

Kreisel, G., 7

L

LaGrange, J., 282

Language of equality, 163
Language of ordered fields, 163
Language of rings, 163
Language of set theory, 163, 195
Liuchli, H., 490, 502

Lavrov, 1., 242, 260, 277, 280, 296
Law of excluded middle, 5
Least upper bound, 152
Lefschetz principle, 351
Leisenring, A., 485

Liar paradox, 276
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Lindenbaum, A., 200
Lindstrom, P., 6, 417, 424, 425
Lob, M., 299, 307

w-logic, 498

Logic without equality, 473
Logical axiom, 117, 171

Logical theorem, 171

Los, J., 393, 400
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Loéwenheim, L., 234
Lowenheim-Skolem theorem, 419, 478
Lukasiewicz, J., 131, 132
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M

Makkai, M., 311
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Many-sorted logic, 483
Markov, A., 75

Markov algorithms, 13, 45, 69
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Matrix, 187

Maximal filter, 149

Maximal ideal, 149
Measurable cardinal, 512
Meredith, C., 132
Metalanguage, 6

Minimal degree, 106
Minimalization, 78

Minsky, M., 25
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Monadic second-order logic, 490
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Montague, R., 485

Mostowski, A., 4, 8, 217, 242, 277, 279,

450, 453, 502
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Mycielski, J., 512
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N

Negation symbol, 162

Nonlogical constants, 164
Nonstandard analysis, 341
Nonstandard mathematics, 341
Nonstandard natural numbers, 341
Nonstandard number theory, 341
Nonstandard real numbers, 341
Nonterminating algorithmic step, 69
Normal form theorem, 80
Novikov, P., 111
Number-theoretic function, 26
Number-theoretic relation, 30
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Occurrence, 69
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Omitting types theorem, 442
Operation symbol, 162
Oracle, 105
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Padoa’s method, 368

Pairing function, 56
Parentheses, 132
Parenthesis-free notation, 116
Parovicenko, I., 517

Partial function, 76

Partial functional, 107

Partial recursive function, 78
Partial recursive functional, 107
Partitioning sequence, 376
Péter, R., 26, 41
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Polish notation, 116

Positive formula, 402
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Post, E., 131

Pour-El, M., 277
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Presburger, M., 234
Preservation theorem, 391
Prime, 343

Prime model, 358
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Primitive recursion, 77
Primitive recursive function, 34
Primitive recursive operations, 35
Primitive recursive relation, 35
Primitive Skolem expansion, 211
Primitive structure, 486
Primitive term, 312
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Principia Mathematica, 3
Priority arguments, 106
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Proper substitution, 179
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Real closed ordered field, 361
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Recursion principle, 117

Recursion theorem, 82
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Recursive equivalence type, 108

Recursive function, 45, 105

Recursive in, 105

Recursive real numbers, 109f
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Recursively converges, 109
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Recursively inseparable, 100

Recursively separable, 100
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Satisfies, 196

Saturated, 454
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Sikorski, R., 160 Theory, 208

Simple ordering structure, 449 Theory of, 208, 406

Simple set, 101 Theory of equality, 240
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Skolem functions, 212 Total function, 76

Skolem normal form theorem, 212 Total functional, 107
Skolem paradox, 334 Trachtenbrot, B., 257, 279
Skolem set, 211 Translation conditions, 206
Slomson, A., 502 Tree property, 517
Smullyan, R., 102, 311 True in, 196

Special function, 45 Truth, 121

Special structure, 466 Truth function, 128
Specker, E., 465 Truth table, 121

Spectrally represented, 254 Truth valuation, 169
Standard part, 345 Turing computability, 45
States, 14 Turing computable, 76
Stone space, 161 Turing computable function, 45, 105
Strong theory, 298 Turing degree, 105ff
Strongly compact cardinal, 507 Turing equivalent, 105
Strongly recursively inseparable, 103 Turing machine, 14, 45
Z-structure, 194 Twin-prime conjecture, 344
w-structure, 498 Two-way homomorphism, 475
Subalgebra, 222 Type, 493

Subdirect product, 392 Type symbol, 493
Subformula, 169 n-type, 441

Substitution, 178 Type theory, 6
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Subuniverse, 144, 222, 330 U

Subuniverse generated by, 144, 222 Ulam, S., 512

Summation, 27 Ultrafilter, 149, 317

Suszko, R., 400 Ultrapower, 320

Svenonius, L., 447 Ultraproduct, 317, 320
Symbol, 115 Ultraroot, 439

Symbolic, 3 Undecidable theory, 233, 279
Symbols of Z, 164 Underlying set, 142
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Syntactical Z-structure, 216 Unique readability, 116, 167
Syntactically defined, 244 Uniqueness condition, 206
Szmielew, W., 234 m-universal, 461

Universal class, 393
Universal formula, 212

T Universal function, 47
Taimanov, A., 242, 260, 277, 296 Universal Horn formula, 398
Taitslin, M., 242, 260, 277, 280, 296 Universal partial recursive function, 81
Tape description, 15 Universal quantifier, 162
Tarski, A., 131, 161, 191, 217, 228, 234, Universal sentence, 393

242, 276, 277, 279, 280, 339, 361, Universal specification, 182

392, 397, 489, 512, 517 Universal Turing machine, 80
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Term-defines, 195 Universally valid, 196
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Universe, 142

Unprovability of consistency, 298

Upward Lowenheim—Skolem theorem,
335
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van der Waerden, B., 361
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Vaught, R., 154, 378, 379, 445, 446, 447,
457, 502

Vector space, 352

w

Weak Church’s thesis, 46

Weak completeness theorem, 204
Weak direct product, 382

Weak effectivized general logic, 424
Weak general Logic, 417

Weak second-order logic, 488
Weakly compact cardinal, 507
Weakly syntactically defined, 245
Whitehead, A., 3, 6

Word, 69

Word problem for groups, 110f
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