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PREFACE

I present in this book a wide-ranging survey of many important topics in
the theory of partial differential equations (PDE), with particular emphasis
on various modern approaches. I have made a huge number of editorial
decisions about what to keep and what to toss out, and can only claim
that this selection seems to me about right. I of course include the usual
formulas for solutions of the usual linear PDE, but also devote large amounts
of exposition to energy methods within Sobolev spaces, to the calculus of
variations, to conservation laws, etc.

My general working principles in the writing have been these:

a. PDE theory is (mostly) not restricted to two independent vari-
ables. Many texts describe PDE as if functions of the two variables (x,y)
or (z,t) were all that matter. This emphasis seems to me misleading, as
modern discoveries concerning many types of equations, both linear and
nonlinear, have allowed for the rigorous treatment of these in any number
of dimensions. I also find it unsatisfactory to “classify” partial differential
equations: this is possible in two variables, but creates the false impression
that there is some kind of general and useful classification scheme available
in general.

b. Many interesting equations are nonlinear. My view is that overall
we know too much about linear PDE and too little about nonlinear PDE. 1
have accordingly introduced nonlinear concepts early in the text and have
tried hard to emphasize everywhere nonlinear analogues of the linear theory.

xviii
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c. Understanding generalized solutions is fundamental. Many of the
partial differential equations we study, especially nonlinear first-order equa-
tions, do not in general possess smooth solutions. It is therefore essential to
devise some kind of proper notion of generalized or weak solution. This is
an important but subtle undertaking, and much of the hardest material in

this book concerns the uniqueness of appropriately defined weak solutions.

d. PDE theory is not a branch of functional analysis. Whereas
certain classes of equations can profitably be viewed as generating abstract
operators between Banach spaces, the insistence on an overly abstract view-
point, and consequent ignoring of deep calculus and measure theoretic esti-
mates, is ultimately limiting.

e. Notation is a nightmare. | have really tried to introduce consistent
notation, which works for all the important classes of equations studied.
This attempt is sometimes at variance with notational conventions within a
subarea.

f. Good theory is (almost) as useful as exact formulas. [ incorporate
this principle into the overall organization of the text, which is subdivided
into three parts, roughly mimicking the historical development of PDE the-
ory itself. Part I concerns the search for explicit formulas for solutions, and

Part II the abandoning of this quest in favor of general theory asserting
the existence and other properties of solutions for linear equations. Part I11

UC Cx1VCLICC A0 OLVLICT 1TOPCILICE V1 SO1ULI01Ls 10D 11cal oualiQlls. I al

is the mostly modern endeavor of fashioning general theory for important
classes of nonlinear PDE.

Let me also explicitly comment here that I intend the development
within each section to be rigorous and complete (exceptions being the frankly
heuristic treatment of asymptotics in §4.5 and an occasional reference to a
research paper). This means that even locally within each chapter the topics
do not necessarily progress logically from “easy” to “hard” concepts. There
are many difficult proofs and computations early on, but as compensation
many easier ideas later. The student should certainly omit on first reading
some of the more arcane proofs.

I wish next to emphasize that this is a textbook, and not a reference
book. I have tried everywhere to present the essential ideas in the clearest
possible settings, and therefore have almost never established sharp versions
of any of the theorems. Research articles and advanced monographs, many
of them listed in the Bibliography, provide such precision and generality.
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My goal has rather been to explain, as best I can, the many fundamental
ideas of the subject within fairly simple contexts.

I have greatly profited from the comments and thoughtful suggestions
of many of my colleagues, friends and students, in particular: S. Antman,
J. Bang, X. Chen, A. Chorin, M. Christ, J. Cima, P. Colella, J. Cooper,
M. Crandall, B. Driver, M. Feldman, M. Fitzpatrick, R. Gariepy, J. Gold-
stein, D. Gomes, O. Hald, W. Han, W. Hrusa, T. [lmanen, I. Ishii, I. Israel,
R. Jerrard, C. Jones, B. Kawohl, S. Koike, J. Lewis, T.-P. Liu, H. Lopes,
J. McLaughlin, K. Miller, J. Morford, J. Neu, M. Portilheiro, J. Ralston,
F. Rezakhanlou, W. Schlag, D. Serre, P. Souganidis, J. Strain, W. Strauss,
M. Struwe, R. Temam, B. Tvedt, J.-L.. Vazquez, M. Weinstein, P. Wolfe,
and Y. Zheng.

I especially thank Tai-Ping Liu for many years ago writing out for me
the first draft of what is now Chapter 11.

I am extremely grateful for the suggestions and lists of mistakes from
earlier drafts of this book sent me by many readers, and I encourage others
to send me their comments, at evans@math.berkeley.edu. I have come to
realize that I must be more than slightly mad to try to write a book of
this length and complexity, but I am not yet crazy enough to think that I
have made no mistakes. I will therefore maintain a listing of errors
which come to light, and will make this accessible through the
math.berkeley.edu homepage.

Faye Yeager at UC Berkeley has done a really magnificent job typing
and updating these notes, and Jaya Nagendra heroically typed an earlier
version at the University of Maryland. My deepest thanks to both.

I have been supported by the NSF during much of the writing, most
recently under grant DMS-9424342.
LCE
August, 1997
Berkeley



Chapter 1

INTRODUCTION

1.1 Partial differential equations
1.2 Examples
1.3 Strategies for studying PDE
1.4 Overview
1.5 Problems

This chapter surveys the principal theoretical issues concerning the solv-
ing of partial differential equations.

To follow the subsequent discussion, the reader should first of all turn
to Appendix A and look over the notation presented there, particularly the
multiindex notation for partial derivatives.

1.1. PARTIAL DIFFERENTIAL EQUATIONS

A partial differential equation (PDE) is an equation involving an unknown
function of two or more variables and certain of its partial derivatives.

Using the notation explained in Appendix A, we can write out symbol-
ically a typical PDE, as follows. Fix an integer k > 1 and let U denote an
open subset of R™.

DEFINITION. An ezpression of the form
(1) F(D*u(z), D" lu(z),..., Du(z),u(z),z) =0 (z € U)
is called a k*-order partial differential equation, where

F:R"xR" 'x--xR*xRxU—R

r--I
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is given, and

1s the unknown.

: verifying (1), possibly only among those
functions satisfying certain auxiliary boundary conditions
of OU. By finding the solutions we mean, ideally, obtaining

-------- S0 DRALLLRAAL 2220420, AaAtalL

o

........ g simple, explicit

solutions, or, failing that, deducing the existence and other properties of
solutions.

DEFINITIONS.
(i) The partial differential equation (1) is called linear if it has the form
Y aa(z)Du = f(x)
la|<k
for given functions an (|a| < k), f. This linear PDE is homogeneous
if f=0.
(i) The PDE (1) is semilinear if it has the form
Z ao(z)D%u + ag(D* tu, ..., Du,u,z) = 0.
|at|=k
(iii) The PDE (1) is quasilinear if it has the form
Z aa(D*¥ u, ..., Du,u, r) D% + ao(D*u, ..., Du,u,z) = 0.
lal=k
(iv) The PDE (1) is fully nonlinear if it depends nonlinearly upon the
highest order derivatives.

A system of partial differential equations is, informally speaking, a col-
lection of several PDE for several unknown functions.
DEFINITION. An expression of the form
(2) F(D*u(z), D*"'u(z),..., Du(z),u(z),z) =0 (z €U)
is called a k*h-order system of partial differential equations, where
F:R™ xR™ 7 x...x R™ x R™ x U — R™

s given and
uw:U—-R™ u=(ul,..., v

18 the unknown.

Here we are supposing that the system comprises the same number m
of scalar equations as unknowns (u!,...,u™). This is the most common
circumstance, although other systems may have fewer or more equations

than unknowns.

Systems are classified in the obvious way as being linear, semilinear, etc.




1.2. EXAMPLES 3

Remark. We use “PDE” as an abbreviation for both “partial differential

equation” and “partial differential equations”. O
19 BYAMPIEQ
Ao dede Bd LML ALVAA AJIALIVD

There is no general theory known concerning the solvability of all partial
differential equations. Such a theory is extremely unlikely to exist, given
the rich variety of physical, geometric, and probabilistic phenomena which
can be modeled by PDE. Instead, research focuses on various particular
partial differential equations that are important for applications within and
outside of mathematics, with the hope that insight from the origins of these
PDE can give clues as to their solutions.

Following is a list of many specific partial differential equations of in-
terest in current research. This listing is intended merely to familiarize the
reader with the names and forms of various famous PDE. To display most
clearly the mathematical structure of these equations, we have mostly set
relevant physical constants to unity. We will later discuss the origin and
interpretation of many of these PDE.

Throughout = € U, where U is an open subset of R*, and ¢ > 0. Also
Du = Dyu = (ug,,...,uy,) denotes the gradient of u with respect to the
spatial variable z = (z1,...,Zp).

1.2.1. Single partial differential equations.
a. Linear equations.

1. Laplace’s equation

n
Au = E Ug,z; = 0.
i=1

Helmholtz’s (or eigenvaiue) equation

—Au = Au.

bo

3. Linear transport equation

[}
us + Zbiuzi = ().

=1

4. Liouville’s equation

n

u— > (bu), =0.

i=1
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5. Heat (or diffusion) equation

U — Au=0.
6. Schrodinger’s equation

ug + Au=0.

7. Kolmogorov’s equation

Qo

ur— Y (07u)g0; — Y (Bu)g, = 0.
i,j=1 i=1
9. Wave equation /
U — Au = 0.

10. Telegraph equation
u + duy — ugy = 0.

11. General wave equation

n n

i .

Uy — E augz; + E bu,, = 0.
ij=1 i=1

12. Airy’s equation

Ut + u:czz == 0-

[y
[I\]
ty
(4}
8
3
[0}

Y%

3
8
e
o
(=
3
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b. Nonlinear equations.

1. Eikonal equation
|Du| = 1.

[SV]

. Nonlinear Potsson equation

—Au = f(u).
3. p-Laplacian equation
div(|DulP~?Du) = 0.

4. Minimal surface equation

Du
di = (.
v ((1 n |Du|2)1/2)

5. Monge—-Ampeére equation

det(D?u) = f.

6. Hamilton—Jacobi equation
uy + H(Du,z) = 0.
7. Scalar conservation low
ut + div F(u) = 0.
8. Inwiscid Burgers’ equation
ug + uugy = 0.
9. Scalar reaction-diffusion equation
up — Au = f(u).
10. Porous medium equation
ur — Au") =0.
11. Nonlinear wave equations

wy — Au = f(u),
Ut — div a(Du) = 0.

12. Korteweg—deVries (KdV) equation




(=]

1.2.2. Systems of partial differential equations.

a. Linear systems.

1. Equilibrium equations of linear elasticity
pAu + (A + p)D(divu) = 0.

2. Evolution equations of linear elasticity

uy — pdua - (A + p)D{divu) = 0.

3. Mazxwell’s equations

Et =curl B
B; = —curlE
divB =divE = 0.

b. Nonlinear systems.

1. System of conservation laws
u; +divF(u) = 0.
2. Reaction-diffusion system

u; — Au = f(u).

3. Euler’s equations for incompressible, inviscid flow

{ut-}-uoDu:—Dp
diva=0.

4. Navier—Stokes equations for incompressible, viscous flow

{ut+u-Du—Au=—Dp
divu = 0.

PDE.

See Zwillinger [ZW] for a much more extensive listing of interesting
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1.3. STRATEGIES FOR STUDYING PDE

As explained in §1.1 our goal is the discovery of ways to solve partial differ-
ential equations of various sorts, but—as should now be clear in view of the
many diverse examples set forth in §1.2—this is no easy task. And indeed
the very question of what it means to “solve” a given PDE can be subtle,
depending in large part on the particular structure of the problem at hand.

1.3.1. Well-posed problems, classical solutions.

The informal notion of a well-posed problem captures many of the desir-
able features of what it means to solve a PDE. We say that a given problem
for a partial differential equation is well-posed if

(a) the problem in fact has a solution;
(b) this solution is unique;

and
(c) the solution depends continuously on the data given in the problem.

The last condition is particularly important for problems arising from
physical applications: we would prefer that our (unique) solution changes
only a little when the conditions specifying the problem change a little. (For
many problems, on the other hand, uniqueness is not to be expected. In
these cases the primary mathematical tasks are to classify and characterize
the solutions.)

Now clearly it would be desirable to “solve” PDE in such a way that
(a)—(c) hold. But notice that we still have not carefully defined what we
mean by a “solution”. Should we ask, for example, that a “solution” u must
be real analytic or at least infinitely differentiable? This might be desirable,
but perhaps we are asking too much. Maybe it would be wiser to require a
solution of a PDE of order k to be at least k times continuously differentiable.
Then at least all the derivatives which appear in the statement of the PDE
will exist and be continuous, although maybe certain higher derivatives will
not exist. Let us informally call a solution with this much smoothness a
classical solution of the PDE: this is certainly the most obvious notion of
solution.

So by solving a partial differential equation in the classical sense we mean
if possible to write down a formula for a classical solution satisfying (a)—(c)
above, or at least to show such a solution exists, and to deduce various of
its properties.

1.3.2. Weak solutions and regularity.

But can we achieve this? The answer is that certain specific partial
differential equations (e.g. Laplace’s equation) can be solved in the classical
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sense, but many others, if not most others, cannot. Consider for instance
the scalar conservation law

ut + F(u), = 0.

We will see in §3.4 that this PDE governs various one-dimensional phenom-
ena involving fluid dynamics, and in particular models the formation and
propagation of shock waves. Now a shock wave is a curve of discontinuity
of the solution u; and so if we wish to study conservation laws, and recover
the underlying physics, we must surely allow for solutions % which are not
continuously differentiable or even continuous. In general, as we shall see,
the conservation law has no classical solutions, but is well-posed if we allow

for properly defined generalized or weak solutions.

This is all to say that we may be forced by the structure of the par-
ticular equation to abandon the search for smooth, classical solutions. We
must instead, while still hoping to achieve the well-posedness conditions (a)-
(c), investigate a wider class of candidates for solutions. And in fact, even
for those PDE which turn out to be classically solvable, it is often most
expedient initially to search for some appropriate kind of weak solution.

The point is this: if from the outset we demand that our solutions be very
regular, say k-times continuously differentiable, then we are usually going
to have a really hard time finding them, as our proofs must then necessarily
include possibly intricate demonstrations that the functions we are building
are in fact smooth enough. A far more reasonable strategy is to consider as
separate the existence and the smoothness (or regularity) problems. The idea
is to define for a given PDE a reasonably wide notion of a weak solution, with
the expectation that since we are not asking too much by way of smoothness
of this weak solution, it may be easier to establish its existence, uniqueness,
and continuous dependence on the given data. Thus, to repeat, it is often
wise to aim at proving well-posedness in some appropriate class of weak or
generalized solutions.

Now, as noted above, for various partial differential equations this is
the best that can be done. For other equations we can hope that our weak
solution may turn out after all to be smooth enough to qualify as a classical
solution. This leads to the question of regularity of weak solutions. As we
will see, it is often the case that the existence of weak solutions depends
upon rather simple estimates plus ideas of functional analysis, whereas the
regularity of the weak solutions, when true, usually rests upon many intricate
calculus estimates.

Let me explicitly note here that once we are past Part I (Chapters 2-4),
our efforts will be largely devoted to proving mathematically the existence
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of solutions to various sorts of partial differential equations, and not so much
to deriving formulas for these solutions. This may seem wasted or misguided
effort, but in fact mathematicians are like theologians: we regard existence
as the prime attribute of what we study. But unlike most theologians, we
need not always rely upon faith alone.

1.3.3. Typical difficulties.

Following are some vague but general principles, which may be useful to
keep in mind:
(1) Nonlinear equations are more difficult than linear equations; and,
indeed, the more the nonlinearity affects the higher derivatives, the
more difficult the PDE is.

(2) Higher-order PDE are more difficult than lower-order PDE.
(3) Systems are harder than single equations.

(4) Partial differential equations entailing many independent variables
are harder than PDE entailing few independent variables.

(5) For most partial differential equations it is not possible to write out
explicit formulas for solutions.

None of these assertions is without important exceptions.

1.4 OVERVIEW
A e"Xe s v ARJ

vV AJdJAw vy

This textbook is divided into three major Parts.

PART I: Representation Formulas for Solutions

- wzrn 1Alo hnon Trmamard mardkial AifFavantial a~nssandianag fan
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in certain circumstances explicit or more-or-less explicit formulas can be had
for solutions. The general progression of the exposition is from direct formu-
las for certain linear equations, to far less concrete representation formulas,
of a sort, for various nonlinear PDE.

Chapter 2 is a detailed study of four exactly solvable partial differen-
tial equations: the linear transport equation, Laplace’s equation, the heat
equation, and the wave equation. These PDE, which serve as archetypes for
the more complicated equations introduced later, admit directly computable
solutions, at least in the case that there is no domain whose boundary geom-
etry complicates matters. The explicit formulas are augmented by various
indirect, but easy and attractive, “energy”-type arguments, which serve as
motivation for the developments in Chapters 6, 7 and thereafter.

Chapter 3 continues the theme of searching for explicit formulas, now
for general first-order nonlinear PDE. The key insight is that such PDE
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can, locally at least, be transformed into systems of ordinary differential
equations (ODE), the characteristic equations. We stipulat;e that once the

PRy Y PV R U 1229 4L o nodion ~F Aepreend ian azratnann ~Ff MM 24
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is in principle solved, sometimes quite explicitly. The derivation of the
characteristic equations given in the text is very simple and does not require
any geometric insights. It is in truth so easy to derive the characteristic
equations that no real purpose is had by dealing with the quasilinear case

first.

We introduce also the Hopf-Lax formula for Hamilton—Jacobi equa-
tions (§3.3) and the Lax—Oleinik formula for scalar conservation laws (§3.4).
(Some knowledge of measure theory is useful here, but is not essential.)
These sections provide an early acquaintance with the global theory of these
important nonlinear PDE, and so motivate the later Chapters 10 and 11.

Chapter 4 is a grab bag of techniques for explicitly (or kind of explicitly)
solving various linear and nonlinear partial differential equations, and the
reader should study only whatever seems interesting. The section on the
Fourier transform is, however, essential. The Cauchy-Kovalevskaya Theorem
appears at the very end. Although this is basically the only general existence
theorem in the subject, and thus logically should perhaps be regarded as
central, in practice these power series methods are not so prevalent.

PART II: Theory for Linear Partial Differential Equations

Next we abandon the search for explicit formulas and instead rely on
functional analysis and relatively easy “energy” estimates to prove the ex-
istence of weak solutions to various linear PDE. We investigate also the

unlﬁl‘lﬁﬂmﬁ 91’\(‘] 'l'ﬂ()"ll]ﬁ'l"lfv n{" Qllf‘h qninflnnq an ‘d dvl‘lllcﬁ Vs\rlnnq nfhnr T\Y‘n‘l’\_
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erties.

Chapter 5 is an introduction to Sobolev spaces, the proper setting for
the study of many linear and nonlinear partial differential equations via en-
ergy methods. This is a hard chapter, the real worth of which is only later
revealed, and requires some basic knowledge of Lebesgue measure theory.
However, the requirements are not really so great, and the review in Ap-
pendix E should suffice. In my opinion there is no particular advantage in
considering only the Sobolev spaces with exponent p = 2, and indeed in-
sisting upon this obscures the two central inequalities, those of Gagliardo—
Nirenberg—Sobolev (§5.6.1) and of Morrey (§5.6.2).

In Chapter 6 we vastly generalize our knowledge of Laplace’s equation to
other second-order elliptic equations. Here we work through a rather com-
plete treatment of existence, uniqueness and regularity theory for solutions,
including the maximum principle, and also a reasonable introduction to the
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study of eigenvalues, including a discussion of the principal eigenvalue for
nonselfadjoint operators.

Chapter 7 expands the energy methods to a variety of linear partial
differential equations characterizing evolutions in time. We broaden our
earlier investigation of the heat equation to general second-order parabolic
PDE, and of the wave equation to general second-order hyperbolic PDE. We
study as well linear first-order hyperbolic systems, with the aim of motivat-
ing the developments concerning nonlinear systems of conservation laws in
Chapter 11. The concluding section 7.4 presents the alternative functional
analytic method of semigroups for building solutions.

(Missing from this long Part II on linear partial differential equations is
any discussion of distribution theory or potential theory. These are impor-
tant topics, but for our purposes seem dispensable, even in a book of such
length. These omissions do not slow us up much, and make room for more
nonlinear theory.)

PART III: Theory for Nonlinear Partial Differential Equations

This section parallels for nonlinear PDE the development in Part II, but
is far less unified in its approach, as the various types of nonlinearity must
be treated in quite different ways.

Chapter 8 commences the general study of nonlinear partial differential
equations with an extensive discussion of the calculus of variations. Here
we set forth a careful derivation of the direct method for deducing the ex-
istence of minimizers, and discuss also a variety of variational systems and
constrained problems, as well as minimax methods. Variational theory is
the most useful and accessible of the methods for nonlinear PDE, and so
this chapter is fundamental.

Chapter 9 is, rather like Chapter 4 before, a gathering of assorted other
techniques of use for nonlinear elliptic and parabolic partial differential equa-
tions. We encounter here monotonicity and fixed-point methods, and a va-
riety of other devices, mostly involving the maximum principle. We study
as well certain nice aspects of nonlinear semigroup theory, to complement
the linear semigroup theory from Chapter 7.

Chapter 10 is an introduction to the modern theory of Hamilton—Jacobi
PDE, and in particular to the notion of “viscosity solutions”. We encounter
also the connections with the optimal control of ODE, through dynamic
programming.
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Chapter 11 picks up from Chapter 3 the discussion of conservation laws,
now systems of conservation laws. Unlike the general theoretical develop-
ments in Chapters 5-9, for which Sobolev spaces provide the proper abstract
framework, we are forced to employ here direct linear algebra and calculus
computations. We pay particular attention to the solution of Riemann’s
problem and to entropy criteria.

Appendices A-E provide for the reader’s convenience some background
material, with selected proofs, on inequalities, linear functional analysis,
measure theory, etc.

The Bibliography primarily provides a listing of interesting PDE books
to consult for further information. Since this is a textbook , and not a refer-
ence monograph, I have mostly not attempted to track down and document
the original sources for the myriads of ideas and methods we will encounter.
The mathematical literature for partial differential equations is truly vast,
but the books cited in the Bibliography should at least provide a starting
point for locating the primary sources.

1.5. PROBLEMS

1. Classify each of the partial differential equations in §1.2 as follows:
(a) Is the PDE linear, semilinear, quasilinear or fully nonlinear?
(b) What is the order of the PDE?

Tha nvt avare ™m
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introduced in Appendix A.
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2. Prove the Multinomia
k ||
(T14+...+z,)° = § (a %,

!
where |°" J—L a! = oglag! ... ap!, and z* = 27 ... z&". The sum
is taken over all multiindices a = (o, ..., ap) with |a| =

3. Prove Leibniz’ formula
D% (uv) = Z (a) DPuD* Py,
B<a b

where u,v : R® — R are smooth, (g) = ma‘;"fﬂﬁ, and # < a means

Bi<a; (i=1,...,n).
4. Assume that f : R® — R is smooth. Prove

1
fle)= 3 —D°f(0)z* + O(lz[**") asz—0

o <k
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for each k = 1,2,.... This is Taylor’s formulae in multiindex notation.

(Hint: Fix £ € R™ and consider the function of one variable g(t) :=

f(tz).)
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EQUATIONS

2.1 Transport equation
2.2 Laplace’s equation
2.3 Heat equation

2.4 Wave equation

2.5 Problems

2.6 References

In this chapter we introduce four fundamental linear partial differen-
tial equations for which various explicit formulas for solutions are available.
These are

the transport equation  wu;+b-Du=0 (§2.1),

Laplace’s equation Au=0 (§2.2),
the heat equation uw—Au=0  (§2.3),
the wave equation Uy —Au=20 (§2.4).

Before going further, the reader should review the discussions of in-
annghhne inteoration hv parte. CGreen’s formulas (-nnvn]nhnnq ete. m AT)—
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pendices B and C, and later refer back to these as necessary.
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2.1. TRANSPORT EQUATION

Probably the simplest partial differential equation of all is the transport
equation with constant coeflicients. This is the PDE

(1) us+b-Du=0 inR" x (0, 00),

where b is a fixed vector in R", b = (by,... ,b,), and u : R x [0,00) — R
is the unknown, u = u(z,t). Here z = (z;,... ,%n) € R™ denotes a typical
point in space, and t > 0 denotes a typical time. We write Du = D,u =
(Ugys---,Ug,) for the gradient of v with respect to the spatial variables x.

Which functions u solve (1)7 To answer, let us suppose for the moment

we are given some smooth solution v and try to compute it. To do so, we
first must recognize that the partial differential equation (1) asserts that a
particular directional derivative of u vanishes. We exploit this insight by

fixing any point (z,t) € R" x (0,00) and defining
z(s) ==u(x + sb,t +35) (s €R).

We then calculate

2(s) = Dulz + bt + 8) - b+ ue(z + sbyt +8) = 0 ( _ %),

the second equality holding owing to (1). Thus (‘) is a constant function of
s, and consequently for each point (z,t), u is constant on the line through
(z,t) with the direction (b,1) € R™"!. Hence if we know the value of u at
any point on each such line, we know its value everywhere in R™ x (0, 00).

2.1.1. Initial-value problem.

For definiteness therefore, let us consider the initial-value problem

{ut+b-Du=0 in R x (0, 0)

(2) u=g onR"x {t=0}

Here b € R™ and g : R® — R are known, and the problem is to compute
u. Given (z,t) as above, the line through (z,t) with direction (b,1) is
represented parametrically by (z + sb,t + s) (s € R). This line hits the

plane T := R™ x {t = 0} when s = —t, at the point (z — tb,0). Since u is
constant on the line and u(x — tb,0) = g(x — tb), we deduce

(3) u(z,t) =gz —tb) (z € R",t>0).

So, if (2) has a sufficiently regular solution u, it must certainly be given
by (3). And conversely, it is easy to check directly that if g is C!, then u
defined by (3) is indeed a solution of (2).
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Remark. If g is not C, then there is obviously no C! solution of (2). But
even in this case formula (3) certainly provides a strong, and in fact the
only reasonable, candidate for a solution. We may thus informally declare
u(z,t) = g(z—1tb) (x € R™, t > 0) to be a weak solution of (2), even should g
not be C. This all makes sense even if g, and thus u, are discontinuous. Such
a notion, that a nonsmooth or even discontinuous function may sometimes
solve a PDE, will come up again later when we study nonlinear transport
phenomena in §3.4. O

2.1.2. Nonhomogeneous problem.

Next let us look at the associated nonhomogeneous problem

(@) {ut+b-Du=f in R™ x (0, 00)

u=g onR"x {t=0}

As before fix (z,t) € R**! and, inspired by the calculation above, set z(s) :=
u(z + sb,t + s) for s € R. Then

2 — Myl 3 sk o2 N L PORY SIS TS SR . (T R I T Y
“\0) = LWL TS50, TS 0T WL T+50,L1T85) = JlL T 80,01 §5).

Consequently

0

u(z,t) — g(z — bt) = 2(0) — z(—t) = / 2(s)ds

-1

0
= / f(x+ sb,t+s)ds
J—t

=/tf(a:+(s—t)b,s)ds;

0

and so

(5) ulz,t) = g(x —tb) +ft flz+(s—t)b,s)ds (ze€R" t>0)
0

solves the initial-value problem (4).

We will later employ this formula to solve the one-dimensional wave
equation, in §2.4.1.

Remark. Observe that we have derived our solutions (3), (5) by in effect
converting the partial differential equations into ordinary differential equa-
tions. This procedure is a special case of the method of characteristics,
developed later in §3.2. a
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2.2. LAPLACE’S EQUATION

Among the most important of all partial differential equations are undoubt-
edly Laplace’s equation

(1) Au=0
and Poisson’s equation

(2) —Au=f"

In both (1) and (2), z € U and the unknown is u : U — R, u = u(z),

where U C R" is a given open set. In (2) the function f : U — R is also

given. Remember from §A.3 that the Laplacian of u is Au= 3" | ug,q;.

DEFINITION. A C? function u satisfying (1) is called a harmonic func-
tion.

Physical interpretation. Laplace’s equation comes up in a wide variety
of physical contexts. In a typical interpretation u denotes the density of
some quantity (e.g. a chemical concentration) in equilibrium. Then if V is
any smooth subregion within U, the net flux of u through JV is zero:

/ F-vdS=0,
ov

F denoting the flux density and v the unit outer normal field. In view of
the Gauss—Green Theorem (§C.2), we have

/didemz/ F-vdS=0,
Vv ov

and so
(3) divF=0 inU,

since V was arbitrary. In many instances it is physically reasonable to as-
sume the flux F is proportional to the gradient Du, but points in the opposite
direction (since the flow is from regions of higher to lower concentration).
Thus

(4) F=—-aDu (a>0).

*I prefer to write (2) with the minus sign, to be consistent with the notation for general
second-order elliptic operators in Chapter 6.
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Substituting into (3), we obtain Laplace’s equation

div(Du) = Au=0.
If » denotes the i )
chemical concentration
temperature
electrostatic potential,
equation (4) is
Fick’s law of diffusion
! Fourier’s law of heat conduction
| Ohm’s law of electrical conduction.
See Feynman-Leighton—Sands {F-L-S, Chapter 12] for a discussion of the
ubiquity of Laplace’s equation in mathematical physics. Laplace’s equation

arises as well in the study of analytic functions and the probabilistic inves-
tigation of Brownian motion. O

2.2.1. Fundamental solution.
a. Derivation of fundamental solution.

One good strategy for investigating any partial differential equation is
first to identify some explicit solutions and then, provided the PDE is linear,
to assemble more complicated solutions out of the specific ones previously
noted. Furthermore, in looking for explicit solutions it is often wise to re-
strict attention to classes of functions with certain symmetry properties.
Since Laplace’s equation is invariant under rotations (Problem 2), it conse-
quently seems advisable to search first for radial solutions, that is, functions
of r = |z|.

Let us therefore attempt to find a solution u of Laplace’s equation (1)
in U = R", having the form

u(z) = v(r),
where r = |z| = (4 --- + £2)1/2 and v is to be selected (if possible) so
that Au = 0 holds. First note fori =1,...,n that

or 1 2\—1/2 Z;
amizi(:c%+---+:vn) 233:':‘; (z #0).

We thus have
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fori=1,...,n, and so
Au = v"(r) + —='(r)
Hence Awu = 0 if and only if
(5) "+ lv' =0
If v/ # 0, we deduce ;o
v —-n
log(v') = o=

and hence v'(r) = =1 for some constant a. Consequently if r > 0, we have
blogr+c¢ (n=2)
'v(r) = b
s tc  (n2>3),

where b and ¢ are constants.

These considerations motivate the following
DEFINITION. The function
— 55 log |z (n=2)
d — 2

n(n—2)a(n) [z|n—*

defined for € R", = # 0, is the fundamental solution of Laplace’s equation.

The reason for the particular choices of the constants in (6) will be
apparent in a moment. (Recall from §A.2 that a(n) denotes the volume of
the unit ball in R™.)

We will sometimes slightly abuse notation and write ®(z) = ®(|z|) to
emphasize that the fundamental solution is radial. Observe also that we
have the estimates

) D&(z)| < mi—l |D?%(z)| < 1—;'— (z #0)

for some constant C' > 0.
b. Poisson’s equation.

By construction the function z — ®(z) is harmonic for = # 0. If we shift
the origin to a new point y, the PDE (1) is unchanged; and so z — ®(z —y)
is also harmonic as a function of z,  # y. Let us now take f : R®™ — R and
note that the mapping z — ®(x —y) f(y) (z # y) is harmonic for each point
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y € R", and thus so is the sum of finitely many such expressions built for
different points y.
This reasoning might suggest that the convolution

w@)= g Bz —y)f(y) dy
(8) ~ { —% [relog(lz—y)f(¥)dy (n=2)
e o Tl dy (2 3)

will solve Laplace’s equation (1). However, this is wrong: we cannot just
compute

) Bu@) = [ A8 —9)fwdy=0

Indeed, as intimated by estimate (7), D?>®(x — y) is not summable near the
singularity at ¥ = z, and so the differentiation under the integral sign above
is unjustified (and incorrect). We must proceed more carefully in calculating

Au.

Let us for simplicity now assume f € C2(R"); that is, f is twice contin-
uously differentiable, with compact support.

THEOREM 1 (Solving Poisson’s equation). Define u by (8). Then
(i) ue CHR")

and
(il) —Au=f inR".

We consequently see that (8) provides us with a formula for a solution
of Poisson’s equation (2) in R"™.
Proof. 1. We have
u(x) = f Sz—y)fly)dy = / ®(y)f(z —y) dy;
Rr R~
hence
u(z + he;) — u(x) flx+ he; —y)— f(z —vy)
0D - [ ew) o da,
R~

where h £ 0 and e; = (0,...,1,...,0), the 1 in the i**-slot. But

fothe—y) ~f=y) _ 8f

)
h Oz; ’

b pQEre—
o

2
b4
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uniformly on R™ as h — 0, and thus

x) / Dy :r:—y)dy (i=1,...,n).

Similarly
2

9u O f
Oz;0z; (z) = fRn 2(y) Oz;0z

As the expression on the right hand side of (10) is continuous in the variable
z, we see u € C2(R").

(10)

-(z —y)dy (t,7=1,...,n).
J

2. Since ® blows up at 0, we will need for subsequent calculations to
isolate this singularity inside a small ball. So fix € > 0. Then

puw) = [ Syt [ eAf =)
=:I. + Je..

(11)

Now
Ce?|loge| (n=2)

12 I.| € C||D?*f|| L / ® d<{
(12) L] £ ClID*flle ) B(O,E)l Wldy < o2 (n>3).

An integration by parts (see §C.2) yields

J. = / B(y) Ay f (@ ~ ) dy
R~ B(0,e)

(13) £
+ [ (I)(n\g(x—n\ dS(u)
./c’)B(O ) g0 y)aoly,
£
=: K¢ + L,

v denoting the inward pointing unit normal along 8B(0, ). We readily check
f ( Ce

(18 |LA < IDflomey [ |2@)IdSE) <
8B(0,¢) Ce

3. We continue by integrating by parts once again in the term K, to

o
K. = /Rn_BwE)A‘I’(y’f(m’y)dy A A (EREE)

- [ @) ds)
AB(0,¢)
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since ® is harmonic away from the origin. Now D®(y) = ﬁlﬁfﬁ% (y #0)
and v = ﬁ = —% on B(0,¢). Consequently 2 (y)=v-DO(y) = nTaz(—n;?‘j
on 8B(0,¢). Since na(n)e™! is the surface area of the sphere B(0,¢), we
have

Es

na(n)en-1 /BB(O,E)

=—]l f(y)dS(y) — —f(z) ase—0.
8B(z,e)

K. = flx —y)dS(y)

(15)

(Remember from §A.3 that a slash through an integral denotes an average.)

4. Combining now (11)-(15) and letting ¢ — 0, we find —Au(z) = f(z),
as asserted. a

Remarks. (i) We sometimes write
—A®P=§ inR"

8y denoting the Dirac measure on R” giving unit mass to the point 0. Adopt-
ing this notation, we may formally compute:

_ Au(z) = /Rn ~A,(z —y) f(y)dy

_ / 5:f(y)dy = f(z) (z€R™),
R~

in accordance with Theorem 1. This corrects the erroneous calculation (9).

(i) Theorem 1 is in fact valid under far less stringent smoothness re-
quirements for f: see Gilbarg-Trudinger (G-T]. a

2.2.2. Mean-value formulas.

Consider now an open set U C R" and suppose u is a harmonic function
within U. We next derive the important mean-value formulas, which declare
that u(z) equals both the average of u over the sphere dB(z,r) and the
average of u over the entire ball B(z,r), provided B(z,r) C U. These
implicit formulas involving u generate a remarkable number of consequences,
as we will momentarily see.

THEOREM 2 (Mean-value formulas for Laplace’s equation). Ifu € C?(U)
is harmonic, then

(16) u(z) = ][ udS = udy
8B(z,r) B(

z,r)

for each ball B(z,r) C U.
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Proof. 1. Set

o(r) := ][aB(m,T;z(y) dS(y) = ][8 u(z + rz) dS(2).

B(0,1)
Then
@' (r) = ][ Du(x + rz) - 2dS(z),
7]

B(0,1)
and consequently, using Green’s formulas from §C.2, we compute

¢(r) = ][a Du(y) - L=Z ds(y)

B(z,r) r
={  asw
fBB(m,'r) v

= i]l Auly) dy = 0.
nJ B(z,r)

Hence ¢ is constant, and so

.....

2. Observe next that our employing polar coordinates, as in §C.3, gives

T
/ udy = / ( f udS) ds
B(z,r) 0 8B(z,s)

T
NN

= u(x) jo na(n)s" tds = a(n)r"u(z).
ad

THEOREM 3 (Converse to mean-value property). If u € C2(U) satisfies

u(z) = ][ udS
dB(z,r)

for each ball B(z,r) C U, then u is harmonic.

Proof. If Au # 0, there exists some ball B(z,r) C U such that, say, Au > 0
within B(z,r). But then for ¢ as above,

0=¢'(r) = g][B( )Au(y) dy > 0,

a contradiction. a
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2.2.3. Properties of harmonic functions.

We now present a sequence of interesting deductions about harmonic
functions, all based upon the mean-value formulas. Assume for the following
that U C R" is open and bounded.

a. Strong maximum principle, uniqueness.

THEOREM 4 (Strong maximum principle). Suppose u € C%(U) N C(U)
s harmonic within U.

(i) Then
max 4 = max u.
o au
(ii) Furthermore, if U is connected and there exists a point xo € U such
that
u(xp) = max u,
[
then

u s constant within U.

Assertion (i) is the mazimum principle for Laplace’s equation and (ii) is
the strong mazimum principle. Replacing u by —u, we recover also similar

acscnrtiane writh min’
QO

1 avn g ({3
OCL VAVULIOD VYYiull 112411

"f\“] SoIT o
Ipiading iax’ .

Proof. Suppose there exists a point ¢ € U with u(zg) = M := maxy u.
Then for 0 < r < dist(zg, 8U), the mean-value property asserts
M=u(a:0)=][ udy < M.
B(zo,r)
As equality holds only if v = M within B(zg,r), we see u(y) = M for all
y € B(z,r). Hence the set {x € U | u(z) = M} is both open and relatively
closed in U, and thus equals U if U is connected. This proves assertion (ii),
from which (i) follows. a

Remark. The strong maximum principle asserts in particular that if U is
connected and u € C?(U) N C(U) satisfies
Au=0 inU
u=g ondU,
where g > 0, then u is positive everywhere in U if ¢ is positive somewhere
on 9U. a

An important application of the maximum principle is establishing the
uniqueness of solutions to certain boundary-value problems for Poisson’s
equation.
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THEOREM 5 (Uniqueness). Letg € C(3U), f € C(U). Then there exists
at most one solution u € C2(U) N C(U) of the boundary-value problem

—Au=f inU
(17) { u=g ondU.
Proof. If 4 and @ both satisfy (17), apply Theorem 4 to the harmonic
functions w := (u — u). O

b. Regularity.

Now we prove that if u € C? is harmonic, then necessarily u € C*.
Thus harmonic functions are automatically infinitely differentiable. This
sort of assertion is called a regularity theorem. The interesting point is that
the algebraic structure of Laplace’s equation Au = >* | Uz,5, = 0 leads to
the analytic deduction that all the partial derivatives of u exist, even those
which do not appear in the PDE.

THEOREM 6 (Smoothness). If u € C(U) satisfies the mean-value prop-
erty (16) for each ball B(z,r) C U, then

u € C*().
Note carefully that » may not be smooth, or even continuous, up to oU.

Proof. Let 1 be a standard mollifier, as described in §C.4, and recall that
n is a radial function. Set u® := 7. *x v in U, = {z € U | dist(z,0U) > ¢}.
As shown in §C.4, u® € C*(U,).

We will prove u is smooth by demonstrating that in fact v = «* on U..
Indeed if z € U,, then

u(z) = | n(z —y)uly) dy
Ju
1 T —
== 'n(l y'\u(y)dy
€" JB(@ze) \ €/

= u(@) [ 0 (%) natrtar by (16

En

= u(z) /B L =)

Thus u® = u in U, and so u € C*°(U,) for each € > 0. a
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c. Local estimates for harmonic functions.

Next we employ the mean-value formulas to derive careful estimates on
the various partial derivatives of a harmonic function. The precise structure
of these estimates will be needed below, when we prove analyticity.

THEOREM 7 (Estimates on derivatives). Assume u is harmonic in U.
Then

Ck
el (Bzoir)

(18) | D%u(zo)| < ot

for each ball B(zg,7) C U and each multiindex @ of order |a| = k.

Here

n+1 k
(19) Co = 1 C, = 2" nk)"

el k=1,...).

a(n)

Proof. 1. We establish (18), (19) by induction on k, the case k = 0 being
immediate from the mean-value formula (16). For k¥ = 1, we note upon
differentiating Laplace’s equation that u,, (¢ = 1,...,n) is harmonic. Con-
sequently

unao) = | f s, daf
B(zo,r/2)

2‘n
(20) = | ——
aln)r JaB(zo,r/2)

uy; dS |

2n
< T||u||Loo(aB(mo,§))°

Now if z € 8B(zg,r/2), then B{zx,r/2) C B(zo,r) C U, and so

1 2\"
@) < 255 (2) Wellsenny

by (18), (19) for £ = 0. Combining the inequalities above, we deduce

2n+1n 1

| D%u(xp)| < W s llll L2 (Bzo,r)

if ja| = 1. This verifies (18), (19) for k = 1.

2. Assume now k > 2 and (18), (19) is valid for all balls in U and each
multiindex of order less than or equal to k — 1. Fix B(zp,r) C U and let o
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be a multiindex with |a| = k. Then D%y = (DPu),, for some i € {1,...,n},
|8| = k — 1. By calculations similar to those in (20), we establish that

nk
| D%u(xo)| < T”Dﬁu”Lw(aB(xg,%))-
If x € 8B(xo, ), then B(z, k=lr) C B(zo,r) C U. Thus (18), (19) for
k — 1 imply

(2 n(k — 1))

|Dﬁu(a:)| < a(n) (k—lr)n+k—1 ”u”Ll(B(JL‘(],T))'
'

P : 1.

I~ 1.0 ¢ 11 4 s S s o IRL SRR iy [ R I PR |
Combining the two previous €stimates yieias thne pouida

o (2"*1nk)*
(21) | D%u(z0)| < W”ullLl(B(xo,r))-
This confirms (18), (19) for |a| = k. a

d. Liouville’s Theorem.

Next we see that there are no nontrivial bounded harmonic functions on
all of R".

THEOREM 8 (Liouville’s Theorem). Suppose u : R" — R is harmonic
and bounded. Then u is constant.

Proof. Fix g € R", r > 0, and apply Theorem 7 on B(zy,r):

C1
|Du(zo)| < —=||ullz1(p(
i \ i rn+l LIS 1 F Phu ¥ 2

\xﬁ:"”})
Cha(n
< A ey -0,

as r — 00. Thus Du = 0, and so u is constant. O

THEOREM 9 (Representation formula). Let f € C2(R™), n > 3. Then
#

FeX oI 71 Ananmr’ l" en’fn fl’nq n.f

GnYy oounaed sodULion ¢

—-Au=f nR"
has the form

u(@) = [Rn Sz —y) Wy +C (z €RY)
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Proof. Since ®(x) — 0 as |z| — oo for n > 3, 4(x) = [g. P(r — y)f(y)dy
is a bounded solution of —Au = f in R™. If u is another solution, w ;= u—1u

is constant, according to Liouville’s Theorem. O
Remark. If n = 2, ®(z) = —5-log |z| is unbounded as |z| — oo, and so
may be [p. ®(z — y)f(y) dy. O

e. Analyticity.
Next we refine Theorem 6:

THEOREM 10 (Analyticity). Assume u is harmonic in U. Then u is
analytic in U.

Proof. 1. Fix any point o € U. We must show u can be represented by a
convergent power series in some neighborhood of zg.

Let r := 1 dist(z,0U). Then M := WH@LHL%B(%,%)) < 0.
2. Since B(z,r) C B(xy,2r) c U for each z € B(xg,r), Theorem 7
provides the bound

2n+1n [
||Dau||L°°(B(mo,r))SM( - ) ke

1
Now Stirling’s formula ([RD, §8.22]) asserts limg_. k:!:,f = (2751 5. Hence

for some constant C' and all multiindices a. Furthermore, the Multinomial
Theorem implies

k |ex)!
== 3
|e|=k

whence
la|! < nl®lal.

Combining the previous inequalities now yields

on+1,2, la|
) al.
r

(22) | D%ull Lo (B(zo,r)) < CM(

3. The Taylor series for u at xg is
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the sum taken over all multiindices. We assert this power series converges,
provided

r

To verify this, let us compute for each N the remainder term:

N-1 ) — )
Ry(z) =u(@) - Y Y Du( o)cg! 0)

k=0 |a)=k
Du(xg + t(z — x0))(x — x¢)°
al

AT

1 ]
jaj=N

for some 0 < t < 1, t depending on z. We establish this formula by writing
out the first N terms and the error in the Taylor expansion about 0 for the
function of one variable g(t) := u(xo + t(x — z¢)), at t = 1. Employing (22),
(23), we can estimate

n+1,.2,\ ¥
et on 3 (20 (ry”

jal=N
1 CM

< N =

< OMn oW = oW

—0 as N — oo.

O

See §4.6.2 for more on analytic functions and partial differential equa-

f. Harnack’s inequality.

Recall from §A.2 that we write V. cC U tomean V C V C U and V is
compact.

THEOREM 11 (Harnack’s inequality). For each connected open set V
CC U, there exists a positive constant C, depending only on V', such that

supu < Cinfu
\% v

for all nonnegative harmonic functions u in U.

Thus in particular

T,
EU(y) Sul(z) < Culy)
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for all points x,y € V. These inequalities assert that the values of a non-
negative harmonic function within V' are all comparable: u cannot be very
small (or very large) at any point of V unless u is very small (or very large)
everywhere in V. The intuitive idea is that since V is a positive distance
away from QU, there is “room for the averaging effects of Laplace’s equation
to occur”.

Proof. Let r := 1dist(V,8U). Choose z,y € V, [z —y| < r. Then

1
u(x) = udz > —/ udz
( ) fB(:L',Zr) a(n)gnrn B(y,r)

=i—[ udz:inu(y)
AN B(y,r) 2
Thus 2"u(y) > u(z) > suly) ifz,y €V, [z —y| < 7.
Since V is connected and V is compact, we can cover V by a chain of

finitely many balls {B;}Y ,, each of which has radius r and B, B;_; # 0
fori=2,...,N. Then

forall z,y € V. O

2.2.4. Green’s function.

Assume now U C R" is open, bounded, and 8U is C'. We propose
next to obtain a general representation formula for the solution of Poisson’s

equation
—Au=f inU,

subject to the prescribed boundary condition

u=g on OU.

a. Derivation of Green’s function.

Suppose first of all u € C?(U) is an arbitrary function. Fix =z € U,
choose € > 0 so small that B(z,e) C U, and apply Green’s formula from
§C.2 on the region V, := U — B(x,¢) to u(y) and ®(y — x). We thereby
compute

/V u(y)A®(y — ) ~ ®(y — x)Au(y) dy
(24) )

— [ w2y -2) -3 -2 dsw),
Jov, =~ Ov o
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v denoting the outer unit normal vector on 9V;. Recall next A®(zx —y) =0
for z # y. We observe also

ou
[ -5 ds)] < Ce"t max [#]= o)
8B(x,€) v 8B(0,e

as € — 0. Furthermore the calculations in the proof of Theorem 1 show
oo
w5 - 9)dSE) = §  uly)dS) - u(@)
OB(z.£) v 8B(z,c)
as £ — 0. Hence our sending £ — 0 in (24) yields the formula:
du 0P
= Dy — x)— — ——(y —
ww) = [ Bu-0)% 6 - u(1)g, - 2)dS0)
- [ oy - o)au(y) dy

JU

(25)

This identity is valid for any point z € U and any function u € C2(U).

Now formula (25) would permit us to solve for u(z) if we knew the
values of Au within U and the values of u,0u/0v along OU. However for
our application to Poisson’s equation with prescribed boundary values for u,
the normal derivative du/dv along OU is unknown to us. We must therefore
somehow modify (25) to remove this term.

The idea is now to introduce for fixed = a corrector function ¢ = ¢*(y),
solving the boundary-value problem:

(26) {Aq&‘”:O in U

¢ =®(y—z) on OU.

Let us apply Green’s formula once more, now to compute

- [ty = [ u) ) - 6 0) 550 S

(27) z
= fa y u(y)%q:/ (y) — @y — z)g—Z(y) dS(y).

We introduce next this

DEFINITION. Green’s function for the region U is

Gx,y) =@y —z)—¢"(y) (z,yelU, z#y).
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Adopting this terminology and adding (27) to (25), we find
oG
@) u@=-[ w)z @ndse- [ Cepsud @eD),
U v U

where

oG

22 (@,9) = D,G(x,) »(y)
is the outer normal derivative of G with respect to the variable y. Observe
that the term Ou/0v does not appear in equation (28): we introduced the
corrector ¢* precisely to achieve this.

Suppose now u € C*(U) solves the boundary-value problem

j—Auzf inU

(29) .
A L u=g onJdU,

for given continuous functions f, g. Plugging into (28), we obtain

THEOREM 12 (Representation formula using Green’s function). If
u € C?(U) solves problem (29), then

@) @) == [ o5 @ndse)+ [ [0Cend Gev)

Here we have a formula for the solution of the boundary-value problem
(29), provided we can construct Green’s function G for the given domain U.
This is in general a difficult matter, and can be done only when U has simple
geometry. Subsequent subsections identify some special cases for which an
explicit calculation of G is possible.

Remark. Fix z € U. Then regarding G as a function of y, we may sym-
bolically write

-AG=6, inU
G=0 ondU,

6 denoting the Dirac measure giving unit mass to the point x. O

Before moving on to specific examples, let us record the general assertion
that GG is symmetric in the variables x and y:

THEOREM 13 (Symmetry of Green’s function). For all z,y € U, z # y,

we have
G(y,z) = G(z,y).
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Proof. Fix x,y € U, z # y. Write
v(z) = Gz, 2), w(z) = Gly,z) (x€U).

Then Av(z) = 0 (2 # z), Aw(z) = 0 (z # y) and w = v = 0 on
O0U. Thus our applying Green’s identity on V := U — [B(z,¢) U B(y, ¢)] for
sufficiently small € > 0 yields

ov ow ow ov
31 f —w— —vdS(z =/ —v — —wdS(2),
( ) 3B(w,5) 81/ 81/ ( ) aB(y,s) 81/ 31/ ( )

v denoting the inward pointing unit vector field on 8B(z,e)U0B(y,e). Now
w is smooth near x; whence

i}
1/ o ds| < Ce™! sup |v|=0(1) ase—0.
dB(z.e) 9V OB(x.¢)

On the other hand, v(2) = ®(z —z) — ¢*(z), where ¢ is smooth in U. Thus

lim %w dS = lim a_cI)
e=0 J3B(a,c) OV e=0 JoR(a,e) OV

(x — z)w(z)dS = w(x),

by calculations as in the proof of Theorem 1. Thus the left-hand side of (31)
converges to w(z) as € — 0. Likewise the right hand side converges to v(y).
Consequently

Gy, z) = w(z) = v(y) = G(z,y).

O

o Lozen 2

L. Ve < k2 Lmae =~ . | 2=
Ue IWITCIL D 1ULlILLIUILL 1UL a lldli=dpalc.

In this and the next subsection we will build Green’s functions for two
regions with simple geometry, namely the half-space R and the unit ball
B(0,1). Everything depends upon our explicitly solving the corrector prob-
lem (26) in these regions, and this in turn depends upon some clever geo-
metric reflection tricks.

First let us consider the half-space
Y ={z=(z1,...,2,) ER" |2, > 0}.

Although this region is unbounded, and so the calculations in the previous
section do not directly apply, we will attempt nevertheless to build Green’s
function using the ideas developed before. Later of course we must check
directly that the corresponding representation formula is valid.
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DEFINITION. Ifz = (z1,...,%Tn-1,%,) € RY, its reflection in the plane
OR? is the point
I = (:cl, oy 1, —.’En).

We will solve problem (26) for the half-space by setting
¢x(y) = @(y —Z)=®(y1 ~T1,.. , Yn—1 — Tn—1,Yn + mn) (x,y € RY )

The idea is that the corrector ¢* is built from ® by “reflecting the singular-
ity” from z € R to & ¢ R"}. We note
¢*(y) =y —=z) ifyedRY,
and thus
Ag* =0 in R?
¢* = ®(y —z) on IRY,

as required.
DEFINITION. Green’s function for the half-space R is
G(z,y) =®y-2)—2y—32) (z,yeRY, z#y).

Then
oG o o®
= (z,y) = ——(y —x)— ——(y — i)
UlYn (]

- —1 [yn - :L‘n _ yn, + CL"n,
ne(n) Lly—z* |Jy—zI
Consequently if y € JRY,

oG

-2z, 1
5,;(1',3/)— 8 (:v y) =

~ na(n) [z -y~

Suppose now u solves the boundary-value problem
Au=0 inR"?
+

(32) { v=g onOR%.

Then from (30) we expect

2y, 9(y)
(33) uw) = = | dy (zcR"
na(n) Jomy Jo -y (@ € R
to be a representation formula for our solution. The function
2 1
K(z,y) = on (x € RY,y € ORY)

na(n) |z —y["
is Poisson’s kernel for R%, and (33) is Poisson’s formula.

We must now check directly that formula (33) does indeed provide us
with a solution of the boundary-value problem (32).
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THEOREM 14 (Poisson’s formula for half-space). Assume g € C(R""1)n
L>°(R™ 1Y), and define u by (33). Then

(i) v e C®(R7})NL>®RY),
(i) Au=0 inR?,

and
(iii) limou(a:) = g(z°)  for each point z° € OR%.
zelt?

Proof. 1. For each fixed z, the mapping y ~ G(z,y) is harmonic, except

for y = z. As G(x,y) = G(y, ) according to Theorem 13, z — G(z,y) is

harmonic, except for = y. Thus z + —%%(cc,y) = K(z,y) is harmonic

for x € R}, y € OR7.

2. A direct calculation, the details of which we omit, verifies
(34) 1= / K(z,y) dy
oR}

for each € R%. As g is bounded, u defined by (33) is likewise bounded.
Since x — K(x,y) is smooth for z # y, we easily verify as well u € C*(R7),
with
Au(z) = / AoK(z,9)e(y)dy =0 (z €R).
Ry
3. Now fix 20 € R™, ¢ > 0. Choose § > 0 so small that
(35) l9(y) — g(=°)l <e if ly—=2% <6, yeIR].

Then if |z — 2| < g, r € R%,

[u(e) - g(a®)] = ' /3 K)o - ol dy

< K(z,y)l9(y) — 9(z°)| dy
» /a ooy K 1)180) =96
+ / K(z,)l9(y) — 9(=)| dy
OR? — B(z?,6)
= I + J

Now (34), (35) imply
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Furthermore if |z — 20| < g and |y — z°| > 6, we have
4 1
ly - 2%l <ly—al+3 <ly—al+ 3y —a%;
and so ly — x| > 3|y — z°]. Thus

J < 2llgll e / K(z,y)dy
8R? — B(x0,5)

on+2 o0
lgllzo2n f ly — xOlwn dy
na(n) dR? —B(z0,8)

_’0 aS:L‘n—>0+.

Combining this calculation with estimate (36), we deduce |u(z)—g(z°)| < 2¢,
provided |z — 2°| is sufficiently small. O

To construct Green’s function for the unit ball B(0,1) we will again
employ a kind of reflection, this time through the sphere 0B(0,1).

DEFINITION. Ifz € R"® — {0}, the point

z

YT TP

is called the point dual to = with respect to 0B(0,1). The mapping x — T
is inversion through the unit sphere 8B(0,1).

We now employ inversion through the sphere to compute Green'’s func-
tion for the unit ball U = B%(0,1). Fix x € B%(0,1). Remember that we
must find a corrector function ¢* = ¢*(y) solving

(37) {Aqsw =0 in B°(0,1)

¢* = ®(y—x) on OB(0,1);
then Green’s function will be

(38) G(z,y) = ®(y — =) — 6" (y).

The idea now is to “invert the singularity” from x € B%(0,1) to % ¢
B(0,1). Assume for the moment n > 3. Now the mapping y — ®(y — I) is
harmonic for y # . Thus y + |z|> "®(y — Z) is harmonic for y # %, and so

(39) ¢*(y) := (|z|(y — 7))
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is harmonic in U. Furthermore, if y € 8B(0,1) and x # 0,

oPly - o = lof* (1 ~ 27 + 25
=z -2y -z +1=|z -y

Thus (|z|ly — #)~ "% = |z — y|~ ™. Consequently
(40) ¢*(y)=2(y—z) (y<€0B(0,1)),
as required.
DEFINITION. Green’s function for the unit ball s
(41)  Glz,y) =2y —=2) - e(zl(y— %)) (z,y€B(0,1), z#y).
The same formula is valid for n = 2 as well.

Assume now u solves the boundary-value problem

{Au =0 in B%0,1)

(42) w=g indB(0,1).

Then using (30), we see
oG
(43) @ == [ )5 @S
8B(0,1) v
According to formula (41),

oG 0% 8 .
8—%(9«",1/) = gy—i(y — ) — 5y—z_‘1>(lwl(y - z)).

But
92 (o —y) = T
Oy na(n) |z —y|*’
and furthermore
0® -1 il - 1 yile]* —
dy; na(n) (|z|ly — () na(n) |z -yl

if y € 0B(0,1). Accordingly

g—f(ﬂr,y) Zyz (w y)

-1
na(n) |-’I3 yln Zyz - yZle +$1)
-1 1-—|z?

- na(n) jo—y*’
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Hence formula (43) yields the representation formula

1—|zf? 9(y)
na(n) Jopoq) [t —y*

aS(y)-

u(z) =

Suppose now instead of (42) u solves the boundary-value problem

(44) {Auzo in B%(0,r)

u=g on0B(0,r)

for r > 0. Then @(z) = u(rz) solves (42), with g(z) = g{rz) replacing g.
We change variables to obtain Poisson’s formula

wlzx) = M 9(y) . 0(0
) =T EEeSw) @e B0

The function

r?-lz|? 1

na(n)r |z -y

K(z,y) = (x € B%0,r), y € 8B(0,r))

is Poisson’s kernel for the ball B(0,r).

We have established (45) under the assumption that a smooth solution
of (44) exists. We next assert that this formula in fact gives a solution:

THEOREM 15 (Poisson’s formula for ball). Assume g € C{0B(0,7)) and
define u by (45). Then

(i) u e C*®(B°(0,r)),
(ii) Au=0 in B%0,r),

and
(i)  lim u(z)= g(z%)  for each point x° € B(0,r).
zemﬁi(vﬂ,r)

The proof is similar to that for Theorem 14, and is left as an exercise.

2.2.5. Energy methods.

Most of our analysis of harmonic functions thus far has depended upon
fairly explicit representation formulas entailing the fundamental solution,
Green’s functions, etc. In this concluding section we illustrate some “en-
ergy” methods, which is to say techniques involving the L2-norms of various
expressions. These ideas foreshadow latter theoretical developments in Parts

IT and IIL
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a. Uniqueness.
Consider first the boundary-value problem

(46) {—Au=f in U

g on dU.

i

We have already employed the maximum principle in §2.2.3 to show
uniqueness, but now set forth a simple alternative proof. Assume U is open,
bounded, and U is C*.

THEOREM 16 (Uniqueness). There exists at most one solution u €
C?(U) of (46).

Proof. Assume % is another solution and set w := u — %. Then Aw =0 in
U, and so an integration by parts shows

0=—/ wAwdxzf | Dw|%dz.
U U

Thus Dw = 0 in U, and, since w = 0 on 80U, we deduce w = v — @« =0 in
U. O

b. Dirichlet’s principle.

Next let us demonstrate that a solution of the boundary-value problem
(46) for Poisson’s equation can be characterized as the minimizer of an
appropriate functional. For this, we define the energy functional

1
Iw] = / ;;|Dw|2 —wfdz,
Ju <

w belonging to the admissible set
A= {weC*U)|w=gondU}.

THEOREM 17 (Dirichlet’s principle). Assume u € C?(U) solves (46).
Then

Ilu] = mi .
(47) [u] = min Tfu]
Conversely, if u € A satisfies (47), then u solves the boundary-value problem
(46).

In other words if u € A, the PDE —Au = f is equivalent to the statement
that u minimizes the energy I[-].



R

2.2. LAPLACE’S EQUATION 43

Proof. 1. Choose w € A. Then (46) implies
0= /U(—Au — f)(u — w)dz.
An integration by parts yields
0=/UDu-D(u—w) — flu— w)dz,
and there is no boundary term since u — w = g — g = 0 on OU. Hence

/{Du|2-ufdcc=/Du-Dw—wfd:c
U U

1
< /f!Dulzdcc—{- /l!lez—wfdx,
U2 Ju 2

where we employed the estimates
1 1
|Du - Dw| < |Dul|Dw| £ §|Du|2 + §'Dw'2’

following from the Cauchy—Schwarz and Cauchy inequalities (§B.2). Rear-
ranging, we conclude

(48) Iu] < Iw] (w € A).
Since u € A, (47) follows from (48).
2. Now, conversely, suppose (47) holds. Fix any v € C°(U) and write
i(r):=Ifu+7v] (T €R).

Since u+ Tv € A for each 7, the scalar function i(-) has a minimum at zero,

and thus 4
f 0 — 0 ! -

provided this derivative exists. But

1
i(r) = /U §|Du+ 7Dv|? — (u + 7v) f dx

1 2
= / §|Du|2 + 7Du- Dv + 1:‘2-~|Dv|2 —(u+7v)f dx.
U
Consequently
0=14(0) = / Du-Dv—vfdx =/(—Au—f)vdx.
U U

This identity is valid for each function v € C°(U) and so —Au = f in
U. O

Dirichlet’s principle is an instance of the calculus of variations applied
to Laplace’s equation. See Chapter 8 for more.
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2.3. HEAT EQUATION

Next we study the heat equation

(1) u —Au=0
and the nonhomogeneous heat equation

(2) u — Au = f,

subject to appropriate initial and boundary conditions. Here ¢t > 0 and
z € U, where U C R” is open. The unknown is u : U x [0,00) — R, u =
u(x,t), and the Laplacian A is taken with respect to the spatial variables z =

. r Y A — /\ Y - \ 1 In (9 the fimetion - 7w [ﬂ N‘\\ — T@
\Wl, LI Wn/ Al UL ‘Ew Qz 1 W‘E ‘E " AL \H/ VidAW/ LUALIN/VANSL] ., IIIII
is given.

A guiding principle is that any assertion about harmonic functions yields
an analogous (but more complicated) statement about solutions of the heat
equation. Accordingly our development will largely parallel the correspond-
ing theory for Laplace’s equation.

Physical interpretation. The heat equation, also known as the diffusion
equation, describes in typical applications the evolution in time of the density
u of some quantity such as heat, chemical concentration, etc. If V C U is
any smooth subregion, the rate of change of the total quantity within V
equals the negative of the net flux through oV

%Jvud:c:— | F-uds,

F being the flux density. Thus
(3) u = —divF,

as V was arbitrary. In many situations F is proportional to the gradient
of u, but points in the opposite direction (since the flow is from regions of
higher to lower concentration):

F=—-aDu (a>0).
Substituting into (3), we obtain the PDE
u; = adiv(Du) = aAu,

which for a = 1 is the heat equation.

The heat equation appears as well in the study of Brownian motion.
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2.3.1. Fundamental solution.
a. Derivation of the fundamental solution.

As noted in §2.2.1 an important first step in studying any PDE is often
to come up with some specific solutions.

We observe that the heat equation involves one derivative with respect
to the time variable ¢, but two derivatives with respect to the space vari-
ables z; (i = 1,...,n). Consequently we see that if u solves (1), then so
does u(Az, A%t) for A € R. This scaling indicates the ratio ';—2 (r = |z|) is
important for the heat equation and suggests that we search for a solution
of (1) having the form u(z,t) = v(%z) = v(l%ﬁ) (t >0, z € R"), for some
function v as yet undetermined.

Although this approach eventually leads to what we want (see Problem
11), it is quicker to seek a solution u having the special structure

1l sz n
4) u(et) = zv(z5) @eR™, t>0),
where the constants o, 8 and the function v : R®™ — R must be found. We
come to (4) if we look for a solution u of the heat equation invariant under

the dilation scaling
u(z,t) — Au(Nx, Xe).

That is, we ask
u(z,t) = A*u(Nz, At)
for all A > 0, z € R™, ¢t > 0. Setting A = t~1, we derive (4) for v(y) :=
u(y, 1).
Let us insert (4) into (1), and thereafter compute

(5) at™ @ y(y) + gt~y Du(y) + 2D Ap(y) = 0

for y := tPz. In order to transform (5) into an expression involving the
variable y alone, we take 3 = % Then the terms with ¢ are identical, and
so (5) reduces to

(6) a’u+%y-Dv+Av=0.
We simplify further by guessing v to be radial; that is, v(y) = w(|y|) for

some w : R — R. Thereupon (6) becomes

Lo,y o n=1,
aw + grw' +w' + w' =0,
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forr=|y|,’ = di Now if we set o = 7, this simplifies to read

Thus
r" 7w+ 2r"w=a
2
for some constant a. Assuming lim, ., w, w' = 0, we conclude a = 0;

whence
; 1

But then for some constant b

(7) w=be T,
=2
Combining (4), (7) and our choices for o, 3, we conclude that t—nbﬁe_ 4t

solves the heat equation (1).

This computation motivates the following

DEFINITION. The function

(1 -kt
®(z,t) := i (4rtyn/? \E

0 (sr: eR™, t<0)
is called the fundamental solution of the heat equatlon.

ok
AV}
o

p—

7

Notice that ® is singular at the point (0,0). We will sometimes write
®(x,t) = ®(|z|,t) to emphasize that the fundamental solution is radial in
the variable z. The choice of the normalizing constant (47)~"/? is dictated
by the following

LEMMA (Integral of fundamental solution). For each time t > 0,
/ ®(x,t)dr = 1.

Proof. We calculate

[ ®(x,t)dzr = —--——1 [ e-%zdx
Je 5 (@nt)"2 Jgn
1 [ _—Iz!2 3.
€ ' azl

= /2 R
1 — e 22
= e e %idz=1
/2 z];__'!/;oo '
O

A different derivation of the fundamental solution of the heat equation
appears in §4.3.2.
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b. Initial-value problem.

We now employ ® to fashion a solution to the initial-value (or Cauchy)
problem

(8)

ug — Au=0 in R" x (0,00)
u=g onR"x {t=0}

Let us note the function (z,t) — ®{z,t) solves the heat equation away
from the singularity at (0,0), and thus so does (z,t) — ®(x — y,t) for each
fixed y € R™. Consequently the convolution

u(z,t) = /Rn ®(x —y,t)g(y) dy

o) 1 e
= W[R"e_ % g(y)dy (xeR", t>0)

should also be a solution.

THEOREM 1 (Solution of initial-value problem). Assume g € C(R") N
L>®(R"), and define u by (9). Then
(i) u € C°(R"™ x (0,0)),

(ii) u(x,t) — Au(z,t) =0 (z €R", ¢t>0),

and
(iii) lim wu(z,t) = g(z%) for each point z° € R™.
(2,t)—(2°,0)
zelR™, >0

. 2
Proof. 1. Since the function t—;llﬁe_ufit_ is infinitely differentiable, with uni-

formly bounded derivatives of all orders, on R™ x [6,c0) for each § > 0, we
see that u € C°(R" x (0, c0)). Furthermore

w2, £) — Az, t) = /Rn[@t  A®)(z — y,t)]g(y) dy
=0 (z€R"t>0),

(10)

since ® itself solves the heat equation.

2. Fix z° € R, € > 0. Choose § > 0 such that

o) —g(a%)| <& if |y—a°| <6, ye R

_——
’—l
-

R

—
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1~
0

Then if |z — 2°| < g, we have, according to the lemma,
uw 1) =9l = | [ 8- low) - 9] dy
<[ . ®@-u000) - o)y
B(x%,6)

+ / o(z —y,1)lg(y) — g(2°)| dy
R B(z9,5)
= I+ J
NOW /-
Is‘ej @z —y,t)dy =,
R~

owing to (11) and the lemma. Furthermore, if |z —z°| < § and |y — 0| > &,
then

o) 1
ly—wolsly—x|+§sly—wl+§|y—w°|-

Thus |y — z| > %|y — 2°|. Consequently

J < 2|\gll e / ®(z —y,t)dy
—B(z9,8)
2
< < / e ay
t2 [ p(a0 5)
C _ 9—10!2
i e 16¢ dy

c [® _p2
= m / 6_1_63Tn_1d7'—->0 ast—->0+
L Jé

Hence if |z —2°) < § and ¢ > 0 is small enough, |u(z, t) — g(z%)| < 2e. O

Remarks. (i) In view of Theorem 1 we sometimes write

¢, — AP =0 in R" x (0, 00)
®=486 onR"x{t=0}

6o denoting the Dirac measure on R" giving unit mass to the point 0.
(ii) Notice that if g is bounded, continuous, g > 0, g # 0, then

1 |z—y)?
u(z,t) = W/Rne @ g(y)dy

is in fact positive for all points £ € R™ and times ¢t > 0. We interpret this
observation by saying the heat equation forces infinite propagation speed
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for disturbances. If the initial temperature is nonnegative and is positive
somewhere, the temperature at any later time (no matter how small) is
everywhere positive. (We will learn in §2.4.3 that the wave equation in
contrast supports finite propagation speed for disturbances.) O

c. Nonhomogeneous problem.

Now let us turn our attention to the nonhomogeneous initial-value prob-
lem
(12) {ut—Auzf in R™ x (0, c0)

v=0 onR"x {t=0}.

How can we produce a formula for the solution? If we recail the moti-
vation leading up to (9), we should note further that the mapping (z,t) —
®(x—y,t—s) is a solution of the heat equation (for given y € R, 0 < s < t).
Now for fixed s, the function

u=u(cc,t;s)=f]Rn<I>(sc-y,t—us)f(y,s)dy

solves
(12,) u(-;8) — Auf;s) =0 in R™ x (s, 00)

s u(;s) = f(-,s) onR"™ x {t = s},
which is just an initial-value problem of the form (8), with the starting time
t = 0 replaced by t = s, and g replaced by f(-,s). Thus u(-;s) is certainly
not a solution of (12).

However Duhamel’s principle* asserts that we can build a solution of
(12) out of the solutions of (12;), by integrating with respect to s. The idea

is to consider
ot

u(z,t) = / u(z,t;8)ds (z € R", t>0).
0
Rewriting, we have

u(z,t) = //n (x —y,t —s)f(y,s)dyds

o -3
= G S s
forx e R", t > 0.

To confirm that formula (13) works, let us for simplicity assume f €
C%(R" x [0,00)) and f has compact support.

(13)

*Duhamel’s principle has wide applicability to linear ODE and PDE, and does not depend
on the specific structure of the heat equation. It yields, for example, the solution of the nonho-
mogeneous transport equation, obtained by different means in §2.1.2. We will invoke Duhamel’s
principle for the wave equation in §2.4.2.
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THEOREM 2 (Solution of nonhomogeneous problem). Define u by (13).
Then

(i) u € CE(R™ x (0,00)),

(ii) ue(z,t) — Au(z,t) = f(z,t) (z€R", t>0),

and
(iii) lim  wu(x,t) =0 for each point 2° € R™.
(z,t)—(2°,0)
zelR™, t>0

Proof. 1. Since ® has a singularity at (0,0), we cannot directly justify
differentiating under the integral sign. We instead proceed somewhat as in
the proof of Theorem 1 in §2.2.1.

First we change variables, to write

u(z,t) = /Ot /]Rn ®(y, s)f(x — y,t — s) dyds.

As f € C?(R™ x [0,00)) has compact support and ® = ®(y, s) is smooth
near s =t > (, we compute

t
w(x,t) = /0 fnn ®(y, s) fe(z — y,t — s) dyds
+/ O(y, ) f(x —y,0) dy
R
and

Pu = [ [ o) fo -yt - )dyds Gi=1,...,n
axiaxj(xa )—jO jRn (¥ )81356113‘7]( Y, )yay (2,7=1,...,n).

2 NP TS S TR S, . L PR, { w N A~
Thus u¢, Dzu, and likewise u, Dyu, belong to C(R™ x (0, c0)).

2. We then calculate
(19
t 0
w(e,) = duwt) = [ [ 895 - A @yt = 5) dyds

+ fRn ®(y,t)f(z —y,0)dy
— [ [ 2w ol — A =t - )] dys
e JR» s
[ ez - M@=yt - ) dyd

=:I.+J.+ K.
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Now

£
15) el < (1l + D3 Fll) /0 /Rn B(y, s) dyds < eC,

by the lemma. Integrating by parts, we also find
t 0
I. = — — A,)¥(y, —y,t—s)dyd
o= [ [ [ = 8089l = - vt - o) dyds

+ f O(y,e)f(z —y,t —e)dy

(16) x

— [ D(y,t) f(x ~y,0)dy
JR

= / Oy, e)f(z—y,t —¢€)dy - K,
R~
since ® solves the heat equation. Combining (14)—(16), we ascertain

u(z,t) - Au(z, 1) = lim /R B(y,€)f(z -yt — ) dy
= f(&t) (@eRt>0),

the limit as ¢ — 0 being computed as in the proof of Theorem 1. Finally
note [[u(:,£)llz < #]fllz> — 0. o

Remark. We can of course combine Theorems 1 and 2 to discover that

(17) w(z,t) = ]Rn B(z — y, t)g(y) dy + /0 ° jR B(z — y,t — 5)f(y,s) dyds

is, under the hypotheses on g and f as above, a solution of

{ut—/_\'u:f in R™ x (0, 00)

(18) u=g¢g onR"x {t=0}

2.3.2. Mean-value formula.

First we recall some useful notation from §A.2. Assume U C R" is open
and bounded, and fix a time T > 0.

DEFINITIONS.
(i) We define the parabolic cylinder

Ur:=U x (O,T].
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The region Ur
(ii) The parabolic boundary of Ur is
I'r .= UT - Ur.

We interpret Ur as being the parabolic interior of U x [0, T]: note care-
fully that Uz includes the top U x {¢t = T}. The parabolic boundary '
comprises the bottom and vertical sides of U x [0, T, but not the top.

We want next to derive a kind of analogue to the mean-value property for
harmonic functions, as discussed in §2.2.2. There is no such simple formula.
However let us observe that for fixed = the spheres 0B(x,r) are level sets of
the fundamental solution ®(z —y) for Laplace’s equation. This suggests that
perhaps for fixed (z,t) the level sets of fundamental solution ®(z —y,t — s)

for the heat equation may be relevant.

DEFINITION. For firedz € R™, t € R, r > 0, we define

1
. — +1
Plotir) = {(y’s) ER™ |5 <t, B(z—y,t—s) > ;z}‘

This is a region in space-time, the boundary of which is a level set of
&(x—y,t—s). Note that the point (z, ) is at the center of the top. E(z,t;r)
is sometimes called a “heat ball”.

THEOREM 3 (A mean-value property for the heat equation). Let u €
C2(Ur) solve the heat equation. Then

— 2
(19) J(g t) = i [/ I(’H g)u_n’fu s
4rn ./jE(a:,t;'r)
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(x,t)

E(x,t;r)

A “heat ball”

for each E(z,t;r) C Ur.

Formula (19) is a sort of analogue for the heat equation of the mean-
value formulas for Laplace’s equation. Observe that the right hand side
involves only u(y, s) for times s < t. This is reasonable, as the value u(z, t)
should not depend upon future times.

Proof. We may as well assume upon tran s'ating th

dinates that £ = 0 and ¢ = 0. Write E(r)

1 2
o)== [ . u(y,s)% dyds

_ 2y 10l
= u(ry, r"s)—- dyds.
E(1) s
We compute

oy - ly[* Iyl2
o(r)= E Uy Yi~—g + 2rus— dyds
E(1) {3

Z |:u|2 5 Iy|2d J
,rn+1 E(r) uyty’l: + uS y §

=: A+ B.

(20)

Also, let us introduce the useful function

(21) P = -——log( 47s) +

and observe 1 = 0 on 9E(r), since @(y,—s) = r~" on JE(r). We utilize
(21) to write

1 n
B = T / ) dug Zyﬂbyi dyds

1=1

1 n
= ~pnl // dnusy + 4 Z Usy, iy dyds;
E(r) i=1
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there is no boundary term since 1 = 0 on JE(r). Integrating by parts with
respect to s, we discover

1 n
B=— f / —dnugh + 4> uy, it dyds
E(r) i1
- e+l . - nu‘sd) + Z Uy, Yi _2_5 4s A2 yas
E(r) =1
1 2n —
= // —4dnugy) — ~ Zuyiyi dyds — A
E(r) i=1

Consequently, since u solves the heat equation,

¢ (r)=A+B

1 // 2N —
= — —4nAuyp — — Uy, Y; dyds

S | 2n
= dnuy, vy, — —uy,y; dyds
; i //E(r> e

, according to (21).

Thus ¢ is constant, and therefore

#(r) = lim ¢(t) = u(0,0) (fim / /E \ |Z|2dyds) = 4u(0,0),

as
ff |y l 12
—-dyds = dyds = 4.
tn ./jE(t) s? /./E(l 82
We omit the details of this last computation. O

2.3.3. Properties of solutions.
a. Strong maximum principle, uniqueness.

First we employ the mean-value property to give a quick proof of the
strong maximum principle.

THEOREM 4 (Strong maximum principle for the heat equation). Assume
u € C¥(Ur) N C(Ur) solves the heat equation in Ur.
(i) Then

maXx 4 = max u.
Ur Ir
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RR

Strong maximum principle for the heat equation

(i) Furthermore, if U is connected and there exists a point (xo,tp) € Ur
such that
u(wo, to) = maxu,
Ug
then
u is constant in Uy,.

Assertion (i) is the mazimum principle for the heat equation and (ii)
is the strong mazimum principle. Similar assertions are valid with “min”
replacing “max”.

Remark. So if u attains its mazimum (or minimum) at an interior point,
then u is constant at all earlier times. This accords with our strong intuitive
interpretation of the variable ¢ as denoting time: the solution will be constant
on the time interval [0, to] provided the initial and boundary conditions are
constant. However, the solution may change at times t > £y, provided the
boundary conditions alter after ty. The solution will however not respond
to changes in boundary conditions until these changes happen.

Take note that whereas all this is obvious on intuitive, physical grounds,
such insights do not constitute a proof. The task is to deduce such behavior
from the PDE. O

Proof. 1. Suppose there exists a point (z, tg) € Ur with u(xg,t9) = M =
maxg, u. Then for all sufficiently small r > 0, E(zo,t0;7) C Ur; and we
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employ the mean-value property to deduce

AL + Y 1 [/

M= U($ tg) = u(yﬂ 5)——_2 yds < M,
4rm .]./E'(xo,to,r) (to —s)

{0 — yl®
dyds.
\/:/1;'(120,4‘,0,1") (t(] - 8)2

Equality holds only if u is identically equal to M within E(zg,%;r). Con-
sequently

since

u(y,s) =M for all (y, s) € E(zo,to;r).

Draw any line segment L in Ur connecting (xg, tg) with some other point
(yo, s0) € Ur, with sg < t9. Consider

rp := min{s > so | u(z,t) = M for all points (z,t) € L, s <t < ¢y}.

Since u is continuous, the minimum is attained. Assume rg > sg. Then
u(2g,70) = M for some point (29, 79) on LNUr and so u = M on E(zg, r¢; 1)
for all sufficiently small r > 0. Since E(zg,r¢;7) contains LN {rg —o <t <
ro} for some small o > 0, we have a contradiction. Thus rg = sg, and hence
uw=M on L.

2. Now fix any point x € U and any time 0 < ¢ < 3. There exist points
{zo,21,-..,zm = x} such that the line segments in R™ connecting z;_; to x;
liein U for i = 1,...,m. (This follows since the set of points in U which can
be so connected to xg by a polygonal path is nonempty, open and relatively
closed in U.) Select times t9 > t; > .-+ > t,, = t. Then the line segments in
R™"*! connecting (x;—1,ti-1) to (z5,%) (i = 1,...,m) lie in Ur. According
to Step 1, u = M on each such segment and so u(x,t) = M. a

Remark. The strong maximum principle implies that if U is connected and
u € C¢(Ur) N C(Ur) satisfies

—Au=0 inUp
u=0 onoU x[0,T]
u=g onU x{t=0}

where g > 0, then u is positive everywhere within Ur if g is positive some-
where on U. This is another illustration of infinite propagation speed for
disturbances. O

An important application of the maximum principle is the following
uniqueness assertion.
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THEOREM 5 (Uniqueness on bounded domains). Let g € C(I't), f €
C(Ur). Then there ezists at most one solution u € CZ(Ur) N C(UT) of the
initial /boundary-value problem

(22) {ut—/_\.'u:f in Ur

u=g onlT.

Proof. If u and @ are two solutions of (22), apply Theorem 4 to w :=
+(u — u). O

We novt avtand onr ni rahlern +ha
v AV B ' Uiicavu
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is, the initial value problem for U = R™. As we are no longer on a bounded
region, we must introduce some control on the behavior of solutions for large
|

naneage agcortinn t
A VAL v

THEOREM 6 (Maximum principle for the Cauchy problem). Suppose
u € C3R"™ x (0, T)) NC(R" x [0,T)) solves

(23) {ut—A'u:O in R® x (0,T)

u=g onR"x {t=0}
and satisfies the growth estimate

(24) u(z,t) < Ae?® (zeR™M, 0<t<T)
for constants A,a > 0. Then

sup u =supg.
R x[0,T] R»

Proof. 1. First assume

(25) 4aT < 1;
in which case

(26) 4a(T +¢) < 1

for some € > 0. Fix y € R”, u > 0, and define

omu?
'U($g t) = U(.'E, t} — ( i ) /254-T+E_t—
T+e—1t)»

—
=
m
=
"3
o
v
(ow)

p
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A direct calculation (cf. §2.3.1) shows
vy —Av=0 inR" x (0,T].

Fix r > 0 and set U := B(y,r), Ur = B(y,r) x (0,T]. Then according to
Theorem 4,

(27) max v = maxuv.
Ur Ir

2. Now if z € R",

v(z,0) = u(z,0) — me%
< u(z,0) = g(z);

and if |zt —y|=7,0< ¢t < T, then

(28)

2

[1. r
v(z,t) = u(z,t) — Tre t)n/2e43T+f—‘5
a'.‘ili'z !_L _72_ . PN
S A
< Aeallyl+m? _ B amre =
=€ T T ter’ '

Now according to (26), ;1—(-T1—+€5 = @+ for some v > 0. Thus we may continue
the calculation above to find

PZAPNN 4 - 4 __(I !l-l-_ \2 A . /'2( ) 2 e
29)  wlet) < AT~ p(4a ) e <

for r selected sufficiently large. Thus (27)-(29) imply
v(y,t) <supg
R

for all y € R™, 0 <t < T, provided (25) is valid. Let x — 0.

3. In the general case that (25) fails, we repeatedly apply the result
above on the time intervals [0, 73], [T1, 211, ], etc., for T; = 8%. a

THEOREM 7 (Uniqueness for Cauchy problem). Let ¢ € C(R™), f €
C(R" x [0,T)). Then there exists at most one solution u € C(R™ x (0,T])N
C(R"™ x [0,T)) of the initial-value problem

(30) w—Au=f inR*x(0,T)
u=g onR"x{t=0}

satisfying the growth estimate

(31) u(z,t)] < Ae® (zeR", 0<t<T)

for constants A, a > 0.
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Proof. If u and @ both satisfy (30), (31), we apply Theorem 6 to w :=
+(u — a). O

Remark. There are in fact infinitely many solutions of

— = 1 n
(32) {ut Au=0 inR"” x (0,T)

u=0 onR"x {t=0}

see for instance John [J, Chapter 7]. Each of the solutions besides u = 0
grows very rapidly as |z| — oo.

There is an interesting point here: although u = 0 is certainly the “physi-
cally correct” solution of (32), this initial-value problem in fact admits other,
“nonphysical” solutions. Theorem 7 provides a criterion which excludes the
“wrong” solutions. We will encounter somewhat analogous situations in our
study of Hamilton—Jacobi equations and conservation laws, in Chapters 3,
10 and 11. O

b. Regularity.

We next demonstrate that solutions of the heat equation are automati-
cally smooth.

THEOREM 8 (Smoothness). Suppose u € C%(Ur) solves the heat equa-

tion in Ur. Then
U € C'OO(UT)

This regularity assertion is valid even if u attains nonsmooth boundary
values on I'r.

Proof. 1. Recall from §A.2 that we write
Cle, t;r) ={(ws) | Je—yl <7, t—r* <5<t}

to denote the closed circular cylinder of radius r, height 2, and top center
point (z,t).

Fix (zo,to) € Ur and choose r > 0 so small that C := C(zo, ;) C Ur.
Define also the smaller cylinders C' := C(xo,to; 57), C" := C(zo, to; 57),
which have the same top center point (xo, to)-

Choose a smooth cutoff function ¢ = {(z,¢) such that

{OS(SI, ¢(=1lon (),
¢ = 0 near the parabolic boundary of C.

Extend ¢ =0 in (R™ x [0,15]) — C.
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————

CI

<l >

2. Assume temporarily that u € C*°(Ur) and set

v(z,t) := {{z, hulz,t) (z € R, 0<1t<¢).

Then
v = Cug + Geu, Av = CAu+ 2D( - Du+ uA(.
Consequently
(33) v=0 onR"x {t=0},
and
(34) v — Av = Cu—2DC¢-Du—ulAl =: f

in R™ x (0,¢p). Now set

t
wat)i= [ [ #@-ut- 9T duds
0 T
According to Theorem 2

AD=f inR" x (0,t)
(35) { =0 onR"x {t=0}

Since |v|, |U| < A for some constant A, Theorem 7 implies v = ¥; that is,
t
(36) vat)= [ [ ®e-ye- o)) dyds
0 JR»

Now suppose (z,t) € C”. As ¢ = 0 off the cylinder C, (34) and (36) imply

u(z,t)= [ /C 3z —y,t — 8)[(Calr 5) — AL(y, )y, )
—2D¢(y, s) - Du(y, s)] dyds.
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p—

Note in this expression that the expression in the square brackets vanishes
in some region near the singularity of ®. Integrate the last term by parts:

0= [ (00—t = 5)(Gulw:5) + AG(w, )
+ 2Dy¢($ -y t- 3) ’ DC(ya S)]U(y, 5) dyds

(37)

We have proved this formula assuming u € C™. If u satisfies only the
hypotheses of the theorem, we derive (37) with u® = 7. x u replacing u, 7.
being the standard mollifier in the variables # and ¢, and let £ — 0.

3. Formula (37) has the form

(38) u(z,t) = /CK(:c,t,y,s)u(y,s) dyds ((z,t) € C"),

where
K(z,t,y,s) =0 for all points (y,s) € C’,

since { =1 on C’. Note also K is smooth on C — C'. In view of expression
(38), we see u is C*° within C" = C(xy, to; %r) O

c. Local estimates for solutions of the heat equation.

Next we record some estimates on the derivatives of solutions to the
heat equation, paying attention to the differences between derivatives with
respect to z; (i = 1,...,n) and with respect to t.

THEOREM 9 (Estimates on derivatives). There exists for each pair of
integers k,1 = 0,1,..., a constant Cy; such that

k
C(:E,t, r/2) |D Dtu| < k+2l+n+2 ”u”Ll (Clz, ;7))
for all cylinders C(xz,t;7/2) C C(z,t;r) C Ur, and all solutions u of the

heat equation in Ur.

Proof. 1. Fix some point in Ur. Upon shifting the coordinates, we may
as well assume the point is (0,0). Suppose first that the cylinder C(1) :=
C(0,0;1) lies in Up. Let C’(%) = C(0,0;%). Then, as in the proof of
Theorem 8,

u(zx,t) = /_/ K(fr t.u. e)u(fu.s) luds ((:r_- 3
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for some smooth function K. Consequently

rr S
DEDlu(z,t)| < DI!D*K (z,t,y, s)||uly, )| dyds
(39 | Dz Diu(z,t)| /./0(1)| 1D K (z,t,y, 5)|[u(y, )| dy
< CrillullLrcqy

for some constant Cy;.

2. Now suppose the cylinder C(r) := C(0,0; ) lies in Ur. Let C(r/2) =
C(0,0;r/2). We rescale by defining

v(z,t) := u(rz, r°t).
Then v; — Av = 0 in the cylinder C(1). According to (39),

|DEDlu(z,t)| < Culivlliicay ((z.t) € C(3)).

But DXDlv(z,t) = r?**DEDlu(rz,r?t) and ||vll11c)) = mezllulloce)-
Therefore
k ki
Znax |Dz Dyl < s vl o)

g

Remark. If u solves the heat equation within Up, then for each fixed time
0 < t < T, the mapping z — u(z,t) is analytic. (See Mikhailov [M].)
However the mapping t — u(z,t) is not in general analytic. a

2.3.4. Energy methods.
a. Uniqueness.

Let us investigate again the initial /boundary-value problem
(ug —Au=f inUr
(40) { u=g onl7p.

We earlier invoked the maximum principle to show uniqueness, and
now—by analogy with §2.2.5—provide an alternative argument based upon
integration by parts. We assume as usual that U C R" is open, bounded
and that 8U is C!. The terminal time T > 0 is given.

THEOREM 10 (Uniqueness). There ezists at most one solution u
€ C3(Ur) of (40).
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Proof. 1. If % is another solution, w := u — u solves

(41)

2. Set

Then

and so

wy — Aw =0 in Ur
l w=0 onl7.

@
—_
o~k
p S
i

e
g
—

v&
[
A —
!
=
—~
]
A
o
(A
~3
p —_—

=2 [ wmae (=)

22/ wAwdzx
U

= —2] | Dw|?dz < 0,
U

e(t)<e(0)=0 (0<tLT).

Consequently w =u — 4 =0 in Ur.

a

Observe that the foregoing is a time-dependent variant of the proof of
Theorem 16 in §2.2.5.

b. Backwards uniqueness.

A rather more subtle question concerns uniqueness backwards in time
for the heat equation. For this, suppose u and # are both smooth solutions

of the heat equation in Uy, with the same boundary conditions on U

(42)

(43)

u—Au=0 inUr
u=g¢g onoU x [0,T],

’&t—A’EL=O il’lUT
@=g¢g ondU x[0,T],

for some function g. Note carefully that we are not supposing u = % at time

t=0.



THEOREM 11 (Backwards uniqueness). Suppose u,ii € C?(Ur) solve

(42), (43). If
u(z,T) =u(z,T) (xelU),

then
u=14 within Ur.

In other words, if two temperature distributions on U agree at some time
T > 0, and have had the same boundary values for times 0 < ¢ < T, then
these temperatures must have been identically equal within U at all earlier
times. This is not at all obvious.

As before
. 9 d

(44) é(t) =-2 | |Dw|*dz =—].

U dt
Furthermore

é(t) = —4[ Dw - Dw; dx
U

(45) =4 / Aww, dz

U

= wz.’r .
_4/U(A Vdz by (41)

Now since w = 0 on 9U,

/U|Dw|2dx=—/UwAwdx
()" (fore)”
Thus (44) and (45) imply
@0 =1( [ pufaz)
() ()

e(t)é(t).
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Hence
(46) é(t)e(t) > (e(t))? (0<t<T).

2. Now if e(t) = 0 for all 0 < ¢t < T, we are done. Otherwise there exists
an interval [t1,t2] C [0,T], with

(47) e(t) >0 fort) <t<tg, e(t2) =0.
3. Now write
(48) f(t) :==1loge(t) (t1 <t<tq).

Then

and so f is convex on the interval (¢;,f;). Comnsequently if 0 < 7 < 1,

F3 A S 3 xrin Lo
0] <N U2, W lave

F(A=—mt1+71t) < (1 —T1)f(t1) + 7f(2).
Recalling (48), we deduce
e((1 = )t + 7t) < e(t1) Te(t)T,

and so
0< 6((1 — T)tl + th) < e(tl)l_TG(tg)T (0 <7T<L 1).

But in view of (47) this inequality implies e(t)} = 0 for all times t; < ¢ < t,,
a contradiction. a

2.4. WAVE EQUATION

In this section we investigate the wave equation
(1) uy —Au =0
and the nonhomogeneous wave equation

(2) uy — A = f,

subject to appropriate initial and boundary conditions. _Here t >0 and
x € U, where U C R"™ is open. The unknown is u : U x [0,00) — R,
u = u(z,t), and the Laplacian A is taken with respect to the spatial variables



(=2}
o
[\]

z = (x1,...,z,). In (2) the function f : U x [0,00) — R is given. A common
abbreviation is to write
Du = uy — Au.

We shall discover that solutions of the wave equation behave quite differ-
ently than solutions of Laplace’s equation or the heat equation. For example,
these solutions are generally not C°°, exhibit finite speed of propagation, etc.

Physical interpretation. The wave equation is a simplified model for a
vibrating string (n = 1), membrane (n = 2), or elastic solid (n = 3). In
these physical interpretations u(x,t) represents the displacement in some
direction of the point z at time ¢ > 0.

Let V represent any smooth subregion of U. The acceleration within V

is then P
@/‘/udx=[/uttdx

and the net contact force is

—/ F . vdS,
v

where F denotes the force acting on V through 8V and the mass density
is taken to be unity. Newton’s law asserts the mass times the acceleration
equals the net force:

/’Mggd:ll=—[ F.vdS.
14 Jov

This identity obtains for each subregion V' and so
uy = —divF.
For elastic bodies, F is a function of the displacement gradient Du; whence
uy + divF(Du) = 0.
For small Du, the linearization F(Du) ~ —aDu is often appropriate; and so
Uy — alAu = 0.

This is the wave equation if a = 1. O

This physical interpretation strongly suggests it will be mathematically
appropriate to specify two initial conditions, on the displacement u and the
velocity ug, at time £ = 0.
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LAY UL ALY

2.4.1. Solution by spherical means.

We began §§2.2.1 and 2.3.1 by searching for certain scaling invariant
solutions of Laplace’s equation and the heat equation. For the wave equation
however we will instead present the (reasonably) elegant method of solving
(1) first for n = 1 directly and then for n > 2 by the method of spherical
means.

a. Solution for n = 1, d’Alembert’s formula.

We first focus our attention on the initial-value problem for the one-
dimensional wave equation in all of R:

®) u=g, uu=h onRx {t=0}

where g, h are given. We desire to derive a formula for u in terms of g and
h.

Let us first note the PDE in (3) can be “factored”, to read

. (24 2) (2 2)umuemrm0
Write
(5) oz, t) = (% - (,f—x) ulz, t).

Then (4) says
v(z, t) + vz(x, ) =0 (z€R, t>0).

This is a transport equation with constant coefficients. Applying formula
(3) from §2.1.1 (with n =1, b = 1), we find

(6) v(z,t) = a(z —t)
for a(z) := v(z,0). Combining now (4)—(6), we obtain
u(z,t) — ug(z,t) = a(z —t) in R x (0,00).
This is a nonhomogeneous transport equation; and so formula (5) from §2.1.2

(with n =1, b= -1, f(z,t) = a(x — t)) implies

u(z,t) = /ta(:z+ (t—s)—s)ds+blz+1)
(7) L e



[
Qo
[\]

where we have b(z) := u(z, 0).
We lastly invoke the initial conditions in (3) to compute a and b. The

first initial condition in (3) gives
b(z) = g(z) (z€R);
whereas the second initial condition and (5) imply

a(z) = v(z,0) = w(z,0) — up(z,0) = h(z) — g'(x) (z €R).

Our substituting into (7) now yields

u(z,t) = 1

r+1
5| B - dWdy+ o)

—i

Hence

1 1 T+t
(8) um0=§MwHku—m+§f%Mw® (z€R, ¢ >0).

This is d’Alembert’s formula.

We have derived formula (8) assuming  is a (sufficiently smooth) solu-
tion of (3). We need to check that this really is a solution.

THEOREM 1 (Solution of wave equation, n = 1). Assume g € C%(R),
h € CY(R), and define u by d’Alembert’s formula (8). Then
(i) ue C*R"™ x [0, 00)),
(i) vy —uzz =0 in R x (0,00),
and , .
(iii) (m’t)grgo,o)u(m, t) = g(z"), (z,t)lff}co,o)ut(x’ t) = h(z")
>0 >0

for each point z° € R.
The proof is a straightforward calculation.

Remarks. (i) In view of (8), our solution u has the form
u(z,t) = Flz+t) +G(z - t)

for appropriate functions F and G. Conversely any function of this form
solves uy —uz; = 0. Hence the general solution of the one-dimensional wave
equation is a sum of the general solution of u; — u, = 0 and the general
solution of u; + 1, = 0. This is a consequence of the factorization (4).
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(ii) We see from (8) that if g € C* and h € C*~1, then u € C*, but is not
in general smoother. Thus the wave equation does not cause instantaneous

~

smoothing of the initial data, as does the heat equation. O

A reflection method. To illustrate a further application of d’Alembert’s
formula, let us next consider this initial/boundary-value problem on the
half-line R, = {z > 0}:

U — Ugz =0 in Ry x (0, 00)
(9) u=g, uu=h onRy x {t=0}
u=0 on {r=0}x(0,00),

where g, h are given, with ¢g(0) = h(0) = 0.
We convert (9) into the form (3) by extending u, g, h to all of R by odd
reflection. That is, we set
(u(z,t) (z>0,t>0)
—u(—z,t) (<0, t>0),
. g9(z) (z > 0)
9(z) := {

—g()——:c) (x <0),
- [ Az (z >0)
i@ ={ sy o
Then (9) becomes
{ﬁttzﬁu in R x (0, 00)
=g, w=h onRx{t=0}

Hence d’Alembert’s formula (8) implies

4+t
i(z,t) = —lg(w +t)+3z -1+ n(y) dy.

Recalling the definitions of u, g, h above, we can transform this expression
toread forx > 0,t > 0:

3lg (x+t)+g(x—t]+2fz+t (y)dy fz>t>0

(10) wu(z,t) =
Uglo+6)—glt— )]+ 3 J° hy)dy €0<z<t.
If h = 0, we can understand formula (10) as saying that an initial dis-
placement g splits into two parts, one moving to the right with speed one
and the other to the left with speed one. The latter then reflects off the
point z = 0, where the vibrating string is held fixed. a
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b. Spherical means.

NAor g S D o > D o
Z & Z 4, allQ U S

nd u € C™(R™ x [0,

00)) solves the ini

value problem

ur —Au=0 in R™ x (0,00
(11) { “ (0,00)

u=g, uy=h onR"x{t=0}.

We intend to derive an explicit formula for u in terms of g, h. The plan
will be to study first the average of u over certain spheres. These averages,
taken as functions of the time ¢ and the radius r, turn out to solve the
Euler-Poisson-Darboux equation, a PDE which we can for odd n convert
into the ordinary one-dimensional wave equation. Applying d’Alembert’s
formula, or more precisely its variant (10), eventually leads us to a formula
for the solution.

Notation. (i) Let z € R*, ¢ > 0, r > 0. Define

PRI - PN f 7 SN TSN

(12) Ulz;r,t) = f uly,t)ao(y),
8B(z,r)

the average of u(-,t) over the sphere 0B(z,r).
(ii) Similarly,

Glzr) = ][ o(y)dS(y)
(13) 8B(z.r)
H(z;r) = ][a h(y) dS(y).

B(z,r)

For fixed z, we hereafter regard U as a function of r and ¢, and discover
a partial differential equation U solves:

LEMMA 1 (Euler-Poisson—Darboux equation). Fiz x € R", and let u

(AT (11) Then U € Cm(R+ X [0,%)} and

(14) {Uu —Upr — 210U, =0 in R4 x (0,00)

U=G, Uy=H onR; x {t=0}.

The partial differential equation in (14) is the Euler—Poisson-Darbouz
equation. (Note that the term U, + ";1 U, is the radial part of the Laplacian
A in polar coordinates.)




2.4. WAVE EQUATION | | !

Proof. 1. As in the proof of Theorem 2 in §2.2.2 we compute for r > 0

(15) Urlzirt) = —4  Au(y,t) dy.
n B(z,r)

From this equality we deduce lim,_,o+ Ur(z;7,t) = 0. We next differentiate
(15), to discover after some computations that

1
(16) Upr(z; 7, t) = ][ AudS + (— — 1) Audy.
aB(z,r) n B{z,r)

Thus lim,_,g+ Urr(z;7,t) = 2 Au(z,t). Using formula (16) we can similarly
compute Up.r, etc., and so verify that U € C™ (R4 x [0, 0)).

2. Continuing the calculation above, we see from (15) that

r
U, = —][ upr dy by (11)
nJ B(x,r)
1 1
B na(n) rn—l /B(I,T)Utt dy
Thus
U, = 1 Use d
™ na(n) jB(I,T) tt y7
and so
("0, = [ ugs
na(n) Jop(z,r)

= r"_l *[ Ut dS = ’I"nqutt.
J 6B(

z,r)

c. Solution for n = 3, 2, Kirchhoff’s and Poisson’s formulas.

The overall plan in the ensuing subsections will be to transform the
Euler—Poisson-Darboux equation (14) into the usual one-dimensional wave
equation. As the full procedure is rather complicated, we pause here to
handle the simpler cases n = 3,2, in that order.

Solution for n = 3. Let us therefore hereafter take n = 3, and suppose
u € C%(R3 x [0,00)) solves the initial-value problem (11). We recall the
definitions (12), (13) of U, G, H, and then set

(17) U :=rU,
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(18) G:=rG, H:=rH.

We now assert that U solves
Uit —Upr =0 inRy X (0,00)
U=G, Uy=H onRy x{t=0}

0 on {r =0} x (0, 00).

(19)

leg

\
Indeed

Uy = rUs
=TP”+§M] by (14), with n = 3
= rUpr +2U, = (U 4+ rUy)r
= U,,.
Applying formula (10) to (19), we find for 0 < r < ¢

rr+t

(20) ﬁ@mﬂ=%@&+ﬂ—éa—ﬂhé-_ﬂﬁ@My

Since (12) implies u(z,t) = lim, 4+ U(z;7,t), we conclude from (17), (18},
(20) that

u(z,t) = lim Ulzin,t)
r—0+ r
G+ =Gt =) 1 [t
= hm o tor ) HEd
=G'(t) + H(z).
Owing then to (13), we deduce
a
(21) u(z,t) = — t][ gdS +t][ hdsS.
ot 8B(z,1) 8B(z,t)
But
_[ n(a:\d(‘{a:\ — I nlz_l_tz\d(‘/z\-
7 gy &) = g g\Z +12)ao5(z);
3B(z,t) 8B(0,1)
and so

% (][aB(x,tg d.S’) N ][aB(o,l)Dg(w +i2) 2d5(2)
= f 1 D) (157 asto
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Returning to (21), we therefore conclude

(22) u(z,t) = ][BB(I 1h)+9)+ Do) (y=2)dSw) (=€ RS, ¢>0).

This is Kirchhoff’s formula for the solution of the initial-value problem (11}
in three dimensions.

Solution for n = 2. No transformation like (17) works to convert the
Euler—Poisson—-Darboux equation into the one-dimensional wave equation
when n = 2. Instead we will take the initial-value problem (11) for n = 2
and simply regard it as a problem for n = 3, in which the third spatial
variable z3 does not appear.

Indeed, assuming u € C?(R? x [0, o0)) solves (11) for n = 2, let us write
(23) u(zx1,z2, x3,t) := u(xy, x2,1).

Then (11) implies

o Am — . 3
(24) {utt A =0 in R? x (0,00)

=g, & =h onR3x {t=0},

for

g(z1, 2, 13) := g(z1, T2}, h(x1, T2, T3) := h(Z1,22).

If we write z = (z1,22) € R? and Z = (21,72,0) € R?, then (24) and
Kirchhoff’s formula (in the form (21)) imply

u(z,t) = u(z,1)

2 - - =
@) 2, a88)wef  has
O\ JoBay | 9B(z.)

hY

where B(Z,t) denotes the ball in R3 with center Z, radius ¢ > 0, and dS
denotes two-dimensional surface measure on 8B(Z,t). We simplify (25) by
observing

1 _
5d5 = —— gd3
][ aB(z,{;] dnt? Jop(z0)

2 / 2\1/2
== 1+ |D dy,
Ant? B(z’t)g(y)( |Dy(y)[°) Y

where y(y) = (&* — |y —- z|?)/% fory € B(z,t). The factor “2” enters
since OB(z,t) consists of two hemispheres. Observe that (1 + |[Dy|*)"/* =
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t(t? — ly — z|?)~1/2. Therefore

_ a1 9(y)
gdS = d
]laB(z-, t) 2mt B(zy) (2 — Iy— z|2)1/2 Y
t )
_7[ (2 y | V1/2 dy.
J Blz,t) b /

Consequently formula (25) becomes

10 (4 g(y)
= ¢
ul@t) =3 ot ( ][B(:z-,t) (12 - ly — z[?)1/? W

(26) p o
Yy
+ — dy.
2 ][B(a:,t) (2 — |y — z|2)1/2 Y
Bt ) (@ + t2)
tz
t?‘][ 9y d =t][ g_a:—&-__dz,
Bt @ —y—a) 2 YT ] pon (- 212
and so
0 2][ 9(y)
9 (¢ d
m( mmﬂﬁ—w—wm”2y
[ gz +t2) ©s Do(z +tz) -z |,

= _— IZ az
T 5o (= 212 TBOU (1—|z)2

9(y) ][ Dg(y) - (y — )
][B(:r,t) E—|y—ap)2"™ B(zyt) (1% — |y — z|2)1/2 Y

Hence we can rewrite (26) and obtain the relation

1 tg(y) + t2h tDg(y) - (y —
(27) u(z,t) = = ][ 9(y) - () + %(33 - y—2),
2/ By (€2 =y — z[?)
for z € R2, t > 0. This is Poisson’s formula for the solution of the initial-
wraliie nrahlarm 7111Y in 4 Alrnonainna
YalLuo PLUUJCILI \.L.Ll il LUVY U ULLLICTLISIULILY .

This trick of solving the problem for n = 3 first and then dropping to
n = 2 is the method of descent.

d. Solution for odd n.

In this subsection we solve the Euler—Poisson—Darboux PDE for odd
n > 3. We first record some technical facts.
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LEMMA 2 (Some useful identities). Let ¢ : R — R be C*+1. Then for
k=1,2,...:

0 (#) G4 (% 00) = (4)* (- 50),

. k—1 _ _ 1 di
() (34)° (rP*76(n) =55 By G5 0),
where the constants ﬁ]’-“(j =0,...,k —1) are independent of ¢.

Furthermore,
(iii) g =1-3-5----- (2k —1).

The proof by induction is left as an exercise.

Now assume

n > 3 is an odd integer

and set
n=2k+1 (k2>1).

Henceforth suppose u € C*T1(R™ x [0, 00)) solves the initial-value prob-
lem (11). Then the function U defined by (12) is C*+1.

Notation. We write

O(r,t) = (L 2) 7 (21U (z;m, 1))

(28) G(r) = (22)" (2G5 7)) (r>0, t>0)
H(r) = (%z%)k_l (r?*~1H(z;7)).

Then

(29) Ulr,0) = G(r), Uy(r,0) = H(r).

Next we combine Lemma 1 and the identities provided by Lemma 2 to
demonstrate that the transformation (28) of U into U in effect converts the
Euler—Poisson—-Darboux equation into the wave equation.

LEMMA 3 (U solves the one-dimensional wave equation). We have
—Ur =90 inR.,.X(0,00)
=G, ~t=ﬂ onR+><{t=U}
1 U=0 on{r=0}x(0,0).
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Proof. If r > 0,
1

_{82\/18\ [2k=177y
-~ \om) (ar) 7V

10 (
ror
(;L_;_) [ 2k_lUTr+2kT2k_2Uq-]
10 261 [ 7 +n—1U (n =2k + 1)
ror i r g n=
0

1 .
B (r Br) (7 0u) = Us,

the next-to-last equality holding according to (14). Using Lemma 2,(ii) we
conclude as well that U = 0 on {r = 0}. 0

-
h

%*U,) by Lemma 2,(i)

In view of Lemma 3, (29), and formula (10), we conclude for 0 <r < ¢
that
~ 1 - - 1 [T .
(30) U(r,t) = §[G(r—|—t) -Gt —r)+ 2 H(y)dy
t—r

for all » € R, ¢t > 0. But recall u(z,t) = lim,_oU(x;r,t). Furthermore
Lemma 2,(ii) asserts

\

k—

QD' T

2k‘—1 T
) Ulai, )

r—l Sl

B; 'rJ""lﬁU(a: r,t);
= ord

and so

lim U(Z’ 2 = lim U(z;r,t) = u(x,t).
r—0 /807‘ r-—(

Thus (30) implies

wla,t) = g [GEHD =Gl L

180 r—0 2r 2"' t—r

1z 2
=§wm+mm

H(y) dy]
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Finally then, since n = 2k + 1, (30) and Lemma 2,(iii) yield this repre-

sentation formula:
1 3) 2
— -— A ds
( ) (t ot ( OB(x, t)g )

( 1
,t) = —
u(zx,t) o
(31) S (1 d)"_a ) ][
+ | =-= " hdS
tdi 8B(z,t)

{ wherenisoddandy,=1-3-5----- (n—2),
forx e R?, ¢t > 0.

We note that 3 = 1, and so (31) agrees for n = 3 with (21) and thus
with Kirchhoff’s formula (22).

It remains to check that formula (31) really provides a solution of (11).

THEOREM 2 (Solution of wave equation in odd dimensions). Assume n
is an odd integer, n > 3, and suppose also g € C™T1(R"), h € C™(R"™), for
m = 2. Define u by (31). Then
(i) v e C?(R™ x [0,00)),
(ii) uy —Au=0 1inR" x (0,00),
and
. 0 0
) |, 82 =06 fi ) =)
zeR?, >0 t>0
for each point 2° € R™.

Proof. 1. Suppose first g = 0; so that

1 /1d\7T,
(32) u(z,t) = . (tdt) (" ?H(x;t)) .

Then Lemma 2,(i) lets us compute

n—1
1 (1d\*7T,,_,
=— (== H,).
et Tn (tdt) (t t)

From the calculation in the proof of Theorem 2 in §2.2.2, we see as well that

== ][ Ahdy.
B(x,t)

)2 (] Ahdy)
\ B(z,t) y
n—3
1 1d 2 1/
= -— - AhdS .
na(n)yn (t dt) (t 8B(z,t) )

¥

Consequently
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On the other hand,

AH(z;t) = Ay h(z +y) dS(y)
8B(0,t)
_ ][ AhdS.
aB(z,t)

Consequently (32) and the calculations above imply u; = Au in R™ % (0, co).
A similar computation works if h = 0.

2. We leave it as an exercise to confirm, using Lemma 2,(ii)-(iii), that u
takes on the correct initial conditions. a

Remarks. (i) Notice that to compute u(z, t) we need only have information
on g,h and their derivatives on the sphere 0B(zx,t), and not on the entire
ball B(z,t).

(ii) Comparing formula (31) with d’Alembert’s formula (8) (n = 1), we
observe that the latter does not involve the derivatives of g. This suggests
that for n > 1, a solution of the wave equation (11) need not for times ¢ > 0
be as smooth as its initial value g: irregularities in ¢ may focus at times
t > 0, thereby causing u to be less regular. (We will see later in §2.4.3 that
the “energy norm” of u does not deteriorate for ¢t > 0.)

(iii) Once again (as in the case n = 1) we see the phenomenon of finite
propagation speed of the initial disturbance.

(iv} A completely different derivation of formula (31) (using the heat
equation!) is in §4.3.2. O

e. Solution for even n.

Assume now
n is an even integer.

Suppose u is a C™ solution of (11), m = %2 We want to fashion a rep-
resentation formula like (31) for u. The trick, as above for n = 2, is to
note

(33) w(z1,...,Tnt1,t) = u(x1,...,Tn,t)
solves the wave equation in R"*! x (0, 0o), with the initial conditions

.

=g, i =h onR"" x{t=0},
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where
9(z1,...,x =g(xr1,...,T
(34) { .‘z( 1 nt1) 1= g(z1 n)
h(zy,...,&ne1) = h(z1,...,2,).
As n+1is odd, we may employ (31) (with n + 1 replacing n) to secure
a representation formula for @ in terms of g, h. But then (33) and (34) yield
at once a formula for u in terms of g, h. This is again the method of descent.

To carry out the details, let us fix £ € R®, ¢t > 0, and write Z =
(z1,...,%n,0) € R* 1. Then (31), with n + 1 replacing n, gives

n—2
1 8 [/18\ 7 _
) = — (== t”_l][ gdsS
ue 1) Tn+1 l:@t (tat) ( BB(:i,t)g )
19\ _1][ o
+ | == t" hdS ||,
(t 515) ( 0B(z,2) )]

B(z,t) denoting the ball in R”“_with center Z and radius ¢, and dS n-
dimensional surface measure on 6B(Z,t). Now
1

36 ]( gdS = / gdS.
(36) 8B(z, t)g (n+ Da(n+ 1)t" Jopz.e g

Note that BB(az t) N {yny1 = 0} is the graph of the function y(y) :=

(t2 — |y — 2|2 for y € B(z,t) € R™. Likewise dB(z,t) N {yny1 < 0}

is the graph of —~v. Thus (36) implies
[ T 2 [ 2\1/2

B) a7 = T T Sy, SO0+ DI e

the factor “2” entering because 8B(%,t) comprises two hemispheres. Note

that (1+|Dvy(y))?)1/2 = t(t — |y — z[2)~1/2. Our substituting this into (37)

~rialdc
yielas

. 2 9(y)
ds = / d
J[ 0By (A Dan+ 0T Jpgy (@ ly— a2 Y
2ta(n) a(y)

b2 BN
&

T YA e | | 1/
N+ 1ljan+1)J gyt — |y —x|*)Y

(35)

We insert this formula and the similar one with h in place of g into (37),

and find
! 20(n) 918\ [, 9(y)
Ynt+1 (n 4+ L)a(n + 1) lat (t Bt) (t ][B(z,t) (82 — |y — z[2)1/2 dy)

u(x,t) =
12 7 (., h(y)
t at) (t ][B(a:,t) (2 — |y — x|?)1/2 d!/)} |
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"’\I'] f\l(/'l"l\ _— TR
1ILL LEyTe )

P _— [‘(szﬁ)’ we 110:’ CG.l.u.le

Hence the resulting representation formula for even n is:

im0 =3 [(%) (%%)_ (tJl o T T dy)

(38) 10\"7 ( . h(y) )]
+ (za) \t fB(l‘ﬁ) (£2 — |y — z|2)1/2 dy/ | )

\  wherenis evenand v, =2-4---(n—2)-n,

forz € R", t > 0.

Since 2 = 2, this agrees with Poisson’s formula (27) if n = 2.

THEOREM 3 (Solution of wave equation in even dimensions). Assume n
is an even integer, n > 2, and suppose also g € C™t1(R"), h € C™(R"),
form = 22, Define u by (38). Then

(i) u € C%(R" x [0, 00)),

(ii) up -~ Au=0 inR" x (0, 00),

and

iii li u(z,t) = g(z0), lim  w(x,t) = h(z®

i) | lm, ue)=o(), lm, w(zt)=he)
zeRr, t>0 zeR?, t>0

for each point z° € R™.
This follows from Theorem 2.

Remarks. (i) Observe, in contrast to formula (31), that to compute u(z, t)
for even n we need information on u = g, us = h on all of B(z,t), and not
just on 9B(z, ).

(ii) Comparing (31) and (38) we observe that if n is odd and n > 3,
the data ¢ and h at a given point £ € R" affect the solution u only on
the boundary {(y,t} | t > 0, |z — y| = t} of the cone C = {(y,t) | t > 0,
|z —y| < t}. On the other hand, if n is even the data g and h affect u within
all of C. In other words, a “disturbance” originating at x propagates along
a sharp wavefront in odd dimensions, but in even dimensions continues to
have effects even after the leading edge of the wavefront passes. This is

C UL CALlL cLeayc L LC I CITLE THL2DCY. 4131

Huygens’ principle. O
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2.4.2. Nonhomogeneous problem.

We next investigate the initial-value problem for the nonhomogeneous
wave equation

fany r Uit — Ay = f in R™ x (0,00)
N 1u=0,ut=0 on R" x {t = 0}.

Motivated by Duhamel’s principle (introduced earlier in §2.3.1), we define
u = u(zx,t; 8) to be the solution of

ug(-;8) — Aul;8) = 0 in R™ x (s,00)
(40,) {u(-;s) = 0, w(-;8) = f(-,s) onR™x {tozos}.

Now set
t
(41) u(z,t) = ] u(z,t;8)ds (xz € R*,t > 0).
0
Duhamel’s principle asserts this is a solution of

(42) {utt—Auzf in R™ x (0, o0)

u=0, uy=0 onR"x {t=0}.

THEOREM 4 (Solution of nonhomogeneous wave equation). Assumen >
2 and f € ClP/A+1(R™ x [0,00)). Define u by (41). Then

(i) u € CYR" x [0,00)),

(ii) ug —Au=f in R™ x (0,00),

and
(iii) lim wu(z,t) =0, lim  w(z,t) =0 for each point 0 € R".
(z,t)—(z°,0) (z,t)—(z0,0)
zeR", >0 zeRr, t>0

Proof. 1. If nis odd, [2] + 1 = 2fL. According to Theorem 2 u(-,;s) €
C2(R" x [0,00)) for each s > 0, and so u € C?(R" x [0,00)). If n is even,
[2] + 1 = 2. Hence u € C*(R” x [0, 00)), according to Theorem 3.

2. We then compute:

¢ ¢
w(x,t) = uz, t;t) + / u(x, t;8)ds = / ui(z, t; 8) ds,
0 0

t
((x,t) = w(z, t;t) + [ ug(x,t;s)ds
0
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Furthermore
t t
Au(:c,t)z/ Au(z,t; s)d.s:/ utt(x,t; 8) ds.
0 0

Thus
up(z,t) — Au(z,t) = f(z,t) (x € R",t > 0),

and clearly u(z,0) = u(z,0) = 0 for x € R", a
Remark. The solution of the general nonhomogeneous problem is conse-
quently the sum of the solution of (11) (given by formulas (8), (31) or (38))
and the solution of (42) (given by (41)). O

Examples. (i) Let us work out explicitly how to solve (42) for n = 1. In
this case d’Alembert’s formula (8) gives

1 r+t—s r+t—s
u(z,t;s) = 3 / f(y,8)dy, u(z,t) =3 / / f(y,s) dyds.
“ Jr—t+s <« Jo Jx—t+s
That is,
(43) u(x, t) =3 / / fly,t—s)dyds (z€R, t>0).
(ii) For n = 3, Kirchhofl’s formula (22) implies

wrt)=(=9f w9

so that
t
u(zx, t) =/ (t—s) (][ f(y,s) dS) ds
OB(x,t— s)
dB(z,t— s) (t—s)
8B(z,r) o
Therefore

1 f(y,t—ly—:vl) 3
44 u(z,t =—/ d zeR’ t>0
R e e )

solves (42) for n = 3. The integrand on the right is called a retarded potential.
O
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2.4.3. Energy methods.

The explicit formulas (31) and (38) demonstrate the necessity of making
more and more smoothness assumptions upon the data g and h to ensure
the existence of a C? solution of the wave equation for larger and larger
n. This suggests that perhaps some other way of measuring the size and
smoothness of functions may be more appropriate. Indeed we will see in this
section that the wave equation is nicely behaved (for all n) with respect to
certain integral “energy” norms.

a. Uniqueness.

Let U C R™ be a bounded, open set with a smooth boundary 68U, and

et omsmaz ) s f I — T7_ TT_ ezslenon
as usual set Ur =U x (0,T), I'r = Ur — Ur, where T > 0.

We are interested in the initial/boundary-value problem

(45) u=g¢g onlr

!utt—Au=f in Ur
l uy=h onU x {t =0}

THEOREM 5 (Uniqueness for wave equation). There exists at most one
function u € C%(Ur) solving (45).

Proof. If & is another such solution, then w := u — u solves
Wit — Aw =0 in Up
w=0 onTI7

wy =0 onU x {t =0}
Define the “energy”
e(t) == %/ w?(z,t) + |Dw(z,t)]?dz (0<t<T).
U
We compute
é(t) = / wiwy + Dw - Dwy dr ( = _)
U dt

= / wt('wtt — Aw)dw = 0.
U

There is no boundary term since w = 0 , and hence w; = 0, on 68U x [0, T.
Thus for all 0 < ¢ < T, e(t) = e(0) = 0, and so w;, Dw = 0 within Uz. Since
w=0on U x {t =0}, we conclude w =u — % =0 in Ur.
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B (xa, ta-t)

Cone of dependence

b. Domain of dependence.

As another illustration of energy methods, let us examine again the
domain of dependence of solutions to the wave equation in all of space. For
this, suppose u € C? solves

upr —Au=0 in R™ x (0, 00).
Fix zo € R™, t3 > 0 and consider the cone

C:{(x,t)|O§t§t0,|m—x0|§t0—t}.

MITEVAADTIAAL o /T _fh . e
A ILG/VUIVGIVEI U (T lIve PpLODag

then u = 0 within the cone C.

.

Ll man v i . T o X
L1011 DPCCU”- if 4 = Ut = U Ul D\J./O,

In particular, we see that any “disturbance” originating outside B(x, o)
has no effect on the solution within C, and consequently has finite propaga-
tion speed. We already know this from the representation formulas (31) and
(38), at least assuming ¢ = u and h = u; on R"™ x {t = 0} are sufficiently
smooth. The point is that energy methods provide a much simpler proof.

Proof. Define

/ ul(x,t) + |[Du(z,t)|Pde (0 <t <tp).
B(

z0,t0—t)
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Then
1
é(t) = / Uty + Du - Dy, dor — —] u? + |Du|*dS
B(xg,to—t) 2 8B(xp,to—t)
= . ut(utt — AU) dz
(46) J B(xo,lo—t) u .
+f —u dS — —] u? + |Du|*dS
AB(zo,to—t) ov 2 JoB(zo,to~t)
o 1 1
= / Q—?ut - ;uf - ;IDu|2dS.
JaB(:Eg,to——t) ov < <
Now
ou 1 1
(47) ‘Eut < |ug|| Du| < 5Uf + §|Du|2,

by the Cauchy—Schwarz and Cauchy inequalities (§B.2). Inserting (47) into
(46), we find é(t) < 0; and so e(t) < e(0) =0 for all 0 < ¢ < ¢3. Thus wu,,
Du =0, and consequently u = 0 within the cone C. O

A generalization of this proof to more complicated geometry appears
later, in §7.2.4.

2.5. PROBLEMS

In the following exercises, all given functions are assumed smooth, unless
otherwise stated.

1. Write down an explicit formula for a function u solving the initial-
value problem

fur+b-Du+cu=0 inR" x (0,00)
1 u=g onR"x {t=0}.

Here ¢ € R and b € R™ are constants.

2. Prove that Laplace’s equation Au = 0 is rotation invariant; that is, if
O is an orthogonal n X n matrix and we define

v(z) :=u(Ozx) (xz€R"),

o
=
®]
o]
=
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provided
—Au=f in B%0,r)
u=g on0B(0,r).
4.  Wesay v € C?(U) is subharmonic if
-Av<0 inU
(a) Prove for subharmonic v that
r
v(z) < ]L vdy forall B(z,7) CU.
B(z,r)
(b) Prove that therefore maxy v = maxsy v.
(c) Let ¢:R — R be smooth and convex. Assume u is harmonic
and v := ¢(u). Prove v is subharmonic.
(d) Prove v := |Du|? is subharmonic, whenever u is harmonic.
5. Prove that there exists a constant C, depending only on n, such that
m <C
max Jul < (6g1(%§) 91+ max IF1)
whenever u is a smooth solution of
—Au=f in B%0,1)
u=g¢ on 8B(0,1).
6. Use Poisson’s formula for the ball to prove
n—2 r— |$| n—2 T+ |I|
———u(0) < u(z) < r" ————u(0
a0 < MO S e ©)
whenever u is positive and harmonic in B%(0,r). This is an explicit
form of Harnack’s inequality.
7.  Prove Theorem 15 in §2.2.4. (Hint: Since u = 1 solves (44) for g =1,
the theory automatically implies
[ K@uise)=1
8B(0,1)
for each z € B%(0,1).)
8. Let u be the solution of

Au=0 inR%}
u=g ondR}
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10.

11.

12.

13.

given by Poisson’s formula for the half-space. Assume g is bounded
and g(x) = |z| for x € ORY, |z| < 1. Show Du is not bounded near
z = 0. (Hint: Estimate ﬂﬁ/\tu—@l)

Let U™ denote the open half-ball {z € R" | |z| < 1, z, > 0}. Assume
u € C(U™) is harmonic in U*, with u = 0 on 8U™ N {z,, = 0}. Set

u(zx) ifxnp, >0

v(x) == . N N
L —ukzl,...,xn_.l,_xn) II mn<U

for x € U = B%(0,1). Prove v is harmonic in U.
Suppose u is smooth and solves u; — Au = 0 in R™ X (0, 00).

(i)  Show wuy(z,t) := u(Azx, ?t) also solves the heat equation for
each A € R.

{33 TTae (i) 4+ chasr o1l an Y e— . Ny +£Y 1

|\11} uoc \1} LU DLIVUW U\.b, b) - * .L/u;\-b, b) I
equation as well.

Assume n =1 and u(z,t) = v(’—).

(a) Show

3

D Y S g
LU\ T,

[N

Ut = Ugy

if and only if
(%) 420" (z2) + 24+ 20 (z2) =0 (2> 0).

(b) Show that the general solution of (x) is

Z
v(z) = c/ e~3/4s7 125 + d.
0

(¢) Differentiate v(“";) with respect to z and select the constant ¢
properly, so as to obtain the fundamental solution ® for n = 1.

Write down an explicit formula for a solution of

u—Au+cu=f inR" x (0,00)
u=g onR"x {t=0},

where ¢ € R.
Given g : [0,00) — R, with g(0) = 0, derive the formula

xr ¢ 1 —_125
= 4(t—s
u(z, t) - /(; TS e g(s)ds
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for a solution of the initial/boundary-value problem
u= 0 OI].R_I_X{t:O},
u= g on {z=0}x][0,00).
(Hint: Let v(z,t) := u(z,t) — g(¢t) and extend v to {z < 0} by odd
reflection.)
14. We say v € C?(Ur) is a subsolution of the heat equation if
—Av <0 inUr.
(a) Prove for a subsolution v that
v(z,t) < — // v(y, 3) y|2 dyds
4r E(z,t;r) )
for all E(z,t;r) C Ur.
(b) Prove that therefore maxg, v = maxp; v.
(¢) Let@:R — R besmooth and convex. Assume u solves the heat
equation and v := ¢(u). Prove v is a subsolution.
(d) Prove v := |Du|? + u? is a subsolution, whenever u solves the
heat equation.
15. (a) Show the general solution of the PDE u,, = 0 is
u(z,y) = F(z) + G(y)
for arbitrary functions F,G.
(b) Using the change of variables £ = z +¢, n = x — t, show
Ut — Uzz = 0 if and only if ug, = 0.
(c) Use (a) and (b) to rederive d’Alembert’s formula.
16. Assume E = (E', E% E3) and B = (B!, B?, B3) solve Maxwell’s equa-
tions (§1.2.2). Show
Ut — Au=0
where u = E* or B* (i =1,2,3).
17. (Equipartition of energy). Let u € C?(R X [0, 00)) solve the initial-

value problem for the wave equation in one dimension:

{utt—umzo in R x (0, 00)
u=g,u: =h onRx {t=0}
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18.

Suppose g, h have compact support. The kinetic energy is k(t)
1 [ u2(z,t) dz and the potential energy is p(t) := 1 [*° ui(z,t)dx.
Prove

(i) k() 4+ p(t) is constant in ¢,
(ii)  k(t) = p(¢) for all large enough times t.

Let u sol
U SONVE Iutt—Au=0 in R3 x (0, 00)

Lu=g,us=h onR?x {t=0},
where g, h are smooth and have compact support. Show there exists

a constant C such that

u(z, t)] < C/t (z€R’, t>0).

2.6. REFERENCES

Section 2.2 A good source for more on Laplace’s and Poisson’s equations

is Gilbarg—Trudinger [G-T, Chapters 2-4]. The proof of an-
alyticity is from Mikhailov [M]. J. Cooper helped me with
Green’s functions.

Section 2.3  See John [J, Chapter 7] or Friedman [FR2] for further infor-

mation concerning the heat equation. Theorem 3 is due to
N. Watson [W], as is the proof of Theorem 4. Theorem 6 is
taken from John [J], and Theorem 8 follows Mikhailov [M].
Theorem 11 is from Payne [PA, §2.3].

Section 2.4  See Antman [A] for a careful derivation of the one-dimension-

AAAAA 3 =4 Pas-py asoctad
OUbbl.UIl L.dJ J. TOMUdY ULI SUEEREdLCU

al wave equation as a model for a vibrating string. The
solution of the wave equation presented here follows Folland
[F1], Strauss [ST).
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Chapter 3

NONLINEAR

4 N Al N A J

FIRST-ORDER PDE

3.1 Complete integrals, envelopes

3.2 Characteristics

3.3 Introduction to Hamilton—-Jacobi equations
3.4 Introduction to conservation laws

3.5 Problems

3.6 References

In this chapter we investigate general nonlinear first-order partial differ-
ential equations of the form

F(Du,u,z) =0,
where £ € U and U is an open subset of R”. Here
F:R"xRxU—-R
is given, and u : U — R is the unknown, u = u(z).

Notation. Let us write
F=F(p,z,x) =F(p1,---,Pn, %, L1, - ,Zn)

forp e R, 2 € R, x € U. Thus “p” is the name of the variable for which
we substitute the gradient Du(z), and “2” is the variable for which we
substitute u(x). We also assume hereafter that F' is smooth, and set

s DB

) F.
-l—/p.L \‘pl,-o-,‘pnl
{ D, F=F,

D,F = (Fy,,...,Fy,).

(]
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We are concerned with discovering solutions u of the PDE F(Du, u,x) =
0 in U, usually subject to the boundary condition

u=g onl,
where I is some given subset of OU and g : I' — R is prescribed.

Nonlinear first-order partial differential equations arise in a variety of
physical theories, primarily in dynamics (to generate canonical transforma-
tions), continuum mechanics (to record conservation of mass, momentum,
energy, etc.) and optics (to describe wavefronts). Although the strong
nonlinearity generally precludes our deriving any simple formulas for so-
lutions, we can, remarkably, often employ calculus to glean fairly detailed
information about solutions. Such techniques, discussed in §§3.1 and 3.2,
are typically only local. In §§3.3 and 3.4 we will for the important cases
of Hamilton—Jacobi equations and conservation laws derive certain global
representation formulas for appropriately defined weak solutions.

3.1. COMPLETE INTEGRALS, ENVELOPES

3.1.1. Complete integrals.

We begin our analysis of the nonlinear first-order PDE
(1) F(Du,u,z) =0

by describing some simple classes of solutions and then learning how to build
from them more complicated solutions.

Suppose first A C R™ is an open set. Assume for each parameter a =
(a1,...,an) € A we have a C? solution u = u(z; a) of the PDE (1).
Notation. We write

Ugy Uzyay -+ Uzpay
(2) (Dau, D,u) =
Ua, Uzia, -+ Uzpan/ nx(n+l)

g

DEFINITION. A C? function u = u(z;a) is called a complete integral in
U x A provided

(i) u(x; a) solves the PDE (1) for each a € A
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Remark. Condition (ii) ensures u(z;a) “depends on all the n independent
parameters aj, ..., a,". To see this, suppose B C R® ! is open, and for each
b € B assume v = v(z;b) (z € U) is a solution of (1). Suppose also there
exists a C! mapping ¥ : A — B, v = (¢!,...,¥" 1), such that

(3) u(z;0) = v(z;p(a) (e €U, ac A).
That is, we are supposing the function u(z;a) “really depends only on the
n — 1 parameters by,...,b,_1". But then

n—1

Uz, a; (z;0) = vaibk(mﬂb(a))wfj (@) (4,j=1,...,n).
k=1

Consequently
o1 S
det(D2,u) = Z Uzyby, - - - Vanby, det =0,
Ky okin=1 R Vi
since for each choice of ky,...,k, € {1,...,n — 1}, at least two columns in

the corresponding matrix are equal. As

n—1
Uq; (m; a) = vak (:C; 1/)(&))7:[)(’:] (a) (.7 =1,... ,’I’L),

k=1
a similar argument shows the determinant of each n x n submatrix of

(Dau, D?,u) equals zero, and thus this matrix has rank strictly less than
Tl. O

Example 1. Clairaut’s equation from differential geometry is the PDE

(4) z-Du+ f(Du) = u,

where f: R™ — R is given. A complete integral is

(5) w(z;a) =a-z+ f(a) (xel)

for a € R™. O
Example 2. The eikonal* equation from geometric optics is the PDE

(6) |Du| = 1.

A complete integral is

(7) u(z;a,b)=a-z+b (zel)

forz € U, a € 8B(0,1), beR. O

*etkwr = image (Greek)
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Example 3. The Hamilton—Jacobi equation from mechanics is in its sim-
plest form the partial differential equation

(8) ut + H(Du) = 0,

where H : R® — R. Here u depends on 2 = (x1,...,2p) € R® and ¢t € R.
As before we have set t = 2,1 and written Du = Dyu = (ugy,..., Uz, ). A
complete integral is

(9) u(z,t;a,b) =a-z —

=)
3
-
v
(w]

where a € R, b € R.

3.1.2. New solutions from envelopes.

We next demonstrate how to build more complicated solutions of our
nonlinear first-order PDE (1), solutions which depend on an arbitrary func-
tion of n — 1 variables, and not just on n parameters. We will construct
these new solutions as envelopes of complete integrals or, more generally, of
other m-parameter families of solutions.

DEFINITION. Let u = u(z;a) be a C! function of z € U, a € A, where
UCR" and A C R™ are open sets. Consider the vector equation

(10) Dyu(z;a) =0 (zeU, a€ A).

Suppose that we can solve (10) for the parameter a as a C function of z,

(11) o = ¢(z);
thus
(12) Dou(z; ¢(z)) =0 (z € U).

We then call

(13) v(z) = u(z; p(z)) (zeU)

By forming envelopes we can build new solutions of our nonlinear first-
order partial differential equation:
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THEOREM 1 (Construction of new solutions). Suppose for each a € A
as above that u = u(-; a) solves the partial differential equation (1). Assume
further that the envelope v, defined by (12) and (13) above, ezists and is a
C?! function. Then v solves (1) as well.

The envelope v defined above is sometimes called a singular integral of

(1).

Proof. We have v(z) = u(z;¢(z)); andsofor i =1,...,n

t(0) = (35 0(2)) + 3. e 2, 8(2)) 6, 2)
= u(z; B(2)), azcl)rding to (12).
Hence for each z € U,
F(Du(@), v(e), ) = F(Du(as (), u; o)), 2) = 0.

d

Remark. The geometric idea is that for each z € U, the graph of v is
tangent to the graph of u(-;a) for a = ¢(z). Thus Dv = D,u(-;a) at «, for
a = ¢(z). |

Example 4. Consider the PDE
(14) w?(1+ |Duf?) = 1.
A complete integral is
wz,a) =21 - |z —a)’? (z—a|<1).

We compute

F(z —a)
D,u = = ()
Tl aP
provided a = ¢(x) = z. Thus v = £1 are singular integrals of (14). O

To generate still more solutions of the PDE (1) from a complete integral,
we vary the above construction. Choose any open set A’ C R*~! and any
C' function h : A’ — R, so that the graph of h lies within A. Let us write

a=(a,...,a,) =(a,a,) fora =(ay,...,an_1) €ER".
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DEFINITION. The general integral (depending on h) is the envelope v’ =
v'(z) of the functions

' (z;d) = u(z;a’ h(d)) (zeU, d €4,
provided this envelope exists and is C*.

In other words, in computing the envelope we are now restricting only
to parameters a of the form a (n' h(n’“ for some explicit choice of the

function h.

Remarks. (i) Thus from a complete integral, which depends upon n ar-
bitrary constants a1, ...,an, we build (whenever the foregoing construction
works) a solution depending on an arbitrary function h of n — 1 variables.

(ii) It is tempting to believe that once we can find as above a solution
of (1) depending on an arbitrary function h we have found all the solutions
of (1). This need not be so, however. Suppose our PDE has the structure

F(Du,u,z) = F1(Du,u,z)F>(Du,u,z) = 0.
If u1 (z, a) is a complete integral of the PDE F; (Du, u,z) = 0, and we succeed

in finding a general integral corresponding to any function h, we will still
have missed all the solutions of the PDE Fy(Du,u,z) = 0.

a

1
equatlon |Du| =1lforn=21is
(15) u(x;a) = r1cosa) + r2sina) + a2 (x,a € RQ).
We set h = 0, so that

v'(z;a1) = z1 cosa] + Tasinay

represents the subfamily of planar solutions of |Du| = 1, whose graphs pass
through the point (0,0,0) € R3. We then compute the envelope by writing

Dy, v = —z1sina; + 2 cosa; = 0.
Thus a; = arctan ﬂ and consequently

v'(x) = z) cos(arctan m_) + 2 sin(arctan i:—) +|z| (x € R?)
I Ty

solves |Du| =1 for z # 0. O

Example 6. Let H(p) = |p|?, h = 0 in Example 3 above. Then

u(z,t;0) =z -a — tlal?.
We calculate the envelope by setting Dyu’ = x — 2ta = 0. Hence a = £,
and so

Iﬂﬂl2

u’(a:,t)—m (z eR™, t>0)

~tlz[ =
solves the Hamilton—Jacobl equation u + |Du|2 = 0. O
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3.2. CHARACTERISTICS

3.2.1. Derivation of characteristic ODE.

We return to our basic nonlinear first-order PDE
(1) F(Du,u,z)=0 inU,
subject now to the boundary condition
(2) u=g onT,

where I' C 80U and g : I' — R are given. We hereafter suppose that ¥, g are
smooth functions.

We develop next the method of characteristics, which solves (1), (2) by
converting the PDE into an appropriate system of ODE. This is the plan.
Suppose u solves (1), (2) and fix any point z € U. We would like to calculate
u(z) by finding some curve lying within U, connecting z with a point z° € T
and along which we can compute u. Since (2) says u = g on I', we know
the value of u at the one end z. We hope then to be able to calculate u all
along the curve, and so in particular at z.

Finding the characteristic ODE. How can we choose the curve so all
this will work? Let us suppose it is described parametrically by the function
x(s) = (z!(s),...,2™(s)), the parameter s lying in some subinterval of R.
Assuming u is a C? solution of (1), we define also

(3) 2(s) = u(x(s)).
In addition, set

(4) p(s) = Du(x(s));

that is, p(s) = (p'(s), .., p"(s)), where

(5) P(s) = uz, (x(s)) (i=1,...,n).

So z(-) gives the values of u along the curve and p(-) records the values of
the gradient Du. We must choose the function x(-) in such a way that we
can compute z(-) and p(:).

For this, first differentiate (5):

. n . d
6) 5'(s) = 3 s, (X(5)87(s) (=5
=Y ( ds)



98 3. NONLINEAR FIRST-ORDER PDE

This expression is not too promising, since it involves the second derivatives
of u. On the other hand, we can also differentiate the PDE (1) with respect
to x;:

n
(v N 2 ny,
\h) y S

We are able to employ this identity to get rid of the “dangerous” second
derivative terms in (6), provided we first set

oF

(8) .’L‘](S) = %(p(s),z(s),x(s)) (.7 =1,... ’n)'

Assuming now (8) holds, we evaluate (7) at z = x(s), obtaining thereby
from (3) (4) the identity:

SF (B(5), 2(5),%(5) iy (x(5))

o (pls), 2(s),x(5)) =

2

OF ;
+ 55 (P(s), 2(s), x(s))p'(s) +
Substitute this expression and (8) into (6):

(s), 2(s),%(s))

OF i :
- g(p(S),Z(S),X(S))p (S) (7’ = 1)"'7"’)‘
Finally we differentiate (3):

p'(s) = -
9)

(10)  4(s) = ;?“ (5))(s) = Zp?(s . (PL8), 2, x(5).
the second equahty holding by (5) and (8).

We summarize by rewriting equations (8)—(10) in vector notation:

This important system of 2n + 1. first-order ODE comprises the char-
acteristic equations of the nonlinear first-order PDE (1). The functions
p() = (P'(),...,p"()), 2(*), x(-) = (z'(-),...,2™(-)) are called the charac-
teristics. We will sometimes refer to x(-) as the projected characteristic: it
is the projection of the full characteristics (p(-), z(*),x(-)) C R?"*! onto the
physical region U C R™.
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We have proved:

THEOREM 1 (Structure of characteristic ODE). Let u € C%(U) solve
the nonlinear, first-order partial differential equation (1) in U. Assume x(-)
solves the ODE (11)(c), where p( ) = Du(x("), z(-) = u(x(-)). Then p(-)

1 for such

, 2(
ML {11V =Y mmd =Y calsioe
solves the ODE (11)(a) and z{-) solves the ODE (

that x(s) e U.

We still need to discover appropriate initial conditions for the system
of ODE (11), in order that this theorem be useful. We accomplish this in
§3.2.3 below.

Remark. The characteristic ODE are truly remarkable in that they form
a closed system of equations for x(-), 2(-) = u{x(-)), and p(-) = Du(x(")),
whenever u is a smooth solution of the general nonlinear PDE (1). The
key step in the derivation is our setting x = D,F, so that—as explained
above—the terms involving second derivatives drop out. We thereby obtain
closure, and in particular are not forced to introduce ODE for the second
and higher derivatives of u. O

3.2.2. Examples.

Before continuing our investigation of the characteristic equations (11),
we pause to consider some special cases for which the structure of these
equations is especially simple. We illustrate as well how we can sometimes
actually solve the characteristic ODE and thereby explicitly compute solu-
tions of certain first-order PDE, subject to appropriate boundary conditions.

a. F linear.

Consider first the situation that our PDE (1) is linear and homogeneous,
and thus has the form

(12) F(Du,u,z) = b(z) - Du(z) + c(@)u(z) =0 (z € V).
Then F(p, z,2) = b(z) - p + ¢(z)z, and so

(13) D,F =b(z).

In this circumstance equation (11)(c) becomes

(14) x(s) = b(x(s)),

an ODE involving only the function x(-). Furthermore equation (11)(b)
becomes

rd Ay

(15) z(s) = b(x(s)) - p(s)-
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Since p(-) = Du(x(-)), equation (12) simplifies (15), yielding

(16) 2(s) = —c(x(s))z(s).

This ODE is linear in z(-), once we know the function x{-) by solving (14).
In summary,

an {0 it

(b) Zz(s) = —e(x(s))z(s)

comprise the characteristic equations for the linear, first-order PDE (12).
(We will see later that the equation for p(-) is not needed.) O

Example 1. We demonstrate the utility of equations (17) by explicitly
solving the problem

(18)

T1Ugy — TUy, =u in U
u=g¢g onl,

where U is the quadrant {z; > 0,z9 > 0} and T = {z; > 0,29 = 0} C 8U.
The PDE in (18) is of the form (12), for b = (—x2,z1) and ¢ = —1. Thus
the equations (17) read

(19)

Accordingly we have

x1(s) = z%cos s, 2%(s) = 2%sin s
z(s) = 2%° = g(z%) e,

where z° > 0, 0 < s < Z. Fix a point (1‘1,1‘2) € U We select s > 0,
29 > 0 so that (@1, z2) = (
(z? + 23)'/?, 5 = arctan (ﬂ) : Therefore
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b. F quasilinear.

The partial differential equation (1) is quasilinear should it have the
form

(20) F(Du,u,z) = b(z,u(x)) - Du(z) + c(z,u(z)) = 0.

In this circumstance F(p, z,z) = b(z, z) - p + ¢(z, z); whence
DpF =b(z, 2).

Hence equation {11)(c) reads

x(s) = b(x(s), 2(s)),

and (11)(b) becomes

2(s) = b(x(s), 2(s)) - p(s)
= —c(x(s), 2(s)), by (20).

Consequently

(21) { (8) %(s) = b(x(s), 2(s))

(b)  2(s) = —e(x(s), 2(s))

are the characteristic equations for the quasilinear first-order PDE (20).
(Once again the equation for p(-) is not needed.) O

Example 2. The characteristic ODE (21) are in general difficult to solve,
and so we work out in this example the simpler case of a boundary-value
problem for a semilinear PDE:

— 2
(22) {um1+uz2—u in U

u=g¢ onl.

Now U is the half-space {z2 > 0} and I' = {22 = 0} = 8U. Here b = (1,1)
and ¢ = —z%. Then (21) becomes

#l=1, 2 =1
3 =22
Consequently
(frlfe\; frO_Le fr2(e\ - &
i..,\u, T U,W\(U{) s
— _z — _g9\z
Z(S) T 1-s2Y T 1-sg(z9)’

where z% € R, s > 0, provided the denominator is not zero.
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Fix a point (z1,72) € U. We select s > 0 and z¥ € R so that (z1,22) =
(z!(s),z(s)) = (z° + s, 8); that is, z° = 21 — 22, s = 2. Then

0
s z2) = u(e!(3).2%(9) = () = 2 s
_ g(z1 — z3)
1 —zog(zy — x0)
This solution of course makes sense only if 1 — zag(z; — z2) # 0. O

c. F fully nonlinear.

In the general case, the full characteristic equations (11) must be inte-
grated, if possible.

Example 3. Consider the fully nonlinear problem

{u“um =y inU

(23) u=13 onT,

where U = {1 > 0}, I' = {z; = 0} = 0U. Here F(p,z,z) = p1p2 — 2, and
hence the characteristic ODE (11) become

We integrate these equations to ﬁnd

z'(s) = pz(e - 1) z () = 2" +pl(e* ~ 1)
z(s) = 20 + p¥pY(e?* 1)
p'(s) = plep?(s) = pie’,
where 2V € R, s € R, and 2° = (:co)2.
We must determine p® = (p,p3). Since u = 23 on T, pJ = u,,(0,2°%) =
220, Furtglermore the PDE ug, u,, = u itself implies p{p3 = 2% = (2%)?, and
so p{ = % . Consequently the formulas above become

le(s) = 2a0(e* — 1),22(s) = T (e° + 1)

i SR U S [P P 0 b Lo A N £
FIX & POIIY {(T1,L2) € U. Delec s and z" so that \T1,Z2) =T ,
_ O¢,s T S 0 _ 4xp—=zx s _ x1+4xs.
= (2z"(e® — 1), L-(¢* + 1)). This uahty implies z" = =251 ¥ = T2,

u(z1, 72) = u(z'(s),2%(s)) = 2(s) = (¢¥)%*
(.’L‘] + 41‘2)2
16 '
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3.2.3. Boundary conditions.
We return now to developing the general theory.

a. Straightening the boundary.

We intend in th
(11) actually to solve the boundary—value problem (1 ) (2) ea.st in a
small region near an appropriate portion I' of 0U. In order to simplify
the relevant calculations, it is convenient first to change variables, so as to
“fatten out” part of the boundary QU. To accomplish this, we first fix
any point z° € OU. Then utilizing the notation from §C.1, we find smooth
mappings ®, ¥ : R® — R" such that ¥ = & ! and & straightens out U

near z°. (See the illustration in §C.1.)
Given any function u : U — R, let us write V := ®(U) and set

Ln cords LAl nezricney +~ tmvrm b 4.1.. 18T nn
1€ sSedul 10HI0WILIE LU LLIVORE wle

(24) v(y) =u(¥(y)) (yeV).
Then
(25) u(z) =v(®(x)) (ze€U).

Now suppose that u is a C! solution of our boundary-value problem (1), (2)
in U. What PDE does v then satisfy in V7

According to (25), we see

ur, (2) = Y vy, (B(2))8%, (2) (i=1,...,n);
k=1

that is,
Du(z) = Dv(y)D®{zx).

Thus (1) implies
0 = F(Du(z),u(z), )
= F(Dv(y)D®(¥(y)),v(y), ¥(y)).

This is an expression having the form

G(Dv(y),v(y),y) =0 inV.
hy) = g(¥(y))-
In summary, our problem (1), (2) transforms to read

G(Dv,v,y) =0 inV
v=~h onA,

for G, h as above. The point is that if we change variables to straighten out
the boundary near z°, the boundary-value problem (1), (2) converts into a,
problem having the same form.

(26)
=y

In addition v = h on A, where A := @(T') and

(27)
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In view of the foregoing computations, if we are given a point z° € T we
may as well assume from the outset that I is flat near z, lying in the plane

{zn, =0}

We intend now to utilize the characteristic ODE to construct a solution
(1), (2), at least near z°, and for this we must discover appropriate initial
conditions

(28) p(0) =5, 2(0) = 2°, x(0) = z°
Now clearly if the curve x(-) passes through z°, we should insist that
(29) 2V = g().

What should we require concerning p(0) = p°? Since (2) implies
w(zy...Zn-1,0) = g(x1...T4-1) near z%, we may differentiate to find

ug, (%) = g5, (%) (i=1,...,n—1),

As we also want the PDE (1) to hold, we should therefore insist p° =
(p?,...,pY) satisfies these relations:
(30) { p?:gm1(m0) (i:].,.-.,n—l)
F(p°,2°% 1% =0.
These identities provide n equations for the n quantities p® = (p%,...,p%).

We call (29) and (30) the compatibility condztzons A triple (p°, 2%,2%) €
R2*+1 verifying (29), (30) is admissible. Note 2° is uniquely determined
by the boundary condition and our choice of the point z°, but a vector p°
satisfying (30) may not exist or may not be unique.

c. Noncharacteristic boundary data.

So now assume as above that z¥ € T, that ' near z° lies in the plane
{xr = 0}, and that the triple (p%, 20, z°) is admissible. We are planning to
construct a solution u of (1), (2) in U near z° by integrating the character-
istic ODE (11). So far we have ascertained x(0) = z°, z(0) = z°, p(0) = p°
are appropriate boundary conditions for the characteristic ODE, with x(-)
intersecting I at z%. But we will need in fact to solve these ODE for nearby
initial points as well, and must consequently now ask if we can somehow
appropriately perturb (p°, 20, %), keeping the compatibility conditions.
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In other words, given a point y = (y1,...,Yn-1,0) € T, with y close to
z", we intend to solve the characteristic ODE

(a) P(s) = —DoF(p(s), 2(s), x(s)) — D-F(p(s), z(s), %(s))p(s)
(31) (b) 2(s) = DpF(p(s), 2(s),%(s)) - p(s)
(¢) x(s) = DpF(p(s), 2(s), x(s)),

with the initial conditions

(32) P(0) =q(y), 2(0) = g(y), x(0) =y.
Our task then is to find a function q(-) = (¢'(-),...,¢"(-)), so that
(33) q(’) ="

and (q(y), ¢(y),y) is admissible; that is, the compatibility conditions
{ ¢y)=9z(y) (=1..,n-1)
Fla(y),9(y),y) =0
hold for all y € T close to z°.

(34)

LEMMA 1 (Noncharacteristic boundary conditions). There exists a unique
solution q(-) of (33), (34) for all y € T sufficiently close to z°, provided

(35) Fp (%, 2°,2°) # 0.

We say the admissible triple (p°, 2, z°) is noncharacteristic if (35) holds.
We henceforth assume this condition.

Proof. To simplify notation, let us now temporarily write y = (y1,...,yn) €
R™. We apply the Implicit Function Theorem (§C.6) to the mapping

G :R"xR" - R", G(p,v) = (G p,y),...,G"(p,v)),

where 4 ,
G'p,y) =pi—g(y) (i=1,...,n—1)
NS 2N B .\ o)
LY \By) =\l y)
Now G(p",z%) = 0, according to (29), (30). Also

1 0 0
D G 0, 0 = ; ’
Fpl (pO’zO,:EO)“'Fpn(pO,ZO’Z.O) nxn
and thus

det D,G(p",2°) = F, (p°, 2%, 2%) #0,
in view of the noncharacteristic condition (35). The Implicit Function Theo-

rem thus ensures we can uniquely solve the identity G(p,y) = 0 for p = q(y),
provided y is close enough to x°. O
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Remark. If T is not flat near 20, the condition that T’ be noncharacteristic
reads

(36) DpF (", 2°,2%) - wlzo) #0,

v(zY) denoting the outward unit normal to U at z°. |

3.2.4. Local solution.

Remember that our aim is to use the characteristic ODE to build a
solution u of (1), (2), at least near I'. So as before we select apoint 2% € T
and, as shown in §3.2.3, may as well assume that near :c the surface T’ is flat,
lying in the plane {x,, = 0}. Suppose further that (p°, 2%, z°) is an admissible
triple of boundary data, which is noncharacteristic. According to Lemma 1
there is a function q(-) so that p® = q(z%) and the triple (q(y), g(v),y) is
admissible, for all y sufficiently close to z°.

Given any such point y = (y1,-..,yn—1,0), we solve the characteristic
ODE (31), subject to initial conditions (32).

Notation. Let us write
p(s) = P(¥:s) =Py, -, Yn-1, )
z2(8) = 2(y,s) = 2(y1,- .., Yn-1,8)
x(s) =x(y,8) = %x(¥1,---sYn—1,9)
to display the dependence of the solution of (31), (32) on s and y. O

LEMMA 2 (Local invertibility). Assume we have the noncharacteristic
condition F,, (p°,2°,20) # 0. Then there erist an open interval I C R
containing 0, a neighborhood W of 2° in T’ C R* !, and a neighborhood V
of % in R”, such that for each x € V there exist unique s € I, y € W such
that

z = x(y, s).

The mappings = — s,y are C2.

Proof. We have x(z% 0) = z% Consequently the Inverse Function Theorem
(§C.5) gives the result, provided det Dx(z% 0) # 0. Now

x(y,0) = (y,0) (yel),
andsoifi=1,...,n—1,

ot o [&; (j=1,...n—1)
3yi(m’0)_{ 0 (j=mn)
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.1 Lx Fa1NF N e 1s
rurtnermore equation (ol){c) mmphes

Ox?
g(mo,o) = Fy, (0", 2" 2°)
Thus
1 0 F,(p° 20 20)
Dx(z,0) = K f ;

0 1 .
0---0 Fpn(pO,ZO,ZEO) nxn
whence det Dx(x%,0) # 0 follows from the noncharacteristic condition (35).

O

In view of Lemma 2 for each z € V, we can locally uniquely solve the
equation

Tr=X S

—

S

1

( Y, 8),
(37) i for y=y(x), s = s(x).

Finally, let us define

- { )= sl te)

p(z) := p(y(z), s(z))
for z € V and s,y as in (37).

We come finally to our principal assertion, namely, that we can locally
weave together the solutions of the characteristic ODE into a solution of the
PDE.

THEOREM 2 (Local Existence Theorem). The function u defined above
is C? and solves the PDE

F(Du(z),u(z),z) =0 (z€V),
with the boundary condition
u(z) =g(z) (xelnV).

Proof. 1. First of all, fix y € T close to 2° and, as above, solve the charac-
teristic ODE (31), (32) for p(s) = p(y, s), 2(s) = z(y, s), and x(s) = x(y, s).

2. We assert that if y € T is sufficiently close to z°, then

(39) f(y,s) :== F(p(y,5), 2(y, 5),%(y,5)) =0 (s €R).



108 3. NONLINEAR FIRST-ORDER PDE

To see this, note

f(y,0) = F(p(y,0), z(y,0),x(y, 0))
= F(q(y),9(v),y) =0,

by the compatibility condition {34). Furthermore

(40)

oF .. OF oF .
_ OF I\ OF
o (v,9) = apjpw 50 L og

This calculation and (40) prove {(39).
3. In view of Lemma 2 and (37)-(39), we have

F(p(z),u(z),z) =0 (z€V).
To conclude, we must therefore show
(41) p(z) = Du(z) (xeV).

4. In order to prove (41), let us first demonstrate for s € I, y € W that

(42) g (y,8) = Zp’ y,S)—(y,)

and

(43) ;’—y‘”,(y,s):pr(y,s)Z—j(y,s) (i=1,...,n—1)
% =1 1

These formulas are obviously consistent with the equality (41) and will later
help us prove it. The identity (42) results at once from the characteristic
ODE (31)(b),(c). To establish (43), fix y € ', i € {1,...,n — 1}, and set

(44) ri(s) = g—;w, 5= P, s>g—j<y, 5).
1 :’:1 1
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We first note r¢(0) = g,,(y) — ¢'(y) = 0 according to the compatibility
condition (34). In addition, we can compute

Z op’ 31‘-7 62:33
ayzas , Os 6yz 6y¢58 )

In order to simplify this expression, let us first differentiate the identity (42)
with respect to y;:

(45) 7(s) =

(46) 8z Z [6;}7 oz’ - 0227 ] '

0sBy; Oy; Os + ds0y;

Substituting (46) into (45), we discover

i~ [0p7 0T Op’ Oz
Pl = Er;: | Oy; Os Js 6%‘]
0 . op’ 8F OF .\ 8z!
i T
zfz | By: (Bp]) (_B_x; B E’ﬂ) 3%.] by (31)(a).

Now differentiate (39) with respect to y;:

oF o OF 0z ", OF 0x’

> G o+ 8 5+ 2 sy =
We employ this 1dent1ty in (47), thereby obtaining

; ox! 02
48 r = —— r" s
(a9 szv o ayiJ o)
Hence r(-) solves the linear ODE (48) with the initial condition r*(0) = 0.
Consequently r'(s) = 0 (s € R, i = 1,...,n — 1); and so identity (43) is

verified.
5. We finally employ (42), (43) in proving (41). Indeed, if j =1,...,n,

Bu _9s0s -0z 0y
Oz;  Os Oz, ~ y; Oz;

noagk) 8s A (I 02k 8y
_ Z k Z Z k Y

by (38)

= k=1
_ ii”k ok Os ozk oy
pt Os Ozx; Oy; Oz
U =
=Y pre—=3 o =p
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3.2.5. Applications.

We turn now to various special cases, to see how the local existence
theory simplifies in these circumstances.

a. F linear.

Recall that a linear, homogeneous, first-order PDE has the form
(49) F(Du,u,z) =b(z) - Du(z) + c(z)u(z) =0 (xzeU).
Our noncharacteristic assumption (36) at a point z° € ' as above becomes

(50) b(z°) - v(z") #0,

and thus does not involve 20 or p° at all. Furthermore if we specify the
boundary condition

(51) u=g onl,

we can uniquely solve equation (34) for q(y) if y € ' is near z0. Thus we
can apply the Local Existence Theorem 2 to construct a unique solution
of (49), (51) in some neighborhood V containing z°. Note carefully that

ah won havn 11+ilizad +1—\n fi. 11 nhrxrrxn+ur|af1r- equations {Q1\ in tha nraof
L'F ¥ LW leUL

altha
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of Theorem 2, once we know the solution exists, we can use the reduced
equations (17) (which do not involve p(-)) to compute the solution. Observe
also the projected characteristics x(-) emanating from distinct points on T’
cannot cross, owing to uniqueness of solutions of the initial-value problem

for the ODE (17)(a).

Example 4. Suppose the trajectories of the ODE

(52) %(s) = b(x(s))

are as drawn for Case 1.

We are thus assuming the vector field b vanishes within U only at one
point, which we will take to be the origin 0, and b-» < 0on I :=9U. Can
we solve the linear boundary-value problem

b-Du=0 inU
| A
(53) { u=g onl?

Invoking Theorem 2 we see that there exists a unique solution u defined
near T, and indeed that u(x(s)) = u(x(0)) = g(z°) for each solution of the
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Case 1: flow to an attracting point

Case 2: flow across a domain

ODE (52), with the initial condition x(0) = z% € T'. However, this solution
cannot be smoothly continued to all of U (unless g is constant): any smooth
solution of (53) is constant on trajectories of (52), and thus takes on different
values near ¢ = 0.

On the other hand, now suppose the trajectories of the ODE (52) look

like the illustration for Case 2. We are consequently now assuming that each

e Tant bt :
trajectory of the ODE (except those through the characteristic points A, B)

enters U precisely once, somewhere through the set
I':={z € 08U |b(x)v(z) <0},

and exits U precisely once. In this circumstance we can find a smooth
solution of (53) by setting u to be constant along each flow line.
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Case 3: flow with characteristic points

Assume finally the flow looks like Case 3. We can now define u to be
constant along trajectories, but then u will be discontinuous (unless g(B) =
g(D)).

Note that the point D is characteristic and that the local existence theory

£oila wnaar T M
14liS Iiear L-. ]

b. F quasilinear.

Should F be quasilinear, the PDE (1) becomes
(54) F(Du,u,z) = b(z,u) - Du+ c(x,u) = 0.

The noncharacteristic assumption (36) at a point z® € I' reads b(z?, 2Y) -
v(2%) # 0, where 20 = g(z°). As in the preceding example, if we specify the
boundary condition

(55) u=g onl,
we can uniquely solve the equations (34) for q(y) if y € I’ near z%. Thus
Theorem 2 yields the existence of a unique solution of (54), (55) in some
neighborhood V of z%. We can compute this solution in V using the reduced
characteristic equations (21), which do not explicitly invoive p(-).

In contrast to the linear case, however, it is possible that the projected
characteristics emanating from distinct points in ' may intersect outside V;

such an occurrence usually signals the failure of our local solution to exist
within all of U.

Example 5 (Characteristics for conservation laws). As an instance of a
quasilinear first-order PDE, we turn now to the scalar conservation law
G(Du,ut,u, z,t) = u + div F(u)

(56) =u +F'(u)-Du=0
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in U = R™ x (0, 00), subject to the initial condition

(87) u=g onl=R"x{t=0}

Here F : R — R, F = (F!,...,F"), and, as usual, we have set t =
Tni1- Also, “div” denotes the divergence with respect to the spatial variables
(z1,...,zn), and Du = Dyu = (ug,,..., Uz, ).

Since the direction t = 1 plays a special role, we appropriately modify
our notation. Writing now q¢ = (p, pr+1) and y = (z,t), we have

G(q7 <, y) = Pn+1 + F’(Z) L
and consequently
D,G = (F'(2),1), D,G =0, D,G=F"(z) - p.

Clearly the noncharacteristic condition (35) is satisfied at each point 3 =
(z°,0) € T. Furthermore equation (21)(a) becomes

ii(s) = F''(z(s)) (i=1,...,n)

(58) sy 1] 5 N -
A (Z277°(s) = L.

Hence z™t1(s) = s, in agreement with our having written x,,; = t above.
In other words, we can identify the parameter s with the time ¢.

Equation (21)(b) reads 2(s) = 0. Consequently
(59) 2(s) = 20 = g(a");
and (58) implies
(60) x(s) = F'(g(2%))s + 2°.

Thus the projected characteristic y(s) = (x(s),s) = (F'(g(z%)s + 2% s)
(s > 0) is a straight line, along which u is constant.

Crossing characteristics. But suppose now we apply the same reasoning
to a different initial point 2% € T, where g(z°) # g(z°). The projected char-
acteristics may possibly then intersect at some time t > 0. Since Theorem 1
tells us u = g(z®) on the projected characteristic through z° and u = g(z%)
on the projected characteristic through 29, an apparent contradiction arises.
The resolution is that the initial-value problem (56), (57) does not in general
have a smooth solution, existing for all times t > 0. O

We will discuss in §3.4 the interesting possibility of extending the local
solution (guaranteed to exist for short times by Theorem 2) to all times
t > 0, as a kind of “weak” or “generalized” solution.
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Remark. Let us also note we can eliminate s from equations (59), (60) to
obtain an implicit formula for u. Indeed given x € R™ and t > 0, we see
that since s = t,

u(x(t),t) = z(t) = g(x(t) — tF'(z%))
= glx(t) — tF(u(x(t), 1)).
Hence
(61) u = glz — tF'(u)).

This implicit formula for v as a function of  and ¢ is a nonlinear analogue
of equation (3) in §2.1. It is easy to check (61) does indeed give a solution,
provided

1+ tDg(z — tF'(u)) - F"(u) # 0.

In particular if n = 1, we require
1+tg'(z—tF'(u))F"(u) £ 0.

Note that if F”” > 0, but ¢’ < 0, then this will definitely be false at some
time ¢t > 0. This failure of the implicit formula (61) reflects also the failure
of the characteristic method. O

c. F fully nonlinear.

The form of the full characteristic equations can be quite complicated for
fully nonlinear first-order PDE, but sometimes a remarkable mathematical
structure emerges.

Example 6 (Characteristics for the Hamilton—Jacobi equation). We look
now at the general Hamilton—-Jacobi PDE

(62) G(Du,uy, u,z,t) = uy + H(Du,x) = 0,

where Du = Dyu = (ug,,...,Ug,). Then writing ¢ = (p, pn41), ¥ = (z,1),
we have
G(4,2,Y) = pns1 + H(p, 2);

and so

DG = (D,H(p,x),1), DyG = (D H(p,z),0), D.G=0.

1

ML e ok £ 11Y7 N e o
Lnus equarion {l11j{c) becomes

{ i(s) = gg(p(s),x(s)) (i=1,...,n)

(63) 1 (s) = 1.
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In particular we can identify the parameter s with the time ¢.
Equation (11)(a) for the case at hand reads

{ P(s) = —g—g(P(s)aX(s)) (t=1,...,n)

| " (s} = 0;
the equation (11)(b) is
3(s) = DyH(p(s), x(s)) - B(5) +p"*(s)
= D,H(p(s),x(s)) - p(s) — H(p(s), %(s).

In summary, the characteristic equations for the Hamilton—Jacobi equation
are:

(a) p(s) = —D:H(p(s),x(s))
(64) (b) 2(s) = DpH(p(s),x(s)) - p(s) — H(p(s),%(s))
(c) x(s) = DpH(p(s),%(s))

)
for p() = (p'(), .., p"()), 2(), and x() = (2'(-),..,a"()).

(65)

are called Hamilton’s equations. We will discuss these ODE and their rela-
tionship to the Hamilton—Jacobi equation in much more detail, just below
in §3.3. Observe that the equation for z(-) is trivial, once x(-) and p(-) have
been found by solving Hamilton’s equations. 0O

As for conservation laws (Example 5), the initial-value problem for the
Hamilton—Jacobi equation does not in general have a smooth solution u
lasting for all times £ > 0.

3.3. INTRODUCTION TO HAMILTON-JACOBI
EQUATIONS

cantian FE o A
(91

T~ +L3 M Qn Pay
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Hamilton-Jacobi equation:

u+ H(Du) =0 in R" x (0,00)
(1) { t u=g¢ onR" x {t=0}.

Here u : R™ x [0,00) — R is the unknown, u = u(z,t), and Du = Dyu =
(ug,,---,ug,). We are given the Hamiltonian H : R® — R and the initial
function g : R® — R.
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Our goal is to find a formula for an appropriate weak or generalized
solution, existing for all times ¢ > 0, even after the method of characteristics
has failed.

3.3.1. Calculus of variations, Hamilton’s ODE.

Remember from §3.2.5 that two of the characteristic equations associated
with the Hamilton-Jacobi PDE

ut + H(Du,z) =0

are Hamilton’s ODE .
x = Dp,H(p, x)
{ p=-D;H(p,x),

which arise in the classical calculus of variations and in mechanics. (Note

the z-dependence in H here.) In this section we recall the derivation of
these ODE from a variational principle. We will then discover in §3.3.2 that
this discussion contains a clue as to how to build a weak solution of the
initial-value problem (1).

a. The calculus of variations.

Assume that L : R® x R® — R is a given smooth function, hereafter
called the Lagrangian.

Notation. We write
L=L(gzx)=L(g,...,qn,Z1,-..,Zn) (g, €R")
and
I D,L = (Lg, ---Lg,)
\ DL =(Lg, - Ly,).

Thus in the formula (2) below “g” is the name of the variable for which
we substitute w(s), and “z” is the variable for which we substitute w(s).
a

Now fix two points z,y € R™ and a time ¢ > (0. We introduce then the
action functional

) w0l = [ 2wl wisds (=),

defined for functions w(-) = (w'(-),w?(:),...,w"(-)) belonging to the ad-
missible class

A= {w(:) € C*([0,);R") | w(0) = y, w(t) = z}.
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w(.)

A problem in the calculus of variations

Thus a C? curve w(-) lies in A if it starts at the point y at time 0, and
reaches the point x at time ¢. A basic problem in the calculus of variations
is then to find a curve x(-} € A satisfying
(3) I[x(-)] = min Ifw(-)].

w(-)eA
That is, we are asking for a function x(-) which minimizes the functional
I[-] among all admissible candidates w(-) € A.

We assume next that there in fact exists a function x(-) € A satisfying

our calculus of variations problem, and will deduce some of its properties.

THEOREM 1 (Euler-Lagrange equations). The function x(-) solves the
system of Euler-Lagrange equations

d . .
(4 — 5 (DgL(x(s), x(s))) + Dz L(x(s), x(s)) =0 (0 < s <)

This is a vector equation, consisting of n coupled second-order equations.
Proof. 1. Choose a smooth function v : [0,t] — R?, v = (v},...,0"),
satisfying
(5) v(0) = v(t) =0,
and define for T € R
(6) w() :=x()+7v().

Then w(-) € A and so
Ix()] < Ifw()].

Thus the real-valued function

i(r) = I[x() + 7v()]
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has a minimum at 7 = 0, and consequently

) ‘o=0 (=),

provided #'(0) exists.

2. We explicitly compute this derivative. Observe

i(r) = /0 L(x(s) + mv(s),x(s) + 7v(s)) ds
and so

/ Zqu(x+Tv T+ 7v)0 + Ly (X + 7V, ¢ + 7v)v' ds.

Set 7 = 0 and remember (7):
0=14(0)= ]Zquxxv + Ly, (%, x)v" ds.

We recall (5) and then integrate by parts in the first term inside the integral,
to discover

0= ;/O [—% (Lg: (%, %)) + Lz, (%, %) | v ds.

This identity is valid for all smooth functions v = (v!,...,v") satisfying the
boundary conditions (5), and so

d ) .
_E (LQi(x7 X)) +L£Ci(x7 x) =0
for0<s<t,i=1,...,n. O

Remark. We have just demonstrated that any minimizer x(-) € A of I[]
solves the Euler-Lagrange system of ODE. It is of course possible that a
curve x{-) € A may solve the Euler-Lagrange equations without necessarily
being a minimizer: in this case we say x(-) is a critical point of I[-]. So every
minimizer is a critical point, but a critical point need not be a minimizer.
U
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Example. If L(g,z) = 3m|q|> — ¢(z), where m > 0, the corresponding
Euler-Lagrange equation is

mx(s) = £(x(s))

for f := —D¢. This is Newton’s law for the motion of a particle of mass m
moving in the force field f generated by the potential ¢. (See Feynman-—
Leighton—Sands [F-L-S, Chapter 19].) a

b. Hamilton’s ODE.

We now convert the Euler-Lagrange equations, a system of n second-
order ODE, into Hamilton’s equations, a system of 2n first-order ODE.
We hereafter assume the C? function x(-) is a critical point of the action
functional, and thus solves the Euler-Lagrange equations (4).

First we set
(8) p(s) := D
p(-) is called the generalized momentum corresponding to the position x(-)
and velocity x(-). We next make this important hypothesis:

Suppose for all z,p € R™ that the equation
can be uniquely solved for q as a smooth

function of p and z, ¢ = q(p, z).

We will examine this assumption in more detail later: see §3.3.2.
DEFINITION. The Hamiltonian H associated with the Lagrangian L tis
H(p,.’l,') =pq(p7$) ——L(q(p,:z:),a:) (pam € Rn)v

where the function q(-,-) is defined implicitly by (9).

Hp,2) = 5~ lpf + 6(2).

The Hamiltonian is thus the total energy, the sum of the kinetic and potential
energies; the Lagrangian is the difference between the kinetic and potential

energies. N

Taaa ma —

Next we rewrite the Euler-Lagrange equations in terms of p(-), x(:):
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THEOREM 2 (Derivation of Hamilton’s ODE). The functions x(-) and
p(-) satisfy Hamilton’s equations:

{ x(s) = DpH(p(s), x(s))
p(s) = =D H(p(s),x(s))

for 0 < s <t. Furthermore,
the mapping s — H(p(s),x(s)) is constant.

(10)

Remark. The equations (10) comprise a coupled system of 2n first-order
ODE for x(-) = (z(-),...,z™(-)) and p(-) = ('("),...,p"(")) (defined by
(8)). O

Proof. First note from (8) and (9) that x(s) = q(p(s),x(s)).

Let us hereafter write q(-) = (¢*(*),...,4"(-)). We then compute for
i1=1,...,n

OH U a 8L
bz, %) = P () - e (0r) g (p, 2) = 5, (0:2)
8L
= z) by (9),
and
gH dq* arL nnk
(p, z) = ¢'(p,x +kaa )—W(q, )ap (p, z)
= ¢'(p,z), again by (9).
Thus

O (o(s),x(5)) = ¢'(p(s), x(s)) = #(s);

and likewise
8H

) x(5)) = — 5 (a(p(s), X(5), X(5)) = — S k() ()
= —z;-l; (%(J’((s),x(s))) according to (4)

= —p'(s).
Finally, observe

d OH ; OH
HHEE)xE) =50 + 50

Z ( OHY . OH (6‘H)_O
dp; \ O " ba; op; )
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Remark. See Arnold [AR, Chapter 9] for more on Hamilton’s ODE and
Hamilton—Jacobi PDE in classical mechanics. We are employing here differ-
ent notation than is customary in mechanics: our notation is better overall
for PDE theory. O

3.3.2. Legendre transform, Hopf-Lax formula.

Now let us try to find a connection between the Hamilton-Jacobi PDE
and the calculus of variations problem (2)—(4). To simplify further, we also
drop the z-dependence in the Hamiltonian, so that afterwards H = H(p).
We start by reexamining the definition of the Hamiltonian in §3.3.1.

a. Legendre transform.

We hereafter suppose the Lagrangian L : R® — R satisfies these condi-

1o
(11) the mapping ¢ — L(q) is convex
and
(12) lim La) = +o00
q9—oo |q|

The convexity implies L is continuous.

DEFINITION. The Legendre transform of L is

(13) L*(p) = sup {p-a—L{g)} (peR).
gekn

Motivation for Legendre transform. Why do we make this definition?
For some insight let us note in view of (12) that the “sup” in (13) is really
a “max”; that is, there exists some ¢* € R” for which
L*(p)=p-q" - L(q")

and the mapping ¢ — p - ¢ — L{¢) has a maximum at ¢ = ¢*. But then p =
DL(q"), provided L is differentiable at ¢*. Hence the equation p = DL(q)
is solvable (although perhaps not uniquely) for ¢ in terms of p, ¢* = q(p).
Therefore

L*(p) = p-q(p) — L(a(p))-
However, this is almost exactly the definition of the Hamiltonian H asso-
ciated with L in §3.3.1 (where, recall, we are now assuming the variable z
does not appear). We consequently henceforth write

(14) H=1L"
Thus (13) tells us how to obtain the Hamiltonian H from the Lagrangian
L. a

Now we ask the converse question: given H, how do we compute L?



122 3. NONLINEAR FIRST-ORDER PDE

THEOREM 3 (Convex duality of Hamiltonian and Lagrangian). Assume
L satisfies (11), (12) and define H by (13}, (14).

(i) Then
the mapping p — H(p) is convez
and Hip
lim —@ = +400.
lpl—oo [P
(ii) Furthermore
(15) L=H"

Remark. Thus H is the Legendre transform of L, and vice versa:
L=H"'" H=1L"
We say H and L are dual convex functions. O

Proof. 1. For each fixed g, the function p — p - q — L(q) is linear, and
consequently the mapping

p+— H(p)=L*(p) = Seuﬁi{p -q¢— L(qg)}

is convex. Indeed, if 0 <7 <1, p,p € R?,
H(rp+(1-7)p) = sgp{(fp +(1-7)p)-q— L(9)}
< ngp{p -q— L(q)}
+(1-7) Stqlp{zﬁ -q— L(g)}
= rH(p) + (L - 1) H(D).
2. Fix any A > 0, p # 0. Then

H(p) = sup{p-q— L{qg)}

geRr
p P
2 Apl = L(A=) (@=2-)
| ||
> Alp| — max L.
B(0,))

Thus lim infly) .o 02 > A for all A > 0.
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3. In view of (14)
Hp)+L(g)2p-¢

for all p, ¢ € R", and consequently

On the other hand
H*(q) = sup{p-q— sup{p-r— L(r)}}
peR» reR?

= sup inf {p- (¢ —7)+ L(r)}.
pek reR®

(16)

Now since ¢ — L(q) is convex, according to §B.1 there exists s € R™ such
that
L(r)>L(g)+s-(r—q) (reR").

(If L is differentiable at ¢, take s = DL{(q).) Taking p = s in (16), we
compute

H*(g) 2 inf {s- (g —r)+ L(r)} = L(g).

b. Hopf-Lax formula.

Let us now return to the initial-value problem (1). Recall that the
calculus of variations problem with Lagrangian L, discussed in §3.3.1, led to
Hamilton’s ODE for the associated Hamiltonian H. Since these ODE are
also the characteristic equations of the Hamilton-Jacobi PDE, we conjecture
there is probably a direct connection between this PDE and the calculus of
variations.

So if z € R™ and t > 0 are given, we should presumably try to minimize
the action .
[ L{w(s)) ds
Jo

over functions w : [0,¢] — R™ satisfying w(t) = x. But what should we take
for w(0)? As we must somehow take into account the initial condition for
our PDE, let us try modifying the action to include the function g evaluated
at w(0):

/0 L(w(s))ds + g(w(0)).
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Next let us construct a candidate for a solution to the initial-value prob-
lem (1), in terms of a variational principle entailing this modified action.
We accordingly set

(17) u(z,t) := inf {/0 L(w(s))ds + g(y) | w(0) =y, w(t) = x} ,

the infimum taken over all C* functions w(-) with w(t) = z. (Better justi-
fication for this guess will be provided much later, in Chapter 10.)

We propose now to investigate the sense in which u so defined by (17)
actually solves the initial-value problem for the Hamilton-Jacobi PDE:

(18)

{ut—kH(Du) =0 inR" x (0,00)
_ w=g

L on R™ x {t = 0}.

Recall we are assuming H is smooth,

(19) lim pr = +00.

{ H is convex and

|p|—00

We henceforth suppose also

(20) g:R® = R is Lipschitz continuous;
i i — lg(z)—9(»)|
this means Lip(g) := supr’gilﬁn {__Imrl} < 00.

First we note formula (17) can be simplified:

THEOREM 4 (Hopf-Lax formula). Ifx € R" andt > 0, then the solution
u = u(z,t) of the minimization problem (17) is

(21) u(z,t) = min {tL (u) +g(y)}.

yERn i

DEFINITION. We call the expression on the right hand side of (21) the
Hopf-Lax formula.

Proof. 1. Fix any y € R" and define w(s) := y+ $(z —y) (0 < s < t).
Then the definition (17) of u implies

x_

u(z,t) < /OtL(W(S))ds+g(y) :“tL( ; y) +9(y),
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and so
u(a: t) < inf ¢tL| — -I—g( )
? f— yER" t y M

2. On the other hand, if w(-) is any C! function satisfying w(t) = x, we

e L (% / (s is) < %/t L) ds

by Jensen’s inequality (§B.1). Thus if we write y = w(0), we find

(27 vow < | " L((s)) ds + o)

and consequently

inf {tL (%) +g(y)} < u(z,t).

yeR"

3. We have so far shown

u(z,t) = inf {tL (x%y) +g(y)},

yeRr

and leave it as an exercise to prove the infimum above is really a minimum.
ad

We now commence a study of various properties of the function u defined
by the Hopf-Lax formula (21). Our ultimate goal is showing this formula
provides a reasonable weak solution of the initial-value problem (18) for the
Hamilton—Jacobi equation.

First, we record some preliminary observations.

LEMMA 1 (A functional identity). For each z € R™ and 0 < s < t, we
have

(22) u(z,t) = min {(t — 8)L (%) + u(y, s)} .

yeRn | S

In other words, to compute u(-,t), we can calculate u at time s and then
use u(-, s) as the initial condition on the remaining time interval [s, t].

Proof. 1. Fix y € R?, 0 < s <t and choose z € R" so that

(23) uty.s) = s (L5) + g(2)
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Now since L is convex and % = (1 t) = + 242 we have

() < (=92 (=) + e (55):

w(z,t) < tL (x—_—z) +g(z) < (t )L (ﬁ_y) +s L(y; )+g(z)

( m(f:y)+m%@

by (23). This inequality is true for each y € R". Therefore, since y — u(y, s)
is continuous (according to Lemma 2 below), we have

Il
=
|
@

(24) u(z,t) < neun {(t —s)L ( y) + u(y, s)}
y
2. Now choose w such that

(25) e, =1 (252) + otw)

and set y := 2z + (1 — $) w. Then =¥ = £3% = =% Consequently

(t—s)L ("' — y) +uly, 8)

t—s

<(t—s)L($ \+ L( \+q(w

=tL(

w)+gw»=um¢»

by (25). Hence

(26) mip {(¢= 92 (222 + )} < ulest)
y
O
LEMMA 2 (Lipschitz continuity). The function u is Lipschitz continuous

in R™ x [0,00), and
u=g onR"x {t=0}
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Proof. 1. Fix t > 0, 2,2 € R". Choose y € R™ such that

27) tL (f-%ﬁ) +9(y) = u(z, ).
Then

(a:t)—u(a:t)—lnf{tL( : )+g(z)}—tL( ty)—g(y)

< 9(z ~z+y)—g(y) <Lip(g)|Z — =|.

Hence
u(z,t) — u(z,t) < Lip(g)|% — zl;

and, interchanging the roles of Z and z, we find
(28) |u(z, t) — u(,t)| < Lip(g)|z — Z|.

2. Now select z € R™, t > 0. Choosing y = z in (21), we discover
(29) u(z,t) < tL(0) + g(z).

Furthermore,

ule,t) = i {”’ (%—y) +g(y)}
> g(a) + min { - Lin(o)le 1+ e2 (27}

g(z) — tmax{Lip(g)lz| - L(2)} (2 = )
g

t

—t - L
(07 iy B2~ L)

y—t max H.
9(@) =t e )

This inequality and (29) imply
|u(z, t) — g(z)| < Ct
for

(30) € i= max(|L(0)], | max  |H])

3. Finally select z € R®, 0 <t < t. Then Lip(u(-,t)) < Lip(g) by (28)
above. Consequently Lemma 1 and calculations like those employed in step

2 above imply
|u($’ t) - u(x, %)| < C|t - 7/Sl



128 3. NONLINEAR FIRST-ORDER PDE

for the constant C defined by (30). a

Now Rademacher’s Theorem (which we will prove later, in §5.8.3) asserts
that a Lipschitz function is differentiable almost everywhere. Consequently
in view of Lemma 2 our function u defined by the Hopf-Lax formula (21)
is differentiable for a.e. (z,t) € R™ x (0, 00). The next theorem asserts u in
fact solves the Hamilton—Jacobi PDE wherever u is differentiable.

THEOREM 5 (Solving the Hamilton-Jacobi equation). Suppose z € R",
t > 0, and u defined by the Hopf-Lax formula (21) is differentiable at a point
(z,t) € R™ x (0,00). Then

w(z,t) + H(Du(z,t)) =0

Proof. 1. Fix g € R?, h > 0. Owing to Lemma 1,

. z+hg-—y
u(z + hg,t+ h) —;IEIIIRIYIE {hL( ; )-{-u(y,t)}

< hL(q) + u(z,t).

Hence
u(z + hg,t + h) — u(z, t)

h

< L{q).
Let h — 0T, to compute
q- Du(z,t) + w(z,t} < L(q).
This inequality is valid for all ¢ € R”, and so
(31)  wug(z,t) + H(Du(z,t)) = u(z,t) + }l’fel%{q - Du(z,t) — L(q)} £0.

The first equality holds since H = L*.

2. Now choose z such that u(z,t) = tL (£32) + g(2). Fix h > 0 and set

s=t—h,y==%z+ (1— %)z Then &2 = £ and thus

ol = a9 210 (275) 96 - o2 (L55) +400)

t
=(t—s)L(x;z).

u(z,t) — u((1 —h%)a:+%z,t——h) ZL(x—z).

That is,
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Let h — 0" to compute

r—z
i

- Du(z,t) + w(z,t) > L ("’ - Z) .

Consequently

ut(z,t) + H(Du(z,t)) = us(z,t) + ;relﬂaglc{q - Du(z,t) — L(q)}

> w(z,t) + x_;_f - Du(z,t) — L (a:;z)

> 0.

This inequality and (31) complete the proof. |

We summarize:

THEOREM 6 (Hopf-Lax formula as solution). The function u defined by
the Hopf-Lax formula (21) is Lipschitz continuous, is differentiable a.e. in
R™ x (0,00), and solves the initial-value problem

(32) {ut + H(Du) =0 a.e in R® x (0,00)

u=g onR"x{t=0}.
3.3.3. Weak solutions, uniqueness.

a. Semiconcavity.

In view of Theorem 6 above it may seem reasonable to define a weak
solution of the initial-value problem (18) to be a Lipschitz function which
agrees with g on R" x {t = 0}, and solves the PDE a.e. on R™ x (0, c0). How-
ever, this turns out to be an inadequate definition, as such weak solutions
would not in general be unique.

Example. Consider the initial-value problem

(33) us + |uz[2 =0 in R x (0, 00)
u=0 onRx{t=0}
One obvious solution is
ui(z,t) = 0.
However the function
0 if |z| >t
ug(z,t) == z—t if 0<z<t

—r—t if —t<zx<0
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is Lipschitz continuous and also solves the PDE a.e. (everywhere, in fact,
except on the lines x = 0,+t). It is easy to see that actually there are
infinitely many Lipschitz functions satisfying (33). O

This example shows we must presumably require more of a weak solution
than merely that it satisfy the PDE a.e. We will look to the Hopf-Lax
formula (21) for a further clue as to what is needed to ensure uniqueness.
The following lemma demonstrates that u inherits a kind of “one-sided”
second-derivative estimate from the initial function g.

LEMMA 3 (Semiconcavity). Suppose there exists a constant C such that

(34) g(z + z) — 29(z) + g(z — z) < O]

for all x,z € R™. Define u by the Hopf-Laz formula (21). Then
u(z + 2,t) — 2u(z, t) + u(z — 2,t) < C|z)?

forallz,ze R*, t > 0.

Remark. We say g is semiconcave provided (34) holds. It is easy to check
(34) is valid if g is C? and supgs |D%g| < co. Note that g is semiconcave
if and only if the mapping z — g(z) — |z|? is concave for some constant
C. 0O

Proof. Choose y € R" so that u(z,t) = tL (*¥) + g(y). Then, putting
y + z and y — z in the Hopf-Lax formulas for u(z + 2,t) and u(z — z,t), we
find

il L o Y SN
u(z + 2z,t) — 2u(z, t) + u(z — 2,t)

< |tL (m_y +g(y+z)] _2ltL (f—;—y) +g(y)]

+ [tL (i——z——y) +g(y — z)]

=g(y +2) —29(y) + 9(y — 2)
< C|z)*, by (34).

0

As a semiconcavity condition for © will turn out to be important, we
pause to identify some other circumstances under which it is valid. We will
no longer assume g to be semiconcave, but will suppose the Hamiltonian H
to be uniformly convex.
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DEFINITION. A C? conver function H : R® — R is called uniformly
convex (with constant 6 > 0) if

(35) > Hyyp, (p)6i&; 2 0)E° for all p,& €R™
i,j=1

We now prove that even if g is not semiconcave, the uniform convexity
of H forces u to become semiconcave for times ¢ > 0: this is a kind of mild
regularizing effect for the Hopf-Lax solution of the initial-value problem
(18).

LEMMA 4 (Semiconcavity again). Suppose that H is uniformly conver
(with constant 0) and u is defined by the Hopf-Laz formula (21). Then

1
w(z +2,t) = 2u(z,t) +u(z — 2,t) < e
forallz,ze R* t > 0.

Proof. 1. We note first using Taylor’s formula that (35) implies

/D1 + 1o\ 1

(36) H k“ ' ”) < ;H(p1) + H(p2) - —|p1 pal’.

Next we claim that for the Lagrangian L we have the estimate
1 1 a1+ 1 2
— - < gy —

(37) sia)+32@) < L(P52) + Dl - a

for all q;, g2 € R™. Verification is left as an exercise.

2. Now choose y so that u(z,t) = tL(%:Y) + g(y). Then using the
same value of y in the Hopf-Lax formulas for u(z + z,t) and u(z — 2,t), we
calculate

u(z + 2,1) - 2u(z,t) + u(x — 2,
[tL<ww+g ]—2[ (
# i (B o)
)

2z 1 5
7| Sgll

A
/ ]

1
<2t—
80

the next-to-last inequality following from (37). O
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b. Weak solutions, uniqueness.

In this section we show that semiconcavity conditions of the sorts dis-
covered for the Hopf-Lax solution u in Lemmas 3 and 4 can be utilized as
uniqueness criteria.

DEFINITION. We say that a Lipschitz continuous function u : R™ x
[0,00) — R is a weak solution of the initial-value problem:

(38) {ut + H(Du) =0 1n R"™ x (0,00)

u=g¢ onR"x{t=0}

provided
(a) U(IIJ,O) = g(:l:) (:II € Rn),
(b) uy(z,t) + H(Du(z,t)) =0 for a.e. (z,t) € R"® x (0,00),

and
(c) u(z+2,t) — 2u(z,t) + u(z — z,t) < C (1+ 1) |22

for some constant C > 0 and all x,z € R™, t > 0.

Next we prove that a weak solution of (38) is unique, the key point being
that this uniqueness assertion follows from the inequality condition (c).

THEOREM 7 (Uniqueness of weak solutions). Assume H is C? and sat-
isfies (19), and g satisfies (20). Then there exists at most one weak solution
of the initial-value problem (38).

Proof*. 1. Suppose that u and 4 are two weak solutions of (38) and write
w:=u-—1u.

Observe now at any point (y,s) where both u and @ are differentiable
and solve our PDE, we have

amfar o) — a; . fa: o) YN PYIPY
Wir\Yy o) — WE\Y, o) — Ut\Y,2)

= —H(Du(y, s)) + H(Di(y, s))
1
= _fo dirH(rDu(y, s) + (1 —r)Da(y, s)) dr

=— /01 DH(rDu(y,s) + (1 — r)Du(y, s)) dr - (Du(y, s) — Dii(y, s))
=: —b(y, s) - Dw(y, s).

Conseqguently

(39) wy+b-Dw=0 ae.

*Omit on first reading.
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2. Write v := ¢(w) > 0, where ¢ : R — [0, 00) is a smooth function to
be selected later. We multiply (39) by ¢'(w) to discover

(40) vw+b-Dv=0 ae.

3. Now choose € > 0 and define u® := 7. * u, 4° := 7. * U, where 7, is the
standard mollifier in the = and t variables. Then according to §C.4

(41) |Du®| < Lip(u), |D%@’| < Lip(a),
and
(42) Du® — Du, D@® — Dt ae.,as € — 0.

Furthermore inequality (c¢) in the definition of weak solution implies
(43) D%, D*&E < C (1 + %) I

for an appropriate constant C and all € > 0, y € R", s > 2¢. Verification is
left as an exercise.

4. Write

1
(44) b:(y,s) == j[ DH(rDu*(y
0

Then (40) becomes

v, +b.-Dv=(b: —b)-Dv ae,;
hence
(45) vs + div(vb) = (divbe)v + (be — b) - Dv  a.e.

5. Now

1 T
divb, = fo S Hpp (DU + (1 = 1) D)ty + (1 = 1)) dr
k=1

(46) SC(1+§)

for some constant C, in view of (41), (43). Here we note that H convex
implies D?H > 0.
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6. Fix 2o € R"”, ty > 0, and set
(47) R = max{|DH(p)| | |p| < max(Lip(u), Lip(@))}.
Define also the cone
C:={(z,t) | 0<t < tg, |z —zo| < R(to — t)}.
Next write

e(t) = / v(z,t)dz

J B(IO,R(tQ—t))

and compute for a.e. t > O:

é(t) = vdS

/ ndr— R

B(zo,R(tp—t)) dB(x0,R(to—1))

= f —div(vb.) + (divb.)v + (b, — b) - Dvdx
B(xo0,R(to—t))

- R / vdS by (45)
0B(xo,R(to—t))

=_/ v(b, v+ R)dS
9B(zo,R(to—1))

+/ (divbe)v + (b —b) - Dvdz
B(:r:(),R(t()—t))

< f (divbe)v + (be —b) - Dvdz by (41), (44)
B(zo,R(to—1))

gc(1+1)e(t)+/ (b. — b) - Dvdz
t B(zo,R{to—t))

by (46). The last term on the right hand side goes to zero as € — 0, for a.e.
to > 0, according to (41), (42) and the Dominated Convergence Theorem.
Thus

(48) ety <C (1 + %1-) e(t) forae 0<t<tp.

7. Fix 0 < € < r < t and choose the function ¢(z) to equal zero if
|z| < e[Lip(u) + Lip(w)]
and to be positive otherwise. Since v = @ on R™ x {t = 0},

v=¢(w)=¢(u—-u4)=0 at {t=c¢}.
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Thus e(¢) = 0. Consequently Gronwall’s inequality (see §B.2) and (48)

imply ) .
e(r) < e(e)e’s C1+3)ds — g

Hence

This inequality is valid for all ¢ > 0, and so u = @ in B(zg, R(to — 7)).
Therefore, in particular, u(zo, tg) = %(zo, to). O

In light of Lemmas 3, 4 and Theorem 7, we have

THEOREM R fnnnf Tax formula ags weak solnt-ion). Suppose H is 2
]

and satisfies (19), and g satisfies (20). If either g is semiconcave or H is
uniformly convez, then

u(,t) = min {tL (EZ—‘U) + g(y)}

is the unique weak solution of the initial-value problem (38) for the Hamilton—
Jacobi equation.

Examples. (i) Consider the initial-value problem:

1 2 _ : n
(49) {ut+ slDul* =0  in R™ x (0,00)

u = |z| onR"x {t=0}

Here H(p) = 3|p|* and so L(g) = }|g|?>. The Hopf-Lax formula for the
unique, weak solution of (49) is

- ul?
(50) e.t) = mip { Z22E 4 i}

Assume |z| > ¢t. Then

2
-z
Dq,(t y' +||\ V245 w+o)
t Yl
and this expression equals zero if z = y + ﬁt y = (jz| - t)ﬁ # 0. Thus
w(x,t) = |@| — £ if |z| > ¢. If |z| < ¢, the minimum in (50) is attained at
y = 0. Consequently

!!:c|—t/2 if |z > ¢

12
- ifjzf <t

u(z,t) =
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Observe that the solution becomes semiconcave at times t > 0, even though
the initial function g(x) = |z| is not semiconcave. This accords with Lemma
4.

(ii) We next examine the problem with reversed initial conditions:

(51) u + 3|Dul* =0 in R™ x (0, 00)
u=—|z] onR"x {t=0}.
Then
u({z,t) = min M ~ |y
’ yeR" 2t '
Now

|z —y/? _y-T _y
p, (g -w) =235 % w#o

and this equals zero if £ =y — ]%[t, y = (Jz| + )7 Thus

u(z,t) = —|z| — % (zeR™ t>0).

The initial function g(z) = —|z| is semiconcave, and the solution remains so
for times ¢ > 0. a

In Chapter 10 we will again study Hamilton-Jacobi PDE and discover
another notion of weak solution, which is applicable even if H is not convex.

3.4. INTRODUCTION TO CONSERYV.,

~~ ~ RV A e -y

In this section we investigate the initial-value problem for scalar conservation
laws in one space dimension.:

) { u + Flu)y; =0 in R x (0,00)

u=g¢ onRx {t=0}
Here F : R - Rand g : R — R are given and u : R x [0,00) — R is
the unknown, u = u(x,t). As noted in §3.2, the method of characteristics
demonstrates that there does not in general exist a smooth solution of (1),
existing for all times ¢ > 0. By analogy with the developments in §3.3.5, we
therefore look for some sort of weak or generalized solution.



3.4. INTRODUCTION TO CONSERVATION LAWS 137

3.4.1. Shocks, entropy condition.
a. Distribution solutions; Rankine—Hugoniot condition.

We open our discussion by noting that since we cannot in general find a
smooth solution of (1), we must devise some way to interpret a less regular
function u as somehow “solving” this initial-value problem. But as it stands,
the PDE does not even make sense unless u is differentiable. However,
observe that if we temporarily assume u is smooth, we can as follows rewrite,
so that the resulting expression does not directly involve the derivatives of
u. The idea is to multiply the PDE in (1) by a smooth function v and then
to integrate by parts, thereby transferring the derivatives onto v.

More precisely, assume

(v:Rx[0,00) — R is smooth, with

compact support.

(2)

We call v a test function. Now multiply the PDE u; + F(u), = 0 by v and
integrate by parts:

0= /noo /_:(ut + F(u),) v dodt

o0 o0 [o w]
(3) = —f / uvy d:cdt—f wv dz|i=q
0 — 00 —00
—f / F(u)v; dadt.
0 —0Q

In view of the initial condition u© = g on R x {¢ = 0}, we thereby obtain the
identity

Q0 o0 0
(4) / / uvy + F(u)v, dzdt +/ gv dz|i= = 0.
0 —00 —00

We derived this equality supposing u to be a smooth solution of (1), but
the resulting formula has meaning even if u is only bounded.

DEFINITION. We say that u € L™(R x (0,00)) is an integral solution
of (1), provided equality (4) holds for each test function v satisfying (2).

Suppose then that we have an integral solution of (1). What can we
deduce about this solution from the identities (4)?

We partially answer this question by looking at a situation for which wu,
although not continuous, has a particularly simple structure. Let us in fact
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suppose in some open region V' C R x (0, oo) that u is smooth on either side
of a smooth curve C. Let V; be that part of V on the left of the curve and
V. that part on the right. We assume that u is an integral solution of (1),
and that v and its first derivatives are uniformly continuous in V; and in V;..

First of all, choose a test function v with compact support in V;. Then
(4) becomes

o0 o< o0 o0
0= / / uvy + F(u)v, dzdt = —/ f [us + F(u)g)v dzdt,
0 —00 0 —00

the integration by parts being justified since v is C! in V; and v vanishes

near the boundary of V;. The identity (5) holds for all test functions v with

comnact S1h + g
COIpaci support in ‘/L, and s

(6) u+ F(u); =0 inV].
Likewise,
(7) ur+ F(u); =0 in V.
Now select a test function v with compact support in V, but which does

not necessarily vanish along the curve C'. Again mploymg (4), we deduce

(e 0] O
0= / / uvy + F(u)vg dzdt
0 —00

(8) = /f vy + F(u)v, dedt
Vi
+ // uvy + F(u)vy dadt.
Now since v has compact support within V', we have
f/ uvy + F(u)v, dedt = —f [ur + F(u)g]v dzdt
v
(9) + / (wr? + Flw)vHvdl
C
_ f s 2 . iy A N 11
—j (wv” + F(u)v jvdl
C
in view of (6). Here v = (1!, 1?) is the unit normal to the curve C, point-
ing from V] into V,, and the subscript “/” denotes the limit from the left.

Similarly, (7) implies

// uvy + F(u)v, dedt = — / (upr? + Flujpl)vdl,
JJIv, Jc
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Rankine-Hugoniot condition

H‘l""' (8) sxvcu us:

/C[(F(Uz) — F(u))v' + (w — wp)v?|vdl = 0.

This equality holds for all test functions v as above, and so
(10) (F(w) — Flun))v! + (uy —u, ) =0 along C.

Now suppose C is represented parametrically as {(z,t) | z = s(t)} for
some smooth function s(-) : [0,00) — R. We can then take v = (v1,1?) =
(1+ 5%)71/2(1, —5). Consequently (10) implies

(11) F(u) — F(uy) = 8(u — up)

in V, alon

| = w — u, = jump in u across the curve C
[F(u)]] = F(w) - Fu,) = jump in F(u)

o = § = speed of the curve C.
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Let us then rewrite (11) as the identity

(12) [[F(w)]] = of[u]

along the discontinuity curve. This is the Rankine-Hugoniot condition. Ob-
serve that the speed ¢ and the values u;, u,, F(u;), F(u,) will generally vary
along the curve C. The point is that even though these quantities may
change, the expressions [[F(u)]] = F(w) — F(u,) and o[[u]] = s(w — u,)
must always exactly balance.

Example 1 (Shock waves). Let us consider the initial-value problem for
Burgers’ equation:

!ut+("7)x=0 in R x (0, 00)

(13) o (s
u=g¢g onlkKx{i=04,

with the initial data

1 if <0
(14) glz)=¢1—2z if 0<z<1
0 if z>1.

According to the characteristic equations (cf. §3.2.5) any smooth solution
u of (13), (14), takes the constant value 2% = g(z") along the projected
characteristic

y(s) = (9(z°)s +2°5) (520

for each z¥ € R. Thus

1 if <t 0<t<1
u(z,t) =< % f t<x<1,0<t<1
0 if 2>1,0<t<1.

Observe that for ¢ > 1 this method breaks down, since the projected
characteristics then cross. So how should we define u for ¢t > 17

Let us set s(t) = £, and write

1 if z < s(t)
e 0=1{o it o <s

if t > 1. Now along the curve parameterized by s(-), u; = 1, we have u, = 0,
F(w) = 3(w)? = 3, F(u,) = 0. Thus [[F(u)]] = § = o[[u]], as required by
the Rankine-Hugoniot condition (12). O
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////’w

/’ii=_=u

/)

LS

Formation of a shock

1

b. Shocks, entropy condition.
We try now to solve a similar problem by the same techniques.

Example 2 (Rarefaction waves and nonphysical shocks). Again consider
the initial-value problem (13), for which now we take

0 if z<0
(15) g(z):{l if x> 0.

The method of characteristics this time does not lead to any ambiguity
in defining u, but does fail to provide any information within the wedge
{0 < £ < t}. To illustrate this lack of knowledge, let us first set

0 if z<
1 if z>

BIles bOjew

ui(z,t) ;= {

It is easy to check that the Rankine-Hugoniot condition holds and, indeed,
that v is an integral solution of (13), (15). However, we can create another
such solution by writing

(1 if z>¢
ug(z,t):=¢ ¥ if O<z <t
0 if z<0.

The function ug, called a rarefaction wave, is also a continuous integral
solution of (13), (15) a

[V A [ PR A D
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u=0
u=1
/ .
A “nonphysical” shock
4 A f / A A A A A A
u=sx/t
u=0
us

Rarefaction wave

Thus we see that integral solutions are not in general unigque. Presum-
ably the class of integral solutions includes various “nonphysical” solutions,
which we want somehow to exclude. Can we find some further criterion
which ensures uniqueness?

Entropy condition. Let us recall from §3.2.5 that for the general scalar
conservation law of the form

ut + Fu), =0,

the solution u, whenever smooth, takes the constant value 20 = g(z%) along
the projected characteristic

{16}
\19)

v

o L o) { e ny
[ Y ¥4 , D, \O Ul-
Now we know that typically we will encounter the crossing of characteristics,
and resultant discontinuities in the solution, if we move forward in time.
However, we can hope that if we start at some point in R™ x (0,00} and
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go backwards in time along a characteristic, we will not cross any others.
In other words, let us consider the class of, say, piecewise-smooth integral
solutions of (1) with the property that if we move backwards in ¢ along any
characteristic, we will not encounter any lines of discontinuity for u.

So now suppose at some point on a curve C' of discontinuities that u has
distinct left and right limits, u; and wu,, and that a characteristic from the
left and a characteristic from the right hit C' at this point. Then in view of
(16) we deduce

(17) F'(u) > 0 > F'(u,).

These inequalities are called the entropy condition (from a rough analogy
with the thermodynamic principle that physical entropy cannot decrease as
time goes forward). A curve of discontinuity for u is called a shock provided
both the Rankine-Hugoniot identity (12) and the entropy inequalities (17)
hold.

Let us further interpret the entropy condition under the additional as-
sumption that

(18) F is uniformly convex.

This means #” > 6 > 0 for some constant . Thus in particular F" is strictly
increasing. Then (17) is equivalent to our requiring the inequality

(19) u; > Uy

along any shock curve. O

Example 3. We again return to Burgers’ equation (13), now for the initial
function

0 if z<0
(20) glz)=¢1 if 0<z<1
0 if z>1.

For 0 <t < 2, we may combine the analysis in Examples 1 and 2 above
to find

if <0

if 0<z<t
if t<z<l+}
if £>1+%

(21) u(z, t) := 0<t<2).

O 8 O
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usx/t

u=l

For times ¢ > 2, we expect the shock wave parameterized by s(-) to continue,
with u = z/t to the left of s(-), u = 0 to the right. This is compatible with
the entropy condition (19). We calculate the behavior of the shock curve by
applying the Rankine-Hugoniot jump condition (12). Now

s(t) 1 /s(t)\? ,
) =22, ren =3 (22) ) o=s0
along the shock curve for ¢ > 0. Thus (12) implies
qﬂz%g (t>2).

Additionally s(2) = 2, and so we can solve this ODE to find s(t) = (2t)!/2
(t > 2). Hence we may augment (21) by setting

0 if £<0
w(z,t) =4 2 if 0<z<(2)/2 (t>2).
0 if = > (2t)1/2

See the illustration. 0

3.4.2. Lax—Oleinik formula.

We now try to obtain a formula for an appropriate weak solution of
the initial-value problem (1), assuming as above that the flux function F is
uniformly convex. With no loss of generality we may as well also take

(22) F(0) = 0.
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As motivation, suppose now g € L*(R) and define

(23) we)i= [ aw)dy (e eR)

Recall the Hopf-Lax formula from §3.3 and set

(24)  wz):=mig {tL (f;—y) + h(y)} (x€R, t>0),

where
(25) L=F".

Thus w is the unique, weak solution of this initial-value problem for the
Hamilton—Jacobi equation:

{wt—i—F(wx):O in R x (0, 00)

(26) w=h onRx{t=0}

For the moment assume w is smooth. We now differentiate the PDE

and its initial condition with respect to x, to deduce

Wy + Flwg)y =0 in R x (0,00)
wy =g onRx {t=0}.

Hence if we set u = w,, we discover u solves problem (1).

The foregoing computation is only formal, as we know that w defined
by (24) is not in general smooth. But recall from §3.3 that w is in fact
differentiable a.e. Consequently

(27) u(z, t) == a% b‘lsiﬁ {tL (‘”tﬂ) + h(y)}]

is defined for a.e. (z,t) and is presumably a leading candidate for some sort
of weak solution of the initial-value problem (1). Our intention henceforth
is to justify this expectation.

First, we will need to rewrite the expression (27) into a more useful form.

Notation. Since F is uniformly convex, F' is strictly increasing and onto.
Write

(28) G:=(F)!

for the inverse of F''. O
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THEOREM 1 (Lax-Oleinik formula). Assume F : R — R is smooth,
uniformly convez, and g € L™(R).
(i) For each time t > 0, there exists for all but at most countably many
values of x € R a unique point y(x,t) such that

mig {tL (‘”%y) + h(y)} =tL (%(‘”)) + h(y(z, ).

(ii) The mapping x — y(x,t) is nondecreasing.

(iii) For each time t > 0, the function u defined by (27) is
{0\ { . 4\_ﬂ/x—y(x7t)\
(29) UL\.‘L,L)—U’\ r

for a.e. . In particular, the formula (29) holds for a.e. (z,t) €
R™ x (0, 00).

DEFINITION. We call equation (29) the Lax—Oleinik formula for the
solution (1), where h is defined by (23), L by (25).

Proof. 1. First, we note
L{g) = max (gp — F(p)) = ¢p” — F(p"),
where F'/(p*) = q. But then p* = G(q) according to (28), and so
L(q) = ¢G(q) — F(G(g)) (¢ €R)
(cf. §3.3.1). In particular, L is C2. Furthermore
(30) L'(g) = G(g) + ¢G'(q) - F'(G(9))G'(a) = G(q)

by (28); and L"(q) = G'(q) > 0. This and (22) imply L is nonnegative and
strictly convex.

2. Fixt > 0, 1 < z3. As in §3.3 there exists at least one point y; € R
such that

(31) {tL (zl - yl) + h(yl)} = mip {tL (xlt_y) +h(y)}.
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2—T1+1— Y

Since L” > 0, we thus have
L(mzzyl) <L (:”‘;yl) +(1-1)L (xzt_y),

( 1 ) < (1 ) ( 1 1) ( 2 ) !
t t t
and hence

(33) L(m2;y1)+L($1;y)<L($1;y1)+L($2t_y).

We multiply (33) by ¢, add h(y1) + h(y) to both sides, and add the
resulting expression to the above inequality to obtain (32).

3. In view of (31), in computing the minimum of tL {227} + h(y) we
need only consider those y > y;, where 3 satisfies (31). Now for each x € R
and ¢ > 0, define the point y(z,t) to equal the smallest of those points y
giving the minimum of tL (£3%) + h(y). Then the mapping = — y(z,t) is
nondecreasing and is thus continuous for all but at most countably many .
At a point z of continuity of y(-,t), y(z,t)} is the unique value of y yielding
the minimum.

4. According to the theory developed in §3.3 for each fixed ¢ > 0, the
mapping

t

=tL (x;i(m—t)) + h{y(z,t))

is differentiable a.e. Furthermore the mapping « — y(z,t) is monotone and
consequently differentiable a.e. as well. Thus given ¢ > 0, for a.e. = the
mappings x — L(%E’—Q) and so also z — h(y(z,t)) are differentiable as
well.

T — w(z,t) = mip {tL (_:g—_y) + h(y)}



148 3. NONLINEAR FIRST-ORDER PDE

Consequently formula (27) becomes

u(z, t) = % [tL (x_—y(x—t)) + h(y(x,t))]

t

= (T7EED) (- o) + bl 0),

But since y — tL (x—;ﬂ) + h(y) has a minimum at y = y(z, t), the mapping
z—tL (%z—q) + h(y(z,t)) has a minimum at z = z. Therefore

L (m_yf(“)) Yx(z,t) + %h(y(:c, t)) =0,
and hence
wio,t) = 1 [ E2YEDY _ g (vt
N A U
according to (30). a

We now investigate the precise sense in which formula (29) provides us
with a solution of the initial-value problem (1).

THEOREM 2 (Lax—Oleinik formula as integral solution). Under the as-
sumptions of Theorem 1, the function u defined by (29) is an integral solution
of the initial-value problem (1).

Proof. As above, define
w(x,t) = min {tL (ﬂ\ + h(y)l (zr €eR, t>0).
yek L\ ¢/ J

Then Theorem 6 in §3.3.2 tells us w is Lipschitz continuous, is differentiable
for a.e. (z,t), and solves

(34) {wt + F(wg) =0 a.e. in R x (0, 00)

w=h onRx{t=0}

Choose any test function v satisfying (2). Multiply the PDE w; +
F(w;) = 0 by v, and integrate over R x (0, 00):

(35) 0= fo h /_ : (we + Flws)] vy drdt.
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Observe

/ / wvg dxdt = —/ f W, dadt — / Wz dI|i—g
0 —0Q

o e A
o S + [ uedelo

These integrations by parts are valid since the mapping =z — w(z,t) is

Lipschitz continuous, and thus absolutely continuous, for each time ¢ > 0.

Likewise t — w(zx, t) is absolutely continuous for each z € R. Now w(z,0) =
= [y 9(y) dy, and so w;(z,0) = g(z) for a.e. z. Consequently

o0 o0 00 o0 oo
/ / Wy, drdt = / f wy v dxdt + / gu dx|i=o-
0 —00 0 —00 —00

Substitute this identity into (35) and recall u = w, a.e., to derive the integral
identity (4). O

3.4.3. Weak solutions, uniqueness.
a. Entropy condition revisited.

We have already seen in §3.4.1 that integral solutions of (1) are not
generally unique. Since we believe the Lax—Oleinik formula does in fact
provide the “correct” solution of this initial-value problem, we must see if it
satisfies some appropriate form of the entropy condition discussed in §3.4.1.
This is not straightforward, however, since it is not usually the case that the
function u defined by the Lax—Oleinik formula is smooth, or even piecewise
smooth.

We identify now a kind of “one-sided” derivative estimate for the func-
tion u defined by the Lax—Oleinik formula (27). This estimate—which is
an analogue for conservation laws of the semiconcavity estimate from Lem-
mas 3, 4 in §3.3.3 for Hamilton—Jacobi equations—will turn out to be a
uniqueness criterion.

LEMMA (A cone-si

Adnjivaivira \4 A3 1

orem 1, there erists a constant C such that the function u defined by the
Laz—Oleinik formula (29) satisfies the inequality

tions of The-

U\IJ

estimate)_ Under the assum

(36) ulz + 2,t) —u(z,t) < %

forallt >0andz,z€R, z> 0.
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DEFINITION. We call inequality (36) the entropy condition.

It follows from (36) that for ¢ > 0 the function z — u(x,t) — $z is
nonincreasing, and consequently has left and right hand limits at each point.
Thus also z — u(z,t) has left and right hand limits at each point, with
w(x,t) 2 ur(z,t). In particular, the original form of the entropy condition

(19) holds at any point of discontinuity.

Proof. We know from §3.3 that in computing the minimum in (29) we need
only consider those y such that | 22| < C for some constant C; verification

necessary off some bounded interval, that G is Lipschitz continuous.

2. As G = (F")7! and y(-,t) are nondecreasing, we have

u(z,t) = G (w)

t
2G(w—y(a:+z,t)\ for 2 >0
\ ¢ /
S G(:c+z—y(a:+z,t)) _ Lip(G)=
- t t
=u($+z,t)—£%%.

b. Weak solutions, uniqueness.

We now establish the important assertion that an integral solution which
satisfies the entropy condition is unique.

DEFINITION. We say that a function u € L°(R x (0, 00}) is an entropy
solution of the initial-value problem

(37) {ut-l-F(u)m =0 inR x(0,00)
| u=g9 onR"x{t=0}
provided
o0 o0 o
(i) f / uwvy + F(u)v, dedt + / gudzli—g =0
0 -0 —_00
for all test functions v : R x [0,00) — R with compact support, and
A aid e L a AN aif o 2\ o V1 1\“
\ll} U\JJ‘T‘Z,L)_U:\.L,L)hL/\lT;}Z



3.4. INTRODUCTION TO CONSERVATION LAWS 151

THEOREM 3 (Uniqueness of entropy solutions). Assume F is convex
and smooth. Then there exists—up to a set of measure zero—at most one
entropy solution of (37).

Proof*. 1. Assume that u and @ are two entropy solutions of (37), and
write w = u — %. Observe for any point (z,¢) that

L d
Fu(z,t)) — F(a(z,t)) = ./0 JF(ru(x,t) + (1 —r)a(z, t))dr

= /1 F'(ru(z,t) + (1 — r)a(z, b)) dr (u(z, t) — a(z, t)
0
=: b(z, t)w(z,t).

Consequently if v is a test function as above,

0= /000 f_i(u — @)vy + [F(u) — F(@)]v, dzdt

_ f / wlvg + bug) dedt.
0 -0

2. Now take € > 0 and define u® = 7. * u, 4° = 1 * @, where 7. is the
standard mollifier in the z and ¢ variables. Then according to §C.4

(38)

(39) [w¥llzee < lullzoe, @)z < [l@l|zee,

(40) u® —u, 4° >4 ae.,ase— 0.

Furthermore the entropy inequality (ii) implies

(41) W (z,1), #(z,8) < C (1 + %)

for an appropriate constant C' and alle > 0, z € R, £t > 0.
3. Write

1
bo(e,t) = [ a0+ (1= i@, 0) dr.
0
Then (38) becomes

o0 o0 o0 oo
(42) 0= / / wvs + bevg| dzdt + [ / wlb — b, dzdt.
0 —00 0 —00

*Omit on first reading.
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4. Now select T > 0 and any smooth function ¥ : R x (0,T) — R
with compact support. We choose v to be the solution of the following
terminal-value problem for a linear transport equation:

(43) vi+bvi=9¢ inRx(0,T)
v=0 onRx{t=T}

Let us solve (43) by the method of characteristics. For this, fix z € R,
0 <t < T, and denote by z.(-) the solution of the ODE

(44) fa = hlalohe) 620
and set

T
(45) ve(z, t) = —/ Y(z(s),s)ds (xeR, 0<t<T).

Then +° is smooth and is the unique solution of (43). Since [b| is
bounded and v has compact support, v¢ has compact support in R x [0, T).

5. We now claim that for each s > 0, there exists a constant C, such
that

€
(46)

To prove this, first note that if 0 < s <t < T, then

1
be o (z,t) = / F’(ruf + (1 — r)ac)(ru + (1 — r)ag) dr
(47) 40

c C
ST <=
t s
by (41), since F' is convex
Next, differentiate the PDE in (43) with respect to x
£ [ £ __
(48) Vtr + bé"va:a: + be,d:Uz - '¢':c

Now set a(z,t) = eMvi(z,t), for
(49) A= g + 1.

Then
as + bear = Aa + e[S, + bevg]
(50) = Aa + eM[—beov5 + 2] by (48)
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Since v® has compact support, a attains a nonnegative maximum over
R x [s,T] at some finite point (zg,%p). If g =T, then v, =0. If 0 < ¢5 < T,
then
at(xo,to) <0, am(:vo,t()) = (.

Consequently equation (50) gives
(51) A —begla+ ey, <0 at (zo,to).
But since b; ; < % and A is given by (49), inequality (51) implies

a(ibo,to) < —e)‘to"/}a: < eATllwm”Lm-
A similar argument shows

a(z1,t1) > = ||, || o

at any point (z1,t;) where a attains a nonpositive minimum. These two
estimates and the definition of a imply (46).

6. We will need one more inequality, namely

(52) /OO (vi(z,t)|dx < D

—00

for all 0 < ¢ < 7 and some constant D, provided 7 is small enough.

To prove this, choose 7 > 0 so small that ¢ =0 on R x (0,7). Then if
0 <t <7, we see from (45) that v is constant along the characteristic curve
ze () (solving (44)) for £ < s < 7. Select any partition zo < 1 < --- < zn.
Then yp < y1 < --- < yn, where y; ;== z;(s) (i=1,...,N) for

{:be(s) - be(x€(5)1s) (t <s S T)

ze(t) = x;.

As ¢ is constant along each characteristic curve x;(-), we have

N N
S @ ) — 5 (@in, )] = 3 1 (e 7) — 051, 7)
i=1 i=1

< varv®(., 1),

“var” denoting variation with respect to . Taking the supremum over all
such partitions, we find

oC

/ lvz(z,t)| dr = varv®(-,t) < varv®(-, 1) = f |vi(z,7)|dz < C,

—00 -0
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since v has constant support and estimate {41) is valid for s = 7.

7. Now, at last, we complete the proof by setting v = v in (42) and
substituting, using (43):

OO o0 oo je o)

[ [ w drdt = / [ w(bs — blv; dzdt
Jo Jox Jo J-oo
T poo

= / / w(be — bt dzdt
T —00

+ f / wlb, — BJuS ddt
0 J—co
=: I + J;.
Then in view of (40), (46), and the Dominated Convergence Theorem,

I; -0 ase—0

for each 7 > 0. On the other hand, if 0 < 7 < T, we see

oo
7| < rC max / [véldz < 7C, by (52).
<t<r J_ oo

Thus oo poo
/ / wip dzdt =0
0 —00
for all smooth functions ¢ as above, and sow =u — % =0 a.e. O

3.4.4. Riemann’s problem.
The initial-value problem (1) with the piecewise-constant initial function

) w if <0
(53) 9(z) = {ur if £>0

is called Riemann’s problem for the scalar conservation law (1). Here u;, u, €
R are the left and right initial states, u; # ur

We continue to assume F is uniformly convex and C?, and as before we
write G = (F')~L.
THEOREM 4 (Solution of Riemann’s problem).

(i) If v, > u,, the unique entropy solution of the Riemann problem (1),
(53) s
u  if
ur if

<ag

(54) u(z,t) := { (x €R, t>0),

~|8 ~|8

>0
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Né m

V)

Shock wave solving Riemann’s problem for u;>u,

where

. Plw) = F(u)
Uy — Uy

(55)

(ii) If u; < uy, the unique entropy solution of the Riemann problem (1),
(53) is

w if §<F(w)
(56) u(z,t):=¢ G(2} if Fllu)<Z<F(u) (z€R,t>0).
u, if ¥>F(u)

T A 1- (AT
OCIMarks. i) il the ﬁrst cas

wave with constant speed ¢. In the second case the states u; and u, are
separated by a rerefaction wave.

(ii)) We know from the theory set forth in §§3.4.2-3.4.3 that the Lax—
Oleinik formula must generate these solutions, and it is an interesting ex-
ercise to verify this directly. We will instead construct the functions (54),
(56) from first principles and verify they are in fact entropy solutions. By
uniqueness, then, they must agree with Lax—QOleinik formulas. This is a nice
illustration of the power of the uniqueness assertion, Theorem 3. O

Q

o

Proof. 1. Assume u; > u,. Clearly u defined by (54), (55) is then an inte-
gral solution of our PDE. In particular since o = [[F'(u)]]/[[u]], the Rankine—
Hugoniot condition holds. Furthermore note

_ Flu) — F(ur) _
up — Up

Fllu,) <o ][W F'(r)dr < F'(w)



156 3. NONLINEAR FIRST-ORDER PDE

\

usG(x/t)

NN N

usuy

Rarefaction wave solving Riemann’s problem for u;<ur

in accordance with (17). Since w; > u,, the entropy condition holds as well.
Uniqueness follows from Theorem 3.

2. Assume now that u; < u,. We must first check that u defined by (56)
solves the conservation law in the region {F'(u;) < § < F'(u,)}. To verify
this, let us ask the general question as to when a function u of the form

T

u(z,t) = v(?)

solves (1). We compute
u + F(u)y = uy + F'(u)u,

= —v'(%) t% + F'(v)v’(%) %

solves the conservation law. Now v(§) = wu provided ¥ = F'(w); and
similarly v(%) = u, if ¥ = F'(u,).

As a consequence we see that the rarefaction wave u defined by (56) is
continuous in R x (0,00), and is a solution of the PDE u; + F(u); = 0 in
each of its regions of definition. It is easy to check that u is thus an integral
solution of (1), (53). Furthermore, since as noted in §3.4.3 we may as well
assume (G is Lipschitz continuous, we have

Wz + 2,8) — u®,t) = G (CC + z) a(®) < Lip(G)z

t t/ — t
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if F/(w)t < ¢ < x+2z < F'(u,)t. This inequality implies that u also satisfies
the entropy condition. Uniqueness is once more a consequence of Theorem 3.
(]

3.4.5. Long time behavior.
a. Decay in sup-norm.

We now employ the Lax—Oleinik formula (29) to study the behavior of
our entropy solution u of (1) as t — co. We assume below that F is smooth,
uniformly convex, F(0) = 0, and g is bounded and summable.

THEOREM 5 (Asymptotics in L°-norm). There exists a constant C such
that

C
(57) lu(z, t)] < 2

forallz e R, t > 0.

Proof. 1. Set

(58) o = F'(0);

then

(59) G(o) =0,

and therefore

(60) L(g) = 0G(o) — F(G(c)) =0, L'(c) = 0.

2. In view of (60) and the uniform convexity of L,

1L (_w_g_y) L (x—:‘ii“)

o oo () (=]

lz — y — ot)?
t

=0

for some constant 6 > 0. Since A = [ gdy is bounded by M := ||g[1:, we
see from (61) that

_ s 2
tL (m y) + h(y) za‘i—yt—aﬂ - M.

t
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On the other hand,
—(z—ot
tL (:L'_(:ct_o)) + h(z —at) < M.
Thus at the minimizing point y(z,t) we have

5!

_ ]2
T y(x,tt) ot| < oM
and so
r —y(zx,t) C
©) 2ovel o < 5

for some constant C.

3. But since G(g) =0, for any z € R, ¢t > 0 we have

e =fo (22260

o (M o) i

z — y(z,1) C
Z__gNT <
t J‘ /2

< Lip(G)

according to (62). 0O

Example 3 in §3.4.1 shows this t~1/2 decay rate to be optimal.
b. Decay to N-wave.

Estimate (57) asserts that the L>°-norm of u goes to zero as t — 00. On
the other hand we note from Example 3 in §3.4.1 that the L!-norm of u need
not go to zero; indeed, the integral of u over R is conserved (Problem 13).
We instead show here that u evolves in L' into a simple shape, assuming
now that

g has compact support.

Given constants p, q,d, o, with p, ¢ > 0, d > 0, we define the correspond-
ing N-wave to be the function

{ L(2 _o) if —(pdt)/? <z — ot < (gdt)'/?

63 N(z,t) :=
(63) (%) 0 otherwise.
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7 S— Ry
T~
(qdt)1/2

N-wave

The constant o is the velocity of the N-wave.
Now define o by (58), set

(64) d = F"(0) > 0,
and also write
y o0
(65) p:= —-ZIynEiﬁ/_wgdx, q:=2r;1€aﬁ(/y gdz.
Note p,¢ > 0 and
(66) cﬂ@:%.

THEOREM 6 (Asymptotics in L!-norm). Assume that p,q > 0. Then
there exists a constant C such that

o7 [t =N olas <

-0

for allt > 0.

Proof. 1. From estimate (62) in the proof of Theorem 5 we have

|(x — ot) — y(z, )| < C
t |—t1/2'

m%n=c(£lﬂﬁﬂ)

(68)
Now

=G(@—iﬂ;y@Jﬁﬂa
@—JH—M%ﬂ)

o

=G(o) +G'(0) (

o

(:II — Ut) — y(:c, t)
t
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Consequently (59), (66) and (68) imply

1(z —at) —y(=,t)
d t

(69) u(z,t) — %

<

2. Since g has compact support, we may assume for some constant R > 0
that g = 0 on RN {|z| > R}. Therefore

h_ if t<—-R
mm={""
1§ h+ if x > R,
for constants hy. A calculation shows
. D q
(70) mﬁnh:—§+h_=-2—+h+.
We next set
A
(71) £ = E(t) = m (t > 0),

the constant A to be selected later.

3. We now claim that if A is sufficiently large, then

(72) u(z,t) =0 for z—ot < —R— (pd(1+¢)t)}/?
and
(73) u(z,t) =0 for z —ot> R+ (qd(1+ £)t)}/2,

In fact, since (64) implies
1
LII — =
(@) =,

we deduce from (61) and (62) that

z—y\ _ 1| —oat)-y? _12 .
tL( )_d +O(t ) as t — oo.

t 2t
Hence
Ty _lj(@—at) -yl ~1/2
(74) tL( t )+h(y)—d . +h(y)+0(t )
Assume

(75) z — ot < —R — (pd(1 +£)t)}/%,
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Then h(z — ot) = h_ and so

tL ((:1:— (i_ot))) + h(x —ot) =tL(c)+ h_ =h_.

Now if y < —R, then
tL (x—?) +h(y) > ke,

since L > 0. On the other hand if y > —R, we employ (74) and (70) to
estimate

— _ a2
tL(x y)+h(y)2§|(x ot) ~y| —‘g+h_+0(t_1/2)

¢ 2t
pd(l+e)t p -1/2
> &2 Y B
> = 2+h_+0(t ) by (75)
_rA ~1/2
—zt%+h_+0(t )by(71)
>h_,

provided A is large enough.
We conclude that (75) forces y(z,t) = z —ot, and so u(z,t) = G(o) = 0.
This establishes assertion (72), and the proof of (73) is analogous.

4. Next we assert for A and t large enough that

To see this, notice that y(x,t) < —R implies as above that
tL ("’“’%’) +h(y) > h_.

Select now a point z such that h(z) =minh = —§ + h_ and |z| < R. Then
we can as before invoke (74) to estimate

- — Y
tL (-""—Tf) YO P i) ek W SO (772

d 2t 2

pd(l—e)t p ~1/2
P e ST A

<o 2+h_+0(t )
__pA -1/2

= 2t%+h_+0(t )<h_,
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for A large enough. This proves (76) and a similar argument establishes
that

(77) y(x,t) <R if £ —ot=—R+ (qd(1 —e)t)'/2.

9. Remember from the proof of Theorem 1 in §3.4.2 that the mapping
z — y(z,t) is nondecreasing. Hence (69), (76) and (77) imply for large ¢

that
(e G alst

R— (pd(1 —e)t)1/2 <z — ot < =R + (qd(1 — &)t)V/2.

6. Owing to Theorem 5, we have [u| = O(t_%) and by definition (N[ =
O(t—%), In addition (71) implies ((1 ie)t)% — 2 = 0O(1). Using these

tiibLivril e IR LILIESE

bounds along with (72), (73) and (78), we estimate

/ " u(z,t) = N(z,t)|dz = O (t—1/2) ,

—o0

as desired. O
Example 3 (continued). Observe we have p =0,¢=2,0=0,d=1in
Example 3 of §3.4.1. In this case

T if 0<z< (2t)/?

N(z,t) = { !

0 otherwise,

and so in fact u = N for times t > 2. a

We will study systems of conservation laws in Chapter 11.

3.5. PROBLEMS

1. Prove
u(z,t,a,b)=a-z—tH(a)+b (a €R",beR)

is a complete integral of the Hamilton-Jacobi equation

ut + H(Du) = 0.

(a) Write down the characteristic equations for the PDE

(%) w+b-Du=f inR" x (0,00),
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where b € R, f = f(z,1).
(b) Use the characteristic ODE to solve (x) subject to the initial
condition

u=g onR"x{t=0}.

Make sure your answer agrees with formula (5) in §2.1.2.
Solve using characteristics:
(a) mi1Ug, + ToUug, = 2u, ulzy, 1) = g{z1).
(b)  wug, +ug, =1, u(zy,z)= %:cl.
(¢} ziug, + 2xoug, = 3u, u(z1,z2,0) = g(z1, x32).
Verify that formula (61) in §3.2.5 provides an implicit solution of the
scalar conservation law.

Write L = H*, if H : R™ — R is convex.
(a) Let H(p) = L|p|", for 1 <r < 0o. Show

1 11
L(g) = =|q|*, where =+ = = 1.
(9) = <ldl ere — + —

(b) Let H(p) = %EZ}':I ai;piPj + 311 bipi, where A = ((ay;)) is a
symmetric, positive definite matrix, b € R". Compute L(q).

Let H : R™ — R be convex. We say g belongs to the subdifferential of

H at p, written
g € 0H(p),

if
H(r)> H(p)+q-(r—p) forallreR"
Prove ¢ € OH(p) if and only if p € OL(q) if and only if p- g =
H(p) + L(gq), where L = H*.
Prove that the Hopf-Lax formula reads

u(z,) = min {tL (%) +g(y)}

. r—y
= tr (ZY
yefﬁil,lm){ ( t )+g(y)}

for R = supg- |DH(Dg)|, H = L*. (This proves finite propagation
speed for a Hamilton—Jacobi PDE with convex Hamiltonian and Lip-
schitz continuous initial function g. Hint: Use the previous problem.)
Let E be a closed subset of R™. Show that if the Hopf-Lax formula
could be applied to the initial-value problem

{ us + |Duj? =0 in R” x (0, 00)
_ 0 z€FE n _
u—{+oo r¢E on R" x {t = 0},
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it would give the solution
1
u(zx,t) = v dist(z, E)?.
9. Fill in all details for the proof of Lemma 4 in §3.3.3.
10. Assume u!,u? are two weak solutions of the initial-value problems
u{ + H(Du') =0 in R x (0, 00)
w=¢" onR"x{t=0} (i=1,2),
for H as in §3.3. Prove the L™-contraction inequality
sup |u'(-,t) — u®(,,t)| < suplg' —g?| (¢t >0).
R R
11.  Show that
u(e.t) -2 (t+\/3x+t2) if 4z +t2 > 0
z,t) =
0 ifdr+t2<0
is an (unbounded) entropy solution of u; + (%Z)I =0.
12.  Assume u(z + z) —u(z) < Ez for all z > 0. Let u¢ = 7, * u, and show
u, < E.
13.  Assume F(0) =0, u is a continuous integral solution of the conserva-
tion law
u + F(u); =0 in R x (0,00)
u=g onRx {t=0},
and u has compact support in R x [0, 00]. Prove
oo o0
/ u(-,t) de =/ gdz
—00 —0o0
for all t > 0.
14. Compute explicitly the unique entropy solution of

ut+(“2—2)$=0 in R x (0,00)
u=g onRx {t=0},

for )
if r< -1

if —1<z<0
if 0<e<xl
if £>1.

9(z) =

O N O =
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Draw a picture documenting your answer, being sure to illustrate what
happens for all times ¢ > 0.

3.6. REFERENCES

Section 3.1

Section 3.2

Section 3.3

Section 3.4

A nice reference for this material is Courant-Hilbert [C-H,
Chapter 2].

This derivation of the characteristic differential equations is
found in Carathéodory [C]. The proof of Theorem 2 fol-
lows Garabedian [G, Chapter 2], John [J, Chapter 1], etc.
Chester [CH] and Sneddon [SN] are also good texts for more
on first-order PDE. Example 3 in §3.2.2 is from Zwillinger
[ZW].

See Lions [LI], Rund [RU] and Benton [BE] for more on
Hamilton—Jacobi PDE. The uniqueness proof, which is due
to A. Douglis, is from [BE].

See Lax [LA] and Smoller [S, Chapters 15,16] (from which
I took the proof of Theorem 3, due to O. Oleinik). Theo-
rems 5 and 6 are from DiPerna [DP] and I am indebted to
M. Struwe for help with the proofs. A good overall reference
on nonlinear waves is Whitham [WH].



OTHER WAYS
TO REPRESENT
SOLUTIONS

4.1 Separation of variables

4.2 Similarity solutions

4.3 Transform methods

4.4 Converting nonlinear into linear PDE
4.5 Asymptotics

4.6 Power series

4.7 Problems

4.8 References

This chapter collects together a wide variety of techniques that are some-
times useful for finding certain more-or-less explicit solutions to various par-
tial differential equations, or at least representation formulas for solutions.

4.1. SEPARATION OF VARIABLES

The method of separation of variables tries to construct a solution u to a
given partial differential equation as some sort of combination of functions
of fewer variables. In other words, the idea is to guess that u can be written
as, say, a sum or product of as yet undetermined constituent functions, to
plug this guess into the PDE, and finally to choose the simpler functions to
ensure u really is a solution. This technique is best understood in examples.

167
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Example 1. Let U C R™ be a bounded, open set with smooth boundary.
We consider the initial/boundary-value problem for the heat equation

u—Au=0 inU x (0,00)
(1) u=0 ondU x [0,00)
u=g onU x{t=0}

where g : U — R is given. We conjecture there exists a solution having the
multiplicative form

(2) u(z,t) = v(t)w(r) (ze€U, t>0);

that is, we look for a solution of (1) with the variables z = (z1,...,2n) €U
“separated” from the variable ¢ € [0, T).

u(z,t) = v (w(z), Au(z,t) = v(t)Aw(z).

Hence
0 = uy(x,t) — Aulz,t) = v'(t)w(z) — v(t)Aw(z)
if and only if

J(t)  Aw(z)
3) o)) = wla)

for all z € U and ¢ > 0 such that w(z), v(t) # 0. Now observe the left hand
side of (3) depends only on ¢t and the right hand side depends only on z.
This is impossible unless each is constant, say

V() Auw(z)

o(0) =p= w(@) (t>0, zeU).
‘Then
(4) v' = p,
(5) Aw = pw.

We must solve these equations for the unknowns w, v and .

Notice first that if 4 is known, the solution of (4) is v = de#! for an
arbitrary constant d. Consequently we need only investigate equation (5).
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We say that A is an eigenvalue of the operator —A on U (subject to zero
boundary conditions} provided there exists a function w, not identically
equal to zero, solving

—Aw=Aw inU
{ w=0 ondl.
The function w is a corresponding eigenfunction. (See Chapter 6 for the
theory of eigenvalues, eigenfunctions.)

If A is an eigenvalue and w is a related eigenfunction, we set u = —A

above, to find
—At

(6) u=de “w

solves

(7) w—Au=0 in U x (0,00)
u=0 on dU x |0, 00),

with the initial condition u(-,0) = dw. Thus the function u defined by
(6) solves problem (1), provided g = dw. More generally, if A1,..., Ay, are
eigenvalues, w;,...,w,, corresponding eigenfunctions, and d,...,d,, are
constants, then

”w
(8) u= dee_)‘ktwk
k=1

solves (7), with the initial condition u(-,0) = Y ;*; dywi. If we can find
m,wy,..., etc. such that > ;- dywy = g, we are done.

We can hope to generalize further by trying to find a countable sequence
A1, ... of eigenvalues with corresponding eigenfunctions w1, ..., so that

0
(9) dewk =g inU
k=1
for appropriate constants dj,.... Then presumably
o0
(10) U= Z dre My,
k=1

will be the solution of the initial-value problem (1).

This is an attractive representation formula for the solution, but depends
upon (a) our being able to find eigenvalues, eigenfunctions and constants
satisfying (9), and (b) our verifying that the series in (10) converges in some
appropriate sense. We will discuss these matters further in Chapters 6, 7,
within the context of Galerkin approximations. a
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Remark. Take note that only our solution (6) is determined by separation
of variables; the more complicated forms (8) and (10) depend upon the
linearity of the heat equation. O

Example 2. Let us next apply the separation of variables technique to
discover a solution of the porous medium equation

(11) uw— AMW)=0 in R" x (0,00),
where u > 0 and v > 1 is a constant. The expression (11) is a nonlinear
diffusion equation, in which the rate of diffusion of some density u depends

upon u itself. This PDE describes flow in porous media, thin-film lubrica-
tion, and a variety of other phenomena.

As in the previous example, we seek a solution of the form

(12) u(z,t) = v(tw(z) (z€R" t2>0)
Inserting into (11), we discover that

! Y
(13) v'(t) _ Aw(x)

@) F T (e
for some constant p and all z € R™, t > 0, such that w(z), v(t) # 0.
We solve the ODE for v and find
v=((1-7)ut+ X7,
for some constant A, which we will take to be positive. To discover w, we
must then solve the PDE

(14) A{w") = pw.
Let us now guess that
w = |z|%
for some constant o that must be determined. Then
(15) ww — Aw?) = plal® — ay(ay +n — 2|12
So in order that (14) hold in R", we should first require that a = ay — 2,
and hence

2
16 = —.
(16) a =25
Returning to (15), we see that we must further set
(17) p=oylay+n—2)>0.

In summary then, for each A > { the function
1
w= (1=t + N o

solves the porous medium equation (11), the parameters a, p defined by
(16), (17). .
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Remark. Observe that since v > 1, this solution blows up for  # 0 as

t—t,, fort, = (7+1 Physically, a huge amount of mass “diffuses in from

infinity” in finite time. See §4.2.2 for another, better behaved solution of the
porous medium equation, and see §9.4.1 for more on blow-up phenomena for
nonlinear diffusion equations. O

In the previous example separation of variables worked owing to the

homanoeneity of the nnnhnnnnfv which is eomnatible with functions u hnvlnd
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the multiplicative form (12). In other circumstances it is profitable to look
for a solution in which the variables are separated additively:

Example 3. Let us turn once again to the Hamilton—Jacobi equation
(18) u + H(Du) =0 inR" x (0,00)
and look for a solution u having the form

u(z,t) =w(z)+v(t) (zeR” t>0).

Then
0 = u(z,t) + H(Du(x,t)) = v'(¢t) + H(Dw(x))

if and only if
H(Dw(z))=p=—1'(t) (reR"t>0)
for some constant p. Consequently if
H(Dw) =

for some p € R, then
u(z,t) = w(x) —pt +b

will for any constant b solve u, + H(Du) = 0. In particular, if we choose
w(z) = a -z for some a € R" and set 4 = H(a), we discover the solution

u=a-r—H(a)t+b

already noted in §3.1.



172 4. OTHER WAYS TO REPRESENT SOLUTIONS

4.2. SIMILARITY SOLUTIONS

When investigating partial differential equations it is often profitable to look
for specific solutions u, the form of which reflects various symmetries in the
structure of the PDE. We have already seen this idea in our derivation of
the fundamental solutions for Laplace’s and the heat equations in §2.2.1 and
§2.3.1, and our discovery of rarefaction waves for conservation laws in §3.4.4.
Following are some other applications of this important method.

4.2.1. Pla
Consider first a partial differential equation involving the two variables

r € R, t € R. A solution u of the form

f1\ Sof o FAY {. ~— T 4~ TDY

(1) uz,t) =v{x —ot) (xR, t€Kk)

is called a traveling wave (with speed o and profile v). More generally, a
solution u of a PDE in the n + 1 variables z = (z1,...,2,) € R*, t € R
having the form

(2) u(z,t)=v(y-z—ot) (reR” teR)

is called a plane wave (with wavefront normal to y € R", velocity 1%[’ and
profile v).

a. Exponential solutions.

In view of the Fourier transform (discussed later, in §4.3.1), it is par-
ticularly enlightening when studying linear partial differential equations to
consider complex-valued plane wave solutions of the form

3) u(z, ) = 0T,

where w € C and y = (y1,...,¥n) € R", w being the frequency and {y;}?_,
the wave numbers. We will next substitute trial solutions of the form (3) into
various linear PDE, paying particular attention to the relationship between
y and w forced by the structure of the equation.

(i) Heat equation. If u is given by (3), we compute
u — Au = (iw + |y[*)u = 0,

provided w = i|y|*>. Hence

e oty T—|y|%t
U — €

solves the heat equation for each y € R™. Taking real and imaginary parts,
we discover further that e '¥"* cos(y - z) and e 1¥"¢sin(y - x) are solutions as
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well. Notice in this example that since w is purely imaginary, there results
a real, negative exponential term e~ 1¥*t in the formulas, which corresponds
to dissipation.

(ii) Wave equation. Upon our substituting (3) into the wave equation,
we discover

uy — Au= (—w’ + |y )u = 0,
provided w = £|y|. Consequently

u = etwzElylt)

solves the wave equation, as do the pair of functions cos(y - « £ |y|t) and
sin(y - « £+ |y|t). Since w is real, there are no dissipation effects in these
solutions.

(iii) Dispersive equations. We now let n = 1 and substitute u =
e!wrtwt) into Airy’s equation

We calculate
Ut + Ugga = Z(W - y3)u =0,

whenever w = y3. Thus

i 3
u = etvzt+y’t)

solves Airy’s equation, and once again as w is real there is no dissipation.
Notice however that the velocity of propagation is y?, which depends non-
linearly upon the frequency of the initial value e?¥¢. Thus waves of different
frequencies propagate at different velocities: the PDE creates dispersion.

Likewise, if n > 1 and we substitute u = e!¥*+%%) into Schridinger’s
equation
tuy + Au =0,

we compute
g + Au = —(w + |y|*)u = 0.

Consequently w = —|y|2, and

. v 2
u = eXyz—lyl*t)

Again, the solution displays dispersion. a



174 4. OTHER WAYS TO REPRESENT SOLUTIONS

b. Solitons.
We consider next the Korteweg—de Vries (KdV) equation in the form

(4) g + 6uug + Uz, =0 in R x (0, 00),

this nonlinear dispersive equation being a model for surface waves in water.
We seek a traveling wave solution having the structure

(5) u(z,t) =v(zr—ot) (z€R, t>0)

Then u solves the KdV equation (4), provided v satisfies the ODE

d
—ov' + v’ mo_ LA
(6) ov +6uvv +0" =0 ( ds)

We integrate (6) by first noting
(7) —ov+3v% +v" = a,

a denoting some constant. Multiply this equality by v to obtain

! 1
—ovv' + 3% + " = av,

and so deduce

(v')?

W 31 7,2
(8) 5 v+2v +av+b

where b is another arbitrary constant.

We investigate (8) by looking now only for solutions v which satisfy
v,v,v" — 0 as s — *oc. (In which case the function uw having the form
(5) is called a solitary wave.) Then (7), (8) imply a = b = 0. Equation (8)
thereupon simplifies to read

\ 2/
Hence v = +v(o — 2v)Y/2.
We take the minus sign above for computational convenience, and obtain
then this implicit formula for v
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for some constant ¢. Now substitute z = %sech2 6. Tt follows that % =
_osech?ftanhd and z(o — 22)/2 = 222 sech? § tanh 6. Hence (9) becomes
2
2
(10) s = % 9 + c,

where 6 is implicitly given by the relation

(11) %sechQH = v(s).

We lastly combine (10) and (11), to compute

c))
Conversely, it is routine to check v so defined actually solves the ODE (6).
The upshot is that

= On g,

(o c TRY
\° J

v(s) = —sech (

u(x t)—asechz(\'[g(a; ot c)) (xeR, t>0)
) _'é' T - - ] =

is a solution of the KdV equation for each ¢ € R, ¢ > 0. A solution of this
form is called a soliton. Note the velocity of the soliton depends upon its
height. O

Remark. The KdV equation is in fact utterly remarkable, in that it is
completely integrable, which means that in principle the exact solution can be
computed for essentially arbitrary initial data. The relevant techniques are

however beyond the scope of this book: see Drazin [D] for more information.
O

c. Traveling waves for a bistable equation.

Consider next the scalar reaction-diffusion equation
(12) Ut — e = f(u) in R x (0,00),
where f: R — R has a “cubic-like” shape.

Graph of the function f
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We assume, more precisely, f is smooth and verifies
(a) f(0)=fla)=F(1)=0
(b) f<Oon (0,a), f>0on (a,1)

(c) f(0) <0, f(1) <0
@) [ f(z)dz>0

(13)

for some point 0 < a < 1.

We look for a traveling wave solution of the form
(14) u(z,t) = v(z — ot),
the profile v and velocity ¢ to be determined, such that
u—0 asx— —00, u—1 aszx — +oo.

Now since f' < 0 at z = 0,1, the constants 0 and 1 are stable solutions of
the PDE (and since f’ > 0 at z = a, the constant a is an unstable solution).
So we want our traveling wave (14) to interpolate between the two stable
states z = (J,1 at £ = Foo.

Plugging (14) into (12), we see v must satisfy the ordinary differential
equation

d
(15) vV +ou' + f(v) =0 (' = —) ,
ds
subject to the conditions
(16) lim v(s)=1, lim v(s)=0, lim v'(s)=0.
§—+00 §——00 s—too

We outline now (without complete proofs) a phase plane analysis of the
ODE problem (15), (16). We begin by setting

wi=v.

Then (15), (16) transform into the autonomous first-order system:

a7 { v”: w

w=—0ow— f(’U),
with

(18) sli)rgo(v,w) = (1,0),3&1}100(11,10) = (0,0).
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Now (0,0) and (1,0) are critical points for the system (17), and the eigen-
values of the corresponding linearizations are

—o % (0% - 4f'(0))'/?
2

—o % (0 — 4f'(1))"

Af =
bl 1 2

(19) A5 =

In view of (13)(c), AX, A{ are real, with differing sign, and thus (0, 0)
and (1,0) are saddle points for the flow (17). Consequently an “unstable

Furthermore, by calculating eigenvectors corresponding to (19) we see

{ W is tangent to the line w = AJv at (0, 0)

20
(20) W is tangent to the line w = A (v — 1) at (1,0).

(0,0) (1,0) N

Stable and unstable curves

Note that /\Oi, /\f, W* and W? depend upon the parameter o. Our in-
tention is to find ¢ < 0 so that

(21) W* =W?® in the region {v > 0,w > 0}.

Then we will have a solution of (17), (18), whose path in the phase plane is
a heteroclinic orbit connecting (0, 0) to (1,0).

To establish (21), we fix now a small number € > 0 and let L denote the
vertical line through the point (a + ¢,0). We claim

(22) WENL#Q, WNL#0@
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if 0 < 0. To check this assertion, define

E(v,w) = % +/0v f(z)dz (v,w € R)

and compute

%E(U(t), w(t)) = w(t)w'(t) + fe(®))V(t)
= —gw?(t) by (17).

As 0 < 0, we see that E is nondecreasing along trajectories of the ODE
(17). Note also the level sets of E have the shapes illustrated.

NS
N\

L AY 1

-

Level curves of E

Consider next the region R, as drawn. The unstable curve enters R from
(0,0) and cannot exit through the bottom, top or left hand side. Using (17)
we deduce that W* must exit R through the line L, at a point (a+¢, wo(0)).
Similarly we argue W* must hit L at a point (a + &, w;(0)). This verifies
claim (22).

We next observe
(23) wo(0) < wi(0);

this follows since trajectories of (17) for o = 0 are contained in level sets of
E. We assert further that

(24) wo(o) > w1 (o)
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(0.0) (a,0) (1,0) Vv

The region R

The region S

provided o < 0 and |o| is large enough. To see this, fix 8 > 0 and consider
the region S, as drawn.

Now along the line segment T := {0 < v < a + &, w = (v}, we have

w  —ow— f(v) _G_Lv)

! w Bv
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Since l%v)| is bounded for 0 < v < a + ¢, we see

/
w C
—2—0’—3>ﬁ onT,
V

(25)

/
k'

provided o < 0 and |o| is large enough.

The calculation (25) shows that W* cannot exit S through the line
segment T', and so wo(o) > f(a+¢) if o = o(3) is sufficiently negative. On
the other hand, wi(c) < wi(0) for all ¢ < 0. Thus we see that (23) will
follow once we choose (3 large enough and then o sufficiently negative.

Since wo and w; depend smoothly on ¢, we deduce from (22) and (23)
that there exists ¢ < 0 with

(26) wo(o) = wi (o).

For this velocity o there consequently exists a solution of the ODE (17),
(18). Hence we have found for our reaction-diffusion PDE (12) a traveling
wave of the form (14). O

Remark. A more refined analysis demonstrates that the velocity o veri-
fying (26) is unique. Hence given the nonlinearity f satisfying hypotheses
(13), there exists a unique velocity for which there is a corresponding trav-
eling wave. Compare this assertion with Example 2 above, where we found
soliton traveling waves for each given velocity. O

4.2.2. Similarity under scaling.

We next illustrate the possibility of finding other types of “similarity”
solutions to PDE.

Example (A scaling invariant solution). Consider again the porous medium
equation

(27) u— A) =0 inR" x (0,00),
where © > 0 and v > 1 is a constant.

As in our earlier derivation of the fundamental solution of the heat equa-
tion in §2.3.1, let us look for a solution u having the form

1 z
t_a”(t_ﬂ) (z €R, t > 0),

where the constants a, 3 and the function v : R® — R must be determined.
Remember that we come upon (28) if we seek a solution u of (27) invariant
under the dilation scaling

(28) uw(z,t) =

u(z,t) = A*u(\Pz, At);
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so that
u(z,t) = A%u(Nx, At)

for all A > 0, z € R®, t > 0. Setting A = ¢™1, we obtain (28) for v(y) :=
uly. 1).

AT T/

We insert (28) into (27), and discover
(29)  at™@*u(y) + Bt~y Du(y) + =AW (y) = 0

for y = t7Pz. In order to convert (29) into an expression involving the
variable y alone, let us require

(30) a+1=ay+28.
Then (29) reduces to
(31) av+ fy-Dv+ A(w?) =0.

At this point we have effected a reduction from n + 1 to n variables. We
simplify further by supposing v is radial; that is, v(y) = w(|y|) for some
w : R — R. Then (31) becomes

-1

(32) aw + Bruw’ + (w?)” + nT

(w?)' =0,
where r = |y|,’ = %. Now if we set
(33) a =ng,

(32) thereupon simplifies to read

(r" Y w"Y) + B(r"w)’ = 0.

Thus

" HwY + Britw=a
for some constant a. Assuming lim,_ .., w, w' = 0, we conclude a = 0
whence

(W) = —prw.

But then

(w'y—l)l - _ (’7 — 1) ﬁ’!‘.

Y

Consequently
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b a constant; and so
4oL
vy—-1_, -1
34 w={b— ——p0r
(34) (s-210r) T

where we took the positive part of the right hand side of (34) to ensure
w > 0. Recalling v(y) = w(r) and (28), we obtain

—_ 1 Y- 1 |:17|2 i vt n
(35) U(CE,t)-—t—a( ——27— tQ—B (Q?ER,t>O),
where, from (30), (33),
n 1
36 = —, = ——
(36) « n(y—-1)+2 b n(y—1)+2

The formulas (35), (36) are Barenblatt’s solution to the porous medium
equation. O

Remarks. Observe that Barenblatt’s solution has compact support for each
time ¢t > 0. This is a general feature for (appropriately defined) weak, non-
negative solutions of the porous medium equation with compactly supported
initial data. The nonlinear parabolic PDE (27) becomes degenerate wher-
ever u = 0, and so the set {u > 0} moves with finite propagation speed.
Consequently the porous medium equation (27) is often regarded as a bet-
ter model of diffusive spreading than the linear heat equation (which predicts
infinite propagation speed). O

4.3. TRANSFORM METHODS

In this section we develop some of the theory of Fourier and Laplace trans-
forms, which provides extremely powerful tools for converting certain linear
partial differential equations into either algebraic equations or else differen-
tial equations involving fewer variables.

4.3.1. Fourier transform.

In this section all functions are complex-valued, and ~ denotes the
complex conjugate.
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a. Definitions and elementary properties.

Definition of Fourier transform on L!. If ©v € L}(R"), we define its
Fourier transform

1
(271.)71/2

(1) w(y) == /n e TVy(z)dx (y € R™)

and its inverse Fourier transform
- 1 iz n
(2) w(y) = ——— e“Yu(z)dz (y € R").

Since |e**®¥| = 1 and u € L*(R"), these integrals converge for each y € R".
We intend now to extend definitions (1), (2) to functions u € L?(R").

THEOREM 1 (Plancherel’s Theorem). Assume u € LY(R™) N L%R").
Then @, 1 € L*(R™) and

(3) 2/ L2®e) = Nl L2rey = llull L2(rey
Proof. 1. First we note that if v,w € L'(R"), then @, € L>(R"). Also

@ [ @@ s = [ s@u)d,

since both expressions equal W Jge Jgn € Vo(z)w(y) dzdy. Further-

more, as we will explicitly compute below in Example 1 of §4.3.2,

. ey, 1 _lz?
(5) fRn w(y)e W1® dy = (ze)n/zfnw(a:)e JT'e‘da:.

2. Now take u € L'(R") N L%(R") and set v(z) := 4(—z). Let w :=
u*v € LY(R™) N C(R") and check (cf. Theorem 2 below) that

W = (2m)"%4d € L®°(R").
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But
1

i(y) = (2m)n/2 /n e Vau(—x) dz = a(y);

and so w = (2m)™/2|a|?.

Now w is continuous and thus

1 2|2
2 (2e)72 /Rn w(z)e™ 5 dz = (21)"/2w(0),

where we employed the lemma, from §2.3.1. Since @ = (2r)™2[4|? > 0, we
deduce upon sending € — 0™ in (5) that % is summable, with
[ ) dy = ) 2w(0)
R
Hence
f [i|*dy = w(0) = / u(z)v(—z)de = / |u|?dz.
R~ Rn Rn
The proof for @ is similar. O

Definition of Fourier transform on LZ. In view of the equality (3)
we can define the Fourier transforms of a function u € L*(R"™) as follows.
Choose a sequence {uz}3, € L} (R™) N L2(R™) with

ur —u  in L*(R").

e ——
According to (3), ||tk — @l 2Ry = |us — ujlle(Rn) = |lux — ;| L2(Rny, and
thus {f,}3° is a Cauchy sequence in L?(R™). This sequence consequen t
converges to a limit, which we define to be :

s Eﬁq UCLILC CULIdTY uTlLiy }y

i — 4 in L*(R"™).

The definition of % does not depend upon the choice of approximating
sequence {i}52,. We similarly define 4.

Next we record some useful formulas.

THEOREM 2 (Properties of Fourier transform). Assume u,v € L*(R™).
Then

(1) fRﬂ uvdxr = fRn avdy,
(ii) Dow = (iy)*0  for each multiindex o such that D*u € L*(R"),
(iii) (u*v) = (2m)™?4ud,

(iv) u = (a)-
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Proof. 1. Let u,v € L*(R") and o € C. Then

[lu+ av||i2(Rn) = |4+ 5‘5”%2(]1%")'
Expanding, we deduce

/ lu|? + |av)? + @(av) + u(av) dz = f [4]? + |&w)? + a(aw) + W(ad) dy;
Rr R

and so according to Theorem 1,

/ auv + auvdr = / atid + &t dy.

Take o = 1,7 and combine the resulting equalities to deduce

/uﬁda::]  dy.
¢ R

_ 1
D>u(y) =

Rn

T (2n)v/? /Rn e~ (iy) *u(x) dz = (iy)*a(y).

By approximation the same formula is true if D*u € L2(R").

3. We compute for u,v € L'(R"?) N L?(R™) and y € R™ that

— 1 e
(wx0)(y) = TE /Rn e /n w(z)v(x ~ 2) dzdx
1

= R jRn e ¥ Yu(z) (/Rn e~ T2 Yy (g — z)d:z:) dz
- me e Vu(z) dz oly) = (20)"/2(y)o(y).

4. Fix z € R", ¢ > 0 and write ve(z) := e®*~¢I2* Then

o (y) = — i (y-a)—eeltgy L loal
’Ue‘(y)— (27_‘_)”/2 /]Rne dr =

(2e2¢
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where we followed computations from the proof of Theorem 1. Utilizing
formula (4), we deduce for u € L*(R™) N L?(R") that

T 1 .
/R" a(y)e* vl gy = R ]]R;n u(z)e” 2 dz.

The expression on the right converges to (27)"/?u(z) as e — 0%, for each
Lebesgue point of u. Thus

1

(272 /Rn W(y)e*Vdy = u(z) for ae. z.

This proves (iv). 0O

b. Applications.

The Fourier transform is an especially powerful technique for studying
linear, constant-coeflicient partial differential equations.

Example 1 (Bessel potentials). We investigate first the PDE
(6) —-Au+u=f inR"

arhinen £ T2/MNY M- 8ad an avnliet
whnere J € L°(IR"). 10 find an explici

transform, recalling Theorem 2,(ii) to obtain

11l

fam
LUTIIIUL

[
=8
F
gh
b}
(4]

(7) (1+ly*aw) = fly) (yeR).

The effect of the Fourier transform has been to convert the PDE (6) into
the algebraic equation (7), the solution of which is trivial:

~

f

f=—1 .
14 |y|2

Thus

-Af v
® " (1+|y|2) ’

and so the only real problem is to rewrite the right hand side of (8) into a
more explicit form.

Invoking Theorem 2,(iii), we see

_ [=*B
(9) U= Gy
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where

~ 1
10 B = )
(10) PP

We solve for B as follows. Since 1 S = fo —tadt for each a > 0, we have
~t(1
1+|y| = [ e H +¥*) g¢. Thus

1 Y 1 * izy—
W 2= ()~ | (o)

Now if a,b € R, b > 0, and we set z = b!/2g — sz, we find

oo —a?/4b
i r—br2 € _ .2
/ ehae=b" gy — i /e *dz,
—~00 b r

I' denoting the contour {Im(z) _bU_} in the complex plane. Deforming

I into the real axis, we compute i e e~ dz = e e " dz = 7'/2: and hence

* iaz—ba? g _a?jap (T2
(12) J/_ooe Tdr=e (b) :

Thus
, oo 2 |2
(13) / ew-y—t‘y|2dy — H/ ez:rjyj—ty?dyj — (E)n/e_%

by (12). Consequently, we conclude from (11), (13) that

oo—tJ—l—

1 €

(14) B(e)= — [

Fx
4777 Jo A

dt (z € R").

wl")

B is called a Bessel potential. Employing (9), we derive then the formula,

ot Ll

W) we) = [ fwae @ ern)

for the solution of (6). O
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Example 2 (Fundamental solution of heat equation). Consider again the
initial-value problem for the heat equation

(16) {ut—Auz() in R™ x (0, 00)

u=g onR"x{t=0}

We establish a new method for solving (16) by computing i, the Fourier
transform of u in the spatial variables x only. Thus

@+ |yPa=0 fort>0
u=g fort=0;

whence ,
i=etWg,

v
Consequently u = (e_”ng) , and therefore

g*x F
17 ==
( ) u (27T)n/2
where ' = e=t¥*. But then
_ v 1 12 1 =12
F= ( tlylz) _ f iey—tlyl? g, — .
i @2 Jre Y=ot

by (13). Invoking (17), we compute

2

1 z—y
18 ulz,t) = ——= e @ d zeR", t>0),
18) e = [T iy ( )
in agreement with §2.3.1. The Fourier transform has provided us with a new
derivation of the fundamental solution of the heat equation. O

Example 3 (Fundamental solution of Schrédinger’s equation). Let us next
look at the initial-value problem for Schrodinger’s equation

(19) {zut-!—Au:O in R™ x (0, oc)

uw=g onR"x{t=0}

Here u and ¢ are complex-valued.

If we formally replace ¢ by #t on the right hand side of (18), we obtain
the formula

1

(20) u(zx,t) = W

ijlz— 2
/ e a gy)dy (zeR", t>0),
R~
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where we interpret iz as e4. This expression clearly makes sense for all
times ¢ > 0, provided g € L'(R™). Furthermore if |y|?g € L*(R"), we can
check by a direct calculation that u solves iu; + Au = 0 in R™ x (0, 00). (We
will not discuss here the sense in which u(-,t) — g as ¢t — 0%, but see §4.5.3
below and Problem 5.)

Let us next rewrite formula (20) as

e 4t —izy z\y
U(CE,t) 41{@15 n/2/ € 2t g 4t g(y)

i|x)? iy
Since |e” %, e 4t

L2(R™), then

(21) e D2 ey = ll9ll2mey (2> 0).

Hence the mapping g — u(-,t) preserves the L?-norm. Therefore we can
extend formula (20) to functions ¢ € L%*(R"), in the same way that we
extended the definition of Fourier transform. O

| = 1, we can check as in Theorem 1 that if g € L*(R™) N

Remark. We call
1 ilzl?

(z € R", t #0)

the fundamental solution of Schrédinger’s equation. Note that formula (20),
u = ¢ * U, makes sense for all times ¢ # 0, even ¢t < 0. Thus we in fact have
solved

93 {iut-eru:O in R™ x (~00,00)
(23) uw=g onR"x {t=0}

\

In particular, Schrodinger’s equation is reversible in time, whereas the heat

equation is not (in spite of Theorem 11 in §2.3.4). (W

Example 4 (Wave equation). We next analyze the initial-value problem
for the wave equation

{ up —Au=0 inR" x (0,00)

(24) u:g, ut=0 OanX{tZO},

where for simplicity we suppose the initial velocity to be zero. Take as before
4 to be the Fourier transform of u in the variable x € R™. Then

A 2A—
(25) uft+ly|AU——0 fort>0
1=g, 4, =0 fort=0.
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This is an ODE for each fixed ¥y € R™. We look for a solution having the
form 4 = Be'” (3,7 € C). Plugging into (25) gives 72 + |y|> = 0 and so
~ = +i|y|. Remembering the initial conditions from (25), we deduce

’a, ol g(ei”yl + e_it|y|).

Inverting, we find
~ \%
u(z,t) = [%(e“iyl + e‘itlyl)] ;

and conceniien 4lvr
alill CULST{ucliuly

/ M(ei(az-yﬂiyl)+ei(w-y—t|yi))dy

2

a xample 1(ii) in §4.2.1. O
Example 5 (Telegraph equation). The initial-value problem for the one-
dimensional telegraph equation is

Uge + 2dus — uze =0 in R x (0, 00)
{ u=g¢g, uy=h onRx {t =0},
for d > 0, the term “2du;” representing a physical damping of wave propa-
gation. As before

(27)

~

(28) e + 2dt; + |y|2ﬁ =0 fort>0
=g, iw=h fort=0.

We again seek a solution of the form 4 = Be!” (3, € C). Plugging into (28),
we deduce 2 + 2d7y + |y|? = 0; whence v = —d £ (d? — |y|?)}/2. Consequently
(0. 1) { e % (B1(y)e" Wt + Ba(y)e W) if [y < d

a(y,t) = . .
Y e~ (81 (y)e® W) + Bo(y)e W) if |y| > d
for (y) := (&® — [y>)"*(lyl < @), 8(y) := (lyl* — d*)"/? (Jy| > d), where
B1(y) and Ba2(y) are selected so that
9(y) = B1(y) + Ba(y)

h(y) = { Biw)(v(y) — d) + B(y)(—(y) —d) if [yl <d
B1(y)(E6(y) — @) + Bo(y)(—ib(y) —d) if |y} > d.

We thereby obtain the representation formula:

e—dt

(2m)"2 Jiy<ay
—dt

1 e Q In.\n

T ) HI\Y v

and

u(z,t) = Br(y)e =TTt 4 8o (y))etoy 1) gy

i(xy+6(y)t) )o@y —8(y)t) dy.

L A (a2
T M2\ Y )

Notice the terms e™%, which correspond to damping as t — oc. a
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4.3.2. Laplace transform.

hY

Remember that we write B, = (0, 00).

DEFINITION. Ifu € LY(R,), we define its Laplace transform to be
(29) u(s) == / e tu(t)dt (s>0).
0

Whereas the Fourier transform is most appropriate for functions defined
on all of R (or R™), the Laplace transform is useful for functions defined
only on R, . In practice this means that for a partial differential equation
involving time, it may be useful to perform a Laplace transform in ¢, holding
the space variables = fixed. (This is the opposite of the technique from
Examples 2-5 above.)

Example 1 (Resolvents and Laplace transform). Consider again the heat
equation

(30) {vt—sz() in U x (0, 00)

v=f onU x {t=0},

and perform a Laplace transform with respect to time:

v¥(z,s) = / e *tu(x, t)dt (s > 0).
0
What PDE does v# satisfy? We compute

o0 o]
Av*(z,s) = / et Av(z,t)dt = / e Sty (z, t) dt

v U v

=5 / e Stu(x,t) dt + e‘“v|:;° = sv¥(z, ) — f().

v U

Think now of s > 0 being fixed, and write u(z) := v¥(z,s). Then
(31) —Au+su=f inU

Thus the solution of the resolvent equation (31) with right hand side f is
the Laplace transform of the solution of the heat equation (30) with initial
data f. (If U = R™ and s = 1, we could now represent v in terms of the
fundamental solution, to rederive formula (15).) O

The connection between the resolvent equation and the Laplace trans-
form will be made clearer by the discussion in §7.4 of semigroup theory.
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Example 2 (Wave equation from the heat equation). Next we employ some
Laplace transform ideas to provide a new derivation of the solution for the
wave equation (cf. §2.4.1), based—surprisingly—upon the heat equation.

Suppose u is a bounded, smooth solution of the initial-value problem:

32) upg —Au=0 in R" x (0, 00)
( u=g, uy =0 onR" x {t =0},

where n is odd and ¢ is smooth, with compact support. We extend u to
negative times by writing

(33) w(z,t) =u(z,—t) if z€R", t<O0.

Then
’U.tt—A'U,ZO in R" x R.

Next define
1 o @]
(34) v(z,t) = W/ 6—52/4tu(x, s)ds (xeR™, t>0).
s —00
Hence

%inév =g uniformly on R".

In addition
1 o 2
m / e_s /4tAU(.’L', S) dS
™ — o0

1 o

1 o S _32 4t
=W/—w2—te / us(x,s)ds

—1 ” 82 1 —s52 /4t
- (4mt)t/2 / (21?5 - ﬂ) e Mu(x, 5) ds = vi(z, t).

— 00

Av(z,t) =

Consequently v solves this initial-value problem for the heat equation:

!vt—szﬂ in R™ x (0, cc)
v=g onR"x {t=0}.
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We equate (34) with (35), recall (33), and set A\ = 4, thereby obtaining the
identity

f u(z, s)e ™ ds = % (5) ’ f e eV g(y) dy
0 T n
Thus

21
(36) f u(z, S)E_Aszd-s = naz(n) (A) 2] e " 1G(z; ) dr
0 0

™

for all A > 0, where
(37) Gla;r) = ][ o(v) dS(y).
OB(z,r)

We will solve (36), (37) for u. To do so, we write n = 2k 4+ 1 and note
—%d%(e_)""z) = Xe~*. Hence

)\nT_l/ e')‘ﬂrn_lG(.r;T)dT:/ AkE_MQT%G(x;T)d"'
0 0

= (_21)’6/0 [(71‘;,‘) (e_’\rz)] kG (x;7) dr

___1__[00 /16\ /,’,._1 w'r‘
=5, 7|(rar) G

where we integrated by parts k times for the last equality.

\.I —Ar?
)J € ar,

Owing to (36) (with r replacing s in the expression on the left), we
deduce

> g _nofn) ]°° 10N g | e
_[0 u(x,r)e dr—wnT_l?H_1 i T[(rar (r G(x;T))| e dr.

Upon substituting 7 = 72 we see that each side above, taken as a function

of A, is a Laplace transform. As two Laplace transforms agree only if the
original functions were identical, we deduce

na(n) (10 S
(38) u(x,t) = Wt (?E) (t2k 1G(£L‘,t)).
1
Now n = 2k + 1 and a(n) = w2 13 Gince T (%) = 71/2 and

r(z+1) ~ r(3+1)
I'(z +1) = zT(z) for z > 0 (cf. [RD, Chapter 8]), we can compute

na(n) nnl/2 1 1

mk2HL T okt (B 1) (n-2)(n—4)---5-3
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We insert this deduction into (38) and simplify:

n—3
10 /10\ 2 _2][
39 z,t)=——|-= " ds zeR” t>0).
(39)  ul=?) ’Ynat(tat) ( aB(m,g ) ( )

This is formula (31) in §2.4.1 (for h =0). 0O

4.4. CONVERTING NONLINEAR INTO LINEAR PDE

: ; deoserihe caveral tanhniaiies which ara cametitne 1ieaf
In this section we describe several LeCliiiidiies WiiiCli are SOINellme user

converting certain nonlinear equations into linear equations.
4.4.1. Hopf—Cole transformation.

a. A parabolic PDE with quadratic nonlinearity.

We consider first of all an initial-value problem for a quasilinear parabolic
equation:

1) {ut —aAu+bDul? =0 in R™ x (0, 00)

u=g onR"x {t =0},

where @ > 0. This sort of nonlinear PDE arises in stochastic optimal control
theory.

Assuming for the moment u is a smooth solution of (1), we set

w = ¢(u),

where ¢ : R — R is a smooth function, as yet unspecified. We will try to
choose ¢ so that w solves a linear equation. We have

we = ¢'(w)us, Aw = ¢'(u)Au + ¢"(u)| Dul?;
and consequently (1) implies

wy = ¢ (u)uy = ¢'(u)[aAu — b|Dul?]
= alAw — [a¢" (u) + b¢' (u)]| Dul?

— I'lAn"
= alw,

provided we choose ¢ to satisfy a¢” + b¢’ = 0. We solve this differential
—bz
equation by setting ¢ = e™= . Thus we see that if u solves (1), then

[
—=ou

(2) Ww=¢ea
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solves this initial-value problem for the heat equation (with conductivity a):
w—alAw =0 in R™ x (0, 00)

3) { w= e on R" x {t = 0}.

Formula (2) is the Hopf-Cole transformation.

Now the unique bounded solution of (3) is

’LU(.Z',t) = W / 6" J‘ia_ty ‘E_Tb.g(y)dy (33 € Rn, t> 0),
and, since (2) implies
u= -—-% log w,
we obtain thereby the explicit formula
a 1 ~lz—y|?
(4) ’U.(iE,t) = —E lOg (W fn 4at g(y)dy) (.’L‘ € Rn, t > 0)

for a solution of quasilinear initial-value problem (1).

b. Burgers’ equation with viscosity.

As a further application, we examine now for n = 1 the initial-value
problem for the viscous Burgers’ equation:
(5) U — QUzz +uu, =0 in R x (0, 00)
u=g onR x(0,00).

If we set

©) wa,t) = [ ulwt)dy
and

@) ha) = [ oWy

(cf. §3.4), we have
@®) W — AWz + 5w2 =0 in R x (0, 00)
w=h onRx{t=0}.
This is an equation of the form (1) for n = 1, b = 3; and so (4) provides the

formula

(9) (1- t) = —2alog (—-1— [P_l_L _z('Eln"u\e

7

But then since u = w,, we find upon differentiating (9) that

j‘OO .’l}— _IZa_tyL 2a dy

(10) u(z, ) = =2t (z €R, t>0)
f—OO dat 2a dy

is a solution of problem (5), where h is defined by (7). We will scrutinize
this formula further in §4.5.2.
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4.4.2. Potential functions.

Another technique is to utilize a potential function to convert a nonlinear
system of PDE into a single linear PDE. We consider as an example Fuler’s

ﬂ/’ll‘l+/|‘f\mo ‘Fn" “’Ir’(“n‘A ﬁw\“"“n(“(‘l‘]’\]n n I‘] q(‘\““r
Cl‘wwbﬂulbo 1U1 lllVthlu’ lllbulllyl COoo1IVIC llulu 1IVJVY .
(a) wp+u-Du=—-Dp+f inR3x(0,c0)
(11) (b) divu =0 in R3 x (0, oo)
(c) u=g on R? x {t = 0}.

Here the unknowns are the velocity field u = (u!, u?, 43) and the scalar
pressure p; the external force f = (f!, 2, f3) and initial velocity g =
(g',9°,9%) are given. Here D as usual denotes the gradient in the spatial
variables * = (z1,Z2,x3). The vector equation 11(a) means

ul + Zujuij = —ps, +f° (1=1,2,3).

We will assume
(12) divg = 0.
If furthermore there exists a scalar function h : R3 x (0,c0) — R such that
(13) f = Dh,
we say that the external force is derived from the potential h.
We will try to find a solution (u,p) of (11) for which the velocity field
u is also derived from a potential, say
(14) u = Dv.
Our flow will then be irrotational, as curlu = 0. Now equation (11)(b) says

(15) 0=divu= Av

and so v must be harmonic as a function of z, for
rrs e A A PR f Y N,

| s =Y
if Wé Call 1111d a bl..llUUbll luubuuu v bdblblylllé \ )

then recover u from v by (14).

How do we compute the pressure p? Let us observe that if u = Duv,
then u - Du = 1D(|Dv|?). Consequently (11)(a) reads D (v + 3|Dv|?) =
D(—p+ h), iu view of (13). Therefore we may take

1
(16) vy + §|Dv|2 +p=h.

This is Bernoulli’s law. But now we can employ (16) to compute p, since v
and h are already known.
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4.4.3. Hodograph and Legendre transforms.
a. Hodograph transform.

The hodograph transform is a technique for converting certain quasilinear
systems of PDE into linear systems, by reversing the roles of the dependent
and independent variables. As this method is most easily understood by
an example, we investigate here the equations of steady, two-dimensional,
irrotational fluid flow:

(@) (0®(a) — (u!)?)ug, — v'u?(ug, +uf)
(17) +(o?(u) — (u*)?)uZ, = 0
(b) uz, —uz, =0
in R?. The unknown is the velocity field u = (u!,u?), and the function
o(-) : R? — R, the local sound speed, is given.
The system (17) is quasilinear. Let us now, however, no longer regard
u! and w? as functions of z; and z3:

(18) ul = ul(z1,x2), u? =u?(x1,22),
but rather regard x' and z? as functions of u; and us:
(19) z! = :cl(ul,uz), z? = :c2(u1,u2).

We have exchanged sub- and superscripts in the notation to emphasize the
interchange between independent and dependent variables.

According to the Inverse Function Theorem (§C.5) we can, locally at
least, invert equations (18) to yield (19), provided
(20) J=

?)

_ a1 .2 1,2

Ay = U Uz, — Uy, Uy, 70
J

in some region of R?. Assuming now (20) holds, we calculate

up:?

1 _ 1 1 _ 2
Uy, = —JTy,, vy, = Jxg,.

an (9 = i

We insert (21) into (17), to discover
22) () (o%(u) —ui)ay, +wiua(zy, +23,) + (6% (v) — ud)z,, =0
(b) z3, —x2 =0.

u2

This is a linear system for x = (!, 2%), as a function of u = (uy,uz).
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Remark. We can utilize the method of potential functions (§4.4.2) to sim-
plify (22) further. Indeed, equation (22)(b) suggests that we look for a single
function z = 2(u) such that

Then (22)(a) transforms into the linear, second-order PDE

(23) (‘72('“) - “%)zuzuz + 2urug 2y uy + (‘72 (u) — u%)zulul =0.

b. Legendre transform.

A technique closely related to the hodograph transform is the classical
Legendre transform, a version of which we have already encountered before,
in §3.3. The idea is to regard the components of the gradient of a solution
as new independent variables.

Once again an example is instructive. We investigate the minimal sur-
face equation (cf. Example 4 in §8.1.2)

Du
di =0
v ((1 n |Du|2)1/2) !

which for n = 2 may be rewritten as

(24) 1+ ugg)umm — 2ug, Uy Uzyzy + (1 + ugi)urzmz = 0.

Y
~&

Let us now assume that at least in some region of R? | we can invert the
relations

(25) P! = up, (z1,22), P* = Uz, (71, 72),
to solve for
(26) z' = z'(p1,p2), 2° =2*(p1,p2).

The Inverse Function Theorem assures us we can do so in a neighborhood
of any point where

(27) J = det D*u # 0.
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Now define
(28) v{p) := x(p) - p — u(x(p)),
whara v — (rl +2Y ic given hv (98) n — (n: m2)Y Wao dicrnvear after come
WNere x T, 27} 18 glven Dy (48, P P1,02) € discover arter some

calculations that
(29) Uzizy = _JvP1P2

Upon substituting the identities (29) into (24), we derive for v the linear
equation

(30) (1+ pg)vpzm + 2p1p2vp,p, + (1+ p%)vplm = 0.

Remark. The hodograph and Legendre transform techniques for obtaining
linear out of nonlinear PDE are in practice tricky to use, as it is usually not
possible to transform given boundary conditions very easily. O

4.5. ASYMPTOTICS

It is often the case that even when explicit representation formulas can be
had for solutions of partial differential equations, these are too complicated
to be of much immediate use. In such circumstances it sometimes becomes
profitable to study the formulas in various asymptotic limits, whereupon
simplifications often appear.

Following are several rather complicated examples, illustrating typical
issues involved in asymptotics for PDE. The results in this section are ex-
plained only heuristically, mostly without formal proofs.

4.5.1. Singular perturbations.

A singular perturbation is a modification of a given PDE by adding a
small multiple £ times a higher order term. In accordance with the informal
principle that the behavior of solutions is governed primarily by the high-
est order terms, a solution u® of the perturbed problem will often behave
analytically quite differently from a solution u of the original equation.

Example 1 (Transport and small diffusion). We illustrate this idea by
studying formally the effects of small diffusion upon the transport of dye
within a moving fluid in R
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x=x(t)+yv(x(t))
y//

0 x(t)

Flow of dye without diffusion

Suppose we are given a smooth vector field b : R?2 — R?, b = (b1, ?),
representing the steady fluid velocity, Assume dye has been continuously

injected at unit rate into the fluid at the origin, and let u(zx) represent the
density of dye at the point z € R?, z = (x1,z2). Then, formally at least as

we shall see,
(1) div(ub) = 6 in R?

where & is the Dirac measure on R? giving unit mass to the point 0. This
PDE implies that the dye density is transported with the fluid motion at
points x # 0.

Consider now for ¢ > 0 the singular perturbation:
(2) —eAu® 4+ div(u®b) = & in RZ

The new term “cA” represents a small, isotropic diffusion of the dye within
the background fluid motion. We are interested in understanding in an
approximate way the structure of the solution u® of (2) and, in particular,
describing if and how u® approximates u for small £ > 0.

a. Analysis of problem (1).
We turn our attention first to the unperturbed PDE (1). Consider the
characteristic ODE

(3) {ﬂw=uﬂm (t > 0)

x(0) = 0,

the solution x(¢) = (x!(t), x2(t)) of which we assume to trace out a curve
C, as drawn.

Given a point € R? near C, we write

(4) z = x(t) + yv(x(t)),
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where v = (v1,1?) is the (upward pointing) unit normal to C, y € R, and
t is the time required for the solution of the ODE (3) to reach the point
x(t) along C closest to . We hereafter regard (¢,y) as providing a new
coordinate system near the curve C; so that z = (z'(y, t), z%(y, t)).

Using (3) and (4}, we compute

1 1
“ars N = 2 "2 2
3(t,y) o gz ) T\ B2yt )

Let us write 0 = |b|, v = (=b%,b!)/0 and & = —okT = —~kb (where 0 =

speed, Kk = curvature, 7 = 5 = unit tangent). We then simplify, to obtain
1,2

) HoL2) — (1 - ry)

o(t,y)

Return now to the PDE (1), which we rewrite to read
(6) b-Du+ (divh)u =6 in R%
As in §3.2 we see u = 0 off the curve C. Let us next guess u has the form

(7) u(z) = p(t)d(y)

in the (t, y)-coordinates, é§ denoting the Dirac measure on R giving unit mass
to the origin.

What is p(t)? To compute it, take R to be a small, smooth region in
the (z1,x2)-plane, with boundary intersecting the curve C at the points
x(t1) and x(t2), 0 < t; < t2. Let R’ denote the corresponding region in the
(t,y)-plane. Then using (5) we calculate

/Ru dr = -[R’ p()6(y)o ()1 — ky) dydt = /t ’ p(t)a(t) dt.

1

Now [ r Udx represents the total amount of dye within the region R, which
is to say, the total amount released between times ¢; and t3. This is simply
to — t;. Thus

/ ® ot dt =t — 1.

t

This identity holds for all 0 < ¢; < t3, and so p(t) = (¢}~ . Hence (7) says

(8) u(z,t) = 8(y)/o(t)
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is a solution of (1), for o(t) := |b(x(¢))|, ¢ > 0. In other words, u represents
the density along the curve C of the dye, whose concentration varies inversely
with the speed of the fluid.

We can further confirm this formula as follows. Let v € C°(R?). Then
using (5), we compute

Dv-buder= [ Dv. bma(t)(l — Ky) dydt

R? R2 a(t)
= /0 Du(x(t)) - b(x(t)) dt
% g
_ /0 Zo(x(t) dt = ~0(0).

Hence we may indeed interpret u defined by (8) as a weak solution of the
unperturbed PDE (1).

b. Analysis of problem (2) for 0 <& << 1.

We look now at the perturbed problem (2). We expect that at time
t > 0, the diffusing dye will fill a ball of radius approximately O((et)'/?)
about the point x(t). The dye will thus be mostly concentrated in a plume
as drawn, about the curve C.

O((ct)1/2)

Flow of dye with diffusion

We wish to understand the structure of the solution u° of (2) within this
plume, as ¢ — 0.

Since the width is presumably of order O(el/ 2) for times 0 < t; <t <ty
and the total mass of dye corresponding to the same time interval is t2 —¢;,
we expect u® to be of order O(¢~1/2) along C. This suggests that for us to
understand the asymptotics as £ — 0, we should turn our attention to the
rescaled variables

(9) 2= W2y of =28,

the powers of ¢ selected so that z,v* = O(1).
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We must therefore rewrite the PDE (2) in terms of the new variables ¢, z
and v*. For this, we need first to study the structure of the velocity field b
along the curve C. Let us therefore write

- 2

(10) b=o(t)r +{a(t)r + B}y + OWP),

where, as noted before, r = b/¢ is a unit tangent vector to C. Now for any
smooth function w:

dx! ox?
We = Wy 5 + Wey 5 = We,0(1 — ky) 7! 4+ wy,0(1 — Ky)T2

and
Wy =W 8_3:1+w a—:EZ-—w v+ wg,v?
y = Wy gy T Wn T2V
Thus
w. — wiv? — wyo(l — ky)T?
(11) " 0(1 - K’y) ’
. — —wt + wyo(l — ky)r?
T2 o(1— ky) ’

Therefore using (10), (11) (for w = u®), we can compute:

b-Duf = [o7 + (ar + Bv)y + O(y?)] - Du®
ug ayuy

— € 2 €
= 0=ry) ol —ry) + Byuy, + O(y”| Duf|).

Since v° = e1/2u®, z = ¢~ /2y we can rewrite the foregoing as
(12) b Dv® = v + B2v5 + O(!/?).
Similarly, we calculate using (10) and (11) (for w = b!,b?) that
) 1
leb = m[b%l/z - thUl] + [le,g - T2b,‘lll]
1

= ——— O'Tl tV2 — 0’7'2 tlfl
+ [t} (a7? 4+ 8v?) — % (ar! + BrY)] + O(y)
= (g +/3) +O(y).

Here we used the identity + = okv. It follows that

(13) (divb)v® = (g + ﬂ) v® 4 0(eV/?).
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In addition, a similar heuristic argument, the details of which we omit,
suggests that

(14) eAu® =5, + O(e?).

Combining now (12)-(14) and recalling (2), we at last deduce v¢ satisfies (

(15) vi —vi, + (B20%), + gve = 0(e'/?).

We suppose now that as ¢ — 0, the functions v* converge in some sense
to a limit:

(16) v* - v in RZ

Then presumably from (15) we will have

(17) vt—vu-l-(ﬁzv)z-i—gvzo in R x (0, 00).
We therefore expect

(18) uf = e V2 = e Y2y 4 0(1)),

with v solving (17). The PDE (17) is consequently a parabolic approzimation
(in the variables ¢, 2 = £~ 1/?y) to our elliptic equation (2). The proper initial
condition should be

(19) vz% on R x {t = 0}.

We will see in Problem 6 that an explicit solution of (18), (19) can be
found, in terms of the solution of an ODE involving 3.

4.5.2. Laplace’s method.

Laplace’s method concerns the asymptotics as € — 0 of integrals involv-
ing expressions of the form e~!/¢, I denoting some given function.

Example 2 (Vanishing viscosity method for Burgers’ equation). We next
investigate the limit as ¢ — 0 of the solution u* of the initial-value problem
for the viscous Burgers’ equation

(20) uf +uful —eui, =0 in R x (0,00)
u*=g onRx {t=0}
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Remembering formula (10) from §4.4.1, we note

oy o ST dy
(21) u (:E’ t) = 0o —K(zy,t) ?
f—ooe 2 dy
for
2
22) K@y t)=""W i) @yer, t>0)

where A is an antiderivative of g.

What happens to u® as € — 07 Mathematically the term “cug.” in (20)
makes the partial differential equation act somewhat like the heat equation,
in that the solution u° is infinitely differentiable in R™ x (0, 00), in spite of
the nonlinearity. This follows from the explicit formula (21). On the other
hand, an obvious guess is that the solutions u® should converge as £ — 0 to
a solution u of the conservation law

(23) {ut-{—("‘;)x:O in R x (0, 00)
u=g onRx {t=0}

Physically, we regard the term “cu’_” as imposing an “artificial viscosity”
effect, which we are now sending to zero. We expect that this vanishing
viscosity technique should allow us to recover the correct entropy solution u
of (23), which may have discontinuities across shock waves, as the limit of

the solutions u° of (20), which are smooth.

We must understand the limiting behavior of the expression on the right
hand side of (21), as ¢ — 0.
LEMMA (Asymptotics). Suppose that k,i : R — R are continuous func-
tions, that | grows at most linearly and that k grows at least gquadratically.
Assume also there exists a unique point yo € R such that

k(yo) = min k(y).

Then
o4 " S22 Uy)e ™ dy z
(24 iy = = 1)
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Proof. Write ky = k(yo). Then the function

kg—k(y)
() = ——— WER)
Jo e = dz
satisfies
(25) { pe 20, [70 pe(y) dtv =1,
te(y) — 0 exponentially fast for y # yo, as € — 0.

Consequently

LS Mwe B

SR e T /_Oo y)ue(y) dy = Lyo)-

O

Return now to (21), (22). We observe K(z,y,t) = tL (%) + h(y),

where L = F* for F(z) = % According to the analysis in §3.4, for each
time ¢ > 0 the mapping y — K(z,y,t) attains its minimum at a unique
point y = y(z,t) for all but at most countably many points . But then the
lemma implies

- ’ t - 3
(26) lim u®(z,t) = 2=yt =G (—{M) = u(z,t)
e—0 t t
for G := (F')~ 1.

The final equality in (26) is the Lax—Oleinik formula for the unique en-
tropy solution of the initial-value problem (23). It is a powerful endorsement
of the methods from §3.4 that this formula has reappeared in the context of
vanishing viscosity. (See also Problem 3.) a

We will later discuss the vanishing viscosity method for symmetric hy-
perbolic systems in §7.3.2, for Hamilton—Jacobi equations in §10.1, and for
systems of conservation laws in §11.4.

4.5.3. Geometric optics, stationary phase.

This section investigates the behavior of certain highly oscillatory so-
lutions of the wave equation. We begin with some crude, but instructive,
calculations.
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a. Geometric optics.

Example 3 (Oscillating solutions). Let us once more turn our attention to
the wave equation

(27) ur — Au=0 in R™ x (0, 00),

and we now regar

and seek a solutio

€ an
AL.L)

(28) w(z,t)=e ¢ a(z,t) (zeR™t>0),

the real-valued function p® representing the phase, and the real-valued func-
tion a° representing the amplitude. The proposed form (28) for the solution
is called the geometric optics ansatz*. The idea is that highly oscillatory
solutions of the wave equation can be understood by studying a PDE for the
phase function in the limit as ¢ — 0. Following is a formal demonstration.

Substituting (28) into (27), we find after some computations that

0= uit — Auf = eiPE/E (%af _ (p_f) at + 2zp§a§ 4+ a;)
) £ £

. 2 .
_eiPE/E(ZAEpeas _ |DEP;€| a€ + 27,Dp66'DG,6 +Aa5)_

We cancel the term /¢ and take the real part of the resulting expression,
to find

(29) a*((9)* — |1Dp°|*) = €*(af; — Ad®).
Now ifase — 0

(30) p°—p, a0 —a#0

in some sense, then presumably from (29) it follows that
(31) pt+|Dp|=0 in R" x (0,00).

We may informally regard the straight line characteristics of these Hamilton—
Jacobi PDE as rays along which the solution (28) concentrates in the high-
frequency limit as € — 0.

More generally, let us cousider the second-order hyperbolic PDE
[
kl : n
(32) Ut — E a"™ (2)ug,z, =0 in R"™ x (0,00)
k=1

*ansatz = formulation (German}.
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with a* = o!* (k,1 = 1,...,n). We again look for a complex-valued solution
u = u® of the form (28), and calculate

it Rl ot T )
k=1
. 2 .
£ £ E nE
e f AP p 2ip5a
Zezp/s( ttas_(_t) as + t t+a§t
€ € £

n snE £ £ rmE £
: ip P3P 2ip;, a
_ ipt /e kl TrTy e LTRFT £ Ty " Ti €
e (§ o” (—a 4 +a5,.2,) -

We once again cancel e? /¢ and take real parts to find

n n

£ £42 kl e e 2 € kl e

a (pt) - Z a pxkpxl =€ Ay — Z a axk:m
k=1 kil=1

Hence if (30) holds in some sense, we may then expect
1/2

n
33 pe £ a*p, ps =0 inR" x (0, co).
k 14
kil=1

See below and also §4.6.1, §7.2.4 for further elaboration of these ideas. O
b. Stationary phase.

The foregoing example suggests that the Hamilton-Jacobi PDE (31)
somehow “controls the high frequency asymptotics for the wave equation”.
However the range of validity of the geometric optics ansatz is highly un-
certain in the preceding strictly formal computations. To understand more
clearly the behavior of the solution, we employ next the method of station-
ary phase, which is a variant of Laplace’s method had by replacing the —1
in the exponent (cf. §4.5.2) with i.

Example 4 (Stationary phase for the wave equation). Look again at the
initial-value problem for the wave equation

(34) { ufy — Auf =0 in R™ x (0,00)

u*=¢% u; =0 onR"x{t=0},

where we hereafter assume g° to have the rapidly oscillating structure

(35) g (z) = a(m)e%ﬂ (x € R™).
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Here € > 0, a,p € C°(R™), and we suppose
(36) Dp # 0 on the support of a.

Utilizing formula (26) from §4.3.2, we can write

c ! W) iwyrtiy) | iyt g R" 0
u(a:,t)—(27r)n/2 2 (e +e Ydy (xz €R™, t>0).

Involriine (R we cea
Invoking (35), we see
(37) ef f\—l(E( A+ I (z. t)
\2i u\r,t) = 5\"—}—\'1“7"‘/ ATt )
where 1 .

: (2)

Let) = g [ [ a(2)e v D gy
Changing variables gives
1 i

(38) Lo t) = (2me)n f n / " a(2)es =V dydz,
for
(39) ¢i($,y,2,t) = (iB— Z) 'yitlm +p(2).

We want to study the asymptotics of I§ as € — 0. Let us pause in this
example and develop some general machinery, which we will later apply to
(38), (39). .

Example 4 motivates our considering general integral expressions of the
form

(40) I :=] e"ﬂeﬂa(y) dy (z€eR"),
Rn

where a, ¢ are smooth functions, a has compact support, and € > 0. We
wish to understand the limiting behavior of I, as ¢ — 0.

{ L4t PRI 3 B ¥ . - { A . e 3
LEMMA 1 (Asymptotics for linear terms). Let a € C°(R") and p € R,

We first examine the special case that ¢ is linear in y:
p#0. Then form=1,2,...

/ eép'ya(y) dy=0(™) ase— 0.
R~
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Proof. Without loss we may assume p = (p1,...,0n), P1 # 0. Then for
m=12,...

[ ervaty)dy = (z;)m [ (e et dy

- ___E " gp?)_ai — m
(,L.pl) /Rme el dy = O™

Next we suppose ¢ is quadratic in y:

LEMMA 2 (Asymptotics for quadratic terms). Let a € C;°(R") and sup-
pose A 1s a real, nonsingular, symmetric matriz. Then

1 iy Ay ei%sgnA
(41) ey Jgn & a(y) dy = W(a(O)-{—O(E)) as € — 0.

Here sgn A, the signature of A, denotes the number of positive eigenvalues
of A minus the number of negative eigenvalues.

Proof. 1. First we claim for each ¢ € C°(R") that
lim / / iz-Az—6|z|?—iz- y¢)( )dwdy

o §—0+
(42)
1255“‘/ e~ iV AT Vg(y) dy
R~

~ det A|1/ 2
To confirm this, we start by assuming A is diagonal:
(43) A= diag(A1,...,An) (M #0, k=1,...,n).

Now for fixed y,A € R and § > 0, we have

2 . i 2
/ei)\zz—éxQ—ixydxzer(i”,\ng /.e(“‘—é)(m"zzm—ﬁ) dz
JR JR

2

e Tx—9) ‘zzd
___(6_0)1/2[Fe 2,

where I' = {z = (§—i\)"/?(z— 57755) | = € R} and we take Re(6—iX)'/? >
0. ThusT'is a line in the complex plane, which intersects the z-axis at an
angle less than . We consequently may deform the integral over " into the
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integral along the real axis: see Problem 7. Hence [ e dz = Jr e dr =
#1/2 and thus
1/2 2

e =9 |

[ei)'-’tz—éfllz—il”ydw = 7z -\\1 9
JR (0 —1A)Y/=

Since A has the diagonal form (43), we consequently deduce

Js(y) 2=/];2 giv-Az=blal®~izy g,

L

2

ﬁ/ Az2 - 62 ot g 'n/2H 4(:A'y.k )
= L k k —t Lp =T = 1/2°
k=1 k=1 (6 — i)Y
2. Now let ¢ € C°(R™). Then
0 Y
e —8)
Js(y) dy = n™/? —  _d
[, 6w sy dy - <25(:u)k];[1 GnE

Applying the Dominated Convergence Theorem, we deduce

iy

e P

(44) i f, P sy dy—ﬂ"/zf oy H( 2

»l:

Recall we are supposing Re(—iA;)'/2 > 0. Thus if A >0, (= —ix)V2 =

l)\k|1/2 . If instead A\ < 0, then (— z)\k)l/2 |Ak|1/26 7 . Therefore
JT(—i)7? = | det A[1/2e=F 580 4,
k=1

and so (44) gives (42), provided A is diagonal.

If A is not diagonal. we rotate to new coordinates to diagonalize A and
agonal, we rotate 1o new cooradinates to diagonalze 4, and

again verify (42).

3. Let us now write a.(y) := e2<¥AY Then if a € C°(R™),
[ sz = [ atu)ae(-y)dy
R~ Rr

According to (42) (with %A replacing A):

En/2 im A i A
A~ . —Sgn —-—y.
s(y) = —| detA|1/26 4 e 2

n/2

_1y

3

= We%sg“(l + O(elyl*)),
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G, interpreted as in (42). Consequently

1 e%’" sgn A

=y _/]I;n a(z)ae(z) dz = Tdet A2 _/Rn a(y)(1+ O(elyl*)) dy.

But [. a(y) dy = (27m)% a(0) and Jre a(y)|yl*dy < oc. Formula (41) follows.
a

ollowing result to

For a gcmprnl phase function ¢. we will employ the g 1

EARS Laala LA < A% L ) ¥ iia asa J  vad a

change variables and thereby convert locally to one of the earlier cases.

LEMMA 3 (Changing coordinates). Assume ¢ : R® — R is smooth.
(i) Suppose that
D(0) # 0.
Then there exists a smooth function ® : R™ — R™ such that
{ ®(0) =0, D®(0) =1, and

(49) #(®(2)) = 9(0) + D§(0) -z for |x] small.

(ii) (Morse Lemma) Suppose instead that
D$(0) = 0, det D?¢(0) # 0.
Then there exists a smooth function ® : R® — R™ such that

{ &(0) =0, D®(0) = I, and

(40) H(@(@) = 6(0) + b= -D*6(0)x  for x| small

In other words, we can change variables near 0 to make ¢ affine in case (i),
quadratic in case (ii).

Proof. 1. Assume r, := D@(0) # 0. Then there exist vectors ry,...,r,_1

so that {ry}}_, is an orthogonal basis of R". Define f : R x R* — R" by

f(z,y) = (r1- (y—2),...,tn1 (¥ — 7), 6(y) — ¢(0) — Dg(0) - 2).

Therefore
Iy
noo= (),
\rn /
the {ry}?_, regarded as row vectors, and so det D,f(0,0) # 0. The Implicit
Function Theorem (§C.6) implies we can find ® : R® — R”™ such that
®(0) = 0 and
f(z,®(z)) =0 for |z| small.
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In particular,
(47)
Differentiating with respect to x, we deduce as well

(D®(0) —DNrp,=0 (k=1,...,n)

and so D®(0) = I. This proves assertion (i).
2. Fix x € R™. Then ¥(t) := ¢(tx) satisfies

$0) =60+ 0) + [ 1 -0 a
Thus if D¢(0) = 0, we have

(45) 8(z) = 6(0) + 52 -A(2)z

for the symmetric matrix
1
A(r) :=2 f (1 — t)D%(tz) dt
0

Observe A(0) = D%(0). Let us hereafter suppose D%)(0) is nonsingular,
and so the same is true for A(z), provided |z| is small. Furthermore, we
may assume upon rotating to new coordinates if necessary that

2 Wia now ¢
a. vve IIOW C

mapping ®,, : R" — IR” such that

=
=+

{ &,,(0) =0, D®,,(0) = I, and
49
¢(¢’m ((II)) = ¢(0) + %Z:ll ¢$i$i (0)3322 + % Zz ]—m+la’m(x)xl‘r]’

for |z| small, where A, = ((a%)) is smooth and symmetric.

Observe in particular that (49) implies
(50) a2(0) = ¢g,0,(0) (i,j=m+1,...,n),

and thus aj ™ () # 0 for |z| sufficiently small.
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4. Assertion (49) for m = 0 is (48) with Ay = A and ®( the iden-
tity mapping. So next assume by induction that (49) holds for some m €
{0,...,n — 1} and write

Pm(z) := ¢(m(z)).

Then

n

(51) «zsm(x)=¢(o>+§;¢mizi<0)xz+§ S al(e)nia; for || small

1,j=m+1

Define a mapping Il 41 : R® — R”, Il 11(y) = z, by writing

I (y) ==
am+l,m+1 (

B

(110 (B gy BB )
Yis -5 Ym, Ym+1 yee s Y
" Bzni12mr1 (0) " j=m+2 a%-%l m+1(y) "

for small |y|. It follows then from (51) that

m+1
¢’m(’U) ¢’(0) + = Y\ O,z (0)33 Y‘ bm4_1(y xth
i= 1 i,j= m+2

where

ii m+1 T m+1,3 L.
b'U 1( )___{ a#l(y) m—égl;)1'n+1()4(y) i,j=m+2,...,ﬂ
otherwise.
Since D%(0) is diagonal, (50) implies
Hm+] (0) = 0, DHm+1(O) =1.

Consequently we can define for small |z| the inverse mapping E,,.1 =

H;llJrl, Yy = Emy1(x). Therefore
m+1 n
¢m(Em+1($)) 2 Z (;S:L‘,:L', :E + 5 Z a‘:.?]l—{-l( )x1x17
t.j=m+2

for A1 = By 0Em41- This is statement (49), with m + 1 replacing m
and with @m—}—l = Qm o Em+1.

The case m = n is assertion (ii) of the theorem. O



4.5. ASYMPTOTICS 215

The stationary phase method. We can at last combine the information
gleaned in Lemmas 1-3 to explain informally the stationary phase technique
for deriving the asymptotics of

I, = /eea(y

(52) { D¢ vanishes within the support of a

as € — 0. We will assume

only at the points y1,...,yn,
and furthermore
(53) D?¢(yx) is nonsingular (k= 1,...,N).

Fix § > 0 so small the balls {B(yx, §)}i_, are disjoint. Then form=1,...,

s 1

/ % a(y)dy| = O(e™) ase— 0.
Rr—UY  B(y,8) .

This follows since we can employ Lemma, 3,(i) to change variables near any
point y ¢ |J;_; B(y, §) to make ¢ afline, with nonvanishing gradient. Thus
Lemma 1 and a partition of unity argument gives the stated estimate.

On the other hand if § > 0 is small enough, we can employ Lemma 3,(ii)
to compute

f W) g(y) dy = / (2@ (B (x))| det DB (z)| dz
B(yx.5) - 1(B(yx.5))

_ em(:k) / ez_ie(x—yk)-D%(yk)(w—yk)a(q@(a:))
1 (B(yk16))

| det D®(z)| dx

) (2me)™?
o |dewz¢)(yk)|1/2e4 =£(0%(0) (a(yy) + O(c)),

according to Lemma 2. We thereby obtain the asymptotic formula

2<15(y

'L7I'

& sgn(D ¢(’yk))(a(yk) + O(E))

n/2
(54) (2me) Z ‘T det D?¢ (a2

as € — 0.
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Example 4 (Stationary phase for the wave equation, continued). We can
now apply the foregoing theory to (38), which states

Loy (z,y,2,t)
(27r5) J[ / a(z)e=?+ dydz.

This is of the form (40), wi

I (x,t) =

Define for fixed £ € R®, t > 0, the set where the mapping (y,z) —
oé.(z,y, 2, t) is stationary:

* = {(y’z) I Dy,z¢+($aya Z, t) = 0}
Recall from (39) that ¢4 (z,y,z2,t) = (x — 2) - y + tly| + p(2); and so
{ y¢'+—(x—z)+tﬁ (y # 0),
Doy =—-y+ DP( )

Consequently

(55) st ={wa)1a=2- D25 v=Da(2)}.

and we here and henceforth assume that y = Dp(z) # 0 if (y,2) € ST.

Now if y # 0,

D2 b, = (D§¢+ D32;z¢+) _ (]ztj[P(?J) —I )
vz * D§Z¢+ DZ¢+ 2nx2n _I D2p ’
for P(y) =1 — %’g. We have y = Dp(z) on the stationary set St, and so

det(D2 ,¢1) = (—1)" det (I - |—D-—lD2p P(Dp)) .

Now the symmetric matrix ¥(z) := %%D%P(Dp) has n real eigen-
values A1(2),..., A (2). Since X(z)Dp = 0, we may take Ap(2) = 0. The
other eigenvalues A1(z),...,An—1(2) turn out to be the principal curvatures
k1(2), ..., kn_1(2) of the level surface of p passing through z. Since P> =P,
the nonzero eigenvalues of TDIE[sz P(Dp) are the nonzero principal curva-

tures. Thus on ST,

n—1

(56) det(D2 ,6+) = (—1)" [ (1 - twi(2)).

i=1
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We apply the stationary phase estimates for g € R™ and small ¢y > 0.
If ¢¢ is small enough, we can invoke the Implicit Function Theorem to solve
uniquely the expressions

D
To=2— to——-p(z) y = Dp(z)

|Dp(2)|’
for yo = y(xo,t0), 20 = z(xo,to). Thus the asymptotic formula (54) (with
2n replacing n) implies

(57) ox sen(D} .o )

~ [det D2, [172

e*%+la(zg) + O(e)] ase — 0,

¢, and D2 ¢, evaluated at (o, %o, 20, to). Recall further that (56) gives us
an explicit function for det(D§z¢+). A similar asymptotic formula holds for
IZ (0, %) Since u®(zo,t0) = 3(I5(z0,%0) + I¢ (0, %0)), we derive detailed
information concerning the limits as € — 0, at least for small times ¢y, > 0.

O

Remark (Optics and stationary phase). It remains to discuss briefly the
connections between the formal geometric optics and the stationary phase

approaches. Recall that the former brought us to the two Hamilton-Jacobi
equations

(58) pe+|Dp| =0

ipe ip+o(l)
for the phase function of u® = a.e’s = (a+ o(1))e 222 Now the charac-

teristic equations for the PDE p; — |Dp| = 0 are

(59 {#”:_%%
p(s) =0,

as previously discussed in §3.2.2. In particular given a point x € R", t > 0,
where t is small, the projected characteristic x(-) is a straight line, starting
at the unique point z satisfying

Dp(z)
|Dp(2)]
But this relation is precisely what determines the stationary set St above.

Likewise, the characteristics of the partial differential equation p; +|Dp| = 0
determine the stationary set S~ for ¢_. O

z2=x+t
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4.5.4. Homogenization.

Homogenization theory studies the effects of high-frequency oscillations
in the coefficients upon solutions of PDE. In the simplest setting we are given
a partial differential equation with two natural length scales, a macroscopic
scale of order 1 and a microscopic scale of order ¢, the latter measuring the
period of the oscillations. For fixed, but small, £ > 0 the solution u® of the
PDE will in general be complicated, having different behaviors on the two
length scales.

Homogenization theory studies the limiting behavior u* — u as € — 0.
The idea is that in this limit the high-frequency effects will “average out”,
and there will be a simpler, effective limiting PDE that u solves. One of
the difficulties is even to guess the form of the limiting partial differential
equation, and for this formal, multiscale expansions in € may be useful.

Example 5 (Periodic homogenization of an elliptic equation). This example
assumes some familiarity with the theory of divergence-structure, second-
order elliptic PDE, as developed later in Chapter 6.

Let U denote an open, bounded subset of R”, with smooth boundary
OU, and consider this boundary-value problem for a divergence structure
PDE:

n

(60) -3 (@(9)s,),, =f U
'La]zl uE — 0 in aU.
Here f : U — R is given, as are the coefficients a” (i,j = 1,...,n). We will

assume the uniform ellipticity condition

k1

3 ¥ (y)ig; > ol¢

ij=1
for some constant 8 > 0 and all y, &£ € R™. We suppose also
(61) the mapping y — a¥(y) is Q-periodic  (y € R"),

@ denoting the unit cube in R™. Thus the coefficients ¢*/(Z) in (60) are
rapidly oscillating in x for small £ > 0, and we inquire as to the effect this
has upon the solution «¢. (In applications u® represents, say, the electric
field within a nonisotropic body having small-scale, periodic structure.)

In the following heuristic discussion let us assume

(62) v —>u ase—0
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in some suitable sense and try to determine an equation which u satisfies.
The trick is to suppose u° admits the following two-scale expansion:

(63) uf(z) = uo(x, x/€) + eur(x, x/e) + etug(z, 2/e) + . . .,

where u; : U x Q@ - R (i =0,1,...), u; = ui(x,y). We are thus thinking
of the terms u; as being both functions of the macroscopic variable x and
periodic functions of the microscopic variable y = £. The plan is to plug (63)
into (60), and to determine thereby ug, u1, etc. We are primarily interested
in u = uyp.

Now if v(x) = w(z,x/e) for some function w = w(z,y), then %v =

(3% + %é—%) w, i =1,...,n. Thus, writing

n
Lv=— Z (aij(a:/&:)vmi)mj,

ij=1
we have

1 1
(64) L= —2L1 + —Lg + L3,

£ £
where

(a) Liw:=— :tj:l(aij(y)wyi)yj’

(65) (b) Low := =371 (a (y)ws,)y; + (6 (y)wy,)z;,

(C) Lyw := _EZJ':l(a'ij(y)wIi)mj'

Next plug the expansion (63) into the PDE Lu® = f, and utilize the decom-
position (64), (65) to find

1 1
-Ez—LluO—l-E(Llul + LQUO) + (L1U,2 + Loup + L3U0)

+ {terms involving £,£%,...} = f.

Equating like powers of €, we deduce

(a) Liyug = 0,
(66) (b) Lqiuy + Loug = 0,
(¢c) Liua + Louy + Laug = f, etc.

We examine these PDE to deduce information concerning wug,uq, 2.
Now in view of (65)(a), (66)(a) for each fixed z, uo(z,y) soives Liug = 0
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and is Q-periodic. It turns out that the only such solutions are constant in
y. Thus in fact

(67) ug = u{z) depends only on z.

Next employ (67), (65)(b), (66)(b) to discover

n

(68) Liug = Y aY(y)y;ua,.

i,j=1

We can as follows separate variables to represent u; more simply. For ¢ =
1,...,n, let x* = x*(y) solve

(69) { L;x" =—>o1a%(y)y, nQ

x' Q-periodic.

As the right hand side of the PDE in (69) has integral zero over @, this
problem has a solution x* (unique up to an additive constant). Here we are
applying the Fredholm alternative: see Chapter 6.

Using (69) we obtain

n
(70) u(@y) =~ ) X (¥)ue,(2) + W(2),
i=1
11 denoting an arbitrary function of = alone.
Finally let us recall (66)(c):
(71) Liuz = f — Louy — L3up.

In view of (65)(c) this PDE will have a Q-periodic solution (in the variable
y) only if the integral of the right hand side over Q) is zero. Thus we require

(72) /Q Lows + Laug dy = /Q fdy = f(z).

Owing to (65)(b) and (70),

/ Louy dy = — (/ a'jk )ul,ykdy)
Q -

3

(/ a’]k y)ka y) dy) ux‘LzJ '
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Since u = ug, this calculation and (72) imply

n / . n \
-y ( / a’(y) =Y o ()x, (v) dy) Uge,(2) = ().
ij=1 \/@ k=1
That is,
- Eijl aijufl'-i-’l'j =f inU
(73) { u=0 ondU,
where

(14) @Y= /Q )~ X, W) dy (i =1,...,n)
k=1

are the homogenized coefficients, and x* solves the corrector problem (69)
(i =1,...,n). Thus we expect ©* — u as € — 0, and u to solve the limit
problem (73). a

This example clearly illustrates the power of the multiscale expansion
method. It is not at all readily apparent that the high-frequency oscillations
in the coefficients of (60) lead to a constant coefficient PDE of the precise
form (73), (74).

4.6. POWER SERIES

We discuss in this final section solving boundary-value problems for partial
differential equations by looking for solutions expressed as power series.

4.6.1. Noncharacteristic surfaces.

We begin with some fairly general comments concerning the solvability
£ oa 1 th 1 . s1r DM
of the k"*-order quasilinear PDE

(1) Z an(Dk_lu, oo u, ) D% + ag(Dk“lu. coau,z)=0

in some open region U C R™. Let us assume that I' is a smooth, (n — 1)-
dimensional hypersurface in U, the unit normal to which at any point z° € T'
isv(x®) =v=(v1,...,0n)

Notation. The j** normal derivative of u at z° € T is

j
du _ Duv® = _Ou 2 Vol ]
a j - -_— al aan 1 a e . n -
v , 0%} ... 0%
|x|=3 al+-+an=j
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Now let gp,...,g9k—1 : I' — R be k given functions. The Cauchy problem
is then to find a function u solving the PDE (1), subject to the boundary
conditions

k—1
() w=go = 0"
’ ov
We say that the equations (2) prescribe the Cauchy data go,...,g9x_1 onT.

We now pose a basic question:

Assuming u is a smooth solution of the PDE (1),
(3) do conditions (2) allow us to compute all the partial

derivatives of u along I'?

This must certainly be so, if we are ever going to be able to calculate the
terms of a power series representation formula for u.

a. Flat boundaries.

We examine first the special circumstance that U = R" and I is the
plane {x,, = 0}. In this situation we can take v = e,, and so the Cauchy
conditions (2) read

fu PG ARREY
4 U=gp, =— =q1,..., —— = gk—1 On {xr, = 0}.
(4) 90, Bg- =9 ST — 9k {zn = 0}
Which further partial derivatives of u can we compute along the plane
I' = {z, = 0}? First, notice that since u = gy on all of I" we can differentiate
tangentially, that is, with respect to z; (i =1,...,n — 1), to find

Ou . 8g0
al',' - sz-

(i=1,...,n—1).

Since we also know from (4) that

Ju .
O, 91,

we can determine the full gradient Du along I' = {z,, = 0}. Similarly, we
have

&%u

2 E) s
{%zgg i=1,...,n—1)
9z2 = 92
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and hence we can compute D?*u on I'. Next, we see

4 g0 e

O | - 1
zo5, 0, & Lpm=1l..,n-1
8° 2 i =1 1, m=
u _ ] @ if 4,j=1,....n—1, m=n
0z;0z;0x e -
pEEg ™ gff if i=1,...,n-1;,j=m=n
1
L 93 if i=j=m=n

along T, and so we can compute D3u there. Continuing, it is straightfor-
ward to check that employing the Cauchy conditions (4) we can compute
u,Du,..., Dy onT.

Difficulties will arise, however, when we try to calculate D*u. In this
circumstance it is not hard to verify that we can determine each partial
derivative of u of order k along I' = {z,, = 0} from the Cauchy data (4),
except for the ktP-order normal derivative

o
Bzk”

Here, at last, we turn to PDE (1) for help. We observe from (1) that if
the coefficient a(g,...,0,k) 18 nonzero, we can then solve for

u 1
Q -———| oD+ 0]
oxk a(....0.k) |c§::k
a#(0,...,0,k)
with the coefficients a,(|a| = k) and aq evaluated at (D*lu, ... u,x) along

I'. Now in view of the remarks above, everything on the right hand side
of equality (5) can be calculated in terms of the Cauchy data along the
plane I, and thus we have a formula for the missing k* partial derivative.

(6) a,...0k) 7 0.

We say that the plane I' = {z, = 0} is noncharacteristic for the PDE
(1), if the function a(o,...,k) is nonzero for all values of its arguments.

Can we calculate still higher partial derivatives? Assuming the nonchar-
acteristic condition (6), we observe that we can now augment our list (4) of
Cauchy data with the new equality

OFu
(7) 5k = 9k onI'= {z, = 0},

n
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gx denoting the right hand side of (5). But then we can, as before, compute
all of D¥+1y along I, except for the term

1y
k1"
Ozt

Again we employ the PDE (1). We differentiate (1) with respect to z,,
evaluate the resulting expression on the plane I', and rearrange to find

9k+1y 1

= {}’

k1
Orn™  Q(,..0k)

the dots denoting the sum of various expressions, each of which can be
computed along I' in terms of gg, ..., g;. Consequently we can ascertain all

MASLAL P e Y Lalraa, 424 ATl llls 92 LD LA Lalil aot.Cl

of D¥*1y on T, and an induction verifies that in fact we can compute all the
partial derivatives of u on the plane I'.

b. General surfaces.

We now propose to generalize the results obtained above to the general
case that I" is a smooth hypersurface with normal vector field v.

DEFINITION. We say the surface I' is noncharacteristic for the partial
differential equation (1) provided

(8) Z agv®*#0 onT,

jo|=k

for all values of the arguments of the coefficients a {|a| = k).

THEOREM 1 (Cauchy data and noncharacteristic surfaces). Assume that
I is noncharacteristic for the PDE (1). Then if u is a smooth solution of
(1) and u satisfies the Cauchy conditions (2}, we can uniquely compute all
the partial derivatives of u along I' in terms of I, the functions gy, ..., k-1,
and the coefficients a,, (|a| = k), ag.

Proof. We will reduce to the special case considered above.

For this, let us choose any point z° € T' and recall §C.1 to find smooth
maps ®, ¥ : R® — R, so that ¥ = & ! and

®(T'NB(2°, 7)) C {y, =0}

for some r > 0. Define
v(y) == u(¥(y));
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so that
(9) u(@) = v(&(x)).

It is relatively easy to check now v satisfies a quasilinear partial differ-
ential equation having the form

(10) S b D% + by = 0.
(10) b
|a|=k

2. We claim
(11) b,...ox #0 on {y, = 0}.

Indeed from (9) we see that for any multiindex a with |a| = k, we have

o* oF
D%u = a—y:é(DCD")a + { terms not involving a—yg } .

Thus from (1) it follows that
0= Z ao D% + ag

|a|=k
gk k
- Z aq(D (I)n)a_’li + { terms not involving ﬂ :
|| =k By, Oyk

and so

bo,....0k) = Z ao(DP™)*.
|ex| =k

.....

of the term

Z aaV® # 0.

|o|=k
This verifies the claim (11).
3. Let us now define the functions hg,h1,...,ht—; : R*! — R by

v o1y
12 =hy, =— =hq,..., = hp— =0}.
(12) v=ho 5 =M By k-1 on {y, =0}
Thus we can compute hg, ..., hx_1 near y = 0 in terms of ® and the functions
90, - .-, 9k—1. But then, using (11) and the special case discussed above, we

see that we can calculate all of the partial derivatives of v on {y, = 0} near
y=0.

And finally, upon recalling (9), we at last observe we can compute all
the partial derivatives of u on I near z°. O




226 4. OTHER WAYS TO REPRESENT SOLUTIONS

Remark. It is sometimes convenient to recast the noncharacteristic condi-
tion (8) into a somewhat different form, by representing I' as the zero set of
a function w : R® — R. So assume that we are given a function w with

I' = {w =0}
and Dw # 0OonI'. Then v = :i:]—[ on I' , and so the noncharacteristic
condition (8) becomes
(13) 2_: ao(Dw)*#0 onT.

lo|=k

4.6.2. Real analytic functions.

We review in this section the representation of real-valued functions by
power series.

DEFINITION. A function f: R™ — R is called (real) analytic near zy if
there exist r > 0 and constants { fo} such that

=Y falz —20)* (2 — 0| <),

the sum taken over all multiindices a.

Remarks. (i) Remember that we write z® = 7" - - - 227, for the multiindex
a=(a,...,an).
(ii) If f is analytic near xp, then f is C*™ near zy. Furthermore the

constants f, are computed as f, = MJB—OZ where a! = aylas! - - - a,!. Thus
f equals its Taylor expansion about xg:

J@) = 3 =Dz~ 20)* (12— 2ol < 7).

[0

To simplify, we hereafter take gy = 0. O

Example. If r > 0, set
T

f(z) = - for |z| < r/vn.

r—(x1+ -+ xn)

Then

f(a:)z1 ($1++ i(m1+ +:1:n)k

r k=0
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We employed the Multinomial Theorem for the third equality above and
recalled that ('g') = %—' This power series is absolutely convergent for
lz| < r/y/n. Indeed,

k
IR g - | 21
2 Fialgl == 2 r <o

« k=0
since |z1| + -+ - + [zn] < |z[v/n < 7. 0O

We will see momentarily that the simple power series illustrated in this
example is rather important, since we can use it to majorize, and so confirm
the convergence of, other power series.

DEFINITION. Let
f=2 faa® g=3 ga"
o [s}
be two power series. We say g majorizes f, written

g> f,

provided
9a 2 |fal  for all multiindices .

LEMMA (Majorants).
(i) If g > f and g converges for |x| < r, then f also converges for
lz] < 7.

(i) If f = >, fax® converges for |x| <r and 0 < s\/n < r, then f has
a magjorant for |z| < si/n.

Proof. 1. To verify assertion (i), we check

3 152 3 galer| T |za]™ <00 if [z] < 7.
[0} [0}

2. Let 0 < s4/n < r and set y := s(1,...,1). Then |y| = sy/n < r and
so Y., fay® converges. Thus there exists a constant C such that

|fay®| < C  for each multiindex a.

In particular,
C _C |a|!

< e .
Vol < T @ = 7 = CJala

But then
Cs

majorizes f for |z| < s/n. O
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Remark. We will later need to extend our notation to vector-valued se-
ries. So given power series {fF}T  {g*}7,, we set £ = (f1,...,f™),
g =(g,...,9™), and write

g>f

to mean
>k o k=1,...,m).

4.6.3. Cauchy-Kovalevskaya Theorem.

We turn now to our primary task of building a power series solution
for the k*P-order quasilinear partial differential equation (1), with analytic
Cauchy data (2) specified on an analytic, noncharacteristic hypersurface I'.

a. Reduction to a first-order system.

We intend to construct a solution u as a power series, but must first
transform the boundary-value problem (1), (2) into a more convenient form.

First of all, upon flattening out the boundary by an analytic mapping (as
in §4.6.1), we can reduce to the situation that I C Ifrm = ﬂl Additionally,

by subtractmg off appropriate analytic functions, we may assume the Cauchy
data are identically zero. Consequently we may assume without loss that

our problem reads:

2 al=k ao(D*¥tu, ..., u,z)D

(14) +ap(D*u,...,u,z) =0 for|z|<T
=3‘%= _g—";—_o for |¢'| < 7,2, =0,
r > 0 to be found. As usual we write 2’ = (z1,...,Tn-1).

Finally we transform to a first-order system. To do so we introduce the
function

u:= (u du du  B%u Bk—lu)
= )EE‘;’"')E)ER,"-,EFy

the components of which are all the partial derivatives of u of order less
than k. Let m hereafter denote the number of components of u by m, so
that u: R® - R™, u = (u!,...,u™). Observe from the boundary condition
in (14) that u =0 for |2'| < r,z, = 0.

Now for k € {1,...,m — 1}, we can compute u’;n in terms of {ug, ;‘:‘11

Furthermore in view of the noncharacteristic condition a(y, ..o,k # 0 near
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0, we can utilize the PDE in (14) also to solve for 4} in terms of u and

{ug; 7:_11

Employing these relations, we can consequently transform (14) into a
boundary-value problem for a first-order system for u, the coefficients of
which are analytic functions. This system is of the general form:

15) {uzn =Y 77 Bj(w,a)u,, +e(u,z') for |z| <r

u=0 forl|z'|<r z, =0,

where we are given the analytic functions B; : R™ x R* ! — M™*™ (j =
I,...,n—1) and ¢ : R™ x R*! — R™. We will write B; = ((b;“l)) and
c = (c},...,¢™). Carefully note that we have assumed {B; ;‘:‘11 and ¢ do
not depend on z,,. We can always reduce to this situation by introducing if
necessary a new component ¢™t! of the unknown u, with ™! = z,,.

In particular, the components of the system of partial differential equa-
tions in (15) read

n—1 m

(16) uf = ZZ bf‘(u,:c')u;j +cf ) (k=1,...,m).
j=11=1

b. Power series for solutions.

Having reduced to the special form (15), we can now expand u into a
power series, and, more importantly, verify that this series converges near

~

u.

THEOREM 2 (Cauchy-Kovalevskaya Theorem). Assume {B; ;‘:_11 and
c are real analytic functions. Then there exist r > 0 and a real analytic
function

(17) u= Zuaxa

solving the boundary-value problem (15).
Proof. 1. We must compute the coefficients

_ D%u(0)
- a!

(18) Uy

in terms of {B; ;‘:_11 and ¢, and then show that the power series (18) so

obtained in fact converges if |z| < r and r > 0 is small enough.
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2. As the functions {B;}7 ! and c are analytic, we can write
(19) Bj(z,«') = ZB,-,W,,sz%:‘S (G=1,...,n=-1)

and

(20) c(z,z') = Z c, 5272,
7,0

1. . . 11 l‘ t | Y r 11 - Fa

nvergern {2zl + |z’ < s for some small s > 0. Thus
BENT 1L |2 + |T|

D;*DgBj(o, 0 . - D7 Déc(0,0)
(y+8t T (y+9)!

for j =1,...,n —1 and all multiindices ~, 8.

(21) Bjys=

3. Since u =0 on {x, = 0}, we have

D“u(0)
a!

(22) Uy = =0 for all multiindices & with o, = 0.

Now fix i € {1,...,n — 1} and differentiate (16) with respect to z;:

m
e = D (s, + 80 +Zb;cgpug, ,,)+c +ch

In view of (22), we conclude uf __ (0) = c& (0,0).

If « is a multiindex having the form a = (a1,...,0,-1,1) = (&, 1), we
likewise prove by induction that

D2u*(0) = D%F(0, 0).

Next suppose a = (/,2). Then

!
D%*u* = D* (“’:z Jan
n—1 m
!
= D° ( > bl +ck) by (16)
Jj=1 =1 In
,(n-—l m m m \
_ no ki, 1 kKl o, p 1 kLD
S (LTS SRR SEIY
Jj=1l=1 p=1 r=1

Thus
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The expression on the right hand side can be worked out to be a polynomial
with nonnegative coefficients involving various derivatives of {B; };’;11 and c,

and the derivatives DPu, where 3, < 1.

More generally, for each multiindex o and each k € {1,...,m}, we
compute

(23) ul =gk Bjnysr o Cysye ., Ug, .. ),
where

(24) ¢~ is a polynomial with nonnegative coefficients
and

(25) Bn < an — 1 for each multiindex 8 on the right hand side of (23).

4. Thus far we have merely demonstrated that if there is a smooth
solution of (15), then we can compute all of its derivatives at 0 in terms of
known quantities. This of course we already know from the discussion in
§4.6.1, since the plane {z, = 0} is noncharacteristic.

We now intend to employ (22)-(25) and the method of majorants to show
the power series (17) actually converges if |z| < r and r is small. For this,
let us first suppose

(26) B;>»B; (j=1,...,n—1)
and

(27) c*>c,

where

Bj —LBJ,%&sz j=1,...,n—1)

and

* . * Y0
c* = E c, 527z,
7,6
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these power series convergent for |z| + |z'| < s. Then

(28) 0 < [Bjysl < Bj

.7:7)6’ 0 S |c7’6| S c;aé

for all j,~, é.

We consider next the new boundary-value problem

(29) {u;n = ;’;11 Bj(u*, z')uz +c*(u*,z’) for [z| <r
u* =0 for|d'|<r, z, =0,

and, as above, look for a solution having the form
(30) ut = Z ulz®,

(s
where

D*u*(0)

* __
(31) Uy = o
5. We claim

0 < [u¥| <uf*  for each multiindex a.

The proof is by induction. The general step follows since

luf| =gk (..., Bjy 6. 1Cyby---5us,...)| by (23)
5qﬁ(...,|Bjm5|,...,|c%5|,...,|ug|,...) by (24)
<gk(..,By 51 Chpr--, U, ) by (24), (28) and induction
= ub*.
Thus
(32) u* > u,

and so it suffices to prove that the power series (30) converges near zero.

6. As demonstrated in the proof of assertion (ii) of the lemma in §4.6.2,
if we choose

B — Cr
T r—(mi+xp-1) (214 + 2m)

1 ... 1
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*
¢’ = (1,...,1),
r—(x1+- - +zn1)— (214 + 2m)
V> VR I3 Lr At =11 1 1 200 7Y 1 1 - e 11 1 ]
then (26), (27) will hold if C is large enough, r > 0 is small enough, and
|| + 2| <r

Hence the problem (29) reads
Cr .
* ) * 1
Tn T-(.’E1+"'+xn_1)—_(u1*+"'+um*) (Z]aluxj—f_ )
for |z| < r

u

u*=0 for|z|<r, z,=0.
However, this problem has an explicit solution, namely

(33) w=v(1,...,1)

2

for

(34) v*(z) :=;21E(r —(x1 4+ -+ Tp-1)

~[(r = (214 - +2n_1))? = 2mnCra,]'/?).

MLhic avnracci;i te analedin o lad o ah s 231 0w N 2o a0t a1
411D CAPIUSSIVLLE IS allaly Ll UL (| < 7, provided 7~ U 15 dBULICICIILLY bdlllaill.
Thus u* defined by (33) necessarily has the form (30), (31), the power series
(30) converging for |z| < 7. As u* > u, the power series (17) converges as

well for |z| < r.

This defines the analytic function u near 0. Since the Taylor expansions
of the analytic functions u,, and E;’;ll B;(u, z)u;; + c(u,r) agree at 0,
they agree as well throughout the region |z} < r. 0O

Remark. The Cauchy-Kovalevskaya Theorem is valid also for fully nonlin-
ear, analytic PDE: see Folland [F1] O

4.7. PROBLEMS

1. Use separation of variables to find a nontrivial solution u of the PDE
uilumxl + 2Uz, Ugy Uy 2y + uﬁzumNz =0 inR%

2. Consider Laplace’s equation Au = 0 in R?, taken with the Cauchy
data

u=0, 5% = Lsin(nz;) on {z; =0}.
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Employ separation of variables to derive the solution
u= n—lz sin(nz1) sinh(nzs).

What happens to u as n — oo? Is the Cauchy problem for Laplace’s
equation well-posed? (This example is due to Hadamard.)

3. Consider the viscous conservation law
(%) ug + F(u), — auge, =0 in R x (0, 00},

where a > 0 and F is uniformly convex.

(i)  Show u solves () if u(z,t) = v(z—ot) and v is defined implicitly
by the formula

e, R
8_‘/; F(z)—oz+b ¢ (s€R),

where b and ¢ are constants.

(ii) Demonstrate that we can find a traveling wave satisfying

Prnt
—

im v(s)=u
A

for u; > u,, if and only if

F(u) — F(ur)

U[ _urr

(iii) Let u® denote the above traveling wave solution of (x) for a = ¢,
with u£(0,0) = %£% . Compute lim._ou® and explain your
answer.

4, Prove that if u is the solution of problem (23) for Schridinger’s equa-
tion in §4.3 given by formula (20}, then

1
lu(-, )| Loo (mry < WIIQHU(R")

for each t # 0.

5. Utilize Lemma 2 in §4.5.3 to discuss the sense in which u defined by
formula (20) in §4.3.1 converges to the initial data g as t — 0.

6. Show that we can construct an explicit solution of the initial-value
problem (18), (19) from Example 1 in §4.5.1, having the form

v(z,t) = ! e /(1) (zeR, t>0),
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4.8.

the function (t) to be found. Substitute into the PDE and determine
an ODE « should satisfy. What is the initial condition for this ODE?

Justify in the proof of Lemma 2 in §4.5.3 the transformation of the
integral of e~*" over the line I to the integral over the real axis.

Let n = 1 and suppose that u* solves the problem

{ —(a($)uz)z = f in(0,1)
u®(0) = w*(l) =0,

where a is a smooth, positive function, which is 1-periodic. Assume
also that f € L2(0,1).
(i)  Show that u* — u weakly in Hj(0,1), where u solves

{ —Guge = f in (0,1)
u(0) = wu(1) =0,

for a:= (fo1 a(y)~tdy)~L.
(ii) Check that this answer agrees with the conclusions (73), (74) in
§4.5.4.

(This problem requires knowledge of energy estimates, Sobolev spaces,
etc. from Chapters 5, 6.)

Show that the line {¢ = 0} is characteristic for the heat equation
Ut = Uyz. Show there does not exist an analytic solution u of the
heat equation in R x R, with u = ﬁ%g on {t = 0}. (Hint: Assume
there is an analytic solution, compute its coeflicients, and show that
the resulting power series diverges except at (0,0). This example is
due to Kovalevskaya.)
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Section 4.1  See for instance Pinsky [P], Strauss [ST], Thoe-Zachman-
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5.1 Holder spaces

5.2 Sobolev spaces

5.3 Approximation

5.4 Extensions

5.5 Traces

5.6 Sobolev inequalities

5.7 Compactness

5.8 Additional topics

5.9 Other spaces of functions
5.10 Problems

5.11 References

This chapter mostly develops the theory of Sobolev spaces, which turn
out often to be the proper setting in which to apply ideas of functional
analysis to glean information concerning partial differential equations. The
following material is often subtle, and will seem largely unmotivated, but
ultimately will prove extremely useful.

Since we have in mind eventual applications to rather wide classes of
partial differential equations, it is worth sketching out here our overall point
of view. Our intention, broadly put, will be later to take various specific
PDE and to recast them abstractly as operators acting on appropriate linear
spaces. We can symbolically write this as

A: XY,

239
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where the operator A encodes the structure of the partial differential equa-
tions, including possibly boundary conditions, etc., and X, Y are spaces of
functions. The great advantage is that once our PDE problem has been
suitably interpreted in this form, we can often employ the general and ele-
gant principles of functional analysis (Appendix D) to study the solvability
of various equations involving A. We will later see that the really hard work
is not so much the invocation of functional analysis, but rather finding the
“right” spaces X, Y and the “right” abstract operators A. Sobolev spaces
are designed precisely to make all this work out properly, and so these are
usually the proper choices for X, Y.

We will utilize Sobolev spaces for studying linear elliptic, parabolic and
hyperbolic PDE in Chapters 6-7, and for studying nonlinear elliptic and
parabolic equations in Chapters 89 .

The reader may wish to look over some of the terminology for functional
analysis in Appendix D before going further.

5.1. HOLDER SPACES

Before turning to Sobolev spaces, we first discuss the simpler Hélder spaces.

Assume U C R" is open and 0 < v £ 1. We have previously considered
the class of Lipschitz continuous functions u : U — R, which by definition
satisfy the estimate

1) u(z) —u(y)| < Clz —y| (z,y €U)

for some constant C. Now (1) of course implies u is continuous, and more
importantly provides a uniform modulus of continuity. It turns out to be
useful to consider also functions u satisfying a variant of (1), namely

(2) lu(z) —uly)l < Clzr —y|" (z,yeU)

T/ — aa ¥

for some constant C. Such a function is said to be Hélder continuous with
exponent -y.

DEFINITIONS. (i) If u: U — R is bounded and continuous, we write

lulle@) = sup |w(z)|.
xelU

(ii) The ~**-Holder seminorm of u:U — R is

|u(z) — u(y)| }
Ul o~ 1= SU —_—
[ ]CU‘Y(U) :n,yepU{ |-"3“?l|7
THY
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and the y**-Holder norm is

lullgon@y = lullew@) + [lcon@y-

DEFINITION. The Holder space
Cc*(0)

r

L ] L 17 kL — LTIK
ConsisSts Of @il Jjuncewons v <« o

{2\ Ilag ]
\v/ | Rad

hd

cra@y = D, I1D%u|

is finite.

So the space C*7(U) consists of those functions u that are k-times con-
tinuously differentiable and whose k*-partial derivatives are Hélder contin-
uous with exponent . Such functions are well-behaved, and furthermore
the space C’W(U ) itself possesses a good mathematical structure:

THEOREM 1 (Holder spaces as function spaces). The space of functions
CFY(U) is a Banach space.

The proof is left as an exercise (Problem 1), but let us pause here to
make clear what is being asserted. Recall from §D.1 that if X denotes a real
linear space, then a mapping || || : X — [0,00) is called a norm provided

(i) [l + vl < JJull + ||v]| for all u,v € X,

(ii) ||Au| = |Al]jull for all w € X, A € R,

(iii) |||l = 0 if and only if u = 0.
A norm provides us with a notion of convergence: we say a sequence {ug}7>
C X converges to u € X, written up, — w, if limy_, ||ug—ul| = 0. A Banach
space is then a normed linear space which is complete, that is, within which
each Cauchy sequence converges.

So in Theorem 1 we are stating that if we take on the linear space
C*Y(U) the norm || - || = || - |gk (), defined by (3), then || - || verifies
properties (i)—(iii) above, and in addition each Cauchy sequence converges.

5.2. SOBOLEV SPACES

The Holder spaces introduced in §5.1 are unfortunately not often suitable
settings for elementary PDE theory, as we usually cannot make good enough
analytic estimates to demonstrate that the solutions we construct actually
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belong to such spaces. What are needed rather are some other kinds of
spaces, containing less smooth functions. In practice we must strike a bal-
ance, by designing spaces comprising functions which have some, but not
too great, smoothness properties.

5.2.1. Weak derivatives.
We start off by substantially weakening the notion of partial derivatives.

Notation. Let C°(U) denote the space of infinitely differentiable functions
¢ : U — R, with compact support in U. We will call a function ¢ belonging
to C°(U) a test function. O

Motivation for definition of weak derivative. Assume we are given a
function v € CY}(U). Then if ¢ € C°(U), we see from the integration by
parts formula that

(1) /ugbxidm:—fumigbdx (i=1,...,n).
U U

There are no boundary terms, since ¢ has compact support in U and thus
vanishes near U. More generally now, if k is a positive integer, u € C*(U),
and o = {0y, ...,®,) is a multiindex of order |o| = oy + -+ + o, =k, then

(2) [ uD%¢dz = (-1 | Dugdz.
U U

This equality holds since
o o

o o
8.’E11 B:L‘n”

D% = ¢

and we can apply formula (1) |o| times.

We next examine formula (2), valid for u € C*¥(U), and ask whether
some variant of it might still be true even if u is not k times continuously
differentiable. Now the left hand side of (2) makes sense if u is only locally
summable: the problem is rather that if u is not C*, then the expression
“D*y” on the right hand side of (2) has no obvious meaning. We resolve this
difficulty by asking if there exists a locally summable function v for which
formula (2) is valid, with v replacing D%u:

DEFINITION. Suppose u,v € Ll (U), and o is a multiindex. We say

st e Ty T c\—" 77

that v is the otP-weak partial derivative of u, written

D% = v,



5.2. SOBOLEV SPACES 243

provided

@ = (=1}l
(3) /UuD ¢dr = (—1) /Uvgt) dz
for all test functions ¢ € CZ(U).

In other words, if we are given u and if there happens to exist a function
v which verifies (3) for all ¢, we say that D*u = v in the weak sense. If there
does not exist such a function v, then u does not possess a weak atf-partial
derivative.

LEMMA (Uniqueness of weak derivatives). A weak ath-partial derivative
of u, if it exists, is uniquely defined up to a set of measure zero.

Proof. Assume that v,% € L _(U) satisfy
/ uD%p dx = (-1)'“'/ vpdr = (—1)*“'/ bodx
U U U
for all ¢ € C°(U). Then
(4) / (v—0)pdz =0
U

for all ¢ € C°(U); whence v — v =0 a.e. O

Example 1. Let n =1, U = (0,2), and

T if 0<x<1
u(zr) = .
{1 if 1<e<2.

Define
if 0<z<1

L1 L) |
II 1 T <~ 4.

@ ={,

Let us show %' = v in the weak sense. To see this, choose any ¢ € C2°(U).
We must demonstrate
2 2
/ u¢' dx = —/ vepdzx.
0 0
But we easily calculate

/02u¢’dw=/01x¢'dm+/12¢'d:c
=—/01¢dm+¢(1)—¢(1)=—f02v¢dx,

as required. O
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Example 2. Let n =1, U = (0,2), and

{:L' if 0<z<1
u(z) = .
2 if l<z<2.

We assert u’ does not exist in the weak sense. To check this, we must show
there does not exist any function v € L] (U) satisfying

2 2
(5) / ug der = — / vodx
J0 JO
for all ¢ € CX(U). Suppose, to the contrary, (5) were valid for some v and
all 6. Then
2 2 1 2
—/ vqbd:cz] uq.’)'dx:/ m¢’dm+2[ ¢ dx

1
~— [ ¢dz-a(0).

0
Choose a sequence {¢n, }o0_; of smooth functions satisfying
0<¢m <1, om(l)=1, ¢n(z)— 0forall z # 1.

Replacing ¢ by ¢, in (6) and sending m — oo, we discover

2 1
1= lim ¢,(1)= lim [/ Vdm dm—/ bm dm} =0,

&)
3
3

More sophisticated examples appear in the next section.
5.2.2. Definition of Sobolev spaces.

Fix 1 < p < co and let k be a nonnegative integer. We define now
certain function spaces, whose members have weak derivatives of various
orders lying in various L” spaces.

DEFINITION. The Sobolev space
WEE(U)

consists of all locally summable functions v : U — R such that for each
multiinder o with |a] < k, D*u erists in the weak sense and belongs to
LP(U).
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Remarks. (i) If p = 2, we usually write

DEFINITION. Ifu € W*5P(U), we define its norm to be

(Z|a|§k Ju | D%ulP dx) (1<p<o0)

2_la|<k €58 Supy [ D%ul (p = 00).
la

lellwes@y = {

DEFINITIONS. (i) Let {un}X_,, u € WFP(U). We say un converges
to u in WEP(U), written

Um — u in WRP(U),

provided
Hm ||lum — ullyrr @y = 0.
m-—0o0

(ii) We write
Um —u  in WP (),

loc

to mean
Um — u 1 WEP(V)

for each V. CCU.

Wo? (U)
the closure of C(U) in WFP(U).

Thus u € W(f P(U) if and only if there exist functions u,, € C(U) such that
Um — u in WHP(U). We interpret W(lf P(U) as comprising those functions
u € W*P(U) such that

“D=0o0n dU” for all |a| < k— 1.

This will all be made clearer with the discussion of traces in §5.5.
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Notation. It is customary to write
k k2
Hy(U) = W (U).

M
—

We will see in the exercises that if n = 1 and U is an open interval in
R!, then v € W'P(U) if and only if u equals a.e. an absolutely continuous
function whose ordinary derivative (which exists a.e.) belongs to LP(U).
Such a simple characterization is however only available for n = 1. In
general a function can belong to a Sobolev space, and yet be discontinuous

and/or unbounded.

Example 3. Take U/ = B°(0,1), the open unit ball in R", and
u(z) =lz|™* (z €U, z+#0).

For which values of @ > 0,n,p does u belong to W!P(U)? To answer, note
first u is smooth away from 0, with

Ug, () = @%ﬁ (z #0),

and so | |
o
IDu(a)| = e (2 #0)

Let ¢ € C°(U) and fix € > 0. Then

/ Uy, dr = —/ Uz, @ dx +/ ugr' ds,
U-B(0,) U-B(0,) 8B(0,¢)
1

v = (v,...,v") denoting the inward pointing normal on 8B(0,¢). Now if
a+1 < n, |Du(z)| € L}(U). In this case

| oo _
UaB(o,e;mV db| = liellz= jBB(O,e)E
Thus
[ugbmi dr = — /umiqﬁdm
JU

JU
for all ¢ € C°(U), provided 0 < a < n— 1. Furthermore |Du(z)| = I—a%pr €
LP(U) if and only if (o + 1)p < n. Consequently u € W1P(U) if and only if
a < %22 In particular u ¢ WLP(U) for each p > n. 0
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Example 4. Let {r;}{2, be a countable, dense subset of U = B°(0, 1).
Write

o0

1 _
u(r) = Z 2—k|$ —r|™* (zel).
k=1
Then u € WHP(U) if and only if & < P If0 < a < 25E, we see that u
belongs to W1P(U) and yet is unbounded on each open subset of U. O

This last example illustrates a fundamental fact of life, that although
a function u belonging to a Sobolev space possesses certain smoothness
properties, it can still be rather badly behaved in other ways.

5.2.3. Elementary properties.

Next we verify certain properties of weak derivatives. Note very carefully
that whereas these various rules are obviously true for smooth functions,
functions in Sobolev space are not necessarily smooth: we must always rely

solely upon the definition of weak derivatives.

THEOREM 1 (Properties of weak derivatives). Assume u,v € WhP(U),
la| < k. Then
(i) D*u € WrIebP(U) and DP(D%*) = D*(DPu) = D**Pu for all
multiindices o, B with {of + |8] < k.
(ii) For each A,u € R, Au + pv € W*P(U) and D*(Mu + pv) = AD%u +
pD%y, o < k.
(iii) IfV is an open subset of U, then u € WrP(V).
(iv) If ¢ € CX(U), then (u € W*P(U) and

(7) D(Cu) =Y (g) DB¢D* Py (Leibniz’ formula),

Ba

al

where (g) = FaA-
Proof. 1. To prove (i), first fix ¢ € C®(U). Then D¢ € C®(U), and so

/ DuDB¢dx = (=1)l / uDP g dx
U U

=(_1)Ia|(_1)la+6|]Da+ﬁu¢dx
U

—1)/4l f D Pug dx.
U
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Thus D#(D%u) = DBy in the weak sense.
2. Assertions (ii) and (iii) are easy, and the proofs are omitted.

3. We prove (7) by induction on |e|. Suppose first |a| = 1. Choose any
¢ € CP(U). Then

[ cup®gde = [ up"(6e) —u(DQ)tds
U U

__ / (¢D*u + uD%() d.
U

Thus D*((u) = (D%u + uD®(, as required.

Next assume ! < k and formula (7) is valid for all |a| < ! and all functions
¢. Choose a multiindex a with || =1+1. Then oo = 3 +y for some |3| =1,
|7| = 1. Then for ¢ as above,

/ (uD*¢dz = f CuD?(D"¢) dx
U U

:(,1)|ﬁ|/ Z

v o<p

(f ) D°¢DPuDV¢ dx

(by the induction assumption)

= (=1)/Ai+h /U Z (g)D‘T(D"gDﬁ“’u)(pdx

e pe)

(by the induction assumption again)

= (~1) (ﬁ ) DPCD Py 4+ D°CD*"ul¢ d
()/UUZS%U[C u+ D¢ ul¢ dx

since

Not only do many of the usual rules of calculus apply to weak derivatives,
but the Sobolev spaces themselves have a good mathematical structure:
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THEOREM 2 (Sobolev spaces as function spaces). For each k = 1,...
and 1 < p < oo, the Sobolev space W*P(U) is a Banach space.

Proof. 1. Let us first of all check that ||ullwrsy is & norm. (See the
discussion at the end of §5.1, or refer to §D.1, for definitions.} Clearly

Xl wrwwy = [ lellwrews

and
|ullwr.ey =0 if and only if v =0 a.e.

Next assume u,v € W*P(U). Then if 1 < p < oo, Minkowski’s inequality
(§B.2) implies

1/p
e+ vlhwsoy = (3 10+ Dl )

|l <k
1/p
< (a0 sl + ||Dav||Lp(U))P)
laj<k
1/p 1/p
(Z ID%ul|%, U)) + (Z ||Da”"ip(U))
o<k al<h

= lullwre@y + Illweew)-

2. It remains to show that W5?(U) is complete. So assume {u;,}_,
is a Cauchy sequence in W*P(U). Then for each |a| < k, {D%u,}55_; is a
Cauchy sequence in LP(U). Since LP(U) is complete, there exist functions
uq € LP(U) such that

D*Up, — uy  in LP(U)
for each |a| < k. In particular,
Um — U, ) = v in LP(U).
3. We now claim
(8) uwe WhP(U), Du=1u, (lo| <k).
To verify this assertion, fix ¢ € C°(U). Then

/uDaqux: lim un D¢ dz
U

m—o0 U

= lim (- 1ia|/ D%upddz
m—00
—(—1)""/ua¢d:c.
JU

Thus (8) is valid. Since therefore D%u,,, — D%*u in LP(U) for all |a| < k, we
see that u,, — u in W*P(U), as required. O
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5.3. APPROXIMATION

R
e

1 nn 1
. [ oy ] ? 3 !’P T AR WA

It is awkward to return continually to the definition of weak derivatives.
In order to study the deeper properties of Sobolev spaces, we therefore need
to develop some systematic procedures for approximating a function in a
Sobolev space by smooth functions. The method of mollifiers, developed in
§C.4, provides the tool.

Fix a positive integer k¥ and 1 < p < co. Remember that U, = {z € U |
dist(z, 0U) > e}.

THEOREM 1 (Local approximation by smooth functions). Assume u €
WP (U) for some 1 < p < 0o, and set

u*=n.+%u inU,.

Then
(i) u® € C*®(U,) for eache >0,

and

(i) ¥ —u in WEP(U), as e — 0.

Proof. 1. Assertion (i) is proved in §C.4.
2. We next claim that if |a| < k, then

(1) D%y =n. * D% in Ug;
that is, the ordinary a'®-partial derivative of the smooth function uf is the

e-mollification of the at*-weak partial derivative of u. To confirm this, we
compute for z € U,

D*u*(x) = D* jUns(l‘ — y)u(y) dy
— [ Dene - yulw)dy
U
— (_1)lel a T —ylu .
(-1) /UDyne( y)uly) dy

Now for fixed z € U, the function ¢(y) := n.(z — y) belongs to C(U).

Vo PR T W W< S W SN ST NN 7 AN JRNRPIE-SE T JHUNE SISO, SR, LU
Uonsequellnly UI1€ AClILUIOLL O LI ¥ -WEAK pdlillal Jcrivaulve 1IIPLICeS.

f Dgne(z — y)u(y) dy = (1)1 / ne(x — y)D%u(y) dy.
U U
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Thus

This establishes (1).

3. Now choose an open set V CC U. In view of (1) and §C.4, D*u® —
D%y in LP(V) as € — 0, for each la] < k. Consequently

flu® — u”gvk,p(v Z | D% — Dau“Lp(v)

el <k

as ¢ — 0. This proves assertion (ii). O

5.3.2. Approximation by smooth functions.

Next we show that we can find smooth functions which approximate in
W*P(U), and not just in Wlﬁ’cp(U ). Notice in the following that we make no
assumptions about the smoothness of 9U.

THEOREM 2 (Global approximation by smooth functions). Assume U
is bounded, and suppose as well that u € W*P(U) for some 1 < p < oc.
Then there exist functions um, € C®(U) NW*?(U) such that

um —u  in WEP(U).

Remark. Note carefully that we do not assert u,, € C®(U) (but see The-
orem 3 below). 0

Proof. 1. We have U = |J;2, U;, where
U .= {z € U |dist(z,0U) > 1/i} (i=1,2,...).

Write V; := U;43 — Ui+1.

Choose also any open set Vo CC U so that U = [J2, Vi. Now let {{;}52,
be a smooth partition of unity subordinate to the open sets {V;}:°,; that is,
suppose

0<G <1, GeCxV;
) { G G € C° (Vi)

Y X =1 onlU.

N Lwt={ S%

Next, choose any function v € W*P(U). According to Theorem 1(iv) in
85.2, Gu € Wk’p(U) and spt(Gu) C V;.
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2. Fix 6 > 0. Choose then ¢; > 0 so small that u® := 7., * ((;u) satisfies

{ |luf = Gullwesry < 581 (1=0,1,...)

(3) ; .
sptu’ C W; (1=1,...),

for W, := i+4_[7i DV, (e=1,...).
3. Write v := 322, u*. This function belongs to C*°(U), since for each

open set V CC U there are at most finitely many nonzero terms in the sum.
Since u = Y2, (;u, we have for each V. CC U

oo
lv— UHW‘W(V) < Z [u* — Gullwrr

1=0
201
<6y 5T oY (3)
i=0

d.

5.3.3. Global approximation by smooth functions.

We now ask when it is possible to approximate a given function u €
W¥P(U) by functions belonging to C*°(U), and not just C*°(U). Such an
approximation requires some condition to exclude 8U being wild geometri-
cally.

THEOREM 3 (Global approximation by functions smooth up to the
boundary). Assume U is bounded and 8U is C1. Suppose u € WhP(U)
for some 1 < p < co. Then there ezist functions un, € C°(U) such that

um —u  in WEP(U).
Proof. 1. Fix any point 20 € 9U. As 8U is C?, there exist, according to

§C.1, a radius » > 0 and a C! function 7 : R*~! — R such that—upon
relabeling the coordinate axes if necessary—we have

Un B r) = {z € B(z°,7) | zn > 7(z1,...,Zn-1)}.

Set V := U N B(z%,r/2).
2. Define the shifted point

rf:=x+ Aee, (z €V, e>0),
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B(xs,e)

and observe that for some fixed, sufficiently large number A > 0 the ball
B(z¢,¢) lies in U N B(aY r) for all z € V and all small ¢ > 0.

Now define u.(z) := u(zf) (z € V); this is the function u translated a
distance A¢ in the e, direction. Next write v® = 1. * u.. The idea is that we
have moved up enough so that “there is room to mollify within U”. Clearly
v € C=(V).

3. We now claim

(4) v —u  in WP(V),

To confirm this, take o to be any multiindex with |&| < k. Then
1% = Dull oy < 1D = Douellioyy + D% = Doull oy,

The second term on the right hand side goes to zero with ¢, since translation
is continuous in the LP-norm; and the first term also vanishes in the limit,
by reasoning similar to that in the proof of Theorem 1.

4. Select 6§ > 0. Since U is compact, we can find finitely many points
x¥ € 8U, radii r; > 0, corresponding sets V; = U N B(.’L‘?, %) , and functions
v € C®(V;) (i = 1,...,N) such that 8U C Y., B%(29, %), and

(5) llvi — ullyray;) < 6.

Take an open set Vo CC U such that U C Uijio V; and select, using Theo-
rem 1, a function vy € C™(Vp) satisfying

(6) ”’Uo — 'u”Wk,p(VO) < 0.

5. Now let {¢;})Y, be a smooth partition of unity subordinate to the
open sets {V;}¥,, in U. Define v := Zﬁio ¢:vi. Then clearly v € C®(U). In
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addition, since u = "IV | G;u, we see using Theorem 1 in §5.2.3 that for each
lod < k:

N
1Dy — D*ul| Loy < Y 1D (Givs) — D(Gw)ll Lo vy
=0

Y

- Y 1 1 SYRTC
< llvi — ullwr.rvy) = CNS,

(=

-
1
(=)

according to (5) and (6). O

5.4. EXTENSIONS

Our goal next is to extend functions in the Sobolev space W1?(U) to become
functions in the Sobolev space WP(R"). This can be subtle. Observe for
instance that our extending u € WP(U) to be zero in R* — U will not in
general work, as we may thereby create such a bad discontinuity along U
that the extended function no longer has a weak first partial derivative. We
must instead invent a way to extend u which “preserves the weak derivatives
across 0U”.

Suppose 1 < p < oco.
THEOREM 1 (Extension Theorem). Assume U is bounded and U is C!.

Select a bounded open set V such that U CC V. Then there exists a bounded
linear operator

(1) E: WY (U) - WLP(R?)

such that for each u € WlP(U):
(i} Fu=wu a.e. inU,
(ii) Eu has support within V,

and
(i)
“ F"H”-'n s (TR < (‘“'H" ........
I~ = Whp(Rr) = %) 1

the constant C depending only on p, U, and V.
DEFINITION. We call Eu an extension of u to R”.

Proof. 1. Fix z° € 8U and suppose first

(2) OU is flat near z°, lying in the plane {z, = 0}.
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A half-ball at the boundary

Then we may assume there exists an open ball B, with center z° and radius

r, such that _
{B+ =Bn{z, 20} CU

BT =Bn{z, <0} CcR*-U.
2. Temporarily suppose also u € C®(U). We define then
_ { u(x) ifxre Bt
u(z) = . _
=3u(z1,...,Tn1,—Tn) + dulx1,...,Zn1,—%) ifx e B™.
This is called a higher-order reflection of u from B to B™.
3. We claim
(4) u € CY(B).

To check this, let us write u~ := %|g-, u™ := %|g+. We demonstrate first

=1
(5 uo =yt on {» —0N1
(o} Ug, Up., on Ty Ut.

Indeed according to (3),

ou~ ou ou T

A (.’L‘) =3_})m ($1,...,$n_1,—$n) —2—;% (a:l,...,xn_l,——qﬁ)

van, vwn Uuan L
and so

u;n |{:1:n=0} = u:" |{$n:0} )

This confirms (5). Now since u™ = u~ on {x, = 0}, we see as well that

(6) ua_:il{mn=0} = u;'{ngO}
fori=1,...,n—1. But then (5) and (6) together imply

D™ |(ga=0} = DU |, =0}
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for each || < 1, and so (4) follows.

(7) l%llw1ep) < Cllullwies+)
for some constant C which does not depend on u.

5. Let us next consider the situation that U is not necessarily flat near

z%. Then utilizing the notation and terminology from §C.1, we can find a

C' mapping ®, with inverse ¥, such that ® “straightens out U near x°”.

\\P/

x-coordinates

y-coordinates

Straightening out the boundary

We write y = ®(z), z = ¥(y), v/(y) := u(¥(y)). Choose a small ball B
as drawn before. Then utilizing steps 1-3 above we extend ' from B* to a
function %' defined on all of B, such that @’ is C' and we have the estimate

1@ lw1rBy < Cllw lwirp+)-

Let W := ¥(B). Then converting back to the z-variables, we obtain an
extension «# of u to W, with

(®) .

6. Since OU is compact, there exist finitely many points ¥ € 8U, open
sets W;, and extensions %; of u to W; (i = 1,...,N), as above, such that
I c UN, Wi. Take Wy cC U so that U C Y., Wi, and let {¢;}Y, be an
associated partition of unity. Write % := Eﬁ:o ¢iti, where tigp = u. Then
utilizing estimate (8) (with u; in place of u, %; in place of @) we obtain the
bound

(9) lallwie@ey < Cllullwrew)

for some constant C, depending on U, p, n, etc., but not on u. Furthermore
we can arrange for the support of @ to lie within V >> U.
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7. We henceforth write Eu := %, and observe that the mapping v — Eu
is linear.

Recall that the construction so far assumed u € C*>*(U). Suppose now
u € WLP(U), and choose u, € C®(U) converging to u in WP(U). Esti-
mate (9) and the linearity of £ imply

| Bum — Ewllyre@e) < Cllum — wllwrew)-

Thus {Fu,}5o_, is a Cauchy sequence and so converges to & =: Eu. This
extension, which does not depend on the particular choice of the approxi-
mating sequence {un, }5o_,, satisfies the conclusions of the theorem. a

Remarks. (i) Assume now that 8U is C2. Then the extension operator
E constructed above is also a bounded linear operator from W2P(U) to
W2P(R™). To see this, note first in steps 3, 4 of the proof that although
is not in general C2, it does belong to W2P(B). We also have the bound

which follows from the definition (3). As before, we consequently derive the
estimate

(10) | Eullw2e®ey < Cllullwzew),

provided 8U is C?, the constants C depending only only on U, V,n and p.
We will need these observations later.

(ii) The above construction does not provide us with an extension for
the Sobolev spaces W*?(U), if k > 2. This requires a more complicated
higher-order reflection technique. O

5.5. TRACES

Next we discuss the possibility of assigning “boundary values” along U to
a function © € WIP(U), assuming that 8U is C'. Now if u € C(U), then
clearly u has values on U in the usual sense. The problem is that a typical
function u € WP(U) is not in general continuous and, even worse, is only
defined a.e. in U. Since U has n-dimensional Lebesgue measure zero, there
is no direct meaning we can give to the expression “u restricted to OU”.
The notion of a trace operator resolves this problem.

For this section we take 1 < p < o0.
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THEOREM 1 (Trace Theorem). Assume U is bounded and 8U is C*.
Then there exists a bounded linear operator

T : WHP(U) — LP(8U)

such that
(i) Tu=ulpgy if uwe WHP(U)N c(
and
(ii)
W Tull e ovy < Cllullwre@),

for each u € WHP(U), with the constant C depending only on p and U.
DEFINITION. We call Tu the trace of u on OU.

Proof. 1. Assume first u € C}{U). As in the first part of the proof of
Theorem 1 in §5.4 let us also initially suppose z° € U and 8U is flat near
20, lying in the plane {z, = 0}. Choose an open ball B as in the previous
proof and let B denote the concentric ball with radius r/2.

Select ¢ € C°(B), with ¢ > 0in B, ¢ = 1 on B. Denote by T' that
portion of U within B. Set &’ = (z1,...,zn-1) € R*! = {z, = 0}.
Then

f P do’ < / ClufP d' = — f (ClulP)a, do

r {z.=0} B+

(1) —_ / ulPCe,, + plulP " (sgnw)ua, ¢ dz
Bt

< C/ |u|P + [DulP dz,
B+

where we employed Young’s inequality, from §B.2.

2. If 2° € 8U, but U is not flat near z°, we as usual straighten out the
boundary near z° to obtain the setting above. Applying estimate (1) and
changing variables, we obtain the bound

/ luPdS < Cf |ulP + [Dul? dz,
r U

H E el 1 . r rr PR 0
where 1 1s some open subset o1 oU contaming xr-.

3. Since AU is compact, there exist finitely many points z? € U and
open subsets I, ¢ 8U (i = 1,...,N) such that 8U = |JIx., I'; and

||U”LP(1“,-) < C||u||W1,p(U) (t=1,...,N).
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Consequently, if we write
Tu = ulav,

then

(2) | Tw| e a0y < Cllullwrew)

for some appropriate constant C, which does not depend on u.

4. Inequality (2) holds for u € C(T7). Assume now u € WHP(U). Then
there exist functions u,, € C*(U) converging to u in W1P(U). According
to (2) we have

(3) | T%m — Tl zeavy < Cllum — willwiewy;
so that {Tum}>°_; is a Cauchy sequence in LP(0U). We define

Tu:= Im Tu,,
m—00
the limit taken in LP{8U). According to (3) this definition does not n
on the particular choice of smooth functions approximating u.

Finally if u € W3?(U) N C(U), we note that the functions u,, € C*(U)
constructed in the proof of Theorem 3 in §5.3.3 converge uniformly to u on
U. Hence Tu = uloy. O

We next examine more closely what it means for a function to have zero
trace.

THEOREM 2 (Trace-zero functions in W1?), Assume U is bounded and
AU is C. Suppose furthermore that u € WYP(U). Then

(4) u € Wol’p(U) if and only if Tu =0 on OU.
Proof*. 1. Suppose first u € WO1 P(U). Then by definition there exist
functions u,, € C°(U) such that

Um — u  in WHP(U).

AsTu, =00n U (m=1,...) and T : WHP(U) — LP(8U) is a bounded
linear operator, we deduce Tu =0 on 0U.

2. The converse statement is more difficult. Let us assume that

(5) Tu=0 ondU.

*Omit on first reading.
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Using partitions of unity and flattening out 8U as usual, we may as well
assume

(6)

= Wl’P(Ri), u has compact support in Ri,
Tu =0 on OR? = R* 1.

Then since Tu = 0 on R™™!, there exist functions Uy € C! (R’}r) such that

(7) Up —u  in WHP(RT)
and
(8) TUm = Um|ge-1 — 0 in LP(R™).

Now if 2’ € R"™!, z,, > 0, we have

A = 7

In
(9) / lu(a’, x,)|P da’ < fo’l_l/ [ | Du|P dx’ dt
Rn—1

o Rn—1

Letting m — oo and recalling (7),

for a.e. z, > 0.
3. Next let ( € C*°(R) satisfy
¢(=1lonf0,1], (=0onR—-[0,2], 0<( <1,

and write fGrle) =) (e R)
W, = u(z)(1 = ().
Then
Wz, = Uz, (1 — ) — mul’
{ Dywm = Dyru(l — ).
Consequently

f |Dwp, — DulP dz < C/ |¢m|P| DulP dx
R} R

(10) 2/m
+ Cmp/ / |u|P dz’ dt
0 JRet

=: A+ B.
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Now
(11) A—-0 asm— o0,

since (;, # 0 only if 0 < z, < 2/m. To estimate the term B, we utilize
inequality (9):

2/m 2/m
B < CmP / P~ 1dt ] / | DulP dz’dzy,
0 0 Rn—1

(12) .
< C/ / |Dulf dz’dx, — 0 asm — 0.
0 Rr-1

Employing (10)—(12), we deduce Dw,, — Du in LP(R}). Since clearly
wm — u in LP(R% ), we conclude

Wm —u  in WHP(RT).

But w,, =0if 0 < z,, < 1/m. We can therefore mollify the w,, to produce
functions um € C°(R% ) such that uy, —u in WHP(R% ). Hence u€ Wg P(R7T).
d

5.6. SOBOLEV INEQUALITIES

Our goal in this section is to discover embeddings of various Sobolev spaces
into others. The crucial analytic tools here will be certain so-called “Sobolev-
type inequalities”, which we will prove below for smooth functions. These
will then establish the estimates for arbitrary functions in the various rele-
vant Sobolev spaces, since—as we saw in §5.2—smooth functions are dense.

To clarify the presentation we will consider first only the Sobolev space
WLP(U) and ask the following basic question: If a function u belongs to
WLP(U), does u automatically belong to certain other spaces? The answer
will be “yes”, but which other spaces depends upon whether

(1) 1<p<n,
(2) p=n,
(3) n<p<oo.

We study case (1) in §5.6.1, case (3) in §5.6.2, and the borderline case
(2) only later in §5.8.1.
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5.6.1. Gagliardo—Nirenberg—Sobolev inequality.

For this section let us assume
(4) I1<p<n
and first ask whether we can establish an estimate of the form

(5) ull Loy < CllDul| Lo ey,

for certain constants C > 0, 1 < g < 00 and all functions v € C°(R").
The point is that the constants C' and ¢ should not depend on u.

Motivation. Let us first demonstrate that if any inequality of the form (5)
holds, then the number ¢ cannot be arbitrary, but must in fact have a very
specific form. For this, choose a function u € CS°(R™), u # 0, and define for
A > 0 the rescaled function

ur(z) :=u(Az) (z €R").
Applying (5) to uy, we find:
(6) lurllzage) < CllDuallLo(Rr)-

Now ;

r r r
jRn |ualfdz = /Rn [u(Az)|Tdz = += jRn |u(y)|*dy,
and N
/ |Duy|Pdz = )\p/ | Du(Az)|Pdx = —/ |Du(y)|Pdy.
R R~ A" JRe
Inserting these equalities into (6}, we discover

1
An/a

]l Lo@r) < Corz 1 Dull Lo (rry)s

n/p
and so
(7) 4l agrey € CAY# ¥4 || D Lo ey

But then if 1 — % + % # 0, we can upon sending A to either 0 or oo in (7)
obtain a contradiction. Thus 4f in fact the desired inequality (5) holds, we
must necessarily have 1 — % +% = 0; so that % = % - %, q= n—“;Lp. O

This observation motivates the following




N
[
[
o

DEFINITION. If1 < p < n, the Sobolev conjugate of p is

* np
8 = .
®) pli=
Note that
1 1 1
9 —=-——, p">np.
( ) p* P n

The foregoing scaling analysis shows the estimate (5) can only possibly
be true for ¢ = p*. Next we prove this inequality is in fact valid.

THEOREM 1 (Gagliardo—Nirenberg—Sobolev inequality). Assume 1 < p
< n. There exists a constant C, depending only on p and n, such that

(10) [ ull Lo~ (mmy < C|| Dl Lo (R
for all u € C}(R").

Now we really do need u to have compact support for (10) to hold, as the
example u = 1 shows. But remarkably the constant here does not depend
at all upon the size of the support of u.

Proof. 1. First assume p = 1.

Since u has compact support, for each 2 =1,...,n and £ € R we have
Zj
u(x) = / Uz (T2, o, Tic1, Yiy Tit1,s - - - Tn) dYs,
—0oQ
and so

@l < [ 1Du(@s, g 2a)ldy G=1,.000m).
-0

Consequently

(11) lu(z)| 71 Ij (f | Du(z:, . .,y,-,...,azn)ld,@,a,-)ﬁ :

Integrate this inequality with respect to x;:
(12)

00 n co M 00 ﬁ
/ |u|7-Tdz, S/ H ([ | Dl dyi) dz
—o0 —00 ;1 —00
o0 e A 00 —1
= (/ | Dy dyl) f H (/ |Du|dyi) dz,
—00 T®i=p WX
_1 n %
o n—1 oo oo n-1
< (/ |Du|dy1) (H/ / |Du|d$1dyi) ,
—o0 jmg J—00 J—00
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the last inequality resulting from the general Hélder inequality (§B.2).
Now integrate (12) with respect to zs:

(e ] (o o] n
/ / |u|"=T dz1dx2
~oc J —00

for
I = [~ |Duldy, Ii:=
Joso o)

Applying once more the extended Hélder inequality, we find

o0 .o} n
f / |u|»-T dzidzs
—00 J —00
1 1
< ([ / IDU| dxldyZ) (/ / |D’Lt| dyldxg)
—C0 v —C0 -0 J —00

n o0 poO poo Py
(/ / f | Dy d:vlda:gdyi) .
—3 —00 J —00 J —00

2

We continue by integrating with respect to z3, ..., z,, eventually to find

n n (e ] o ﬁ
/ iulﬁdxﬁn(/ / |Du|da:1...dyi...da:n)
]Rn i=1 - 00 —CO

- (/Rn |Du|dx)rl.

This is estimate (10) for p = 1.

2. Consider now the case that 1 < p < n. We apply estimate (13) to
v := |u|”, where v > 1 is to be selected. Then

(13)

n—1

([ wFrae) ™ < [ DlPlas=r [ fup~|Dulds
n Rn ]Rn

(14) p—1 1

. B - 5

<~ (/ M= da:) (/ |Du|pda:)
R=
b § 775N, Ny am thats YV o 1\ P [z o) IS ek
we cnoose v so that =3 = (v — 1);57 . 'Lhat 1s, we set
n—1
p(n—1) ’
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in which case ;I = (y — 1);27 = & =p*. Thus, in view of (5), estimate
(14) becomes

(/ lulP” dx 3 < C(/ !Du!i"da:\E
/R~ / \/R~ /
a

THEQOREM 2 (Estimates for W?,1 < p < n). Let U be a bounded, open

Jont ~f DN ..,.‘,J nnnnnnnn ATT 20 1 A cceionm 1 P an A x71.prrry
SUUSEL UJ’ I , witw DU;P})UOC [ L 7 B G ASSUTIE L \ p \ IL Ticl | 4 \U}.

Then u € LP"(U), with the estimate

m

(15) el o= vy < Cllullwre @),
the constant C depending only on p,n, and U.

Proof. Since 8U is C!, there exists according to Theorem 1 in §5.4 an

extension Eu = & € W1P(R™), such that

(16) { 2 =u in U, 2 has compact support, and
[allwie®ey < Cllullwrew)-

Because u has compact support, we know from Theorem 1 in §5.3 that there

exist functions u, € C(R™) (m =1,2,...) such that

(17) Up — & in WHP(R™).
Now according to Theorem 1, ||um — wl|po* (gn) < Cl| Dum — Duy|| Lo (re) for
all I,m > 1. Thus
(18) Upm — & in P (R")
as well. Since Theorem 1 also implies ||tum|| o+ ey < Cl|Dum|l Lo (wn), asser-
tions (17) and (18) yield the bound
@]l Lo+ (mry < CllD| o (Rn)-
This inequality and (16) complete the proof. O

THEOREM 3 (Estimates for W,?,1 < p < n). Assume U is a bounded,
open subset of R™. Suppose u € Wol’p(U) for some 1 < p < n. Then we
have the estimate

[ullzewy < CllDull Loy
for each q € [1,p*], the constant C depending only on p,q,n and U.

Remark. This estimate is sometimes called Poincaré’s inequality. The
difference with Theorem 2 is that only the gradient of u appears on the
righthand side of the inequality. (Other Poincaré-type inequalities will be
established later, in §5.8.1.) m|
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Proof. Since u € WO1 P(U), there exist functions u, € CXU) (m =
1,2,...) converging to u in WP(U). We extend each function u,, to be
0 on R™ — U and apply Theorem 1 to discover ||u|| Lo () < C[|Dulloy- As
[U| < oo, we furthermore have ||ul|fey < Cllull oy if 1 < g < p*. a

Remarks. (i) In view of Theorem 3, on WO1 P(U) the norm || Dul|pe) is
equivalent to |{u||w1.(uy, if U is bounded.

(ii) We next consider the case

p=n.

Owing to Theorem 2 and the fact that p* = "2 — 400 as p — n, we might
expect v € L®(U), provided u € WH™(U). This is however false if n > 1:
for example, if U = B%(0,1) the function u = loglog ( 1+ 1%{) belongs to

WbL™(U), but not to L>°(U). We will return to this borderline situation in
§5.8.1 below. 0

5.6.2. Morrey’s inequality.

Now let us suppose
(19) n < p< oo.

We will show that if u € W1P(U), then u is in fact Holder continuous, after
possibly being redefined on a set of measure zero.

THEOREM 4 (Morrey’s inequality). Assume n < p < oo. Then there
exists a constant C, depending only on p and n, such that

(20) ”u”COv‘Y(Rﬂ) < C||U||W1,p(Rn)
for all u € C1(R™), where

vy:=1-n/p.

Proof. 1. First choose any ball B(z,r) C R™.
We claim there exists a constant C, depending only on n, such that

(21) f o hw-uelgso [ 2L,
B(z,r) 1Y —T
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To prove this, fix any point w € dB(0,1). Thenif 0 < s < r,

]

lu(z + sw) — u(z |—U —u:r-i—tw)dt’

| »~8

U Du(z + tw) - wdt’

< / Du(e + tw)| dt
0

Hence

f lu(z + sw) — u(z)| dS < / / |Du(e + tw)| dSdt
dB(0,1) 9B(0,1)

/ / |Du(z + tw)
8B(0,1)

Let y = x + tw, so that t = |z —y|. Then converting from polar coordinates,
we have

Du(y)|
u(x + sw) — u(zx dSS[ —l————————d
/aB(o,l)l ( ) ~u(@) B(z,s) [z —yl"1 Y

o o,
B(z,r) |z — y|

Multiply by s"~! and integrate from 0 to r with respect to s:
P P

rr | Du(y)|
u(y) — u(z)|dy < —-—/ ———dy.
~/B(m,r)| ( ) ( )| n JB(zr) |$_y|n T

This is (21).

[ | Du(y)l

B(z,1) |$ y,n 1
=1

([ |Dulpdy)l/p / R e
B Jo— D7

< Cllullw e e)-

The last estimate holds since p > n implies (n — 1)5% < n; so that

/ 1 dy < 0o
e .
Bz |7 —y| "V Y
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As z € R" is arbitrary, inequality (22) implies

(23) sup lul < Cllullwrere)-

3. Next, choose any two points z,y € R" and write r := |z — y|. Let
W := B(z,7) N B(y,r). Then

@) Ju(@) - uy)] < ][ (@) — u(z)|dz + ][ (u(y) - u(z)| dz.
w w
But inequality (21) allows us to estimate

][ lu(z) — u(z)| dz < C][ |u(z) — u(2)| d=
%% B(z,r)

p=1

Hr dz i
oo o) (o tirs)
{z,r) B(z,r) |.’L‘—-Z| p—-1

—1

—(n—1)—-£-
SC(?‘n (n )””1) || DullLerey

= Cr' 7% | Dull o)

Likewise,

Our substituting this estimate and (25) into (24) yields

u(z) — u(y)| < Cr' 7 ||Dull ey = Clz — yI' ™ || Du|| o (o -

e u(e) - ulw)]
u(x) — u(y
—n/p(Rn) = — 2 < C||D :
[u)co1-n/e(®r) i‘;lz{ PRI } < C||Dul| o (Rey
This inequality and (23) complete the proof of (20). O

Remark. A slight variant of the proof above provides the estimate

) 1/p
lu(y) —u(x)| < Cr' 7w (/B( . |DU(Z)|”dZ)

for all uw € CY(B(z,2r)), y € B(z,r), n < p < 0o. By an approximation
the same bound is valid for v € WlP(B(z,2r)), n < p < oo. We will use
this inequality later in §5.8.2. ( This estimate is in fact valid if on the right
hand side we integrate over B(z,r), instead of B(z,2r), but the proof is a
bit trickier.) O
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DEFINITION. We say u* is a version of a given function u provided

u=1u" a.e.

HEOREM 5 (Estimates for WP n < p < 00). LetU be a bounded

J_‘_‘..I_JUJ. e A v WL W

nen
7 i

0
subset of R™, and suppose OU is C'. Assumen < p < oo, and v € WHP(U).

Then u has a version u* € CYV(U), fory=1— %, with the estimate

* lco @y < Cllullwrew)-
The constant C depends only on p,n and U.

Remark. In view of Theorem 5, we will henceforth always identify a func-
tion u € WYP(U) (p > n) with its continuous version. O

Proof. Since AU is C!, there exists according to Theorem 1 in §5.4 an
extension Eu = & € W1P(R") such that

2 =uinU,
(26) u has compact support, and
l@llwir@mey < Cllullwrewy.

Since @ has compact support, we obtain from Theorem 1 in §5.3 the
existence of functions u,, € C°(R") such that

(27) Um — 4 in WP(R

Now according to Theorem 4, |[um — uillcor-n/pn) < Clltm — wllwieore)
for all I, m > 1; whence there exists a function u* € C%'~"/?(R") such that

(28) Um — w* in COITYP(R™),

Owing to (27) and (28) we see that u* = u a.e. on U; so that u* is a ver-
sion of u. Since Theorem 4 also implies |[um||cor-n/pRry < Clltm|lwis®e),
assertions (27) and (28) yield:

[*llgor-n/omey < Clltllwree)-

This inequality and (26) complete the proof.

5.6.3. General Sobolev inequalities.

We can now concatenate the estimates established in §§5.6.1 and 5.6.2
to obtain more complicated (and hard-to-remember) inequalities.
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THEOREM 6 (General Sobolev inequalities). Let U be a bounded open
subset of R™, with a C" boundary. Assume u € W*P(U).

@) If
29 k< —,
(29) »
then u € LI(U), where
1 1k
g p n
We have in addition the estimate
(30) lullzsy < Cllullwes @y,

the constant C depending only on k,p,n and U.
(i) If
n
31 k>—,
(31) ”
then u € C’k_[%] I8y, where

n _n s n g .
y = [p] +1—%, if % is not an integer
any positive number < 1, if % is an integer.

We have in addition the estimate

(32) < Cllullwre @y,

||u||c,k—[%]—1,'y([—])
the constant C depending only on k,p,n,vy and U.

Proof. 1. Assume (29). Then since D*u € LP(U) for all |a| = k, the
Sobolev—Nirenberg—Gagliardo inequality implies

||D3U||Lp*(y) < C“U”ka(U) if |8] =k — 1,

and so u € W*-LP"(U). Similarly, we find u € W*=2P""(U), where # =
1 1 _1_ 2 - .
TR T p  a Continuing, we eventually discover after k steps that u €

Wo(U) = LI(U), for % =1_ % The stated estimate (30) follows from

7 p
multiplying the relevant estimates at each stage of the above argument.

2. Assume now condition (31) holds, and £ is not an integer. Then as
above we see

(33) u € WEbT (1),
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for
1 1 1
34 — === —,
(34) r o p N
provided Ip < n. We choose the integer [ so that

(35) l<%<l+1;

that is, we set | = [g] Consequently (34) and (35) imply r = -2 > n.

e ‘J
Hence (33) and Morrey’s inequality imply that D% € C%'~7 () for all
ja] < k—1—1. Observe also that 1 — 2 =12 4] = [g] +1— 2. Thus

u € Ck_{%] -1/3] +1L%(ﬁ' ), and the stated estimate follows easily.

3. Finally, suppose (31) holds, with % an integer. Set [ = [%] -1= %—1.
Consequently, we have as above u € W*b7(U) for r = H%T = n. Hence
the Sobolev-Nirenberg—-Gagliardo inequality shows D*u € LY(U) for all

n<g<oocandall|a|<k-Il-1=k- [%J Therefore Morrey’s inequality

further implies D®u € CO’I_%(ﬁ) foralln < g < o0 andall ja| < k— [%] —1.

Consequently u € Ck_[%] —h (U) for each 0 < 4 < 1. As before, the stated
estimate follows as well. O

Remark. Various general Sobolev-type inequalities can also be proved us-
ing the Fourier transform: see Problem 18. O

5.7. COMPACTNESS

We have seen in §5.6 that the Gagliardo—Nirenberg—Sobolev inequality im-
plies the embedding of W'?(U) into L (U) for 1 < p < m, p* = ;£ We
will now demonstrate that W1P(U) is in fact compactly embedded in LI(U)

for 1 < g < p*. This compactness will be fundamental for our applications
of linear and nonlinear functional analysis to PDE in Chapters 6-9.

DEFINITION. Let X and Y be Banach spaces, X C Y. We say that X
s compactly embedded in Y, written

X CCY,

provided
(i) |zlly £ Cllzllx (z € X) for some constant C,
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and
(ii) each bounded sequence in X is precompact in'Y .

THEOREM 1 (Rellich-Kondrachov Compactness Theorem). Assume U
is & bounded open subset of R, and OU is C'. Suppose 1 <p < n. Then

whP(UY cc LY(U)
for each 1 < q < p*.

Proof. 1. Fix 1 < ¢ < p* and note that since U is bounded, Theorem 2 in
§5.6.1 implies

WheP(U) c LAU), Jullpay < Cllullwiew)-
It remains therefore to show that if {u,,}>°_; is a bounded sequence in
WLP(U), there exists a subsequence {um, }32; which converges in L¢(U).

2. In view of the Extension Theorem from §5.4 we may with no loss of
generality assume that U = R™ and the functions {u, }5°_; all have compact
support in some bounded open set V C R™. We also may assume

(1) sup [|lumllwreevy < 00.
m

3. Let us first study the smoothed functions

£

U, =N kuym (>0, m=1,2,...),

ne denoting the usual mollifier. We may suppose the functions {uf,}>0_; all
have support in V' as well.

4. We first claim
(2) Uy — U in LI(V) as € — 0, uniformly in m.

To prove this, we first note that if u,, is smooth, then

(&) — tim (&) = / 1) (@ — €8) — um(z)) dy

k)

1
- / (y) [ %(Um(ﬂl—sty))dtdy

r 1Y)
v B(0,1) v

1
=—€ f n(y) / Dum(z — ety) - y didy.
B(0,1) 0
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Thus
1
[ S, (2) — U (2)| dz < & f n(y) [ [ | Dt (z — ety)| dadtdy
v B(0,1) o Jv
SE/ | Dum{2)|dz.
Vv

By approximation this estimate holds if u,, en

lum, — umllLi(vy < ellDumllLivy < C|| Dum| Lev),

the latter inequality holding since V is bounded. Owing to (1) we thereby
discover

(3) us, — Uy, in LY(V), uniformly in m.

But then since 1 < q < p*, we see using the interpolation inequality for
LP-norms (§B.2) that

T N - (1..E FURTL) -3 ..onl—-8
%m = YmilLa(V) = %m = Ymlip1(v)[[Y%m = Ymll pp* ()

where % =6+ Q?%@, 0 < 6 < 1. Consequently (1) and the Gagliardo—-
Nirenberg—Sobolev inequality imply

e — wmllzaqvy < Cllug, = wmllFrvy;

whence assertion (2) follows from (3).
5. Next we claim

(0 { for each fixed £ > 0, the sequence {uZ,}°.
N | is uniformly bounded and equicontinuous.

Indeed, if x € R™, then

@< [ -l

Y

form=1,2,... . Similarly

D, (2)] < [B 1D = len@)ldy
C

< ||D"76”L°°(R")"um”L1(V) < prxs) < 00,
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form=1,... . Assertion (4) follows from these two estimates.
6. Now fix § > 0. We will show there exists a subsequence {um;}52; C

(5) lim sup “umj — Umy, ”L‘J(V) <é.

hk—o0
To see this, let us first employ assertion (2) to select € > 0 so small that

(6) [, — | Lagvy < 6/2

form=1,2,... .

We now observe that since the functions {um,}S°_;, and thus the func-
tions {uf,}>°_,, have support in some fixed bounded set V C R", we may
utilize (4) and the Arzela-Ascoli compactness criterion, §C.7, to obtain a
subsequence {uy,.}72; C {ur,}=; which converges uniformly on V. In
particular therefore

(7) lim sup |[ur,; — up, |leqvy = 0.
jk—oo

But then (6) and (7) imply

limsup Humj - Umk”LQ(V) <6,
Jik—00
and so (5) is proved.

7. We next employ assertion (5) with § = 1, %, %, ... and use a standard

diagonal argument to extract a subsequence {um, }72; C {um}5°_, satisfying

lLk—oo

a

Remark. Observe that since p* > p and p* — o0 as p — n, we have in

particular
WLP(U) cc IP(U)

for all 1 < p < co. (Observe that if n < p < oo, this follows from Morrey’s
inequality and the Arzela-Ascoli compactness criterion.) Note also that

Wyt (U) cc LP(U),

even if we do not assume AU to be C1. O
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5.8. ADDITIONAL TOPICS

5.8.1. Poincaré’s inequalities.

We now illustrate how the compactness assertion in §5.7 can be used to
generate new inequalities.

Notation. (u)y = f,udy = average of u over U. 0

THEOREM 1 (Poincaré’s inequality). Let U be a bounded, connected,
open subset of R, with a C! boundary OU. Assume 1 < p < co. Then there
exists a constant C, depending only on n,p and U, such that

(1) |lu — (w)ullrey £ CllDul| ey
for each function u € WHP(U).

The significance of (1) is that only the gradient of v appears on the right
hand side.

Proof. We argue by contradiction. Were the stated estimate false, there
would exist for each integer k = 1, ... a function uy € WHP(U) satisfying

(2) Nur = (wr)ullLe ) > kIl Dukll o ()
We renormalize by defining

I (uk)U ,
lur — (ur)ullLeqy

3) Vg =1,...).

Then
(ve)u =0, [|vkllrey = 1;

and (2) implies

1
(4) IDvkllzoy < 7 (b =1,2,...).

In particular the functions {vg}$, are bounded in W12 (U).

In view of the Remark after the Rellich—-Kondrachov Theorem in §5.7,
there exists a subsequence {vk;}52, C {vx}j2; and a function v € LP(U)
such that

(5) vk, — v in LP(U).
From (3) it follows that

(6) (v)o =0, |[vllLey = 1.
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On the other hand, (4) implies for each ¢ = 1,...,n and ¢ € CX(U)
that

/ Vg, dz = lim Vk; ¢g, dr = — lim Ukj,xi¢dx =0.
[

kj—oo Jy kj—oo Jr

Consequently v € WHP(U), with Dv = 0 a.e. Thus v is constant, since U
is connected (see Problem 10). However this conclusion is at variance with
(6): since v is constant and (v)y = 0, we must have v = 0; in which case
lv|| L»(7y = 0. This contradiction establishes estimate (1). O

A particularly important special case follows.
Notation. (u);, = jiB(w)u dy = average of u over the ball B(z,r). O
THEOREM 2 (Poincaré’s inequality for a ball). Assume 1 < p < oc.
Then there exists a constant C, depending only on n and p, such that
(7) lu — (W)zrllrBzr)) < CrlDullLe(B(z,r))
for each ball B(z,r) C R™ and each function u € WHP(B%(z, r)).

Proof. 1. The case U = B%(0,1) follows from Theorem 1. In general, if
u € WHP(B%(z,r)) write

v(y) =w{z+ry) (y€ B(0,1)).
Then v € W'?(B%(0,1)), and we have

lv — (v)o,1llLe(B(0,1)) £ ClIIDY||Lr(B0,1))-

Changing variables, we recover estimate (7). O
Remark. Assume u € WL*(R")} N L1(R"), and let B(z,r) be any ball.

Then Theorem 2 with p = 1 implies

r r
f lu — (u)zr|dy < Cr]l | Du| dy
B(z,r) B(z,r)

g n 1/n
<Cr (][ |Du|"dy) <C (/ | Du|™ dy) :
B(z,r) R~

Thus u € BMO(R"), the space of functions of bounded mean oscillation in
R"™, with the seminorm

[U]BMO(Rn) = sup {][ lu — (U)x,r|dy}-
B(z,r)CRn B(z,r)

See Stein [SE, Chapter IV] for the theory of BMO. O

1/
Lt/
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5.8.2. Difference quotients.

X7 ) [P R (ENY o, SNy R P Al i .. TOHOTATH 11 1 'y I
vy ien we latel apply oJ0Dolev 5pace Lcoly 1o rin, we will pDe 10rceq 1o

study difference quotient approximations to weak derivatives. Following is
the relevant theory, which the reader may wish to postpone studying until
the need arises, in §6.3.

a. Difference quotients and WP,
Assume u : U - R is a locally summable function, and V cc U.

DEFINITIONS.
(i) The ith-difference quotient of size h is

u(z + he;) — u(z)
h
forz € V and h € R, 0 < |h| < dist(V, 8U).

(ii) D"u := (D}u,. .., D).

Dhu(x) =

THEOREM 3 (Difference quotients and weak derivatives).
(i) Suppose 1 < p < oo and u € WYP(U). Then for eachV CC U

(8) ID"ull re(vy < ClIDull oy

for some constant C and all 0 < |h| < 1 dist(V, 8U).

(if) Assume 1 < p < oo, u € LP(V), and there exists a constant C such
that

9) ID" | Lo vy < C

for all 0 < |h| < dist(V,8U). Then

uw€ WHP(V), with ||Dulrey) < C.
Remark. Assertion (ii) is false for p = 1 (Problem 11). a

Proof. 1. Assume 1 < p < 00, and temporarily suppose u is smooth. Then
for each z € V,i=1,...,n, and 0 < |h| < 1 dist(V, 8U), we have

1
u(z + he;) —u(zx) = / ug, (T + the;) dt - he;;
0

so that .
lu(z + hes) — u(z)| < h / \Du(z + the;)| dt.
0
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Consequently

n 1
/ |DMuPdx < C Z/ / |Du(x + the;)|P dtdx
4 =17V /0

no a1

— [P

- c; / [/ |Du(zx + the;)|P dzdt.
Thus . .

/ | DPulP de < C’/ | Dul? dx.
14 U

This estimate holds should z be smooth, and thus is valid by approximation
for arbitrary v € WHP(U).

2. Now suppose estimate (9) holds for all 0 < |h| < dist(V,0U) and
some constant C. Choose i = 1,...,n, ¢ € C*(V), and note for small
enough h that

/V“(x) [qﬁ(x + he’:-) - ¢(a:)] dr — _]V [u(x) - uiga: — he;) b(z) dz:

that is,

(10) /V w(D!¢) dx = — /V (D "u)¢ d.

This is the “integration-by-parts” formula for difference quotients. Estimate
(9) implies
s%p IIDi_huHLp(v) < 00;

and therefore, since 1 < p < oo, there exists a function v; € LP(V) and a
subsequence hx — 0 such that

(11) DMy — v, weakly in LP(V).

(See §D.4 for weak convergence.) But then
/ Uy, dx = f ugy, dr = im [ uDM¢dx
1% U hx—0 Jy

=— lim | D7™u¢de
hrg—0 Jy

=—/Vvi¢d:c:—/UUz'¢'d$-

Thus v; = uy, in the weak sense (i = 1,...,n), and so Du € LP(V). As
u € LP(V), we deduce therefore that u € W1P(V). O
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Remark. Variants of Theorem 3 can be valid even if it is not true that
V cc U. For example if U is the open half-ball B%(0,1) N {z, > 0},
V = B%(0,1/2) N {z, > 0}, we have the bound f;, |DMuPdz < [, |ug, [P dx
for i =1,...,n — 1. The proof is similar to that just given.

We will need this comment in Chapter 6, §6.3.2. O

b. Lipschitz functions and W1,

THEOREM 4 (Characterization of W1®). Let U be open and bounded,
with 8U of class C'. Then u: U — R is Lipschitz continuous if and only if
u € WL (U).

Proof. 1. First assume U = R™ and u has compact support.

Suppose u € WH®(R"). Then u¢ := n.*u, where 7). is the usual mollifier,
is smooth and satisfies

{ u® — u uniformly as € — 0,

| Duf || .00 (Rr) < N[ Dt 00 (RRm3.-

Choose any two points z,y € R", z # y. We have
ut(z) —uf(y) = / ftz+ (1 —t)y)dt

- /0 Duf(tz + (1—t)yy)dt - (z — y);

We let € — 0 to discover

lu(z) — w(y)| < || Dyl Lo mry |z — -
Hence u is Lipschitz continuous.

2. On the other hand assume now u is Lipschitz continuous; we must
prove that u has essentially bounded weak first derivative. Since u is Lip-
schitz, we see

1D; *ul| oo ey < Lip(w),

and thus there exists a function v; € L°°(IR”) and a subsequence hy — 0
such that

(12) D™y — v weakly in L} (R™).
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Consequently
f Py, dr = lim uDM™ ¢ dx
L hk —0 Rr

I — DM ugdr = — [ vigh de
hk—>0./Rn : .lan

by (12). The above equality holds for all ¢ € C°(R™), and so v; = ug, in
the weak sense (i = 1,...,n). Consequently u € WH>(R").

3. In the general case that U is bounded, with 8U of class C!, we as
usual extend u to Eu = u and apply the above argument. ]

Remark. The argument above adapts easily to prove that for any open set
U,u € Wlicoo (U) if and only if u is locally Lipschitz continuous in U. There
is no corresponding characterization of the spaces W' for 1 < p < oo. If
n < p < oo, then each function u € W1 belongs to C%!~™/? but on the
other hand a function Holder continuous with exponent less than one need
not belong to any Sobolev space WP, O

5.8.3. Differentiability a.e.

Next we examine more closely the connections between weak partial
derivatives and partial derivatives in the usual calculus sense.

DEFINITION. A function u: U — R is differentiable at x € U if there
erists a € R™ such that

(13) uy) = ul@) +a-(y-z)+olly—af) asy—z.

In other words,

i M) —u@) —a-y—2)| _
Y=z ly — |

Notation. It is easy to check that a, if it exists, is unique. We henceforth
write
Du(zx)

for a and call Du the gradient of u. a

To be sure that this notation is consistent, we need to study the rela-
tionships between the various notions of derivatives:

THEOREM 5 (Differentiability almost everywhere). Assumeu € W'lil)f(U )
for some n < p < co. Then u is differentiable a.e. in U, and its gradient

equals its weak gradient a.e.

Recall we always identify u with its continuous version.




w2
b2
oo
et

Proof. 1. Assume first n < p < oo. From the Remark after the proof of
Theorem 4 in §5.6.2, we recall Morrey’s estimate

) 1/p
(14)  [oly) —v(@)| <Cr'7? (fB( ) )IDv(z)I”dZ) (y € B(z, 1)),

valid for any C? function v and thus, by approximation, for any v € W12,

2. Choose u € W,"P(U). Now for a.e. z € U, a version of Lebesgue’s

loc

Differentiation Theorem (§E.4) implies
(15) ][ |Du(z) — Du(2)|Pdz — 0
B{z,r)

as r — 0, Du denoting as usual the weak derivative of u. Fix any such point
x and set

v(y) == u(y) — u(z) — Du(z) - (y — =)

in estimate (14), where

(16) r=|z—yl

XX7

/p
<Cr (][ |Du(x) — Du(z)|pdz)
B(z,2r)

o(r) by (15)
ofle —yl) by (16).

Il

Thus u is differentiable at x, and its gradient equals its weak gradient at z.

3. In case p = oo, we note WI’OO(U) - VVI:;f(U) for all 1 < p < o0, and

loc

apply the reasoning above. O

Finally, in view of Theorem 5, we obtain

THEOREM 6 (Rademacher’s Theorem). Let u be locally Lipschitz con-
tinuous in U. Then u is differentiable almost everywhere in U.
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5.8.4. Fourier transform methods.

Next we employ the Fourier transform (§4.3) to give an alternate charac-
terization of the spaces H*(IR™). For this section all functions are complex-
valued.

THEOREM 7 (Characterization of H* by Fourier transform).
Let k be a nonnegative integer.
(i) A function u € L*(R™) belongs to H*(R™) if and only if

(17) (1+ [y¥)i € L2(R™).

(ii) In addition, there exists a positive constant C' such that

1 .
(18) 5||U||Hk(Rn) <L+ [Pl 2@ < Cllull e ey
for each u € HF(R™).

Proof. 1. Assume first u € H*(R™). Then for each multiindex |a| < k, we
have D% € L?*(R"™). Now if u € C* has compact support, we have

(19) Doy = (iy)*a

according to Theorem 2 in §4.3.1. Approximating by smooth functions we
deduce formula (19) provided v € H*(R™). Thus (iy)*% € L*(R™) for each
la| < k. In particular choosing a = (k,0,...,0),(0,k,...,0),...,(0,...,k),
we deduce

/ [y |02dy < C’/ |D¥ul?dz < .
Rn R
Thus
[ @+ w2 lldy < Cllullgs g,
JR»
and so (1 + |y|¥)& € L*(R™).
2. Suppose conversely (1 + |y|*)@ € L2(R™) and |a| < k. Then

(20)  |l(in)°al g2y < /Rn a2y < ClI(L+ [y]*)all 2qre)-

Set
uq = ((iy)*a)".
Then for each ¢ € C°(R™)
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Thus u, = D% in the weak sense and, by (20), D®u € L*(R"). Hence
u € H*(U), as required. O

It is sometimes useful to define also fractional Sobolev spaces.

DEFINITION. Assume 0 < s < oo and u € L*(R"). Then u € H*(R")
if (1+ |y|*)a € L3(R™). For noninteger s, we set

lell e ey == 111 + |18l L2(Re)-

5.9. OTHER SPACES OF FUNCTIONS
5.9.1. The space H™.

As we will see later in our systematic study in Chapters 6 and 7 of linear
elliptic, parabolic and hyperbolic PDE, it is important to have an explicit

characterization of the dual space of H}. (See Appendix D for definitions. )
DEFINITION. We denote by H '(U) the dual space to Hg(U).

In other words f belongs to H~!(U) provided f is a bounded linear
functional on H}(U).

Notation. We will write (, ) to denote the pairing between H~(U) and
HYU). O

DEFINITION. If f € H-1(U), we define the norm

1Al = sup {(£,w) | u € B, lullyry < 1}-

THEOREM 1 (Characterization of H~!).
(i) Assume f € H Y (U). Then there exist functions fO, f1,..., f" in
L*(U) such that

(1) (f,v) = f Po+Y flogde (v e BYDU)).
U i=1
(ii) Furthermore,
T ' f{( / S )1/2|
-1 = 1n L
H (U) U =0

f satisfies (1) for f°,...,f" € LQ(U)}.

”
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Notation. We write f = f® — 31, fi whenever (1) holds. 0

Proof. 1. Given u,v € H}(U), we define the inner product (u,v) := f;; Du-
Dv +uvdz. Let f € H™1(U). We apply the Riesz Representation Theorem
(§D.3) to deduce the existence of a unique function v € Hj(U) satisfying
Blu,v] = (f,v) for all v € Hy(U); that is,

(2) /Du-Dv-{-uvdx:(f,v)
U
for each v € H}(U). This establishes (1) for
f=u
®) S
fif=uy, (=1,...,n).

2. Assume now f € H=}(U),
@ (fo) = [ v+ Y givsde
v i=1
for g%, ¢!,... , g™ € L*(U). Setting v = u in (2) and using (4), we deduce
n
/ |\ Dul? + Jul2de < ] 3 (g Pda.
u U i=0
Thus (3) implies
©) [ Sirtae< [ Ylgtae
jU %:3 B ./U ié;
3. From (1) it follows that

n 1/2
(.0 < ( ]U Dfil?dx)

=0
if ||vll g3y < 1. Consequently

n 1/2
Ifllz-1@y < (/UZIszdﬂ’) :
i=0

Setting v = T ey in (2), we deduce that in fact
0

n 1/2
Ly = i24 X
(6) 1 -0 ( /U glfl x)

Assertion (ii) follows now from (4)—(6). O
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5.9.2. Spaces involving time.

We study next some other sorts of Sobolev spaces, these comprising
functions mapping time into Banach spaces. These will prove essential in
our constructions of weak solutions to linear parabolic and hyperbolic PDE
in Chapter 7 and to nonlinear parabolic PDE in Chapter 9.

Let X denote a real Banach space, with norm || |. The reader should
first of all read §E.5 about measure and integration theory for mappings

taking values in X.
DEFINITION. The space
LP(0,T; X)

conststs of all measurable functions u: [0,T] — X with

T 1/p
(i) lallLeo,7;x) = (/0 ||u(t)||pdt) < oo
for1 <p<oo, and

(ii) lallLo=(0,7;x) := ess sup|lu(t)]| < oo.
0<t<T

DEFINITION. The space
c([o, T); X)
comprises all continuous functions u : [0,T] — X with

lullogorx = max lu(®)] < oo.

DEFINITION. Let ue L'(0,T;X). We sayv € L'(0,T; X) is the weak
derivative of u, written

provided

for all scalar test functions ¢ € C°(0,T).
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DEFINITIONS. (i) The Sobolev space
WLP(0,T; X)

consists of all functions u € LP(0,T; X) such that u’ exists in the weak sense
and belongs to LP(0,T; X). Furthermore,

(I Nt + I @l de) ™ (1< p < o0)
ess sup(u(®)] + [W(®)  (p=o0).

HuHWLP(O,T;X)

(i) We write HY(0,T; X) = WL2(0, T; X).

THEOREM 2 (Calculus in an abstract space). Let u € WHP(0,T; X) for
some 1 < p <oco. Then

(i) u € C([0,T]; X} (after possibly being redefined on a set of measure
zero), and

(ii) u(t) = u(s) + f; u'(7)dr forall0<s<t<T.
(iii) Furthermore, we have the estimate

(7) Dréltag“’%”u(t)” < Clluflwir,rx),

the constant C depending only on T.

Proof. 1. Extend u to be 0 on (—o0,0) and (T, 00), and then set u® = 7, *u,
ne denoting the usual mollifier on R!. We check as in the proof of Theorem 1
in §5.3.1 that u® =7, *u’ on (¢,T — ¢).

Then as ¢ — 0,
® u* —-u in LP(0,T; X),
) { (u®) —u’ in LP(0,T; X).
Fixing 0 < s <t < T, we compute
t
u(t) = u(s) +/ u’(1)dr.
8
Thus
t
(9) u(t) = u(s) +/ u'(7)dr
8

for a.e. 0 < s <t < T, according to (8). As the mapping ¢t — fg u/(7) dr is
continuous, assertions (i), (ii) follow.

2. Estimate (7) follows easily from (9). a

The next two propositions concern what happens when u and u’ lie in
different spaces.
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THEOREM 3 (More calculus). Suppose u € L%(0,T; H}(U)), with u’ €
L*0,T; HY(U)).
(i) Then
u e C([0,7]; L*(U))

(after possibly being redefined on a set of measure zero).
(ii) The mapping
2
£ [u®)lZa)

is absolutely continuous, with

) = 260, u(e)

forae 0<t<T.

(iii) Furthermore, we have the estimate
(10) Oféltgﬂu(t)llww) < C(ull 2o ;3 @y + 10 Ml L20, 7551 ()))

the constant C depending only on T.

Proof. 1. Extend u to the larger interval [-o,T + o] for ¢ > 0, and define
the regularizations u® = 7. * u, as in the earlier proof. Then for £,6 > 0,

& (0) ~ WOy = 200 (1) ~ 0¥ (), 0°(0) — o (D) 120,

Thus
lu®(2) — U'S(t)lliz(u) = [u®(s) — w’(8)||7 1)

(11) + 2£t(ue’(7) _ u5l

(1), u*(r) — w’(r)) dr

for all 0 < 5, < T. Fix any point s € (0,T) for which
u®(s) — u(s) in L2(U).

Consequently (11) implies

T
limsup sup llus(t)—u‘s(t)llig(U) < lim / lus(r) — u’ (T)”%-Il(U)
£5—0 0<t<T &6—0Jo

+ [la(r) = w72y ) dr
= (.
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Thus the smoothed functions {u¢}gcc<y converge in C([0,T]; L*(U)) to a
limit v € C([0,T); L2(U)). Since we also know u®(t) — u(¢) for a.e. t, we
deduce u = v a.e.

2. We similarly have

t
e )12y = I (8) 1220y + 2[ (u” (1), u(7)) dr,

and so, identifying u with v above,

t
(12) [0y = Iy +2 [ (), utr)ydr

forall0<s,t <T.

3. To obtain (10), we integrate (12) with respect to s, recall the inequal-
ity [{u’, w)| < {[u'|| z-1()llull g1y, and make some simple estimates. O

For use later in the regularity theory for second-order parabolic and hy-
perbolic equations in Chapter 7, we will also need this extension of Theorem
3.

THEOREM 4 (Mappings into better spaces). Assume that U is open,
bounded, and OU is smooth. Take m to be a nonnegative integer.

Suppose u € L*(0,T; H™2(U)), with o' € L0, T; H™(U)).
(i) Then
u e C([0,T); H™(U))

(after possibly being redefined on a set of measure zero).

(ii) Furthermore, we have the estimate

(13) OT%HU(t)HHm“(U) < C(llall 20, 7;m+2(0y) + 10 | 20 1:5m (1)) )

the constant C depending only on T, U, and m.

Proof. 1. Suppose first that m = 0, in which case
u € L*(0,T; H*(U)), u’ € L*(0,T; L*(U)).

We select a bounded open set V. 2D U, and then construct a corre-
sponding extension 1 = Fu, as in §5.4. In view of estimate (10) from that
section, we see P
i € L*(0,T; H*(V)),
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and
(14) ol L201;m2(vy) < Cllull 20,5209

for an appropriate constant C. In addition, @’ € L?(0,T; L*(V)), with the
estimate
(15) 19’ 20, 1:22(v)) < CllWlz200,7;L20)-

This follows if we consider difference quotients in the t-variable, remember
the methods in §5.8.2, and observe also that E is a bounded linear operator
from L?(U) into L%(V).

2. Assume for the moment that u is smooth. We then compute

([ 1pataz)| =2| [ Da-Dw ds| = 2| [ Auddaf
1% v v
< C(lal) + 181132y))-

There is no boundary term when we integrate by parts, since the extension
it = Eu has compact support within V. Integrating and recalling (14), (15),
it follows that

(16) Ofgtag,“ll(t)”HI(U) < C(Jlullz2omm2y) + Wl 20,1520 ) -

We obtain the same estimate if u is not smooth, upon approximating by
u® := 7. * u, as before. As in the previous proofs, it also follows that
u e O([0,T); H*(V)).

3. In the general case that m > 1, we let o be a multiindex of order
la| < m, and set v := D%u. Then

v € L*(0,T; H*(U)), v' € L*(0,T; L*(U)).

We apply estimate (16), with v replacing u, and sum over all indices |a| < m,
to derive (13).
O

5.10. PROBLEMS

In these exercises U always denotes an open subset of R".

1. Suppose k € {0,1,...}, 0 < < 1. Prove C*?(U) is a Banach space.
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Let U, V be open sets, with V' CC U. Show there exists a smooth
function ¢ such that { = 1 on V, { = 0 near 8U. (Hint: Take
V cC W cC U and mollify x,,.)

Assume 0 < < v < 1. Prove the interpolation inequality

ﬂ

”u”COW ”unco AU ”u”CO 1)

Assume U is bounded and U CC Uii] Vi. Show there exist C'°
functions ¢; (i = 1,..., N) such that
SN ~—1 onl.
N =1 Mt el
The functions {¢;}, form a partition of unity.

Prove that if n =1 and u € W?(0, 1) for some 1 < p < oo, then u is
s fu

ncetion nd a2/ (ur}nr-h exists
CT101 A

aq ang VY ALAN AL Db ud

equal a.e. to an absolutely continuou

a.e.) belongs to LP(0,1).

PRV S Y

Prove directly that if u € W(0,1) for some 1 < p < oo, then
_1 1/p

lu(z) —u(y)| < |z —y|' » (fol |u'|Pdt) for a.e. z,y € [0,1].

Denote by U the open square {z € R? | |z1| < 1, |x2| < 1}. Define

1—-z ifz; >0, |z2| <z

14z ifx <0, |z2| < —23
u(z) = .
1—zo ifxe>0, |71| <22
14z ifze <0, |z1] < —29.
For which 1 < p £ o0 does u belong to W1P(U)?

Integrate by parts to prove the interpolation inequality:

1/2 1/2
/ |Duf*dz < C (/ ugdx) (/ |D2u|2dw)
U U U

for all u € C*(U). By approximation, prove this inequality if v €
H2(U) N H(U).

Integrate by parts to prove:
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10.

11.

12.

Ju—t
(%)

14.

15.

16.

17.

for 2 < p < oo and all w € W*P(U) N W, P(U). (Hint: Jyy | DulP de =
i1 Jy e e, | DulP~2dz.)

Suppose U is connected and u € WHP(U) satisfies

Du=0 ae inU.

Prove u is constant a.e. in U.

Show by example that if we have ||D"ul|11q < C for all 0 < |h| <
5 dist(V, 8U), it does not necessarily follow that u € WH1(V).

Give an example of an open set U C R™ and a function u € W®(U),
such that w is not Lipschitz continuous on U. (Hint: Take U to be the
open unit disk in R?, with a slit removed.)

\

—

xr_ -~ 1

* L L2 - " a* 1 1 /-1 '
Verify that if n > 1, the unbounded function u = log log{ 1+
belongs to Wi(U), for U = B%(0, 1).

Let U be bounded, with a C! boundary. Show that a “typical” func-
tion u € LP(U) (1 < p < o) does not have a trace on OU. More
precisely, prove there does not exist a bounded linear operator

T : LP(U) — LP(8U)

FE 2N

Fix a > 0 and let U = B%(0,1). Show there exists a constant C,
depending only on n and «, such that

/ wldr < C'/ |Dul?dzx |
U U

u € HY(U).

3 = £ ~

provided
HxeU|u(z) =0} >«

Assume F : R — R is C!, with F’ bounded. Suppose U is bounded
and u € WLHP(U) for some 1 < p < co. Show

v:i=F(u) € WYP(U) and wv;, = Fl(wu,, (i=1,...,n).

Assume 1 < p < 0o, and U is bounded.
(i) Prove that if w € WHP(U), then |u| € WIP(U).
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18.

(ii) Prove u € WHP(U) implies u+,u~ € WIP(U), and

Dut { Du  a.e. on {u >0}
u’ =
0 a.e. on {u <0},

_ { 0 a.e. on {u > 0}
Du™ =
—Du a.e. on {u < 0}.

(iii) Prove that if w € W1P(U), then

Du =0 a.e. on the set {u = 0}.

Use the Fourier transform to prove that if v € H*(R") for s > n/2,
then u € L*(R"), with the bound

[ull ooy < Cllullars ®e),

the constant C depending only on s and n.

5.11. REFERENCES
Sections 5.2-8 See Gilbarg-Trudinger [G-T, Chapter 7], Lieb-Loss [L-L],

Ziemer [Z]| and [E-G] for more on Sobolev spaces.

Section 5.5  W. Schiag showed me the proof of Theorem 2.

Section 5.6 J. Ralston suggested an improvement in the proof of Theo-

Tem 4.

Section 5.9  See Temam [TE, pp. 248-273|.




Chapter 6

SECOND-ORDER
ELLIPTIC
EQUATIONS

6.1 Definitions

6.2 Existence of weak solutions
6.3 Regularity

6.4 Maximum principles

6.5 Eigenvalues and eigenfunctions
6.6 Problems

6.7 References

This chapter investigates the solvability of uniformly elliptic, second-
order partial differential equations, subject to prescribed boundary condi-
tions. We will exploit two essentially distinct techniques, energy methods
within Sobolev spaces (§§6.1-6.3) and maximum principle methods (§6.4).

6.1. DEFINITIONS

6.1.1. Elliptic equations.

We will in this chapter mostly study the boundary-value problem

{Luzf inU

(1) u=0 ondU,

where U is an open, bounded subset of R” and « : U -+ R is the unknown,
u = u(x). Here f : U — R is given, and L denotes a second-order partial

293
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differential operator having either the form

n n
(2) Lu=— Z (a”(x)uzi)xj + Z b (z)uz, + c(z)u
i,j=1 i=1
or else
n - n
(3) Lu=— Z a” (x)umiiﬂj + sz(x)uxi + ¢(z)u,
ij=1 i=1
for given coefficient functions a¥,b% ¢ (3,5 = 1,...,n).

We say that the PDE Lu = f is in divergence form if L is given by (2),
and is in nondivergence form provided L is given by (3). The requirement
that u = 0 on U in (1) is sometimes called Dirichlet’s boundary condition.

Remark. If the highest order coefficients a” (i,5 = 1,...,n) are C! func-
tions, then an operator given in divergence form can be rewritten into non-
divergence structure, and vice versa. Indeed the divergence form equation
(2) becomes

(2) Z 0" (T )ugyq, +Zb* T)ug, + c(z)u

,J=1

for b := b' — Z‘?:l ai’; (:=1,...,n), and (2') is obviously in nondivergence
form. We will see, however, there are definite advantages to considering

hhb‘ tWO Ulffb‘lb‘llb lUpICBUllbdblUllb Ul. .Ll btﬂpd.ld:bb‘ly J.Llﬁ Ul\’b‘lsellbb‘ lU.[I.[l lb

most natural for energy methods, based upon integration by parts (§§6.1-

6.3). and the nondivergence form is most annronriate for maximum princinl

Pjy Gadls VAT ARSIV BTAAY L AL ks 1S mo Gipjprairpra alv Ul a\/h 22iTAanAliilalla pri dadvags

techniques (§6.4).

4]

O

We henceforth assume as well the symmetry condition

o =0 (i,j=1,...,n).

DEFINITION. We say the partial differential operator L is (uniformly)
elliptic if there exists a constant 8 > O such that
n
4 > a(z)eig; > 0l
ij=1
for a.e. x € U and all £ € R".

Ellipticity thus means that for each point x € U, the symmetric n X n
matrix A(z) = ({(a¥(z))) is positive definite, with smallest eigenvalue greater
than or equal to 6.
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An obvious example is a¥ = §;;, b = 0, ¢ = 0, in which case the operator
Lis —A. Indeed we will see that solutions of the general second-order elliptic
PDE Lu = 0 are similar in many ways to harmonic functions. However,
for these partial differential equations we do not have available the various
explicit formulas developed for harmonic functions in Chapter 2: we must
instead work directly with the PDE. Readers should continually be alert in
the following calculations for uses of the structural condition of ellipticity

(4).

Physical interpretation. As just noted, second-order elliptic PDE gener-
alize Laplace’s and Poisson’s equations. As in the derivation of Laplace’s
equation set forth in §2.2, u in applications typically represents the density
of some quantity, say a chemical concentration, at equilibrium within a re-
gion U. The second-order term A : D%y = Eid:l a¥ Uz,z; represents the
diffusion of u within U, the coefficients ((a”’)) describing the anisotropic,
heterogeneous nature of the medium. In particular, F := —ADu is the
diffusive flux density, and the ellipticity condition implies

F-Du <0

that is, the flow is from regions of higher to lower concentration. The first-
order term b - Du = Y bu,, represents transport within U, and the
zeroth-order term cu describes the local creation or depletion of the chemical
(owing, say, to reactions). A careful analysis of these interpretations requires
the probabilistic study of diffusion processes.

Nonlinear second-order elliptic PDE also arise naturally in the calculus
of variations (as the Euler-Lagrange equations of convex energy integrands)
and in differential geometry (as expressions involving curvatures). We will
encounter some such nonlinear equations later, in Chapters 8 and 9. O

6.1.2. Weak solutions.

Let us consider first the boundary-value problem (1) when L has the

, :
divergence form (2). Our overall plan is first to define and then construct

an appropriate weak solution u of (1), and only later to investigate the
smoothness and other properties of w.

We will assume in the following exposition that

(5) a? b, ce L®(U) (i,j=1,...,n)

(6) f e L*(U).
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Motivation for definition of weak solution. How should we define
a weak or generalized solution? Assuming for the moment u is really a
smooth solution, let us multiply the PDE Lu = f by a smooth test function
v € C2°(V), and integrate over U, to find

(7) / Za uxlvmj+2buxv+cuvdx—/ fvdz,

z]l

where we have integrated by parts in the first term on the left hand side.
There are no boundary terms since v = 0 on dU. By approximation we
find the same identity holds with the smooth function v replaced by any
v € H}(U), and the resulting identity makes sense if only v € H(U). (We
choose the space H}(U) to incorporate the boundary condition from (1) that
“u=0on OU".)

DEFINITIONS. (i) The bilinear form B[, | associated with the diver-
gence form elliptic operator L defined by (2) is

(8) Blu,v] := / Z a”um,v;,:J + szux v+ cuv dx
1,7=1
for u,v € HA(U).
(11) We say that uw € H)(U) is a weak solution of the boundary-value

for all v € HY(U), where (, ) denotes the inner product in L?(U).

- M N

Remark. The identity (9) is sometimes called the variational formulation
of (1). This terminology will be explained later, in Example 2 of §8.1.2.
a

More generally, let us consider the boundary-value problem

Lu = f°— nafi inU
(10) { ©vw=0 on U,

where L is defined by (2) and f* € L*(U) (i = 0,...,n). In view of the
theory set forth in §5.9.1 we see that the righthand term f = f° -3 | fi
belongs to H—!(U), the dual space of Hj (U).
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DEFINITION. We say v € H3(U) is a weak solution of problem (10)

provided

Blu,v] = (f,v)
for allv € Hi(U), where (f,v) = [, fOv+ > i\ fluy, dz and (, ) is the
pairing of H™'(U) and Hy(U).

Remark. We will hereafter, as above, focus attention exclusively on the
case of zero boundary conditions, but in fact a problem with prescribed,
nonzero boundary values can easily be transformed into this setting. We
spell this out by supposing now that U is C! and u € H(U) is a weak

sahition of
Lu=f inU
u=g¢ onJU.

This means that « = g on dU in the trace sense, and furthermore that the
bilinear form identity (9) holds for all v € H}(U). That this be possible,
it is necessary for ¢ to be the trace of some H! function, say w. But then
% := 1 — w belongs to Hi(U), and is a weak solution of the boundary-value
problem

Lai=F inU
2=0 ondU,
where f := f — Lw € H-Y(U).

See Problems 2, 3 to learn how to cast some other sorts of PDE and
boundary conditions into weak formulations. a

6.2. EXISTENCE OF WEAK SOLUTIONS
6.2.1. Lax—Milgram Theorem.

We now introduce a fairly simple abstract principle from linear func-
tional analysis, which will later in §6.2.2 provide in certain circumstances
e P ~ wzron ls cm P,

lJlll:! t:)(lbl:tﬂll(,b' dIlU Ulllqutﬂllﬁbb U.l. a Weak bUlublUll to our UULL[IUCLL_)" Vdalllti pL Ul)“-

lem.

We assume for this section H is a real Hilbert space, with norm || || and
inner product (, ). We let (, ) denote the pairing of H with its dual space.
Readers should review as necessary the basic Hilbert space theory described
in §D.2-3.

THEOREM 1 (Lax-Milgram Theorem). Assume that

B:-HxH-SR
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1$ a bilinear mapping, for which there exist constants a, 3 > 0 such that

(i) |Blu,v]| < alju|l |lv|l (u,v € H)
and
(ii) Bllull* < Blu,u] (u€ H).

Finally, let f: H — R be a bounded linear functional on H.

Then there exists a unique element uw € H such that

(1) Blu,v] = (£,v)
for allve H.

Proof. 1. For each fixed element u € H, the mapping v — Blu,v] is a
bounded linear functional on H; whence the Riesz Representation Theorem
(§D.3) asserts the existence of a unique element w € H satisfying

(2) Blu,o] = (w,v) (v € H).
Let us write Au = w whenever (2) holds; so that

(3) Blu,v] = (Au,v) (u,v € H).

2. We first claim A : H — H is a bounded linear operator. Indeed if
AL, A2 € R and uy,ue € H, we see for each v € H that

(A()\lul + AQ’UQ),’U) = B[)\lul + AQUQ,’U] by (3)
= A1 Blui, U] + /\\QB['U,Q,'U]
= A1 {Auy,v) + do(Auz,v) by (3) again
= ()\1A'U,1 + A Aug, ’U).
This equality obtains for each v € H, and so A is linear. Furthermore

lAul® = (Au, Av) = Blu, Au] < allul| || Aul.

Consequently ||Au|| < alju|| for all u € H, and so A is bounded.

3. Next we assert;

(4)

{ A is one-to-one, and
R(A), the range of A, is closed in H.

To prove this, let us compute

Bllull® < Blu, u] = (Au, u) < [|Au]| [lull-
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Hence 3|u|| < ||Aul||. This inequality easily implies (4).

4. We demonstrate now
(5) R(A) =

For if not, then, since R(A) is closed, there would exist a nonzero element
w € H with w € R(A)*. But this fact in turn implies the contradiction
Bllw|? < Blw,w] = (Aw,w) = 0.

5. Next, we observe once more from the Riesz Representation Theorem
that
(f,v) = (w,v) forallve H

for some element w € H. We then utilize (4) and (5) to find v € H satisfying
Au = w. Then

Blu,v] = (Au

sy

v) = (w v) = (f,v) (ve H

b

R

3

and this is (1).

6. Finally, we show there is at most one element v € H verifying (1). For

iFhath Rl 2] — 2\ n rY) 2y ks PY R YR T] 3]
11 UUtl.L UL ,U] et \J,U) Cl.vlld B[w, t/.I _ <f, u}, thbll p{u/ Wy u] 0 (u E Lx )
= < Blu—4,u—1a]=0. O

Remark. If the bilinear form B[, | is symmetric, that is, if
Blu,v] = Blv,u] (w0 € H),

we can fashion a much simpler proof by noting ((u,v)) := Blu,v] is a new
inner product on H, to which the Riesz Representation Theorem directly
applies. Consequently, the Lax—Milgram Theorem is primarily significant in
that it does not require symmetry of B[, |. O

6.2.2. Energy estimates.

We return now to the specific bilinear form B[, |, defined in §6.1.2 by
the formula

Blu,v] :/U Z 0y vg, + Zblux v+ cuv dx
i,3=1

for u,v € H}(U), and try to verify the hypothesis of the Lax-Milgram
Theorem.
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THEOREM 2 (Energy estimates). There exist constants a,3 > 0 and
~ > 0 such that

(i) 1Blu, o] < allull gz ol o
and
(i) Bllulys 1y < Bl + 420

for all u,v € H}(U).
Proof. 1. We readily check

n
Blu,oll < 3 lla¥lle= [ |Dul 1Dv)do
U

i,=1

+ 3 (18 / D o] de + flellz= /U ] Jv] de
=1

< allull gz llvl g o)

for some appropriate constant a.

2. Furthermore, in view of the ellipticity condition (4) from §6.1 we have

o rp N B
0/ |Du|2 dx 5/ Z a Uz, Uy, dx
U U

i,7=1

(6) = Blu,u] — / Zbiumiu + cu’dx
Ui=1

ki
< Blu,u] + 3 ]| f D [u] de + fle]l = f Wda.
i=1 v v

Now from Cauchy’s inequality with ¢ (§B.2), we observe

Dl tulde << |

[ 5 YY1 R PP P ~ |
j |Lu| (% ax cj |
U U

We insert this estimate into (6) and then choose £ > 0 so small that

n ' 9
EZ 10" |l e < 3
i=1

Thus g
—/ |Du|2d:c§B[u,u]+C/ wldz
2 Juy U
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lullzz@y < CllDull 2
It easily follows that
6”““%{3(1]) < Blu,u] + ’Y||““2L2(U)

0. G

IV

S, SV S N R BN -
for appropriate constants 3 > 0, v

Observe now that if 4 > 0 in these energy estimates, then B[, | does not
precisely satisfy the hypotheses of the Lax—Milgram Theorem. The following
existence assertion for weak solutions must confront this possibility:

THEOREM 3 (First Existence Theorem for weak solutions). There is a
number v > 0 such that for each

(7) B2y

fe L*(U),

there exists a unique weak solution w € H}(U) of the boundary-value problem

{Lu—l—uu:f inU

(8) v=0 ondU.

Proof. 1. Take v from Theorem 2, let px > v, and define then the bilinear
form
B,[u,v] := Blu,v] + p(u,v) (u,v € Hy(U)),

which corresponds as in §6.1 to the operator L,u := Lu+ pu. As before ( , )
means the inner product in L2(U). Then B,[, | satisfies the hypotheses of
the Lax—Milgram Theorem.

2. Now fix f € L*(U) and set (f,v) := (f,v)r2(). This is a bounded
linear functional on L%(U), and thus on H}(U).

We apply the Lax-Milgram Theorem to find a unique function v €
H}(U) satisfying
Bl‘-[uav] = (fﬂ’)

for all v € H}(U); u is consequently the unique weak solution of (8). a
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Remark. We can similarly show that for all
ffel)U) (i=o0,...,n),
there exists a unique weak solution u of the PDE

u=>0 on oU.

Indeed, it is enough to note (f,v) = [, fov+ X7 | fvz, dz is a bounded
linear functional on Hj(U), as previously discussed in §5.9.1.
In particular, we deduce that the mapping
Ly:=L+pl:HyU)—H'(U) (p>7)

is an isomorphism. O

Examples. In the case Lu = —Au, so that Blu,v] = [, Du- Dv dz, we
easily check using Poincaré’s inequality that Theorem 2 holds with vy =0. A

similar assertion holds for the general operator Lu = — :j=1 (aij uwi)zj +

cu, provided ¢ > 0 in U. O

6.2.3. Fredholm alternative.

We next employ the Fredholm theory for compact operators (discussed in
§D.5) to glean more detailed information regarding the solvability of second-
order elliptic PDE.

DEFINITIONS. (i) The operator L*, the formal adjoint of L, is

L'v = — i a UmJ Zblvm c — ibi,mi)v
i=1

provided b € C1(U) (i =1,...,n).
(ii) The adjoint bilinear form
B*:HxH—-R
1s defined by
B*[v,u] = Blu,v]
for all u,v € H}(U).
(iii) We say that v € H}(U) is a weak solution of the adjoint problem
! L'v=f U
v=0 ondU,
provided
B*[v,u] = (f,v)
for allu € Hy(U).
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THEOREM 4 (Second Existence Theorem for weak solutions).
(i) Precisely one of the following statements holds:
either

[ for each f € L?(U) there exists a unique
L weak solution u of the boundary-value problem
(@) 0 Lu=f iU
(10) { u=0 ondlU
or else

there exists a weak solution u # 0 of
the homogeneous problem

(8) Lu=20 in U
(1) {

u=20 on OU.

(ii) Furthermore, should assertion (B) hold, the dimension of the sub-
space N ¢ HY(U) of weak solutions of (11) is finite and equals the
dimension of the subspace N* C H}(U) of weak solutions of

1o L*v»=0 inU
(12) { v=_0 on OU.

(ili) Finally, the boundary-value problem (10) has a weak solution if and

only if
(f,v)=0 forallve N".

The dichotomy (a), (3) is the Fredholm alternative.
Proof. 1. Choose 4 = v as in Theorem 3 and define the bilinear form
B’)’[uv U] = B[’U,, ’U] + ’Y(U, U)’

corresponding to the operator L,u := Lu + yu. Then for each g € L2(U)
there exists a unique function v € H}(U) solving

719Y D Lt sl — (e and £rre 211 o0 —~ ETLOTTY
\_LO} u’ylu, UJ — \y, U) 1UI all U © 110\U).
Let us write

(14) u= L;lg

whenever (13) holds.
2. Observe next u € H}(U) is a weak solution of (10) if and only if

(15) B, [u,v] = (yu + f,v) for all v € H}(U);
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that is, if and only if
(16) u=L;1(fyu+f).

We rewrite this equality to read

(17) u— Ku = h,
for
(18) Ku:=~L u
and
(19) h:=L'f.

3. We now claim K : L2(U) — L?*(U) is a bounded, linear, compact
operator. Indeed, from our choice of v and the energy estimates from §6.2.2
we note that if (13) holds, then

5”“”%&((}) < Bylu,u] = (9,v) < llglleeqnllullzy < lgllzzw)lull gy wys
so that (18) implies
K9l mz vy < Cllgllzzwy (g€ L*(U))

for some appropriate constant C. But since Hj(U) cC L2?(U) according
to the Rellich-Kondrachov compactness theorem, we deduce that K is a
compact operator.

4. We may consequently apply the Fredholm alternative from §D.5:
either

for each h € L2(U) the equation
(20) (@) u—Ku=h

has a unique solution u € L?(U)

or else

the equation

(21) () iu—Ku=O

has nonzero solutions in L*(U).

Should assertion () hold, then according to (15)-(19) there exists a
unique weak solution of problem (10). On the other hand, should assertion
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(8) be valid, then necessarily v # 0 and we recall further from §D.5 that
the dimension of the space N of the solutions of (21) is finite and equals the
dimension of the space N* of solutions of

(22) v— K*v=0.

We readily check however that (21) holds if and only if u is a weak solution
of (11); and (22) holds if and only if v is a weak solution of (12).

5. Finally, we recall (20) has a solution if and only if
(23) (h,v) =
for all v solving (22). But from (18), (19) and (22) we compute

(hyv) = %(Kf,v) - %(f,K*v) - %(f, v) .

Consequently the boundary-value problem (10) has a solution if and only if

(f,v) = 0 for all weak solutions v of (12). O
THEOREM 5 (Third Existence The“ren“ for weak solutions).
(i) There exists an at most countable set ¥. C R such that the boundary-

value problem

(24) u=0 on oU

{ Lu=Xu+f iU
has a unique weak solution for each f € L2(U) if and only if A ¢ X.
(ii) If ¥ is infinite, then ¥ = {Ag}32,, the values of a nondecreasing
sequence with
Ap — +00.

DEFINITION. We call ¥ the (real) spectrum of the operator L.

Note in particular the boundary-value problem

Lu=Xu inU
u=0 ondU

has a nontrivial solution w # 0 if and only if A € ¥, in which case A is called
an eigenvalue of L, w a corresponding eigenfunction. The partial differential
equation Lu = Au for L = —A is sometimes called Helmholtz’s equation.

O
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Proof. 1. Let v be the constant from Theorem 2 and assume
(25) A>—7.
Assume also with no loss of generality that v > 0.

2. According to the Fredholm alternative, the boundary-value problem
(24) has a unique weak solution for each f € L?(U) if and only if w = 0 is
the only weak solution of the homogeneous problem

Lu=Au inU
{ v=0 ondU.
This is in turn true if and only if » = 0 is the only weak solution of

{Lu—}-'yu:(’y—}-)\)u inU

(26) u=>0 on &U.

Now (26) holds exactly when

U = + Yy = —- u’

where, as in the proof of Theorem 4, we have set Ku =
from that proof that K : LQ(U) — L%(U) is a bound

YL u. Recall also
d, linear

ompact
f ol

{

operator.

Now if u = 0 is the only solution of (27), we see

-‘Y
28
(28) Y+ A

Consequently we see the PDE (24) has a unique weak solution for each
f € L2(U) if and only if (28) holds.

2. According to Theorem 6 in §D.5 the collection of all eigenvalues of K
comprises either a finite set or else the values of a sequence converging to
zero. In the second case we see, according to (25) and (27), that the PDE
(24) has a unique weak solution for all f € L?(U), except for a sequence
Ag — +00. a

is not an eigenvalue of K.

Finally, we explicitly note:

THEOREM 6 (Boundedness of the inverse). If A ¢ X, there exists a
constant C such that

(29) lullz@y < Cllf 2wy,

whenever f € L2(U) and u € HY(U) is the unique weak solution of

Lu=Xu+f U
u=20 on oU.

The constant C depends only on X\, U and the coefficients of L.

This constant will blow up if A approaches an eigenvalue.
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Proof. If not, there would exist sequences {fx}5>, C L*(U) and {ux}32, C
H}(U) such that
Luy =dup+ fr inU
{ up =0 on U

in the weak sense, but
lullczwy > klifellzzy  (B=1,...).

As we may with no loss suppose ||ux{|r2(yy = 1, we see fy — 0in L3(U).
According to the usual energy estimates the sequence {uy}7>; is bounded
in Hy(U). Thus there exists a subsequence {u,}32; C {ux}32, such that

up, — v weakly in H}(U),
(30) { k; 0( )

ug, > u in L*(U).

(See §D.4 for weak convergence.) Then u is a weak solution of

/H

{L

Since A ¢ X, u = 0. However (30) implies as well that |[u|z2@) = 1, a
contradiction. O

~

Au in U
0 on aU.

IS
I

Complex solutions. The foregoing theory extends easily to include com-
plex-valued solutions. Given complex-valued u,v € H*(U), write

(u,v) 2 ::/m‘;da:, (u, ) g1 vy :z/Du-DTJ-}-uT)dx,
U U

and set a i
Blu,v] := / Z aijuzi@mj + Zbiumiﬁ + cuv dz,
Uii=1 i=1
where ~ denotes complex conjugate. We check

|1 Blu, vl < allullmwllvilag w),

Bllu||?

1 < ReBlu,ul + vllull?s,n  (u,v € HN(U))
II“DKU) L ¥ 3 o LY 53 \ A Y 7 LU AN s 7

U
for appropriate constants «,3 > 0, v > 0. Complex variants of the Lax-
Milgram Theorem and Fredholm alternative lead to analogues of Theo-
rems 3—6 above. d
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6.3. REGULARITY

We now address the question as to whether a weak solution u of the PDE
(1) Lu=f inU
is in fact smooth: this is the regularity problem for weak solutions.

Motivation: formal derivation of estimates. To see that there is some
hope that a weak solution may be better than a typical function in Hj(U),
let us consider the model problem

(2) ~Au=f inR"

We assume for heuristic purposes that u is smooth and vanishes sufficiently
rapidly as |z| — oo to justify the following calculations. We then compute

(3) Z/ Ug;z;z; Uz, AT
; =
Z/ Uz Uz dCE—f |D2u|2dx.
: Rn

Thus we see the L2-norm of the second derivatives of u can be estimated
by (and in fact equals) the L?-norm of f. Similarly, we can differentiate the
PDE (2), to find

~Ai = f,
for @ := u,, and f = fz, (K =1,...,n). Applying the same method, we
discover that the L?-norm of the third derivatives of u can be estimated by
the first derivatives of f. Continuing, we see the L2-norm of the (m + 2)"¢

derivatives of u can be controlled by the L?-norm of the mt”* derivatives of
f,form=0,1,.... 0

These computations suggest that for Poisson’s equation (2), we can ex-
pect a weak solution u € H& to belong to H™*2 whenever the inhomoge-
neous term f belongs to H™ (m = 1,...). Informally we say that « has “two
more derivatives in L? than f has”. This will be particularly interesting for
m = 0o, in which case u will belong to H™ for all m =1, ..., and thus will
be in C*°.

Observe, however, the calculations above do not really constitute a proof.
We assumed u was smooth, or at least say C3, in order to carry out the
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calculation (3); whereas if we start with merely a weak solution in Hj we
cannot immediately justify these computations. We will instead have to rely
upon an analysis of certain difference quotients.

The following calculations are often technically difficult, but eventually
yield extremely powerful and useful assertions concerning the smoothness of
weak solutions. As always, the heart of each computation is the invocation
of ellipticity: the point is to derive analytic estimates from the structural,
algebraic assumption of ellipticity.

6.3.1. Interior regularity.

We as always assume that U C R” is a bounded, open set. Suppose also
u € H}(U) is a weak solution of the PDE (1), where L has the divergence
form

n

(4) Lu=-Y_ (a¥ (@)u,), + Z b (2 )uz, + c(z)u.

1,5=1

We continue to require the uniform ellipticity condition from §6.1.1, and
will as necessary make various additional assumptions about the smoothness
of the coefficients a*, b*, c.

THEOREM 1 (Interior H2-regularity). Assume

(5) al e CH(U), b,ee L®U) (i,5=1,...,n)
and
(6) fel*U).

Suppose furthermore that uw € H'(U) is a weak solution of the elliptic PDE
Lu=f iU
Then
(7) v € Hp (U) ;
and for each open V. CC U we have the estimate
(8) lull z2qvy < C (1l L2y + llull2ey) »

the constant C depending only on V, U, and the coefficients of L.
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Remarks. (i) Note carefully that we do not require v € Hj(U); that is,
we are not necessarily assuming the boundary condition v = 0 on OU in the
trace sense.

(ii) Observe additionally that since u € Hy, (U), we have

loc

Lu=f ae inU.

Thus u actually solves the PDE, at least for a.e. point within U. To see
this, note that for each v € C(U), we have

Blu,v] = (f,v)-
Since u € H2_(U), we can integrate by parts:
Blu,v] = (Lu,v).
Thus (Lu — f,v) = 0 for all v € C°(U), and so Lu = f a.e. O

Proof. 1. Fix any open set V CC U, and choose an open set W such that
V cc W cc U. Then select a smooth function ¢ satisfying

(=1lonV,(=0onR"-W,
0<¢<1
We call ¢ a cutoff function: its purpose in the subsequent calculations will

be to restrict all expressions to the subset W, which is a positive distance
away from @U. This is necessary as we have no information concerning the

Lok avi £ orr
behavior of u near U. (As an interesting technical point, notice carefully in

the following calculations why we put “¢2”, and not just “¢” in (11) below.)

2. Now since u is a weak solution of (1), we have Blu,v| = (f,v) for all
v € H}(U). Consequently

n
(9) Z aug, vy, dr = / frdz,

JU JU

where

(10) f=f- Z buy, — cu.

i=1
3. Now let |h| > 0 be small, choose k € {1,...,n}, and then substitute

(11) V= —D;h(@Dzu)
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into (9), where as in §5.8.2 D denotes the difference quotient

u(z + heg) — u(x)

Diu(z) = - (hER, h#0).
We write the resulting expression as
(12) A=B,
for
(13) A:= }: f auz v, da
1,j=1
and
(14) B .= / fvdz.
Ju

4. Estimate of A. We have

Z/a“uIz C2Dku)] dz

7,7=1 %
Z /Dh a”uz)(CQDku) dz
(15) B,j=1""

x5

=i§=:1/Uaij’h (Dguzi) (CQD,’:u)
+ (Dﬁaij) Ug, (§2Dﬁu) dr .

Ty

Here we used the formulas

(16) / vD My da = —/ wDMv dx
U U

and

(17) DI (vw) = v"Dlw + wDM,

for v(z) := v(x + hey).
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Returning now to (15), we find

A= Z / whphy, Diug (% dx

ij=1
(18) Py / (a9 Dftug, D}u2(Ca, + (Dfa) 1z, Dy,
1,j=1
+ (Dja) ua, Dfu2(Gs, ] da
=: A + As.

The uniform ellipticity condition implies

(19) A >0 / ¢|DiDuf?dzx.
U

g < C ]U ¢|D!Du| |Dlrul + ¢|DEDu| | Dul + ¢| Dkl |Dul da,

for some appropriate constant C. But then Cauchy’s inequality with € (§B.2)
yields the bound

|A2| < e/ ¢?| D} Duldx + 9/ |DIu)? + | Duldz.
U € Jw

We choose € = g and further recall from Theorem 3,(i) in §5.8.2 the estimate

f | Dl dx < c/ |Du)? dz,

w U
thereby obtaining the inequality
|A2| < = [ ¢2\DiDul?dz + C / |Du|*dzx.

This estimate, (19) and (18) imply finally

6
(20) A>3 / ¢2|DEDuf?dz — C f | Du|?dz.

U U

5. Estimate of B. Recalling now (10), (11), and (14), we estimate

(21) Bl < C /U (f] + | Dl + [u]) o] d.
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Now Theorem 3,(i) in §5.8.2 implies

/ lv|*dz < C / |D(¢2D}u) [ dz
U U

<c [ 1Dl + ¢ DEDuPde.
U
Thus (21) and Cauchy’s inequality with e imply
21 P ), (2 C 2., ,2 C 2
|B| <€ | ¢|DgDul*de+ — [ f*+udz+ — | |Dul®dz.
U € Ju € Ju
Select € = %, to obtain
- R I [ o )
(22) |B| < —j ¢*| Dy D d:c—l—Cj f“+u® + |Dul“dz.
4 Jy U
6. We finally combine (12), (20) and (22), to discover
/ |D! Dul?dz < / ¢ DEDul?dx < C’f >+ u? + |Duf’dzx
v U U

for k =1,...,n and all sufficiently small |h| # 0.

In view of Theorem 3,(ii) in §5.8.2, we deduce Du € H]_(U), and thus
u € H2 (U), with the estimate

(23) lullmzey < C (M llzzwy + el @) -

7. We now refine estimate (23) by noting that if V.cC W CC U, then
the same argument shows

(24) lullgzry < C (12w + llullgr o) S
for an appropriate constant C' depending on V, W, etc. Choose a new cutoff
function ¢ satisfying

(=1lon W, spt{ CU,

0<(¢< 1L

Now set v = (2u in identity (9) and perform elementary calculations, to
discover

/ ¢ Duf?dz < C'f % 4+ wldz.
U U
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Thus
lullgrowy < C (2 + llellLzwy) -

This inequality and (24) yield (8). O

Our intention next is to iterate the argument above, thereby deducing
our weak solution lies in various higher Sobolev spaces (provided the coef-
ficients are smooth enough and the righthand side lies in sufficiently good
spaces).

THEOREM 2 (Higher interior regularity). Let m be a nonnegative inte-
ger, and assume

(25) o b ece C™TYUY (4,5=1,...,n)
and
(26) f € H™(U).

Suppose u € HY(U) is a weak solution of the elliptic PDE

Lu=f inU.
Then
(27) u € HP2(U),

and for each V. CC U we have the estimate

(28) ullgm+2qry < CUFllam @y + lullzwy),
the constant C depending only on m,U,V and the coefficients of L.

Proof. 1. We will establish (27), (28) by induction on m, the case m = 0
being Theorem 1 above.

2. Assume now assertions (27) and (28) are valid for some nonnegative
integer m and all open sets U, coefficients a”, b*, ¢, etc., as above. Suppose
then

(29) a’ b, c e C"(U),

(30) fe H™(U),
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and u € H'(U) is a weak solution of Lu = f in U. By the induction
hypotheses, we have

(31) u e H™(U),

loc

with the estimate

(32) lullgm+2ewy < CUIfllam @) + lell2w)),

for each W CC U and an appropriate constant C, depending only on W,
the coefficients of L, etc. Fix V cCc W cC U.

3. Now let a be any multiindex with
(33) la] =m +1,

and choose any test function © € C*(W). Insert

vi= (~1)[a|DaT)
into the identity Blu,v] = (f,v) L2(v), and perform some integrations by
parts, eventually to discover
(34) B[, 7] = (f,9)
for
(35) i := D% e H' (W)
and
- o n ..
f=D%f-" ( ﬁ) [— Y (D*Pa T DPuy,),,
B<a Ly=1
(36) B#a

n
+ Z DBy DOy, + Da‘ﬁcDﬁu} .

1=1

Since the identity (34) holds for each ¥ € C°(W), we see that @ is a weak
solution of )
Li=F inW.

In view of (29)-(32) and (36), we have f € L2(W), with

(37) 1Fll 2wy < CUIF Nl rmsr @y + ([l 2gen)-
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4. In light of Theorem 1 then, we see it € H2(V), with the estimate

@l g2y < CUSFlzzowy + 180 L2an)
< C(|fllam+rwy + ullz2@y)-

This inequality holds for each multiindex o with la| = m+1, and @ = D%u
as above. Consequently u € H™3(V), and

lull gmtsy < CUIF Il 1@y + ullL2@))-

We can now repeatedly apply Theorem 2 for m = 0,1,2,... to deduce
the infinite differentiability of wu.

THEOREM 3 (Infinite differentiability in the interior). Assume
a? bt,ce CRW) (1,j=1,...,n)

and
fec>®U).

Suppose u € HY(U) is a weak solution of the elliptic PDE
Lu=f iU
Then
u € C*(U).

We are again making no assumptions here about the behavior of u on
8U . Therefore, in particular, we are asserting that any possible singularities
of u on the boundary do not “propagate” into the interior.

Proof. According to Theorem 2, we have v € H[.(U) for each integer
m = 1,2,.... Hence Theorem 6 in §5.6.3 implies u € C*(U) for each
k=1,2,.... a

6.3.2. Boundary regularity.

Now we extend the estimates from §6.3.1 to study the smoothness of
weak solutions up to the boundary.
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THEOREM 4 (Boundary H2-regularity). Assume

(38) o e CHU), bl,ee L®WU) (i,j=1,...,n)
and
(39) f e L¥(U).

Suppose that u € H}(U) is a weak solution of the elliptic boundary-value
problem

Lu=f U
(40) { u=0 ondlU.
Assume finally
(41) U is C2.

Then
v e HX(U),

and we have the estimate
(42) lull 2y < CU Al 2wy + lullz2@))s

the constant C depending only on U and the coefficients of L.

Remarks. (i) If u € H}(U) is the unique weak solution of (40), estimate
(42) simplifies to read

lullzrz@ry < Clfllzzwy.

This follows from Theorem 6 in §6.2.

(ii) Observe also that in contrast to Theorem 1 in §6.3.1, we are now
assuming u = 0 along U (in the trace sense). O

Proof. 1. We first investigate the special case that U is a half-ball:

(43) U = B°0,1)NR%.



318 6. SECOND-ORDER ELLIPTIC EQUATIONS

2. Since u is a weak solution of (3), we have Blu,v] = (f,v) for all
v € H}(U); consequently

(44) Z /Uaijumivmj dxz/U}'ud:c,

i,j=1

for
-~ n .
(45) f=f- szuxi — cu.

3. Now let h > 0 be small, choose k € {1,...,n — 1}, and write
vi= ——D,:h(CQD,}:u).

Let us note carefully

o(@) = —3 DM (@)l + hex) - u(z)

= —}-Ll-Q-(CQ(x — he;)[u(z) — u(z — hey)]

~ (&)l + he

s f L

if £ € U. Now since u = 0 along {z, = 0} in the trace sense and ¢ = 0 near
the curved portion of U, we see v € H} (U).

We may therefore substitute v into the identity (44), and write the re-
sulting expression as

(46) A =B,
for
n
(47) A= / a" ug, vz, dz
ij=1U
and
(48) B .= / fudzx.
U
4. We can now estimate the terms A and B in almost exactly the same
way that we estimated their counterparts in the proof of Theorem 1. After

some calculations we find

(49) A> 6 / ¢ D Du)?dx — C f | Du|*dzx
2Ju U
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and
6
(50) |B| < Z/ c2|D;;Du|2dx+c[ 2+ u? + |Dul?dz,
U U

for appropriate constants C. We then combine (46), (49), and (50) to dis-
cover

f |D? Du)?dz < 0/ 2 +u® + |Duf’dzx

fork=1,..., ,n — 1. Thus recalling the Remark after Theorem 3 in §5.8.2,

we deduce
Uy, € HY(V) (k=1,...,n—-1),

with the estimate

n

(51) > Muwllzzon < CUIF 2wy + el w))-
ki=1
k+i<2n

5. We must now augment (51) with an estimate of the L2-norm of u, .,
over V. For this we recall from the Remarks after Theorem 1 that Lu = f
a.e. in U. Remembering the definition of L, we can rewrite this equality into
nondivergence form, as

1,

(52) — E a]u$I]+E bux1+cu f,

43=1
I' 1 'i. - B o1 h 4

for " ;=" — 37 ad, (i=1,...,n). So we discover

(563) a""ug g = E aug, jz; + E bug, + cu —
1,7=1
i+j<2n

Now according to the uniform ellipticity condition, }~7';_ L8 (x)&:€; >
0l¢|> forallz € U, £ € R™. Weset £ = e, = (0,...,0,1), to conclude

(54) a™(z)>6>0

for all z € U. But then (38), (53) and (54) imply

n
(55) ha,| sc( S g, + |Du|+|u|+|f|)
2
z'-7-§<2n
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in U. Utilizing this estimate in inequality (51), we conclude u € H*(V), and

(56) lullgzivy < CUFll 22y + el mren)

for some appropriate constant C.

6. We now drop the assumption that U is a half-ball and so has the
special form (43). In the general case we choose any point z° € 8U and
note that since 8U is C?, we may assume—upon relabeling the coordinate
axes if needs be—that

UNB(r)={zx e B’r) |z, >y(x1,...,Tn-1)}

for some r > 0 and some C? function v : R* ! — R. As usual, we change
variables utilizing §C.1 and write

(57) y=®(x), z=¥(y).
7. Choose s > 0 so small that the half-ball U’ := B°(0,s) N {y, > 0}
lies in @(U NU (2%, 7)). Set V' := B°(0,s/2) N {yn > 0}. Finally define

(58) u'(y) = u(®(y) (yeU)

It is straightforward to check

(59) o € HY(U")
and
(60) v =0 ondU N{y, =0}

in the trace sense.

8. We now claim «' is a weak solution of the PDE

(61) L' =f iU,
for
(62) f(y) = F(¥(y))
and

n
L "KLy 'k ;o7
(63) L'y := (a®uy, ), + E b"u,, +cu,
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where

n

64) oy =Y o™ (¥(y)PE (T()®. (¥(y) (ki=1,...,n),

rs=1
(65) bEy) = > b (R(y)®% (E(y) (k=1,...,n),
r=1
and
(66) d(y) = c(¥(y))

foryelU, kl=1,...,n
If v' € H{(U') and B[, | denotes the bilinear form associated with the
operator L', we have

(67) B'[u/, '] / Zakl“yk y[+Zb u,, ' + cu'v' dy.
U

'
k=1

Now define
v(z) == v (®(x)).

Then from (67) we calculate

u v Z Z/a (TR va\Ilg,ldy

1,j=1k,l=1

+ZZ/b ug, ¥ vdy—i—/Uc'uvdy.

=1 k=1

(68)

Now according to (64), we find for each i,7 =1,...,n that

n
> oME w = Z Z a"s @k oL W W =a¥,
k,i=1 r,s=1k,l=1
since D® = (DW)~!. Similarly for i = 1,...,n, we have

Zn:b'k‘llz Zzbrq)k \I,z — i
k=1

k=1r=1
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Substituting these calculations into (68) and changing variables yields, since
| det D@®| =1,

n n
B, '] = / Z a“ug, v, + Zbiuxiv + cuv dz

Ui =1 i=1
= Bfu,v] = (f,v) 2y = (f', V) 20y
This establishes (61).

9. We now check that the operator L' is uniformly elliptic in U’. Indeed
if y € U’ and £ € R™, we note that

n n n
'kl N , l
Yo aM@ah =Y > a(E(y)d 8, 44
k=1 r,s=1k,l=1
(69) n
2
= > a™(¥(@)nns 2 lnl?,
r,s=1

where n = £D®; that is, n, = >, _, ‘I’lérfk (r =1,...,n). But then, since
D®D¥ = ], we have £ = nD¥; and so |{] < C|n| for some constant C.
This inequality and (69) imply

n
(70) 3 aF ek > o)L
k,i=1
for some & > 0 and all y € U, € € R™.
Observe also from (64) that the coefficients a'* are C!, since ® and ¥
are C2,

10. In view of {61) and (70), we may apply the results from steps 1-5
in the proof above to ascertain that v’ € H?(V'), with the bound

/|| 2y < CUF N2y + ez wny)-

Consequently

(71) lulzz vy < CUFlzey + Hlullzz@n)
for V := ¥ (V')

Since 8U is compact, we can as usual cover U with finitely many sets
Vi,..., VN as above. We sum the resulting estimates, along with the interior
estimate, to find © € H%(U), with the inequality (42). O

Now we derive higher regularity for our weak solutions, all the way up
to oU.
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THEOREM 5 (Higher boundary regularity). Let m be a nonnegative in-
teger, and assume

(72) o b ceC™NU) (i,j=1,...,n)
and
(73) f e H™(U).

Suppose that u € H}(U) is a weak solution of the boundary-value problem

(74) { P

Assume finally

(75) AU is C™ 2.
Then

(76) u € H™3(U),

and we have the estimate

(77) lull gmt2y < C (1 Flemwy + el 2wy)
the constant C depending only on m,U and the coefficients of L.

Remark. If u is the unique solution of (74), then estimate (77) simplifies
to read

/| gmt2@y < Cllflmwy-

O

Proof. 1. We first investigate the special case
(78) U := B°0,s)NR}

for some s > 0. Fix 0 < t < s and set V := B°(0,t) NR~.

2. We intend to prove by induction on m that whenever v = 0 along
{x,, = 0} in the trace sense, (72) and (73) imply

(79) u € Hm+2(V),
with the estimate

(80) lull g2y < C (1 fllam ) + llullL2@y) »
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for a constant C' depending only on U,V and the coefficients of L. The case
m = 0 follows as in the proof of Theorem 4 above.

Suppose then

(81) a”. b ce C™T(D),

(82) fe H™\(U),

and u is a weak solution of Lu = f in U, which vanishes in the trace sense
along {z, = 0}. Fix any 0 < t < r < 5, and write W := B%(0,7) N R"}. By
the induction assumption we have

(83) u € H™ (W),

with the estimate

(84) lull gmzwy < C (1Flam @y + llull2y) -

Furthermore according to the interior regularity Theorem 2, u € H™3(U).

loc
a0

3. Next, let a be any multiindex with

(85) laj =m+1
and

(86) an = 0.
Then

(87) = D%

belongs to H1(U), and vanishes along the plane {z, = 0} in the trace sense.
Furthermore, as in the proof of Theorem 2, @ is a weak solution of L&t = f
in U, for

-

i,j=1

n
+ Y D* P DPu,, + D*PeDPul| .

=1
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In view of (72), (73), (82) and (84), we see f € L%(W), with

(88) Il 2wy < C (ILFllsrmsr @y + 1wl 20y -

Consequently the proof of Theorem 4 shows @ € H2(V), with the estimate
a2y < © (1 Flzawy + Nz

< C (Il gmer@wy + llullL2qn) -
In light of (85)—(88), we thus deduce

(89) IDPul| 207y < C (I1F | rmr oy + Nutll 22y
for any multiindex 8 with |3| =m + 3 and
(90) Bn=0,1, or 2.

4. We must extend estimate (89) to remove the restriction (90). For
this, let us suppose by induction

(91) IDPull 20y < C (| fllarmsr @y + el 2y)
for any multiindex 3 with |3| = m + 3 and

(92) Bn=10,1,...,7,

for some j € {2,...,m + 2}. Assume then |3] = m + 3,
(93) Bn=3+1

Let us write 8 = y+6, for 6 = (0,...,2) and |y| = m+1. Since u € Hl’::rB(U)
and Lu = f in U, we have D"Lu = D7 f a.e. in U. Now

D" Lu = a"™ D’u+ { sum of terms involving at most j
derivatives of u with respect to x,, and

at most m + 3 derivatives in all }.
Since a™* > 6 > 0, we thus find by utilizing (91), (92) that
(94) ID%u 120vy < C (1 fllrm+r @y + lull z2¢r))
provided |3| = m + 3 and 3, = j + 1. By induction on 7 then, we have
Jull gm+s@y < C (1 fllmrwy + ull2wy) -
This estimate in turn completes the induction on m, begun in step 2.

5. We have now shown that (72) and (73) imply (79) and (80), provided
U has the form (78). The general case follows once we straighten out the
boundary, using the ideas explained in the proof of Theorem 4. O

We finally iterate the foregoing estimates to obtain
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THEOREM 6 (Infinite differentiability up to the boundary). Assume
a¥ b, ce C°(U) (i,j=1,...,n)

and

fecCc>U).

Suppose u € H}(U) is a weak solution of the boundary-value problem

(Lu=f inU
u=0 ondU.

Assume also that OU is C*°. Then

u € C®(U).

Proof. According to Theorem 5 we have u € H™(U) for each integer m =
1,2,.... Thus Theorem 6 in §5.6.3 implies u € C*(U) for each k = 1,2, ... .
]

The computations in this section have basically been repeated appli-
cations of “energy” methods to higher and higher partial derivatives. The
basic tool of integration by parts has eventually taken us from weak solutions
(belonging merely to H}(U)) to smooth, classical solutions.

AXTMUM PRINCIPLE!

»Re Avadad ATV A S AT ~ ~ b

This section develops the mazimum principle for second-order elliptic partial
differential equations.

Maximum principle methods are based upon the observation that if a
C? function u attains its maximum over an open set U at a point xg € U,
then

(1) Du(zy) =0, D?*(z) <0,

the latter inequality meaning that the symmetric matrix D?*u = ((ugq )
is nonpositive definite at . Deductions based upon (1) are consequently
pointwise in character, and are thus utterly different from the integral-based
energy methods set forth in §§6.1-6.3.

In particular we will need to require that our solutions u are at least C2,
so that it makes sense to consider the pointwise values of Du, D*u. (In view
of the regularity theory from §6.3 we know however that a weak solution is
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this smooth, at least provided the coefficients, etc. are sufficiently regular.)
As we will shortly learn, it is also most appropriate now to consider elliptic
operators L having the nondivergence form

n n
(2) Lu=— Z aijuxi,,j + Z bug, + cu,
ij=1 i=1

where the coefficients a¥/, b*, ¢ are continuous and—as always— the uniform
ellipticity condition (4) in §6.1 holds. We continue also to assume, without
loss of generality, the symmetry condition a* = a’* (i, =1,...,n).

6.4.1. Weak maximum principle.

First, we identify circumstances under which a function must attain its
maximum (or minimum) on the boundary. We always assume U C R" is
open, bounded.

THEOREM 1 (Weak maximum principle). Assume u € C*(U) N C(U)

and
c=0 mU.
(i) If
(3) Lu<0 U,
then
mg}xu = maxu.
(i) 1If
(4) Lu>0 inU,
then

min « = min u.
U oU

Remark. A function satisfying (3) is called a subsolution. We are thus
asserting a subsolution attains its marimum on OU. Similarly, if (4) holds,
u is a supersolution and attains its minimum on 8U. O

Proof. 1. Let us first suppose we have the strict inequality
(5) Lu<0 inU,
and yet there exists a point xo € U with

(6) u(xg) = max .
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Now at this maximum point zy, we have

(7) Du(zo) =0,
and
(8) D?u(xp) < 0.

2. Since the matrix A = ({(a¥(xp))) is symmetric and positive definite,
e exists an orthogonal matrix O = ((n \\ so that

(9) OAOT diag(dy,...,d,), 00T =1,

with dp, > 0 (k = 1,...,n). Write y = 9 + O(z — z¢). Then z — zg =
OT(y — z¢), and so

n n
Uz; = Z“yrs"ik’ Ug,z; = § , Uy, 0ik051 (3,5 =1,...,n).
k=1

k=1

Hence at the point z,

n
.
E aug,z; = E E a* uykylo,koﬂ

i,5=1 kil=11,53=1
(10) n

since di > 0 and uy,,, (xo) <0 (k=1,...,n), according to (8).
3. Thus at zg
n n
S W+ 3, 20
i,j=1 i=1

in light of (7) and (10). So (5) and (6) are incompatible, and we have a
contradiction.

4. In the general case that (3) holds, write
uf(z) := u(x) + e (z € U),
where A > 0 will be selected below and € > 0. Recall (as in the proof of

P s

Theorem 4 in §6.3.2) that the uniform ellipticity condition implies a®{x) > 6
(i=1,...,n, x € U). Therefore

Lu = Lu+ eL(e*")
< el [——)\zall + )\bI]
< €1 [=2% + [Ib]| == ]
<0 inU,



6.4. MAXIMUM PRINCIPLES 329

provided we choose A > 0 sufficiently large. Then according to steps 1 and
2 above maxy u¢ = maxgy ut. Let € — 0 to find maxy u = maxyy u. This
proves (i).

5. Since —u is a subsolution whenever u is a supersolution, assertion (ii)
follows. O

We next modify the maximum principle to allow for a nonnegative
zeroth-order coefficient ¢. Remember from §A.3 that 4 = max(u,0), u~ =

— minf+ 0

AZAZERY Wby Vg

THEOREM 2 (Weak maximum principle for ¢ > 0). Assume u € C2(U)N

C(U) and
c>0 inU.
(i) If
Lu<0 inU,
then
(11) maxu < maxu™.
U U
(ii} Likewise, if
Lu>0 inU,
then
(12) minu > —maxu_.
U ou

13 max |u| = max jul.
(13) ax |ul UH
O

Proof. 1. Let u be a subsolution and set V := {x € U | u(x) > 0}. Then

Ku:=Lu—cu
<—cu <0 ImV.

The operator K has no zeroth-order term and consequently Theorem 1 im-
plies maxy v = maxgy v = maxgy ut. This gives (11) in the case that
V # 0. Otherwise u < 0 everywhere in U, and (11) likewise follows.

2. Assertion (ii) follows from (i) applied to —u, once we observe that
(—u)t =u". O
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6.4.2. Strong maximum principle.

We next substantially strengthen the foregoing assertions, by demon-
strating that a subsolution u cannot attain its maximum at an interior point
of a connected region at all, unless u is constant. This statement is the strong

mazximum principle, which depends on the following subtle analysis of the
outer normal derivative g% at a boundary maximum point.

LEMMA (Hopf’s Lemma). Assume u € C2(U)NCY(U) and

Suppose further
Lu<0 U,

and there exists a point z° € OU such that
(14) u(z®) > u(x) forallzeU.

Assume finally that U satisfies the interior ball condition at z°; that is, there
ezists an open ball B C U with z° € 8B.
(i) Then
Ju

vd. 0
ay("“)>°’

where v is the outer unit normal to B at 0.
(ii) If
c>0 U

’

the same conclusion holds provided
u(z®) > 0.

Remark. The importance of (i) is the strict inequality: that g%(:co) >0is
obvious. Note that the interior ball condition automatically holds if OU is
c2. O

Proof. 1. Assume ¢ > 0 and u(z®) > 0. We may as well further assume
B = B%(0,r) for some radius r > 0. Define

v(z) = e M — =2 (2 € B(0,r))
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for A > 0 as selected below. Then using the uniform ellipticity condition,
we compute:

n
— el Z bi2Az; + c(e N — e )

i=1

< e Mo (—4922|z)2 + 22 tr A + 2A|b]|z| + ©),

for A = ((¢¥)), b = (b',...,b"). Consider next the open annular region
R := B%0,r) — B(0,7/2). We have

(15) Lv < e_’\’m|2(—9)\2r2 +2AtrA+2A|bjr+¢) <0

in R, provided A > 0 is fixed large enough.

2. In view of (14) there exists a constant ¢ > 0 so small that
(16) u(z®) > u(z) + ev(z) (z € 8B(0, r/2)).
In addition note

(17 u(z®) > u(z) + ev(x) (z € dB(0,r)),



90
(%]
R
=N
G
b

since v =0 on 8B(0,r).
3. From (15) we see

L(u+ev —u(z)) < —cu(z®) <0 in R,
and from (16), (17) we observe
u+ev—u(z®) <0 ondR.

In view of the weak maximum principle, Theorem 1, u+ev—u(x®) < 0 in R.
But u(x°) + ev(z®) — u(z") = 0, and so

ou, g ov, ,
= hdd > 0.
au(a: )+eay(:c )=>0
Consequently
%(xo_) > —e%(mo) = -—ED'U(:CO) 2% = 2here ™ >0,
as required. O

Hopf’s Lemma is the primary technical tool in the next proof:

THEOREM 3 (Strong maximum principle). Assume u € C*(U) N C(U)
and

c=0 inlU.

Suppose also U is connected, open and bounded.
(i) If
Lu<0 U

and u attains its mazimum over U at an interior point, then

u 1s constant within U.

(ii) Simalarly, if
Lu>0 iU

and u attains its minimum over U at an interior point, then

u 18 constant within U,
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Proof. Write M :=maxguand C :={x €U | u(x) = M}. Thenifu £ M,
set
Vi={zeU|ulz)< M}.

Choose a point y € V satisfying dist(y, C') < dist(y,dU), and let B denote
the largest ball with center y whose interior lies in V. Then there exists
some point z° € C, with 2° € 8B. Clearly V satisfies the interior ball
condition at z°; whence Hopf’s Lemma, (i), implies 2—3(030) > 0. But this is a
contradiction: since u attains its maximum at z° € U, we have Du(z?) = 0.

m
L

If the zeroth-order term c is nonnegative, we have this version of the
strong maximum principle:

THEOREM 4 (Strong maximum principle with ¢ > 0). Assume u €
CXUYNC(U) and

c>0 inlU.
Sunnose also 1 ie conmected
QUPpose atso U 1s conneciea
(1) If
Lu<0 inU

and u attains a nonnegative maximum over U at an interior point,
then
u 18 constant within U.

(ii) Similarly, if
Lu>0 iU
and U attains a nonpositive minimum over U at an interior point,

then
u 18 constant within U.

The proof is like that above, except that we use statement (ii) in Hopf’s
Lemma.

6.4.3. Harnack’s inequality.

Harnack’s inequality states the values of a nonnegative solution are com-
parable, at least in any subregion away from the boundary. We assume as
usual that

n n
Lu= - E 0 ugy; + E blug, + cu.
ij=1 i=1
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THEOREM 5 (Harnack’s inequality). Assume u > 0 is a C? solution of
Lu=0 inU,

and suppose V CC U 1is connected. Then there exists a constant C' such that

(18) sgpu < Cir‘}fu.

The constant C' depends only on V and the coefficients of L.

If the coefficients are smooth, the proof is a (much easier) special case
of the calculations to be presented later for the parabolic Harnack inequal-
ity, in §7.1.4. For the general situation of merely bounded and measurable
coefficients, see Gilbarg-Trudinger [G-T].

6.5. EIGENVALUES AND EIGENFUNCTIONS

We consider in this section the boundary-value problem
Lw=>M inU
) {

w=0 on 9U,
where U is open, bounded, and recall that A is an eigenvalue of L provided
there exists a nontrivial solution w of (1). From the theory developed in
§6.2 we recall that the set X of eigenvalues of L is at most countable.

The theorems in §6.5.1 below are analogues for elliptic PDE of the stan-
dard linear algebra assertion that a real symmetric matrix possesses real
eigenvalues and an orthonormal basis of eigenvectors. Similarly, the results
in §6.5.2 are PDE versions of the Perron-Frobenius theorem that a matrix
with positive entries has a real, positive eigenvalue and a corresponding
eigenvector with positive entries (cf. Gantmacher [GA]).

6.5.1. Eigenvalues of symmetric elliptic operators.

For simplicity, we consider now an elliptic operator having the divergence
form

(2) Lu = Z ( 'J'uxw

where a¥ € C°(U) (i, = 1,...,n). We suppose the usual uniform elliptic-
ity condition to hold, and as usual suppose

(3) o =t (i,j=1,...,n).

The operator L is thus formally symmetric, and in particular the associated
bilinear form B[, | satisfies Blu,v] = Blv,u] (u,v € H}(U)). Assume also
U is connected.
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THEOREM 1 (Eigenvalues of symmetric elliptic operators).
(i) FEach eigenvalue of L is real.
(ii) Furthermore, if we repeat each eigenvalue according to its (finite)
multiplicity, we have

Y= {/\k}loco:h

where
0<A A2 A3+,

and
A — 00 as k — oo.

(iii) Finally, there exists an orthonormal basis {wy}3>, of LE*(U), where
wy € H3(U) is an eigenfunction corresponding to Ax:

ka = /\kwk m U
W = 0 on BU,

fork=1,2,....

Remark. Owing to the regularity theory in §6.3, wy € C*(U) (and wy €

C>®(U) if dU is smooth), for k =1,2,... . O
Proof. 1. As in §6.2,

S :=rL1
is a bounded, linear, compact operator mapping L*(U) into itself.

2. We claim further that S is symmetric. To see this, select f, g € L*(U).
Then Sf = u means u € Hj(U) is the weak solution of

Lu=f inU

u=0 onJU,
and likewise Sg = v means v € H¢(U) solves
Lv=g inU

v=0 ondlU

in the weak sense. Thus
(Sf,g) = (u,g) = B[Uau]

and

— ars
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Qs

[N ey ann |
OIIIC , WE S€e |

Dl.. .1 — Dl ..
DU, v) = DWw,u
S

e
fore S is symmetric.

3. Notice also

(S, f) = (u,f)=Blu,u] 20 (f € L*(U)).

Consequently the theory of compact, symmetric operators from §D.6 implies
that all the eigenvalues of S are real, positive, and there are corresponding
eigenfunctions which make up an orthonormal basis of L?(U). But observe
as well that for  # 0, we have Sw = nw if and only if Lw = Aw for A = %
The theorem follows. O

We next scrutinize more carefully the first eigenvalue of L.

DEFINITION. We call Ay > 0 the principal eigenvalue of L.

THEOREM 2 (Variational principle for the principal eigenvalue).
(i) We have

(5) A = min{Blu, u] | u € HA(U), ||ul ;2 = 1}.

(ii) Furthermore, the above minimum is attained for a function wy, pos-
itive within U, which solves

Lw1 = /\1w1 inlU
w; =0 on OU.

(iii) Finally, if u € H3(U) is any weak solution of

[Lu=Xu inU
1 u=>0 on U,

then u is a multiple of w;.

Remarks. (i) Assertion (iii) says the principal eigenvalue Ay is simple. In
particular
D<A <A< Az <

(1i) Expression (5) is Rayleigh’s formula, and is equivalent to the state-

AXA AR

. Blu,u)
/\1 w 11( ) ” “2 .
eH- (U u
0 L2(U)
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Proof. 1. In view of (4) we see

(6) Blwg, wi] = Mllwk 220y = M,
and

(7) Bluwg, wi) = M (wk, wr) =0
fork,l=1,2,..., k#l

2. As {wx}%, is an orthonormal basis of L2(U), if u € H(U) and
[lull 2@y = 1, we can write

(8) U = Z dkwk
k=1

for dy = (u,wr)r2(), the series converging in L?(U): see §D.2. In addition

(9) Zd = JlulZ2py = 1.

oo
3. Furthermore from (6) and (7) we see that {:\%5} is an orthonor-
k k=1
mal subset of H}(U), endowed with the new inner product B[, ].
o0
We claim further that { N /2} is in fact an orthonormal basis of

k k=1
Hj(U), with this new inner product. To see this, it suffices to verify that

Blug,u]=0 (k=1,2,...)
implies u = 0. But this assertion is clearly true, since the identities
Blwg, u] = M(wg,u) =0 (k=1,...)

force u =0, as {wi}$2, is a basis of L>(U). Consequently

U= Z”k 1/2

—l

. |
for py = l )3 /2 , the series converging in HO (U). But then according to

(8), e = diAy / ; and so the series (8) in fact converges also in H;(U).
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4. Thus (6) and (8) imply

(e 0]
Blu,u] = Zd%c’\k > A1 by (9).
k=1

As equality holds for u = w;, we obtain formula (5).
5. We next claim that if u € Hj(U) and |lul z2(7y = 1, then u is a weak

solution of

(10) u=0>0 on oU

{ Lu=Mu inU
if only only if
(11) B[u,u] = /\1.

Obviously (10) implies (11). On the other hand, suppose (11) is valid.
Then, writing dy = (u,wx) as above, we have

o0 oo
(12) Y @i =X =Blu,u]=> i
k=1 k=1
Hence
x2
(13) > (A= M)di =0.
k=1
Consequently

dp = (u,wk) =0 if Ag > A1

Since A1 has finite multiplicity, it follows that

m
(14) U= Z(u,wk)wk
k=1
for some m, where Lw; = A\jwy. Therefore
3 13 1 [ e
m
(15) Lu=) (u,wg)Lw = M.
k=1

This proves (10).

6. Next we will show that if u € H}(U) is a weak solution of (10), u # 0,
then either

(16) wu>0 inU
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or else
(17) u<0 inU
To see this, let us assume without loss that ||u||z2 = 1, and note

(18) a+f=1

o= /U(u+)2da:, 8= /U(u_)zdat.

Furthermore since u* € H}(U), with

Du ae.on{u>0
Dut = { © fu =0y
0  a.e.on {u<0},
_ { 0 a.e. on {u > 0}
Du™ =
—Du ae.on {u <0}

for

(cf. Problem 17 in Chapter 5), we have Blu*,u~] = 0. Accordingly
A1 = Blu,u] = Blut, vt + Blu™,u"]
> Mllut |22y + Al 72y by (5)
= (a —l—ﬁ)/\l = A1.

But then we see that the inequality above must in fact be an equality, and

S0
B[u+,u+] = ’\1”u+||2L2(U)’ B[u_,u_] = ’\1”’“_”%2(U)'

Therefore the claim proved in step 5 asserts

(107 ILu+= AMut inU
N | ut=0 on 9U

and

(20)

in the weak sense.

7. Next, since the coefficients @/ are smooth, we deduce from (19} that
ut € C®(U) and

eaala

Lut =X\ut >0 in U.

The function u' is therefore a supersolution. Thus the strong maximum
principle implies either u* > 0 in U or else u* = 0 in U. Similar arguments
apply to w~, and so (16) and (17) hold.
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8. Finally assume that v and % are two nontrivial weak solutions of (10).
In view of steps 6 and 7 above

/ﬂda:;ﬁﬁ,
U

and so there exists a real constant x such that
(21) / u— xudx =0.
U

But since u — x# is also a weak solution of (10), steps 6, 7, and the equality
(21) imply u = xu in U. Hence the eigenvalue A; is simple. 0O

6.5.2. Eigenvalues of nonsymmetric elliptic operators.

We will now consider a uniformly elliptic operator L in the nondivergence
form:
n .. n .
Lu=— E a”umimj + Z bug, + cu.
i,j=1 i=1

SYIOOITTIN TT :

Let us for simplicity assume a*,¥*,c € C*(U), U is open, bounded, con-

nected, and AU is smooth. We suppose also a¥ = a* (i,5 = 1,...,n),
and
(22) ¢c>0 inU.

Notice however that in general the operator L will not equal its formal
adjoint. We therefore cannot invoke as above the abstract theory from §D.6.
And in fact L will in general have complex eigenvalues and eigenfunctions.

Remarkably, however, the principal eigenvalue of L is real, and the cor-
responding eigenfunction is of one sign within U.

THEOREM 3 (Principal eigenvalue for nonsymmetric elliptic operators).
(i) There exists a real eigenvalue Ay for the operator L, taken with zero
boundary conditions. Furthermore if A € C is any other eigenvalue,
we have

Re(/\) < A1

(ii) There ezists a corresponding eigenfunction wi, which is positive within
U.

(iii) The eigenvalue \1 s simple; that is, if u is any solution of (1), then
u is a multiple of w.
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Proof*. 1. Choose m = [%] + 2 and consider the Banach space X =
H™(U)N H(U). According to Theorem 3 in §5.3.2 X C C?(U). We define
the linear, compact operator A : X — X by setting Af = u, where u is the
unique solution of

Lu=f inU
(23) { u=0 ondU.

Next define the cone
C={ueX|u>0inU}.

According to the maximum principle, A : C — C.

2. Hereafter fix any function w € C, w Z 0. Employing the strong
maximum principle and Hopf’s Lemma, we deduce

ov

8u<0 on oU

(24) v>0 in U,

for v = A(w).
Remember that w = 0 on dU. So in view of (24) there exists a constant
i > 0 so that

(25) pwv > w in U.
3. Fix € > 0, n > 0, and consider then the equation
(26) u=nAlu+ ew)
for the unknown u € C. We claim that
(27) if (26) has a solution u, then 1 < pu.
To verify this assertion, suppose in fact u € C solves (26). We compute

u > nAlew] = nev > Ui ew,
W

*Omit on first reading.
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Continuing, we deduce

UZ(Q);u(kzL”J,

a contradiction unless n < p. This observation confirms the assertion (27).

4. Define

Se :={u € C| there exists 0 < n < 2u such that u = nAfu + ew]}.
We next assert
(28) S¢ is unbounded in X.

For otherwise we could apply Schaefer’s fixed point theorem (to be proved
later, as Theorem 4 in §9.2.2), to deduce that the equation

u=2uAlu + ew]

hag o anliitinan . cnantradintian +a (97
11 QA DUJ.U.ULUJJ.’ 11l LOllui aulivvivil vo \‘dl )'
5. Owing to (28), there exist
(29) 0<n <2u

and v, € C, with ||v¢||x > 1, satisfying
(30) Ve = NeAlve + ew).

Renormalize by setting
UE

(31) U 1= —.
‘ [lvell x

Using (29)-(31) and the compactness of the operator A, we obtain a subse-
quence €, — 0 so that

Ne, — N and ue, — u in X.
Then (31) implies
(32) Jullx =1, ueC.
Since ue = n A [ue + ﬂﬁ]";] , we deduce in the limit that © = nAu. In view
of (32), n > 0. We may consequently rewrite the above to read

Lw1 = /\1w1 mU
w; =0 on aU,
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for \{ = n, u = w1. Thus A; is a real eigenvalue for the operator L, taken
with zero boundary conditions, and w; > 0 is a corresponding eigenfunction.
In view of the strong maximum principle and Hopf’s Lemma, we have

(33) wy; >0 in U, %—Uy—1<0 on aU.

Additionally, we know w; is smooth, owing to the regularity theory in §6.3.

6. All expressions occurring in steps 1-5 above are real. Suppose now
A € C and u is a complex-valued solution of

(34) {Lu:)\u in U

u=0 ondU.

Now choose any smooth function w : U — R, with w > 0 in U, and set
v:= -. We compute

Av = %L(vw) by (34)

o n
Z L v
=Lv—cv— — E a“w; vy, + —Lw.
w 5 7 w
1,7=1

Writing

n n
- E : if 2 : /
i=1

i,j=1

for b :=b* — 23°7_| a¥w,; (1 < i < n), we deduce from (35) that

L
(36) Ku+(-£’——)\)v=o in U.
Take complex conjugates:

L -
(37) Kﬁ+(j?—A)U:0 in U.

Next we compute

n
(38) K([v*) = K(vd) = 1Kv + vKv —2 Z a"'jvmiz‘)xj < 9Kv+ vK7,
1,j=1

since
"

> algE = Y a¥(Re(&:) Re(&5) + Im(£;) Im(€;)) > 0

i,j=1 i,j=1
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for £ € C*. Combining (36)—(38), we discover

L
K(Jv?) <2 (ReA —~ ?‘”) |v[?.

N s

Now choose

(39) w = wi ¢
: 1

for 0 < e < 1. Then

1—c¢€ e(l — € n . _
Lw - ( P )Lwl + ( 1+€ ) E azjwlvziw]_’xj + EC'w% ¢ 2 (1 - E)Alw_
! Y1 =1
Consequently

K(v]*) <2(Red— (1—€)A)|v)* inU.
Thus if Re(A) < (1—e€)A, then K(Jv|*) < 0in U. Asv = 0 on dU, according

u

to (33) and (39), we deduce from the maximum principle that v = & =0
in U. Thus u = 0 in U and so X cannot be an eigenvalue. This conclusion

obtains for each € > 0, and so Re A > A; if A is any complex eigenvalue.

7. Finally, let u be any (possibly complex-valued) solution of

Lu=Au inU
(40) { u=0 on oU.

Since Re(u) and Im(u) also solve (40), we may as well suppose from the
outset u is real-valued. Replacing u by —u if needs be, we may also suppose
u > 0 somewhere in U. Now set

rri

(41) x:=sup{pu >0 |w —pu>0inU}.
Then 0 < x < co. Write v = w; — xu; so that v > 0 in U and

{va/\lvzo in U

| v=0 on OU.

Now if v is not identically zero, the strong maximum principle and Hopf’s
Lemma imply

v>0in U, g%<0 on OU.

Thus
v—eu >0 in U for some € > 0,

and so
w;—(x+€u>0 inU,

a contradiction to (41). Hence v = 0in U, and so u is a multiple of wj;. 0O
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6.6. PROBLEMS

In the following exercises we assume the coefficients of the various PDE are
smooth and satisfy the uniform ellipticity condition. Also U C R" is always
an open, bounded set, with smooth boundary.

1. Let

n

Lu=- Z (aijux,.)zj + cu.

3,7=1

Prove that there exists a constant g > 0 such that the correspond-
ing bilinear form B[, | satisfies the hypotheses of the Lax-Milgram
Theorem, provided

c(z) 2 —p (zel).

2. A function u € HZ(U) is a weak solution of this boundary-value prob-
lem for the btharmonic equation

Au=f inU
uz%zﬂ on oU

(%)

provided

/AuAvda:zf fvdzx
U U

for all v € HZ(U). Given f € L?(U), prove that there exists a unique
weak solution of ().

3. Assume U is connected. A function u € H'(U) is a weak solution of
Neumann’s problem

(%) —Au=f inU
%=0 on JU

if

- .. T Vo N
j LU -ovar = j Jvar
U U

for all v € HY(U). Suppose f € L?(U). Prove (x) has a weak solution
if and only if
/ fdx=0.
U

4.  Let u € H'(R") have compact support and be a weak solution of the
semilinear PDE
—Au+c(u)=f inR",
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where f € L*(R") and ¢ : R — R is smooth, with ¢(0) =0 and ¢’ > 0.
Prove u € H*(R").

(Hint: Mimic the proof of Theorem 1 in §6.3.1, but without the cutoff
function (.)

5.  Let u be a smooth solution of Lu = — 37, a%ug,; =0in U. Set
v := |Dul? + Au?. Show that

Lv <0 in U, if X is large enough.
Deduce
| Du|| ooy < C(||Dull ooy + el Lo 60))-

6.  Assume u is a smooth solution of Lu = —31", 4 aug,,, = fin U,
u = 0 on 8U, where f is bounded. Fix x° € 8U. A barrier at z° is a
C? function w such that

Lw>1inU, w(xo):(), w > 0 on OU.
Show that if w is a barrier at z°, there exists a constant C such that
|Du(z®)| < C ?E(a:o) .
- |ov

7.  Assume U is connected. Use (a) energy methods and (b) the maximum
principle to show that the only smooth solutions of the Neumann
boundary-value problem

—Au=0 inU
%‘3 =0 ondU
are u = constant.
8.  Assume u € H'(U) is a bounded weak solution of

— Z (aijuxi)wj =0 inU.

1,7=1

Let ¢ : R — R be convex and smooth, and set w = ¢(u). Show w is a
weak subsolution; that is,

Blw,v] <0

for all v € Hy(U), v > 0.
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10.

(Courant minimaz principle). Let L = — ij—1(a¥uz,)s;, where
((@7)) is symmetric. Assume the operator L, with zero boundary
conditions, has eigenvalues 0 < A\ < Ay <--- . Show

A= max min Blu,u] (k=1,2,...).
Se€Xk-1 uest
llull2=1

Here ¥;_; denotes the collection of (k — 1)-dimensional subspaces of
H}(U).

Let A1 be the principal eigenvalue of the uniformly elliptic, nonsym-
metric operator

n

Lu:—Za ux%%—Zb’uwl-f—cu

ij=1 i=1

taken with zero boundary conditions. Prove the “max-min” represen-
tation formula:

l{m
A= sup 1nf —
@ U(w)

the “sup” taken over functions u € C®(U) with u > 0in U, u = 0
on OU, and the “inf” taken over points ¢ € U. (Hint: Consider the
eigenfunction w] corresponding to A; for the adjoint operator L*.)

6.7. REFERENCES

Section 6.1  See Gilbarg—Trudinger [G-T, Chapters 5, 8].
Section 6.3  Consult Gilbarg-Trudinger [G-T], Krylov [KR| and Lady-

zhenskaya—Uraltseva [L-U] for more on regularity theory for
elliptic PDE.

Section 6.4  Gilbarg-Trudinger [G-T, Chapter 3]. Protter and Wein-

berger [P-W] is a good reference for further maximum prin-
ciple methods.

Section 6.5 See Smoller [S, pp. 122-125]. The last part of the proof

of Theorem 3 is modified from Protter—Weinberger [P-W,
§2.8]. O. Hald simplified my proof of Theorem 2.
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LINEAR
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EQUATIONS

7.1 Second-order parabolic equations

7.2 Second-order hyperbolic equations

7.3 Hyperbolic systems of first-order equations
7.4 Semigroup theory

7.5 Problems

7.6 References

This long chapter studies various linear partial differential equations
that involve time. We often call such PDE evolution equations, the idea
being that the solution evolves in time from a given initial configuration.
We will study by energy methods general second-order parabolic and hyper-
bolic equations, and also certain first-order hyperbolic systems. The Fourier
transform, utilized in §7.3.3, and the semigroup technique, discussed in §7.4,
provide alternative approaches.

7.1. SECOND-ORDER PARABOLIC EQUATIONS

Second-order parabolic PDE are natural generalizations of the heat equa-
tion (§2.3). We will study in this section the existence and uniqueness of
appropriately defined weak solutions, their smoothness and other properties.

349



350 7. LINEAR EVOLUTION EQUATIONS

7.1.1. Definitions.
a. Parabolic equations.

For this chapter we assume U to be an open, bounded subset of R", and
as before set Ur = U x (0, 7] for some fixed time 7" > 0.

We will first study the initial /boundary-value problem

w+Lu=f in Ur
(1) vu=0 ondlU x [0,T
u=g onU x {t =0},

where f : Up — R and g : U — R are given, and u : Ur — R is the
unknown, u = u(z,t). The letter L denotes for each time ¢ a second-order
partial differential operator, having either the divergence form

n

(2) Lu=— Y (a9(z,t)ue,)a; + I V(€ ), + c(@, t)u

ij=1 i=1

or else the nondivergence form
(3) Lu Z a(z, t)u,, z; t Zbl(x tug, + c(z, t)u,

for given coefficients a”,b*,¢c (i,5 =1,...,n).

DEFINITION. We say that the partial differential operator %+L is (uni-
formly) parabolic if there ezists a constant § > 0 such that

n

(4) > al(z, t)Eg; > )¢

ij=1
for all (z,t) € Ur, £ € R".

Remark. Note in particular that for each fixed time 0 < ¢ < T the operator
L is a uniformly elliptic operator in the spatial variable z. a

An obvious exa.mple is a¥ = §;;,b* = c= f = 0; in which case L = —A
and the PDE w + Lu becomes the heat equation. We will see in fact that
solutions of the general second-order parabolic PDE are similar in many

ways to solutions of the heat eanation

OV A TAVARS Ra VaAAh AATGY LR eAvatsdad.

General second-order parabolic equations describe in physical applica-
tions the time-evolution of the density of some quantity u, say a chemical
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concentration, within the region U. As noted for the equilibrium setting (i.e.,
second-order elliptic PDE, in §6.1.1), the second-order term szzl aijuxizj
describes diffusion, the first-order term 3} ; b'u,, describes transport, and
the zeroth-order term cu describes creation or depletion.

The Fokker-Planck and Kolmogorov equations from the probabilistic

study of diffusion processes are also second-order parabolic equations.

b. Weak solutions.

Mimicking the developments in §6.1.2 for elliptic equations, we consider
first the case that L has the divergence form (2) and try to find an appro-
priate notion of weak solution for the initial/boundary-value problem (1).
We assume for now that

(5) av b ce L®Ur) (i,j=1,...,n),
(6) f € L*(Ur),

(7) g € L*(U).

We will also always suppose a” = a’t (i,5 =1,...,n).

Let us now define, by analogy with the notation introduced in Chapter
6, the time-dependent bilinear form

(8) Blu,v;t] —/UZ umlva—FZb’ (-, ug,v + (-, uvde

for u,v € H3(U) and a.e. 0 <t < T.

Motivation for definition of weak solution. To make plausible the
following definition of weak solution, let us first temporarily suppose that
u = u(z,t) is in fact a smooth solution of our parabolic problem (1). We
now switch our viewpoint, by associating with © a mapping

u:[0,T] - Hy(U)
defined by
[u(t)](z) == u(z,t) (xe€U 0<t<T).

In other words, we are going to consider u not as a function of z and ¢
together, but rather as a mapping u of ¢ into the space H(}(U ) of functions
of z. This point of view will greatly clarify the following presentation.

Returning to problem (1), let us similarly define

£:(0, 7] - L*(U)
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by
fO)l(z) = flz,t) (zeU, 0<t<T).

Then if we fix a function v € H}(U), we can multiply the PDE %% +Lu=f
by v and integrate by parts, to find

d
/ . _ ! __
(9) (u',v) + Blu,v;t] = (f,v) ( =%
for each 0 <t < T, the pairing (, ) denoting inner product in Lz(U)

Next, observe that
n .
(10) w=g"+> g inUr
j=1

for ¢ .= f— 3" bu,, —cu and ¢/ := 3" a%u,, (j = 1,...,n). Con-
sequently (10) and the definitions from §5.9.1 imply the right hand side of
(10) lies in the Sobolev space H~}(U), with

n

' 1/2
ki < (X Iolay) <€ (g + 1)

j=0

This estimate suggests it may be reasonable to look for a weak solution with
' € H~Y(U) for a.e. time 0 < t < T; in which case the first term in (9) can
be reexpressed as (v, v), {, ) being the pairing of H~}(U) and H}(U). O

All these considerations motivate the following

DEFINITION. We say a function
u e L0, T; HY(U)), with v’ € L*(0,T; H~1(U)),

is a weak solution of the parabolic initial/boundary-value problem (1) pro-
vided

(i) (d,v) + Blu,v;t] = (f,v)
for each v € H}(U) and a.e. time 0 <t < T, and
(i1) u(0) =g.

xr f TL anre

T in SR QD
1LCOVICIN o 1l §0.0.4

2

@
)
@
o}
[=

m

thus the equality (ii) makes sense. O
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7.1.2. Existence of weak solutions.
a. Galerkin approximations.

We intend to build a weak solution of the parabolic problem

w+Lu=f inUr
(11) u=0 ondU x[0,7
u=g onlU x {t=0}

by first constructing solutions of certain finite-dimensional approximations
to (11} and then passing to limits. This is called Galerkin’s method.

More precisely, assume the functions wy = wg(x) (K = 1,...) are
smooth,
(12) {w}$2, is an orthogonal basis of Hg(U),
and
(13) {w}$2, is an orthonormal basis of L*(U).

(For instance, we could take {w}32 ; to be the complete set of appropriately
normalized eigenfunctions for L = —A in H}(U): see §6.5.1.)

Fix now a positive integer m. We will look for a function u,, : [0,T] —
H}(U) of the form

(14) um(t) = 3 b, (tw,

m
k=1

where we hope to select the coefficients df,(t) (0 <t < T, k=1,...,m) so
that

(15) dm(0) = (g, wx) (k=1,...,m)
and
(16) (W), wx) + Blum,wx;t] = (F,wg) (0<t<T, k=1,...,m).

(Here, as before, ( , ) denotes the inner product in L2(U).)

Thus we seek a function u,, of the form (14) that satisfies the “projec-

tion” (16) of problem (11) onto the finite dimensional subspace spanned by
m

['L.L’L_l P
UK k=1
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THEOREM 1 (Construction of approximate solutions). For each integer
m = 1,2,... there exists a unique function um, of the form (14) satisfying
(15), (16).

Proof. Assuming uy, has the structure (14), we first note from (13) that

(17) () (1), wi) = dE,' ().

Furthermore

(18) Blum, wk;t] = i e (t)dhy (1),
=1

for e*(t) := Blwy,wg;t] (k1 =1,..., m). Let us further write f*(t) :=

7 ¥

(f(t),wx) (k=1,...,m). Then (16) becomes the linear system of ODE

(19) de (1) + zmj Fd () = fF(t) (k=1,...,m),

=1

subject to the initial conditions (15). According to standard existence theory
for ordinary differential equations, there exists a unique absolutely contin-
uous function dp,(t) = (dh,(t),...,d7(t)) satisfying (15) and (19) for a.e.

0 <t <T. And then u,, defined by (14) solves (16) for a.e. 0 <t <T.
d

b. Energy estimates.

We propose now to send m to infinity and to show a subsequence of our
solutions u,, of the approximate problems (15), (16) converges to a weak
solution of (11). For this we will need some uniform estimates.

THEOREM 2 (Energy estimates). There exists a constant C, depending
only on U, T and the coefficients of L, such that

) oA [um®llz2@w) + (amll 2 rm3wy) + lmlizoma-10))
< Clfllz20,7:22wy) + H9llLz@w))

form=12....

Proof. 1. Multiply equation (16) by d¥ (t), sum for k = 1,...,m, and then
recall (14) to find

70113 (=t 2 N 1 Dl- s o4l
\el) (U, U ) T DUy, Um, U] — |
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for a.e. 0 <t < T. We proved in §6.2.2 that there exist constants 3 > 0,
~ > 0 such that

(22) ﬂllum”zol((]) S B[u’m’um7t] +7||um||%2(U)

forall 0 <t < T, m = 1,.... Furthermore |[(f,uy)| < %Ilfllizw) +
2HumHL2(U), and (u,,unm) = £(3 ”um”Lz(U)) for a.e. 0 <t < T. Con-
sequently (21) yields the inequality

2 d 2 21y <C : Co|If)13

@3) % (lmlaen) +260umly ) < CillamlBay + ColE I3,

for a.e. 0 <t < T, and appropriate constants C; and Cs.

2. Now write

(24) 0(t) = [ (O)l| 720
and
(25) £(t) = IO 22(w-

Then (23) implies
n'(t) < Cin(t) + C2£(t)

for a.e. 0 < t < T. Thus the differential form of Gronwall’s inequality (§B.2)
yields the estimate

(26) n(t) < et (n(O) + 6'2/0 £(s) ds) (0<t<T).

Since n(0) = ||um(0)||i2 < |lgll32 2y by (15), we obtain from (24)—(26)
the estimate

max [un(® iz < C (19130, + 161320 a2y

92 DA irn '.,.n ATan TMATe o 1T 11 [14xr
J. Returr 1IiE OIICT LIIUIT | U

employ the inequality above to find

T
ol oo = [ ol d

< € (lollaqwr + B2 0 1a2(0) ) -

4. Fix any v € H}(U), with vl 2y < 1, and write v v! + 02, where
2l = anan{ay, 1M and (12 2n,) — N / — 1 mY Qince the fimetions
o Dyu“lwm;kzl LeD VAW Y \U y wl‘:/ A\v \' L’ ) e WILLLIUC  UlAC Lullvulivuilily
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{wk}2, are orthogonal in Hj(U), ||'U1HHG1(U) < ||'U||HG1(U) < 1. Utilizing
(16), we deduce for a.e. 0 <t < T that

(U, v') + Blum, v'; 8] = (f,0').

Then (14) implies

R S U N A o s AN
\Up, V) = (W, V) = (U, V) = LV

Consequently
|<U§mv>| < C(”f||L2(U) + ”um”Hé(U))’

since [[v![| g3y < 1. Thus

Ilter-1wy < CUNEll 2@y + lumll gy o)

and therefore

»T

T AT
/0 W 1y dt < C /0 €320y + a2 ) 0

< CllglF 2wy + 1320 7. c2(0y))-

c. Existence and uniqueness.

Next we pass to limits as m — oo, to build a weak solution of our
initial/boundary-value problem (11).

THEOREM 3 (Existence of weak solution). There erxists a weak solution
of (11).

Proof. 1. According to the energy estimates (20), we see that the se-
quence {u,}%_; is bounded in L2(0,T; H}(U)), and {u],}$°_; is bounded
in L*(0,T; H-1(U)).

Consequently there exists a subsequence {um,}®; C {un}_, and a
function u € L2(0,T; H}(U)), with u’ € L2(0,T; H-'(U)), such that

— eakly in L2(0,T; H} (U
(27) {um, u weakly ( 0(U))

u,, —u weakly in L%(0,T; H-1(U)).

my

(See §D.4 and Problem 4.)
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2. Next fix an integer N and choose a function v € C1([0,T]; H3(U))
having the form

N
(28) v(t) = Y d* (O,
k=1

where {d*}} | are given smooth functions. We choose m > N, multiply
(16) by d*(¢), sum k = 1,..., N, and then integrate with respect to ¢ to find

T T
(29) /0(u'm,v)+B[um,v;t]dt=/0 (f,v)dt.

We set m = my; and recall (27), to find upon passing to weak limits that
T T
(30) ] (0, v) + Blu,v;t]dt = / (f,v)dt.
0 0

This equality then holds for all functions v € L?(0,T; H3(U)), as functions
of the form (28) are dense in this space. Hence in particular

/
(31) (u’,v) + Bu,v;t] = (f,v)
for each v € H)(U) and a.e. 0 < ¢ < T. From Theorem 3 in §5.9.2 we see

that furthermore u € C([0, T]; L*(U)).
3. In order to prove u(0) = g, we first note from (30) that

rT rT
(32) /O —(v',u) + Blu,v; t] dt = /O (£, v)dt + (u(0), v(0))

for each v € C!([0,T]; Hy(U)) with v(T) = 0. Similarly, from (29) we
deduce

T T
(33) / (v, ) + Bl vif] dt = / (£,v) dt + (un(0), v(0)).
1] 1]
We set m = m; and once again employ (27) to find
T T
(34) /-4%@+Bmwﬂw=/knwa+@w@x
0 0

since Uy, (0) — g in L2(U). As v(0) is arbitrary, comparing (32) and (34),
we conclude u(0) = g. O
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THEOREM 4 (Uniqueness of weak solutions). A weak solution of (11) is
unique.

Proof. It suffices to check that the only weak solution of (11) withf =g =0
is

(35) u=0.

To prove this, observe that by setting v = u in identity (31) (for f = 0) we
learn, using Theorem 3 in §5.9.2, that

d (1
(36) ! (5““”%2(U)) + Blu,u;t] = (u',u) + Blu,u;t] = 0.
Since
Blu,u;t] > /BHU'“i[é(U) - 'T||UH2L2(U) 2 -"f“u”i?(U)a
Gronwall’s inequality and (36) imply (35). O

7.1.3. Regularity.

In this section we discuss the regularity of our weak solutions u to the
initial/boundary-value problem for second-order parabolic equations. Our
eventual goal is to prove that u is smooth, provided the coefficients of the
PDE, the boundary of the domain, etc. are smooth. The following presen-
tation mirrors that from §6.3.

Motivation: formal derivation of estimates. (i) To gain some insight
as to what regularity assertions could possibly be valid, let us temporarily
suppose u = u(x,t) is a smooth solution of this initial-value problem for the
heat equation:

37) w— Au=f inR" x(0,T]
( u=g¢ onR"x {t=0},

and assume also u goes to zero as |z| — oo sufficiently rapidly to justify the
following computations. We then calculate for 0 <t < T

frdz = (u; — Au)? dz
R~ Rn
(38) = / u? — 2Auu; + (Au)? dr

= / u? 4+ 2Dy - Duy + (Au)* dz.
Rn
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Now 2Du - Du; = %(|Dul?), and consequently

¢
]/ 2Du-Dutda:ds=/ |Du|2d$]zig.
0 JR» R N

Furthermore, as demonstrated in §6.3,
(Aw)? dg = / | D2uf? dz.
Rn Rr

We utilize the two equalities above in (38) and integrate in time, to obtain

T
sup/ |Du|2dx+f / u? 4 |D?ul? dzdt
0<t<T JR» 0 Rr

SC‘(/OT]Rnf2da:dt+/Rn |Dg|2dm).

We therefore see that we can estimate the L?-norms of u; and D?u within
R™ x (0,T), in terms of the L?-norm of f on R" x (0,T) and the L?-norm
of Dg on R™.

(ii} Next differentiate the PDE with respect to ¢ and set % := u;. Then

(39)

i — A =f inR"x (0,T]
(40) { ii=g onR"x {t=0},

for f = f;, § := u(-,0) = f(-,0) + Ag. Multiplying by &, integrating by
parts and invoking Gronwall’s inequality, we deduce:

T
sup / Iut|2d:v+/ / | Dus|? dedt
0<t<T JR® 0 JRr

(a1) .
<C (f / f2 da:dt+f |D29|2+f(-,0)2da:).
o JRe R~
But
(42) max || f(+, )l L2@e) < CIfll2®ex 0,1y + 1 fell L2®ex 0.7)))5

0<t<T

according to Theorem 2,(iii) of §5.9.2. Furthermore, writing —Au = f — u;,
we find as in §6.3 that

(43) / |D%u|? dz < C/ 2+ uldz.
Rn Rn
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Combining (41)—(43) leads us to the estimate

T
sup / Iut|2+|D2u|2dm+/ / | Du|? dzdt
0<i<T JRR" o JR»

T
<C (/ f2+ f2 dedt +] |D?g|? da:) ,
0 JR» Rn

for some constant C. O

(44)

The foregoing formal computations suggest that we have estimates cor-
responding to (39) and (44) for our weak solution to a general second-order
parabolic PDE. These calculations do not constitute a proof however, since
our weak solution of (11), constructed in §7.1.2; is not smooth enough to
justify the foregoing computations.

We will instead calculate using the Galerkin approximations. To stream-
line the presentation, we hereafter assume that {w}32 ; is the complete col-
lection of eigenfunctions for —A on H§(U), and that U is bounded, open,
with OU smooth. We furthermore suppose that

(15) { the coefficients a”/,¥’,¢ (i,7 = 1,...,n) are smooth on
U and do not depend on t.

THEOREM 5 (Improved regularity).
(i) Assume
g € Hy(U), £ € L*(0,T; L*(U)).
Suppose alsou € L?*(0,T; HY(U)), withu' € L*(0,T; H-1(U)), is the weak
solution of
u+Lu=f inUr
u=0 onoU x[0,T)
u=g onUXx{t=0}.

Then in fact
u € L*(0,T; HA(U)) N L*®(0, T; H}(U)), u’ € L*(0,T; L*(U)),
and we have the estimate

€ss iupllu(t)”Hg(U) + “u”L2(O,T;H2(U)) + Hu/HLZ(O,T;Lz(U))
(46)
< ¢ (1€l 20z + Mol
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(ii) If, in addition,
g € HX(U), £ € L*(0,T; L*(U)),
then
u € L®(0,T; H*(U)), u' € L®(0,T; L*(U)) N L*(0,T; Hy (U)),
u’ € L0, T; HY(U)),

with the estimate

ess sup([lu(®)|| 2y + WOl @) + 1Wll 20,1512 )

0<t<T
(47) Hu 20—y < CUEN 01,20y + 91l H2(0)-

Remark. Assertions (i), (ii) of Theorem 5 are precise versions of the formal
estimates (39), (44) (for the heat equation on U = R"™). |

Proof. 1. Fixing m > 1, we multiply equation (16) in §7.1.2 by d’ﬁn’(t) and
sum k =1,...,m, to discover

(u'rm um) + B[um? m] (f um)

for a.e. 0 <t <T. Now

t
Bluy,,u / E aJumxl LIS dx

1,j=1

/szummiu +cumu dx

=1
=: A+ B.

Since a¥ = a’* (i,j = 1,...,n) and these coefficients do not depend on ¢,
we see A = E( = Alup,, um]) for the symmetric bilinear form

Alu, ] ._/ Z at umlv% dr (u,v € HHU)).

t,7=1

Furthermore,

C C
|B| < ;Humlli,&w) + 6||u;n||%2(u)’ |(F, ur)| < ;”f“%ﬂ(v) + ellu;n“%ﬂ(U)

P

far an s~ N
1L Taull €© -~ V.
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2. Combining the above inequalities, we deduce

d /1
Il + 5 (5 A[um,uml)

< :(”um”i;&(m + “f“iz(u)) + 26”“:71”%2(U)

T
/0 [yt + sup_ Alun(t),unt)

T
<C (A[um(O),um(O)] + /0 [l 0y + ||f||iz(U>dt)

< C(“g”i[g(u) + “fH%?(O,T;L?(U)))’

o
9
)
)
]
>
q
_l
bo
9
1

according ] 7
acCoraiiig o Theorem 2 in 35 l.4, WIETC W

€ lam O a3y <
lgll g2 vy- As Alu,u] > 8 f; |Dul*dz for each u € H}(U), we find that

(48) Sup [ (®) 0y < Cllalzy ) + IE 220 i)

Passing to limits as m = m; — oo, we deduce u € L>®(0,T; H:(U)),
u € L%(0,T; L?>(U)), with the stated bounds; cf. Problem 5.

3. In particular, for a.e. t we have the identity
(0, v) + Blu,v] = (f,v)
for each v € H}(U). This equality we rewrite to read
Blu,v] = (h,v)

for h := f — u’. Since h(t) € L2(U) for a.e. 0 <t < T, we deduce from the
elliptic regularity Theorem 4 in §6.3.2 that u(t) € H*(U) fora.e. 0 <t < T,
with the estimate

Hull2 27 )SC(“hH%‘)/ \+”u|| ')/ \)

- WLE(U)

(49) < C(IEl7 2y + HU'Hsz) + [[ull2ry)-
Integrating and utilizing the estimates from step 2, we complete the proof
of (i).

4. The goal next is to establish higher regularity for our weak solution.
So now suppose g € H2(U) N H}(U), f € H'(0,T; L*>(U)). Fix m > 1 and
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differentiate equation (16) in §7.1.2 with respect to t. Owing to (45), we
find

=~/ ~ /
(50) (Q,,, wx) + Blam,wy] = ,wg) (k=1,...,m),
—~ . / "
where G, := u/,. Multiply (50) by d,(¢) and sum k = 1,...,m:

(&), Tin) + Bllim, ] = (£, ).

Employing Gronwall’s inequality, we deduce

T
I 2 / 2
s () + [ ol

< CIun Oz + 117200 7 22(0ry))
< CUf N3 0 1.2y + MmO 1120

(51)

We employed (16) in the last inequality.

5. We must estimate the last term in (51). Remember that we have
taken {wi}32, to be the complete collection of (smooth) eigenfunctions for
—A on H}(U). In particular, Au,, = 0 on 8U. Thus

||um(0)||§12(U) < CllAum(O)Hiz(U) = C(um(0), A%uy(0)).

Since A%u,,(0) € span{wg}?; and (U, (0),wy) = (g, wy) for k=1,...,m,
we have

lum(0)I32(2ry < Clg, A’um(0)) = C(Ag, Aum(0))

< ”um(O)Hip(U) + C"QH%—IZ(U)

b | —

Hence [[un(0)|lz2(v) < Cllgllg2()- Therefore (51) implies

T
sup |[u’ ()| +/ u |2 dt
(52) ogth” m )||L2(U) o | m||H3(U)

< CUIEI3n o mizzwy + 1902 w)-

6. Now
Blup,wi) = (f —ul,,wx) (k=1,...,m).
Let A\ denote the k'® eigenvalue of —A on H}(U). Multiplying the above
identity by Ardk,(t) and summing k = 1,...,m, we deduce for 0 < ¢t < T
that

{E2Y R(ss = — —
9o el = (f Auy,).

:‘
3
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Since Au,, = 0 on 90U, we see Blum, —Auy,| = (Luy,, —Au,). Next we
invoke the inequality

(54)  Blulpay < (Lu,—Au) +vlulbey, (ue BXU)NHAD))

for constants 3 > 0, v > 0. See Problem 8 and also the Remark following
the proof.

We thereupon conclude from (53) that

w2y < CUIElL2 @) + ol 2wy + TamllL2w))-

This inequality, (52), (48) and Theorem 3 in §5.9.2 imply

T
! 2 2 2
OE?ET(”um(t)”L?(U) + ”um(t)”H?(U)) +/0 “um”Hol(U) dt
< C(”f||2Hl(O,T;L2(U)) + ||9H2H?(U))'

Passing to limits as m = m; — 0o, we deduce the same bound for u.

7. It remains to show u” € L2(0,T; H~}(U)). To do so, take v € H}(U),
with [[v]| g1y < 1, and write v = v! + v%, as in the proof of Theorem 2 in
§7.1.2. Then for a.e. time 0 <t < T

(U%,U) = (u:;zafu) = (u;/m,vl) = (f,’vl) - B[u;ruvl;t]
according to (50), since u/, = 1q,,. Consequently

(i, )] < C(IE N 20y + g )

since [[v}|| g1 ¢y < 1. Thus

Il @) < CUE L2y + 1l 3 )

and so u/, is bounded in L?(0,T; H 1(U)). Passing to limits, we deduce
that u” € L?(0,T; H"}(U)), with the stated estimate. a

Remark. If L were symmetric, we could alternatively have taken {wy}$2 ,
to be a basis of eigenfunctions of L on H}(U), and so avoided the need for
inequality (54). a

Let us now build upon the previous regularity assertion:
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THEOREM 6 (Higher regularity). Assume
d*f
» gik
Suppose also the following m!"*-order compatibility conditions hold:
g0 :=g € Hy(U), g1 :=f£(0) — Lgo € Hy(U),
{ oy Gm = S E(0) — Lgm—1 € HY(U).

g € H*™ (1) e L2(0,T; H*?*(U/)) (k=0,...,m).

Then g
dt:: € LX0,T; H*™+2"%(1)) (k=0,...,m+1);

and we have the estimate

W L2 OT.H2m+2~2k U
(55) k=0 (’ ) ) ( ))

|| d*f
<C % + gl pzmery |
(kZ:;) A€ || L2 (o 7, r2m-2x (1) )

the constant C depending only on m, U, T and the coefficients of L.
Remark. Taking into account Theorem 4 in §5.9.2, we see that
£(0) € H>™ (1), £(0) € H>™3(U), ..., £™1(0) € HY(U),
and consequently
go € H*™ ), g, € H™ YU), ..., gm € H'(U).

The r'nmn:ahhﬂﬂ-v conditions are conse

o0
addition, each of these functions equals 0 o

Proof. 1. The proof is an induction on m, the case m = 0 being Theo-
rem 5,(i) above.

2. Assume now the theorem is valid for some nonnegative integer m,
and suppose then

drf
? d k
and the (m + 1)**-order compatibility conditions hold. Now set @ := u’.

Differentiating the PDE with respect to ¢, we check that @ is the unique
weak solution of

(56) g € H*™3(U) e L2(0,T; H*™22(U)) (k=0,...,m+1),

G+ La=F inUr
(57) =0 ondU x [0,T]
=g onUx {t=0},
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for f:= fi, §:= f(, 0) — Lg. In particular, for m = 0 we rely upon Theorem
5,(i1) to be sure that G € L(0,T; H}(U)), & € L*(0,T; H*(U)).

Qi A o oantd tha th 44 ;
oince J ana g a&ualy Liic \lu, + 1) —order compaubmuj uOI‘detIOnS, it

follows that f and § satisfy the m‘*-order compatibility condition. Thus
applying the induction assumption, we deduce

dFa

i e L0, T; H*™*+272*(U")) (k=0,...,m+1)
and
& | dka
2 |G | 2o gogpsm v svi0)

.
e + 119 zzm+1 0y
k=0 L2(0,T;H2m—2k(()))

for f := f’. Since @1 = W/, we can rewrite the foregoing:

dk
3 e L*(0,T; H2m+4—2k(U)) k=1, ,m+2),
d®u
(58) d’u
; dtk L2(0,T; H2m+4-2k(U)))
S C - + ||f(0)”H2m+l U + lng||H2m+1 U
(; dtF L2(0,T;H2m+2-2k(1))) U} )

O || dkE
<C — + lgll zm+3ry | -
(kz'::o dt* L2(0,T;H2m+2-2k(U)) )
Here we used the estimate
(59) I£(O) | grzme+10ry < CUIEN 20,7 52m+20y) + € 20,1027 (1)) )

which follows from Theorem 4 in §5.9.2.
3. Now write for ae. 0 < ¢t < T: Lu = f —u =: h. According to
Theorem 5 in §6.3.2, we have
[ull r2m+ary < CIBl| gomsz@y + ullLz))
< C(|Ifll gzmrzy + 0]l gzmyzy + ull L2rr))-
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Integrating with respect to ¢ from 0 to T" and adding the resulting expression
to (58), we deduce

k=0 dtk L2 (O,T;H2m+4'2k(U))
(60)
m+1 dkf
<o(X |5 lglressn + Nlsossy )
kz=0 dtk L2(0,T;H2m+2—2"‘(U)) ( ) L (O’T’L (U))
Since
Il 20, m:2(vy) < CUIEl 20,20y + llgllz2 @)
we thereby obtain the assertion of the theorem for m + 1. O

THEOREM 7 (Infinite differentiability). Assume
ge Cm(ﬁ)7 f € COO([‘]T)’

and the m**-order compatibility conditions hold form = 0,1,... . Then the
parabolic initial/boundary-value problem (11) has a unique solution

o0 f

u € C°(Ur).

Proof. Apply Theorem 6 for m =0,1,... . O

As we did for elliptic operators in Chapter 6, we have succeeded in
repeatedly applying fairly straightforward “energy” estimates to produce a
smooth solution of our parabolic initial/boundary-value problem (1). This
assertion requires the compatibility conditions (53) hold for all m, and it is
easy to see that these conditions are necessary for the existence of a solution
smooth on all of Uy.

Remark. Interior estimates, analogous to those developed for elliptic PDE
in §6.3.1, can also be derived, and these in particular do not require the
compatibility conditions. O

7.1.4. Maximum principles.

This section develops the maximum principle and Harnack’s inequality
for second-order parabolic operators.
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a. Weak maximum principle.

We will from now on assume that the operator L has the nondivergence
form

(s n
(61) Lu=- a%uz; + > bug, +cu,
ig=1 i=1

where the coefficients ¥, b%, ¢ are continuous. We will always suppose the
uniform parabolicity condition from §7.1.1, and also that o™ = a’* (,j =
1,...,n). Recall also that the parabolic boundary of Ur is I'r = Ur — Ur.

THEOREM 8 (Weak maximum principle). Assume u € C3(Ur) N C(Ur)
and

(62) c=0 inUr.

(i) If
(63) uy + Lu <0 in Up,

then
maxy = maxu
[_fT I-‘T

(ii)) Likewise, if

(64) u+Lu>0 inUr,

then

miny = minu.
UT I-\T

Remark. A function u satisfying the inequality (63) is called a subsolution,
and so we are asserting that a subsolution attains its maximum on the
parabolic boundary I'r. Similarly, u is a supersolution provided (64) holds,
in which case u attains its minimum on I'r. O

Proof. 1. Let us first suppose we have the strict inequality
(65) ur+ Lu <0 in Ur,

but there exists a point (o, ) € Ur with u(zo,?p) = maxy,. u.
2. If 0 < tg < T, then (z¢,ty) belongs to the interior of Ur and conse-
quently

(66) u =0 at (.’L‘g,to),
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since 1 attains its maximum at this point. On the other hand Lu > 0 at
(zo,%0), as explained in the proof of Theorem 1 in §6.4. Thus u; + Lu >
0 at (zg,%g), a contradiction to (65).

3. Now suppose tg = T. Then since u attains its maximum over Ur at
(xo,t0), we see
ue >0 at (z9,%0).

Since we still have the inequality Lu > 0 at (zg, %), we once more deduce
the contradiction
up +Lu>0 at (Io,to).

4. In the general case that (63) holds, write u*(z,t) := u(z, t) — et where
€ > 0. Then
u§+Lu€:ut+Lu—e<O in Up,

and so maxp, u¢ = maxr, u‘. Let € — 0 to find maxy, v = maxp, u. This
proves assertion (i).

5. As —u is a subsolution whenever u is a supersolution, assertion (ii)
follows at once. O

Next we allow for zeroth-order terms.

TT—TEOBFM 9 (Weak maximum principle for ¢ > 0). Assume u € C2(Ur)
NCUr) an
c>0 wmUrp
i)y If
u + Lu <0 in Up,
then
maxu < maxu™.
Ur I'r
(ii) If
u+Lu >0 in Up,
then

minu > —maxu .
Ur I'r

Remark. In particular, if u; + Lu = 0 within Uy, then

max |u| = max |u|.
Ur Cr



370 7. LINEAR EVOLUTION EQUATIONS

Proof. 1. Assume u satisfies
(67) uy+Lu<0 inUr

and attains a positive maximum at a point (zg,ts) € Ur. Since u(zo,to) > 0
and ¢ > 0, we as above derive the contradiction

u+Lu>0 at (xo,1p).

2. If instead of (67), we have only
ur+ Lu <0 in Ur,
then as before u®(z,t) := u(x,t) — et satisfies
u; + Lu* <0  in Ur.

Furthermore if v attains a positive maximum at some point in Ur, then u¢
also attains a positive maximum at some point belonging to Ur, provided
e > 0 is small enough. But then, as in the previous proof, we obtain a
contradiction.

3. Assertion (ii) follows similarly. O

Remark. Unlike the situation for elliptic PDE, various versions of the max-
imum principle obtain for parabolic PDE, even if the zeroth-order coefficient
is negative: see Problem 7. O

b. Harnack’s inequality.

Harnack’s inequality states that if v is a nonnegative solution of our
parabolic PDE, then the maximum of u in some interior region at a positive

time can be estimated b

Vadidw Wwilbad AU WO VALIGRUNAL WY vaau

time.

the minimum of ¢ in the same reeion af a lafer

iaiis Al vidv OCUiAIT AR alsas

THEOREM 10 (Parabolic Harnack inequality). Assume u € C%{Ur)
solves

(68) u+Lu=0 inUr,

and
>0 inUr.
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Suppose V. CC U is connected. Then for each 0 < t; < ta < T, there erists
a constant C such that

(69) supu(-,t1) < Cinfu(-,t2).
1% 1%

The constant C' depends only on V, t1,t2, and the coefficients of L.

This is true if the coefficients are continuous, or even merely bounded
and measurable; see Lieberman [LB]. We will however provide a proof only
for the special case that 5 = ¢ = 0 and the a¥ are smooth (i,5 =1,...,n).
The following computations are elementary, but fairly tricky.

Proof*. 1. We may assume u > 0 in Ur, for otherwise we could apply the
result to u + € and then let ¢ — 0%,

Set
(70) v:=logu in Ur.

Using (68), we compute

n

(71) v = E 0" Vg5, + a7 vg vy, in Ur.
t,j=1
Define
mn n
— iJ ~ e (¥ .
(72) w = g 0 Vg;z,, W= E 0" vz, Uy,
ij=1 ij=1

so that (71) reads
(73) vy = w+ w.

2. We calculate using (72), (73) that for k,/=1,...,n:

n
Vepzit = Wz + E 20" Vy;2,2,Vx; + 20 J'Uximk'uxjrz + R,
i,j=1

where the remainder term R satisfies an estimate of the form

(74) |R| < €| D*v|2 + C(e)|Dv|* + C
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for each € > 0. Thus

n
ki ki
wy = E A" Vz gt + Gf Uz, g

kl=1
K n

_ kl 9 ij

= Q" Wy z, + ™ Vg, Wy,
kl=1 i,j=1

+ 2 E a gk vzzmkv%ml+R,
1,7,k,i=1

where R now denotes another remainder term satisfying estimate (74).
Therefore choosing € > 0 small enough in (74) and remembering the uniform
parabolicity condition, we discover

(75) Z aFwe,z, + Zbkwmk_ 8*|D*v|> — C|Dv? -
k=1
where
(76) b* = —2Zaklvrl (k=1,...,n).
=1

3. Estimate (75) is a differential inequality for w, and our task next is to
obtain a similar inequality for @. Indeed, using (72) and (71) we compute

n n n
~ kl ~ z ij ki
wy — a Wy, = 2 a ]’U.’L‘i (Ut:cj - a 'Ua:ka:za:])

kl=1 ij=1 k=1

n
g kil
-2 Z a” ™ Vg2, Ve,0, + R,
1,7,k,i=1

R yet another remainder term satisfying (74) for each € > 0. Recalling (71)

and (76), we simplify to discover:

kl ~ k ~
-3 i+ Y,

(77) k=1
> —C|D%|? - C|Dv|2 ~C  inUp.

4. Next set

&
5
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k > 0 to be selected below. Combining (75) and (77), we deduce

T’L n 2
\ . ks, 1k, 6° 2 2 12
(79} k:l lu u./a;k_q;l Tk: 1U wzk 2 _2'ED UI =CIDU| _C

provided 0 < k < % is now fixed to be sufficiently small.

5. Suppose next V CC U is an open ball and 0 < ¢; < t; <T. Choose
a cutoff function { € C*°(Ur) such that
{OSCSL ¢=0onTIT,

(80) ¢(=1lonV x [t,t].

Note that ¢ vanishes along {t = 0}.
Let 1 be a positive constant (to be adjusted below), and assume then

(81) ¢4 + ut attains a negative minimum

at some point (zg,to) € U x (0,T).
Consequently
(82) (g, + 4z W =0 at (zo,t0) (K=1,...,n).

In addition

n

0> (¢* + pt); — L a* (¢t + )z, 2,  at (zo,to).

Hence at (Z‘O,to):
n n R
(83) 0>pu+(t (wt — Z aklfuzkml) -2 Z a® (N, e, + R,
k=1 k=1
where
(84) |R| < CCPlw).
Recall now (79) and (82):

02,u+§4( |D*v|? — C|Dv|* = C — Zbszk) +R,
k=1

R another remainder term satisfying estimate (84). Utilizing (82) and (76),
we deduce

2 -
(85) 0> pt ¢t (%w%ﬁ _ C|Dof? —c) LR



374 7. LINEAR EVOLUTION EQUATIONS

where now
(86) |R| < C¢*liv| + CC*| Dol |-

Remember that (85), (86) are valid at the point (x¢,to) where (*@& + ut
attains a negative minimum. In particular, at this point @ = w + kW < 0.
Recalling the definition (72) of w,®, we deduce

(87) |Dw|? < C|D%|,

and so

li| < C|D%*| at (zo,10)-
Consequently (86) implies the estimate
(88) |R| < C*|D%| + C'C3|D2 > < e¢*|D*]? + Cle),

) VTP, i ~ 4=r —zrid - £ Ty O LY. P! san ~F
QULE > l,l y Wlbll € 1ITOoIn SD. 4. lVld:hlllé use o1

1
it 1 1
85), (87), (88) we at las dlscover contradiction to (81), provided p is

6. Therefore ¢*® + ut > 0 in Ur, and so in particular
W+ put>0 inV X [t
Using (73), we deduce then that
(89) v, > alDv]? =B inV x [t,ts]
for appropriate constants a, 3 > 0.

7. The differential inequality (89) for v = logu now leads us to the
Harnack inequality, as follows. Fix z,,22 € V, to > t;. Then

1
d
v(za, t2) — v(z1,t1) = / E’u(sxg + (1 —5)xy,sts + (1 —s8)t1)ds
0
1
= / Dv - (332 — .’131) + ’Ut(tg — tl)ds
0

1
> / —|Dv| |22 — 71| + (t2 — t1)[e| Do|? — 8] ds by (89)
0

2 s
where v depends only upon «, 3, |x1 — z2|, [t1 — t2]. Thus (70) implies
log u(za,t2) > logu(z,t1) — v
and so
u(za,t2) > e Tulxy, ).

This inequality obtains for each z1,z2 € V, and so (69) is valid in the case
V is a ball. In the general case we cover V CC U with balls and repeatedly
apply the estimate above. O
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Rﬂ

Parabolic strong maximum principle

c. Strong maximum principle.
Now we employ Harnack’s inequality to establish

THEOREM 11 (Strong maximum principle). Assume u € CZ(Ur) N
C(UT) and
c=0 inUr.

Suppose also U is connected.
(i) If
uy+Lu<0 wmUp
and u attains its maximum over Ut at a point (xg,ty) € Ur, then
u is constant on Uy,.
(ii) Likewise, if
us+Lu>0 inUr
and u attains its minimum over Ur at a point (xo,to) € Ur, then

u 18 constant on Uy,.

Remark. Thus our uniformly parabolic partial differential equations sup-
port “infinite propagation speed of disturbances”. O

We will for the following proofs assume that v and the coefficients of L

are in fact smooth.
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Proof. 1. Assume u; + Lu < 0 in Ur, and u attains its maximum at some
point (zg,%) € Ur.
Select a smooth, open set W CC U, with zo € W. Let v solve

vi+Lv=0 in Wr
v=u onAr,

where A7 denotes the parabolic boundary of Wr.

Then by the weak maximum principle u < v. Since

u<v< M,

for M := maxp, u, we deduce that v = M at (zo,to).

2. Now write © := M — v. Then, since ¢ = 0, we have
(90) G+ Lo=0 >0 inWr.
Choose any V CC W with g € V, V connected. Let 0 < ¢t < tp. Then
owing to the Harnack inequality,
(91) m‘r}mxf)(-,t) < Cir‘}fﬁ(~,t0).
But infy 9(-,20) < ¥(xo,ts) = 0. As ¥ > 0, (91) therefore implies ¥ = 0 on
V x {t}, for each 0 < t < tp. This deduction holds for each set V' as above,

and so ¥ = 0 in Wy,. But therefore v = M in Wy,. As v = u on Ar, we
conclude w = M on W x [0, ¢g].

This conclusion holds for all sets W as above, and therefore ©u = M on

U, 0
THEOREM 12 (Strong maximum principle for ¢ > 0). Assume u €
C3(Ur)NnC(Ur) and

Suppose also U 1is connected.

(i) If
u+Lu<0 inUy

and u attains a nonnegative mazimum over Ur at a point (xg,t) €
Ur, then

(il) Similarly, if
ug+Lu>0 inUr
and u attains a nonpositive minimum over (:’T at a point (zg,tg) €

Ur, then
u s constant on Uy,.
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Proof. 1. As above, set M := maxy_u. Assume M >0, us + Lu < 0 in
Ur, and u attains this maximum of M at some point (zo,%) € Ur.

If M = 0, the foregoing proof directly applies, as then
hw+Lo=0,0v>0 in Wr.

2. Assume instead that M > 0. Select as in the previous proof a smooth,
open set W CC U, with zop € W. Now let v solve

v+ Kv=0 inWpr
v=u" omnAr,

where
Kv:=Lv —cv.

Note 0 < v < M. Since u; + Ku = —cu < 0 on {u > 0}, we deduce
from the weak maximum principle that u© < v. As before it follows that
v = (xg, to)-

2. Now write ¥ := M —v. Then, since the operat

term, we have
U+ Kv=0,v>0 in Wr.

Select any V CC W with 2o € V, V connected. Let 0 < t < t3. Then the
Harnack inequality implies as above that v = ™ = M on W x [0, p]. Since
M > 0, we conclude that u = M on W x [0, tg].

This deduction is valid for all sets W as above, and therefore « = M on
Ui, O

7.2. SECOND-ORDER HYPERBOLIC EQUATIONS
Second-order hyperbolic equations are natural generalizations of the wave
equation (§2.4). We will build in this section appropriately defined weak
solutions, and study their uniqueness, smoothness and other properties. It
is interesting, given the utterly different physical character of second-order
parabolic and hyperbolic PDE, that we can provide rather similar functional
analytic constructions of weak solutions.

7.2.1. Definitions.
a. Hyperbolic equations.

As in §7.1 we write Ur = U x (0,T], where T > 0 and U C R" is an
open, bounded set.



378 7. LINEAR EVOLUTION EQUATIONS

We will next study the initial/boundary-value problem
uy +Lu=f inUr
(1) u=0 ondlU x[0,T)
u=g,u=h onlUx {t=0},
where f : Ur = R, g,h: U — R are given, and u : Ur — R is the unknown,
u = u(z,t). The symbol L denotes for each time ¢ a second-order partial

differential operator, having either the divergence form
n

(2) Lu=— 2_: (a¥(, t)uml.)Tj_ + z_: b (x,t)ug, + c(x, t)u
i=1

i,7=1
or else the nondivergence form
n

n
(3) Lu=— Y a”(x,t)uga, + Y (,t)uz, + oz, t)u

3,J=1 i=1

for given coefficients a¥,b%,c (1,7 = 1,...,n).

DEFINITION. We say the partial differential operator 6%25 + L is (uni-
formly) hyperbolic if there exists a constant 8 > 0 such that

(4) >~ a¥l(x,1)6:8; > OI¢P
i,j=1
for all (z,t) € Ur, £ € R™.

If a¥ = 6,8 =c = f =0, then L = —A and the partial differential
equation becomes the wave equation, already studied in Chapter 2. General
second-order hyperbolic PDE model wave transmission in heterogeneous,
nonisotropic media.

b. Weak solutions.

As before, in §6.1.2 and §7.1.1, we first assume L has the divergence
form (2) and look for an appropriate notion of weak solution for problem
(1). We will suppose initially that

(5) a6, ce CY(Ur) (i,j=1,...,n),
(6) f € L*(Ur),

™) g€ H(U), he I°(U),

and always assume a” = a’* (i,j =1,...,n).

As in §7.1.1, let us also introduce the time-dependent bilinear form

n n
(8) Blu,v;t] ::/U Z aij(-,t)umivmj + Zbi(-,t)umiv + (-, tyuv dz
) i=1

i,j=1
for u,v € H}{(U)and 0 <t < T.
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Motivation for definition of weak solution. We begin by supposing u =
u(z,t) to be a smooth solution of (1) and defining the associated mapping

u: (0,7 — Hi(U),

by
[u®)(z) :==ulz,t) (xe€lU, 0<t<T).

We similarly introduce the function
f£:[0,T] — L*(U)
defined by

[f@®)l(z) = f(z,t) (z€VU, 0<t<T)

Now fix any function v € H}(U), multiply the PDE wuy; + Lu = f by v,
and integrate by parts, to obtain the identity

(9) (u’,v) + Blu,v;#] = (£, v)

for 0 < t < T, where ( , ) denotes the inner product in L2(U/). Almost
exactly as in the parallel discussion for parabolic PDE in §7.1.1, we see from
the PDE U + Lu= f that

n
upy = g° + Z g_ij
=1

for g% := f— 37 bu,, —cuand ¢/ ;=3 1 a¥u,, ( =1,...,n). This
suggests that we should look for a weak solution u with u” € H~1(U) for
a.e. 0 <t < T, and then reinterpret the first term of (9) as (u”,v), (, )
denoting as usual the pairing between H~1(U) and H(U). )

DEFINITION. We say a function

u € L2(0,T; HX{U)), with v’ € L*(0,T; L3(U)), u” € L*(0,T; H }(V)),

is a weak solution of the hyperbolic initial/boundary-value problem (1) pro-
vided

(i) (0", v) + Blu,v;t] = (f,v)

for each v € H:(U) and a.e. time 0 <t < 7T, and
(ii) u(0) =g, W'(0) =h.
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Remark. In view of Theorem 2 in §5.9.2, we know u € C{|[0,T]; L*(U))
and u' € C([0,T]; H (U)). Consequently the equalities (ii) above make
sense. a

7.2.2. Existence of weak solutions.

a. Galerkin approximations.

By analogy with the approach taken in §7.1.2 we will construct our weak
solution of the hyperbolic initial /boundary-value problem

’U.tt+LU=f iIlUT
(10) u=0 ondU x[0,7T]
u=g,uy=h onUx{t=0}

by first solving a finite dimensional approximation. We thus once more
employ Galerkin’s method by selecting smooth functions wy = wi(z) (k =
1,...) such that

(11) {wk}2 is an orthogonal basis of Hy(U)
and
(12) {wg}$2, is an orthonormal basis of L2(U).

Fix a positive integer m, and write
m
(13) Unt) 1= 3 i (t)un,

where we intend to select the coefficients d%,(¢t) (0 <t < T, k=1,...,m)
to satisfy

(14) dfn(o) = (g, w) (k =1,... am)»
(15) dc'(0) = (h,wr) (k=1,...,m),
and

(16) (ul,,wg) + Blum,wi;t] = F,wx) (0<t<T, k=1,...,m).

THEOREM 1 (Construction of approximate solutions). For each integer
m = 1,2,..., there erists a unique function u,, of the form (13) satisfying
(14)—(16).
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Proof. Assuming u,, to be given by (13), we observe using (12)

(17) (u,(t), wy) = a5 (2).

Furthermore, exactly as in the proof of Theorem 1 in §7.1.2, we have

Blup, wi; t] = f:e"”(t)diz(t)
=1

for e*(t) := Blw;, wy;t] (k,1 =1,...,m). We also write f*(t) := (f(t), wy)
(k =1,...,m). Consequently (16) becomes the linear system of ODE

m
(18) @)+ Y Mwd. ) =rt) (0<t<T, k=1,...,m),
=1
subject to the initial conditions (14), (15). According to standard theory for
ordinary differential equations, there exists a unique C? function d,(t) =
(dL.(t),...,d7(t)), satisfying (14), (15), and solving (18) for 0 <t < T.
g

b. Energy estimates.

Our plan is hereafter to send m — oo, and so we will need some esti-
mates, uniform in m.

THEOREM 2 (Energy estimates). There exists a constant C, depending
only on U, T and the coefficients of L, such that

oBax, (Ilum(t)llm ) + g (¢ )IIsz)) SN Fryn——

, e - \
(19) C (Ifllz2mszzwy + 9l gy wy + IAllz2w) ) 5
form=12,...

Proof. 1. Multiply equality (16} by df,’,(t), sum k = 1,...,m, and recall
(13) to discover
(20) (up,, u) + Blum, up; 8] = (f,ur,)

for a.e. 0 <t < T. Observe next (u,,ul,) = %(%”‘1;11”%2((]))- Furthermore,
we can write

i
um)um’ / E :aJumwz m:c dr

i,j=1

+ / Z b U 2, U0, + CUpUL, dT
U

i=1

=: By + Bs.

(21)
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Since a®? = a’* (i,7 =1,...,n), we see

(22) B, = dg( um,um,tj) jU L a Uy 2, U z; 4T,

i,J=1

t\DI»—-l

for the symmetric bilinear form

Alu,v; t] —-/ Z at ug;lvgcJ dz (u,v e Hy(U)).

3,7=1

The equality (22) implies

d (1
(23) B; > 7 (§A[um, um;t]) — C||um||%{(1)(U),
and we note also
(24) 1Bal < Cllumlys oy + Ml

Combining estimates (20)—(24), we discover

d
= (i l22q0) + Al wmit]) < € (Inliaq) + lomlg ) + 112
(25) < C (1l + Alttmy i ] + €120 )

where we used the inequality
(26) 6 [ 1DuPds < Awuit] (we HY@)),
U

which follows from the uniform hyperbolicity condition.

2. Now write

(27) n(t) = [un(B)|72) + Alum(t), um(t); ]
and
(28) £(t) == €)1 22 0r)-

Then inequality (25) reads

7' (t) < Cin(t) + C26(t)
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for 0 < t < T and appropriate constants C1, C>. Thus Gronwall’s inequality
(§B.2) yields the estimate

(29) n(t) < O (n(m e [ &) ds) 0<t<T).
However

7(0) = [l (0)2217) + Alum(0), um(0); 0]
< C (Ihsw) + ol o)

according to (14) and (15) and the estimate |[um (0)[| g2 ) < 19/l 73y~ Thus
formulas (27)—(29) provide the bound

e ()220, + Alttm (), wn(2);
2
< € (gl 0y + WA1220y + €12 202,020 ) -
Since 0 < ¢t < T was arbitrary, we see from this estimate and (26) that

(”um(t)”HI((j) + ||u (t )”%2(U))

< C(”QH%;&(U) + [l 22wy + 1€ 22 0.7, L20)) -

0<t<T

3. Fix any v € Hg(U), |[vllgiy < 1, and write v = v! + v, where
v! € span{wy}7, and (v, w) = 0 (k = 1,...,m). Note |jv! ||H3(U) <1
Then (13) and (16) imply

(Wi, ) = (up,v) = (up,v') = (£,v") = Blum, v';1].

Thus
[(u, )] < CUIEll L2y + laml g )

since ||v}) miw) S 1. Consequently

T
[ Byt < € / 1y + il oy

< C(“Q“H&(U) + IRlZ2 ) + IE0Z20 102 0y)) -
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c. Existence and uniqueness.
Now we pass to limits in our Galerkin approximations.

THEOREM 3 (Existence of weak solution). There exists a weak solution
of (1).
Proof. 1. According to the energy estimates (19), we see that the se-
quence {um}%_; is bounded in L%(0,T; H}(U)), {u,}3_, is bounded in
L2(0,T; L2(U)) and {ul,}°_, is bounded in L2(0,T; H 1(U)).

As a consequence there exists a subsequence {um, };o; C {um},,—; and
u € L2(0,T; HY(U)), with u' € L?(0,T; L3(U)), v’ € L*(0,T; H 1(U)),
such that

un,, —u  weakly in L2(0,T; H}(U))

(30) w,, —u  weakly in L*(0,7; L*(U))
w), —u” weakly in L*(0,T; H-1(U)).

2. Next fix an integer N and choose a function v € C1([0, T|; H3 (U)) of
the form

N
(31) v(t) =) di(tu,
k=1
where {d*}&_, are smooth functions. We select m > N, multiply (16) by
Ak N i Lo 1 1, AP, RS U U U T, F e T TR S T £
[ \b}, SUlit & — 1,...,4,1V, allU LIS LHILCELALE WILIL 1S3PE0CL WU L, LU UIBLUVEL
T T
/90N f A/ A U » ] oo 41 12 / £ .\ s
\04} j \um,v —1—D{um,V,LJub—j \1,Vv)ul
0 0

We set m = my and recall (30), to find in the limit that
T T
(33) f (0”,v) + Blu,v;t]dt = / (f,v)dt.
0 0

This equality then holds for all functions v € L2(0,T; H}(U)), since
functions of the form (31) are dense in this space. From (33) it follows
further that

(u”,v) + Blu,v;t] = (f,v)

for all v € HA(U) and a.e. 0 < t < T. Furthermore, u € C([0,T]; L*(U))
and u’ € C([0,T]; HY(U)).

3. We must now verify

(34) u(0) =g,
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(35) u'(0) = h.

For this, choose any function v € C?([0,T]; H}(U)), with v(T) = v/(T) = 0.
Then integrating by parts twice with respect to ¢ in (33), we find

T T
f(v",u)+B[u,v;t]dt:/ (f,v)dt
6 0
— (u(0),v'(0)) + (u'(0), v(0)).

(36)

Similarly from (32) we deduce

— (um(O),v’(O)) + (u,/m(())’v(())) .

We set m = my; and recall (14), (15) and (30), to deduce

T T
(37) fo (v",u) + Blu, v;t]dt = /0 (£, v)dt — (g,v'(0)) + (h,v(0)).

Comparing identities (36) and (37), we conclude (34), (35), since v(0), v/(0)
are arbitrary. Hence u is a weak solution of (1). a

Remark. Recalling the energy estimates from Theorem 2, we observe that
in fact u € L®(0, T; H (U)), v’ € L®(0,T; L*(U)), u” € L*(0,T; H~1(U)):
see Theorem 5 below. O

THEOREM 4 (Uniqueness of weak solution). A weak solution of (1) is
unique.

Remark. The following tricky demonstration would be greatly simplified
if we knew u'(t) itself were smooth enough to insert in place of v in the
definition of weak solution. This is not so, however. O

Proof. 1. It suffices to show that the only weak solution of (1) with f =
g=h=0is

(38) u=0.
To verify this, fix 0 < s < T and set

ffu(r)dr if 0<t<s
v(t) ;= .
0 if s<t<T.
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Then v(t) € H}(U) for each 0 <t < T, and so
. 3
/ (u”,v) + Blu,v;t]dt = 0.
0

Since u’(0) = v(s) = 0, we obtain after integrating by parts in the first term
above:

(39) /03 —(u,v') + Blu, v;t]dt = 0.

Now v = —u (0 <t < 5), and so

Thus
[ —d~ /1"u"2 — lB'v v t1\dz = — [ Clu,v;t] + Dlv,v;t|dt
./Gdtkzll “LZ(U) 2[7’J) /0 (a, Vvt [V, V] at,
where
no 1
Cluyvit] = [ Y blupu+ Zbipuvde
Ju 2
and

1 n ')
Dluy,v;t] := 5 /Uz;l Qyj 1z, Uz, + ; b tuz; v + ciuv dx,

for u,v € H}(U). Hence
1 \ 1 s
5@)z2w) + 5BV(0),v(0); 2] = - A Clu,v;t] + Dlv, v;t] di,
and consequently
() VO 1 0

(40) ,
< c( /0 VI3 ) + Il Zaqydt + ||v(0)||§2(u))_

2. Now let us write

w(t) = /t u(r)dr (0<t<T);
0
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whereupon (40) becomes
()22 1 + W ()2
(41) < o( [ 1) = W)y + Ol e + nw(s)niz(u))-

But [w(t) —w(s)% ) < 2Ol )+ 25 gy e and Wl 3y <
o lla(t)l| L2y dt. Therefore (41) implies

)2y + (2 = 2000wy < O [ Wiy + ot

Choose T} so small that
1-21Ch >

[N

Then if 0 < s < T, we have

3
(o) ey + WOy <€ [ Tl + I1wlyde
Consequently the integral form of Gronwall’s inequality (§B.2) impliesu = 0
on [0,T1].

3. We apply the same argument on the intervals [T1,2Th], [271,371],
etc., eventually to deduce (38). O

7.2.3. Regularity.

As in our earlier treatments of second-order elliptic and parabolic PDE,
the next task is to study the smoothness of our weak solutions.

Motivation: formal derivation of estimates. (i) Suppose for the mo-
ment u = u(z,t) is a smooth solution of this initial-value problem for the

wave equation:
uy — Au=f inR" x (0,T]
u=g,us =h onR"x {t=0},

and assume also u goes to zero as |x| — oo sufficiently rapidly to justify the
following calculations. Then as in §2.4.3, we compute

i ( / [Du[2 + u? dx\ =2 / Du - Duy + uguy dz
at \JRr» / JRn
=2/ ut(utt—Au)dx:2 / utfda:
JR» JR

< / ufdx+f f2dz.
JRr JRe
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Applying Gronwall’s inequality, we deduce

(42) sup f lDu|2+u,da:<C( / / fﬁdxdt+/ |Da|2+h2dx\
o<t<T JRn \Jo Jrn~ Jr»

with the constant C' depending only on T.

(ii) Next differentiate the PDE with respect to ¢ and set @ := u;. Then
iy — A =f inR" x (0,T]
{a=g, y=h onR"x {t=0},
for f:= fy, §:=h, h:= ug(-,0) = f(-,0) + Ag. Applying estimate (42) to

u, we discover

sup / |Duy|? + w2, da

(43)

0<t<T
(44) T
50(/ [ spasa | ID29|2+thl2+f(-,0)2dx)-
o JRe R
Now
(45) OlgltagCTHf( Ollzzmey < CUIfllez@ex0.1)) + 1fell L2®e x0.1)))s

according to Theorem 2 in §5.9.2. Furthermore, writing —Au = f — uy, we
deduce as in §6.3 that

(46) / |D?ul? dz < C/ 2442 dx
Rr R~
for each 0 <t < T. Combining (44)—(46), we conclude

sup / |D?u? + | Dug|? + 4, dx
0<t<T JRn
(47)

T
< C’(/ f2+ f* dadt +/ |D?g|? + |Dh|2da;),
0 /R R~
the constant C' depending only on T. O

This estimate suggests that bounds similar to (42) and (47) should be
valid for our weak solution of a general second-order hyperbolic PDE.

We will calculate using the Galerkin approximations. To simplify the
presentation, we hereafter assume that {wx}3>, is the complete collection
of eigenfunctions for —A on H}(U), and also that U is bounded, open, with
AU smooth. In addition we suppose
(48) " the coeflicients a¥, 6% ¢ (i,5 = 1,...,n) are smooth on

{ U and do not depend on t.
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THEOREM 5 (Improved regularity).

(i) Assume
g € Hy(U), he L*(U), f € L*(0,T; L*(V)),

and suppose also u € L*(0,T; Hy(U)), with o' € L*(0,T;L*()), u”" €
L2(0, T; H-\(U)), is the weak solution of the problem

(ug+Lu=f inUr
(49) u=0 ondlU x[0,T]
u=g,u=h onlUx{t=0}.
Then in fact
u € L*(0,T; Hy(U)), u' € L®(0,T; L*(V)),

and we have the estimate

ess sup (|[u(t)|| gz w) + W' ()l 2w))
(50) 0<t<T
< ClEll 20, L2wy) + N9l ma oy + IhllL2wy)-

(ii) If, in addition,
g€ H*(U), he Hy(U), f' € L*0,T; L*(U)),
then

u e L®(0,T; H*(U)), w' € L>(0,T; HY(U)),
u” € L*(0,T; L*(U)), u” € L*0,T; H-\(U)),

with the estimate:

ess sup (|[u(®)l|lg2w) + o' @l gy w) + 10" Ol 22w))
(51) 0<t<T

+ 10"l 20,151 wy) < CUEN 0.7 L200y) + gl 2wy + [1Rll g uy)-

Remark. Assertions (i), (ii) of this theorem are precise versions of the
formal estimates (42), (47) (for the wave equation in U = R™). a
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Proof. 1. In the proof of Theorem 2, we have already derived the bounds
sup (flum(t)|| gy + W @)l z2w))
(52) o<t<T
< C(lfll 2o, p2wy) + 19l 30y + Al L2@))-

Passing to limits as m = m; — oo, we deduce (50).

2. Assume now the hypotheses of assertion (ii). Fix a positive integer m,
and next differentiate the identity (16) with respect to t. Writing G, := u/,
we obtain

~I, "’I A — ’ are . — s sl
(53) (ﬁm,wk)+B{ m,wk:] = (f,wk) (rIC— 1,...,uu).
. . " . .
Multiplying by d¥," (t) and adding for £ = 1,...,m, we discover
~t ] ~ ~ } !
(54) (U, B) + Bllm, Uy,] = (F, @)

Arguing as in the proof of the energy estimates, we observe

d

(55) E(”ﬁm”iz(u) + Al Gm))

< C(Hﬁ;n"%z(y) + Alfim, Gm] + ”f,”iz(U))v

the bilinear form A[, ] defined as before.

3. Now
(56) Blum,wy) = (£ —ul,we) (k=1,...,m).
Recall we are taking {w,}52, to be the complete collection of eigenfunctions
for —A on H}(U). Multiplying (56) by Axd%, (t) and summing k = 1,...,m,
we deduce
(57) Blug, —Aug] = (f —u),, —Auy,).
Since Au,, = 0 on 8U, we have
(58) Blupm, —Aup] = (Lup, —Aun).
Next we employ the inequality
(59 Bllulng < (L, —u) +lullag, (€ H(U) N HO))

see Problem 8. We deduce from (56)—-(59) that
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Using this estimate in (55), recalling @,, = u/,, and applying Gronwall’s
inequality, we deduce

sup (lam ()2 ey + 10t (O 0y + 100 (O30
(61) Ose<T
< C(”f’ﬁ{l(o,T;B(U)) + ”9”%{2((1) + ”h”%{l(U))-

Here we estimated |[up(0)|| g2y < Cllgllu2(vy, as in the proof of Theorem
5 in §7.1.3.

Passing to limits as m = m; — 0o, we derive the same bound for u.

4. As in the earlier proof of Theorem 5 in §7.1.3, we likewise deduce
u” € L2(0,T; HY(U)), with the stated estimate. O

Remark. If L were symmetric, we could alternatively have taken {w}3,
to be a basis of eigenfunctions of L on H}(U), and so avoided the need for
inequality (59). O

Now let m be a nonnegative integer.
THEOREM 6 (Higher regularity). Assume
g € H™(U), h € H™(U),
{ m £€L20,T; H™*(U)) (k=0,...,m).
Suppose also the following m'*-order compatibility conditions hold:

go:=g € H}(U), h1 :=h € H}(U),...,

(62) go = L (,0) — Loy € HY(U) (i m = 21)
harrr = Sy £(,0) — Lhgy_; € HX(U) (if m=2l+1).
Then
dk
(63) € L¥(0, T; H""F(U)) (k=0,...,m+1),

dt*

and we have the estimate

Hm+1—k:(U)

d*f
dik

. dt

+ gl emsr vy + thlnm(u)) .
LA(0,T;H™ =k (U))
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Remark. In view of Theorem 2 in §5.9.2, we see that

(65) £(0) € H™Y(U), f'(0) € H™2(U),..., £§™2(0) € HY(V),
and consequently

g0 € H™Y(U), hy € H™(U), g2 € H" }(U), hg € H™(U),
o, gu € HY(U) (if m=21), hypy € H(U) (if m =20+ 1).

The compatibility conditions are consequently the requirements that, in
addition, each of these functions equals 0 on 98U, in the trace sense. 0O

(66)

Proof. 1. The proof is by an induction, the case m = 0 following from
Theorem 5,(i) above.

2. Assume next the theorem is valid for some nonnegative integer m,

and suppose
{ g € H™2(U), h € H™(U),

67
(67) %€L2(O,T;Hm+1_k(U)) (k=0,...,m+1).

Suppose also the (m + 1)**-order compatibility conditions obtain. Now set
i1 := u’. Differentiating the PDE with respect to ¢, we check that 4 is the
unique, weak solution of

g+ Li=f inUr
(68) #2=0 ondU x [0,T]
=g, 4y =h onU x {t=0},
for
(69) f="f, G:=h, h:=f(-,0) -

In particular, for m = 0 we rely upon Theorem 5,(ii) to be sure that @ €
L2(0,T; H (U)), & € L0, T; L2(U)), @” € L*(0,T; HY(U)).

Since f,g and h satisfy the (m + 1)**-order compatibility conditions,
f,§ and h satisfy the m*"-order compatibility conditions. Thus applying
the induction assumption, we see

d*a

dtk
with the estimate
d*ii
dtk

e L0, T; H™' 5 U)) (k=0,...,m+1),

m+1

Hm+1-k([])

<ofs

k=01l
\

G
dt*

+ gl grm1 oy + “h”Hm(U))
3
J /

2{n —Kk(IM
\Y \v)

T
(R ¥
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Since 11 = v/, we can rewrite:

m+42 dk
(70) ess supZ
0<t<T ,— 1 Hm+2-k([))
m+1 dkf
<ol Xl + |k 20y + U Lgl oy + IEO) ey
pa L2(0,TH™ 1=k (1)

<o)

\ 7= 11 4% 1l 2o, mym+1-k(u)

+ gl frm+2q0y + ||h||Hm+1(m)

Here we used the inequality

IEll (o35 @y < CUIEN 20,130 @)y + Il 220,75 W)

which follows from Theorem 2 in §5.9.2.

3. Now write for a.e. 0<t<T: Lu=f —u” = h. We have

e 1l

(il gm= @y + lhallz2w))

laljgmizy < C
< CIfllzrmqwy + 0"l gm oy + ull L2qy)-

Taking the essential supremum with respect to ¢, adding this inequality to
(70) and making standard estimates, we deduce:

m+2 dku

dtk

Hm+2ﬂk(U)
o3 |G

k=0

N\
T llgllamre) + ||h||Hm+1(U>) .
L2(0,T;Hm+1-k(U))

This is the assertion of the theorem for m + 1. [

THEOREM 7 (Infinite differentiability). Assume
g9,h € C=(U), feC™(Ur),

and the mt* -order compatibility conditions hold for m =0,1,... .

Then the hyperbolic initial/boundary-value problem (1) has a unique so-

lution B
u € C(Ur).

Proof. Apply Theorem 6 for m =0,1,... . O
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(xOI tO)

Domain of dependence
7.2.4. Propagation of disturbances.

Our study of second-order hyperbolic equations has thus far pretty much
paralleled our treatment of second-order parabolic PDE, in §7.1. In the
corresponding earlier section §7.1.4, we discussed maximum principles for
second-order parabolic equations, and noted in particular that the strong
maximum principle implies an “infinite propagation speed” of initial distur-
bances for such PDE. Now strong maximum principles are false for second-
order hyperbolic partial differential equations, and we will instead address
here the opposite phenomenon, namely the “finite propagation speed” of
initial disturbances. This study extends some ideas already introduced in
§2.4.3.

For simplicity we will consider in this section the case U = R™ and L
has the simple nondivergence form

n
(71) Lu=~)Y aluzg,

t,j=1

where the coefficients are smooth, independent of time, and there are no
lower-order terms. We as usual require the uniform hyperbolicity condition.

Let us assume now u is a smooth solution of the PDE
(72) ug +Lu=0 in R™ x (0, c0).

We wish to prove a uniqueness/finite propagation speed assertion analogous
to that obtained for the wave equation in §2.4.3. For this, we fix a point
(zg,t0) € R™ x (0, 00), and then try to find some sort of a curved “cone-like”
region C, with vertex (zg,%g), such that © = 0 within C if u = u; = 0 on
Co=0Cn {t = 0}.
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Motivated by the geometric optics computation in Example 3 of §4.5.3,
let us guess that the boundary of such a region C is given as a level set
{p = 0}, where p solves the Hamilton-Jacobi PDE

Wikl W ]

n 3 1/2
(73) P — (Y‘ a”(a:)pT.DT_.\ =0 inR" x (0,00).
7 u AY T / AN

ij=1
We will simplify (73) by separating variables, to write
(74) p(z,t) =g(z) +t—1to (z€R”, 0<t< b)),

where ¢ solves

(75) { sz=1 aijqxiqzj =1, ¢>0 inR"— {xzo}

g(zo) = 0.

Frd -

We henceforth assume that g is a smooth solution of (75) on R® — {zo}.
(In fact g(z) = distance of z to z¢, in the Riemannian metric determined
by ({(a")).) We write

C:={(z,t) | p(z,t) < 0} = {(=,1) | g(z) <to —t}.
For each t > 0, we further define
(76) Cy = {z | g(x) <ty —t} = cross section of C at time ¢.

Since (75) implies Dq # 0 in R" —{z¢}, C} is a smooth, (n—1)-dimensional
surface for 0 < t < tg.

THEOREM 8 (Finite propagation speed). Assume u is a smooth solution
of the hyperbolic equation (72). If u = us = 0 on Cy, then u = 0 within the
cone C.

Remark. We see in particular that if u is a solution of (72) with the initial
conditions

L)

(77) u=g, uy=h onR"x{t=0},
then u(xg,%p) depends only upon the values of g and h within Cy. O

Proof. 1. We modify a proof from §2.4.3, and so define the energy

1 L
e(t) .= 5/0 u? + Z auz Uz, dr (0 <t <tp).
t

2,7=1
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2. In order to compute é(t), we first note that if f is a continuous

function of z, then
d [ f
— fd:c) = —/ ——dS
dt ( Ch ac. |Dq

according to the coarea formula from §C.3. Thus
n
ée(t) =/ Upler + Z aijuxiuxjtdac
Cr ij=1
(78) 1 R ) 1
2 /act (ut i ”Zﬂ @z, ) (Dgl
=:A—B.

Integrating by parts, we calculate

A= Ut (Utt - Z (aijuwi)wj) dz +/ Z aiju:tz' Vjut ds
o

Ce ij=1 Ct 4 =1
(79) . .
= —/ Uy Z a?juxi dx +/ Z oYy 1) uy dS,
Gt =1 9C j=1
with v = (¢!,...,v") being as usual the outer unit normal to 9C;. But

according to the generalized Cauchy-Schwarz inequality (§B.2)

"o . oo Yz, \1/2
E aug, v’ S(E a”umiuwj) (E a”uluj) )

4,7=1 1,7=1 t,7=1

(80)

In addition, since ¢ = tg — t on 8C}, we have v = ‘%3[ on 0C;. Hence

n

i Uy =) 0" g, s, 1
a = =
| Dg|? | Dg|?

i,j=1 ij=1

by (75). Consequently inequality (80) reads

n i 1/2 1
E aYug | < ( E a”uxiuxj) o
AN / =1

1,3=1
Then returning to (79), we estimate using (81) and Cauchy’s inequality:

T 3 1/2 1
Al < Ce(t +/ ( a”uwiux,) U| —— dS
4l 2 OC: 2 i) Tl |Dq|

i,7=1

(81)
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3. Therefore inequality (78) gives
é(t) < Ce(t).

Since hypothesis (76) implies e(0) = 0, we deduce using Gronwall’s inequal-
ity that
e(t)=0 forall0<t<t.

Hence u; = Du = 0 in C, and consequently ©u =0 in C.

O

7.2.5. Equations in two variables.

In this section we briefly consider second-order hyperbolic partial differ-
ential equations involving only two variables, and demonstrate that in this
setting rather more precise information can be obtained. The very rough
idea is that since a function of two variables has “only” three second par-
tial derivatives, algebraic and analytic simplifications in the structure of the
PDE may be possible, which are unavailable for more than two variables.

We begin by considering a general linear second-order PDE in two vari-
ables

2 2
(82) Z aijuxixj + Z biug, + cu = 0,
) i=1

i,5=1

where the coefficients a¥, b, ¢ (i,j = 1,2), with a¥ = /%, and the unknown
u are functions of the two variables z; and z5 in some region U ¢ R2. Note
that for the moment, and in contrast to the theory developed above, we do
not identify either z; or x5 with the variable ¢t denoting time.

We now pose the following basic question: Is it possible to simplify the
structure of the PDE (82) by introducing new independent variables? In
other words, can we expect to convert the PDE into some “nicer” form by
rewriting in terms of new variables y = ®(z)?

More precisely, let us set
(83)

for some appropriate function ® = (®!, ®2). To investigate this possibility
let us now write
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That is, we define v(y) := u(¥(y)), where ¥ = &1,
From (84), we compute
2
{ Uz, = Doy Yy OF,
2 2
Uiz = Zk,l:l Uyry q)’:giq)gsj + D k=1 Uyk(pgizj
for i, = 1,2. Substituting into (82), we discover v solves the PDE

n

(85) Y @My =0,
k=1
for
2 .
(86) i =) a9t @, (k1=1,2),
ij=1

where the dots in (85) represent terms of lower order.

We examine the first term in the PDE (85) in the hope we can perhaps
choose the transformation & = (&, &%) so this expression is particularly
simple. Let us try to achieve

(87) al'=a2 =0

It
I

- In view of formula (86) this will be possible provided we can choose both
®! and ®? to solve the nonlinear first-order PDE

(88) a'H(vz, )% + 20 %vz,vg, + 02 (vg,) P =0 inU.

Observe this is the characteristic equation associated with the partial differ-
ential equation (82}, as discussed in §4.6.2.

To proceed further, let us suppose
(89) det A = a'0?? —- (0?2 <0 inU;

in which case we say the PDE (82) is hyperbolic.
Utilizing condition (89), we can then factor equation (88) as follows:

(au,um n [a12 n ((a12)2 _ a11a22)1/2] Um)
(90) _ (auvml n [a12 _ ((a12)2 _ a11a22)1/2] sz)

= a' (a(vg, )2 4 20 25,0z, + 0¥ (v5,)?) = 0.
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Now the left hand side of (90) is the product of two linear first-order
PDE:

(911) atly,, + [alz + ((a')? - a11a22)1/2] vy, =0 inU
and
(912) ally,, + [alz _ ((am)z _ auazz)l/z] Vey =0 in U,

We now assume that we can choose ®! to be a smooth solution of the
PDE (91;), with D®! # 0 in U. Then ®' is constant along trajectories
x = (z',2?%) of the ODE

1
r =a
(92) I o )
X

Similarly, suppose ®2 is a smooth solution of (913), with D®? # 0 in U;
then ®2 is constant along trajectories x = (z!,z2) of the ODE

a':l - all
(93) 42 — [am — (@22 - a11a22)1/2] .
Curves which are trajectories of either the QDE (92) or
characteristics of the original partial differential equation (82). Returning
now to (83) we see that trajectories of solutions of the characteristic ODE
(92) and (93) provide our new coordinate lines.

Additionally we can verify using (89) that

o]

2
(94) @%=) a9, 82 #0 inU.

1,5=1

Combining then (85), (86), (87) and (94), we see that cur PDE (82)
becomes in the y coordinates

(95) Uiy + - =0,

the dots as before denoting terms of lower order. Let us call equation (95)
the first canonical form for the hyperbolic PDE (82).

If we change variables again by setting 21 = y1 + y2, 22 = y1 — ¥2, then
(95) becomes

(96) w
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If we then further rename the variables t = z1, = = z9, then (96) reads
(97) Wy — Wep + -+ =0,

the second-order term of which is the one-dimensional wave operator. Equa-
tion (97) is the second canonical form.

Hence any hyperbolic PDE in two variables of the form (82) can be
converted by a change of variables into the wave equation plus a lower order
term, assuming we can find the mapping ® as above.

7.3. HYPERBOLIC SYSTEMS OF FIRST-ORDER
EQUATIONS

We next broaden our study of hyperbolic PDE (which we may informally
interpret as equations supporting “wave-like” solutions) to the case of first-
order systems. We continue in the manner of §§7.1 and 7.2 by first employing
energy bounds to construct weak solutions for symmetric hyperbolic sys-
tems. For nonsymmetric, constant coefficient hyperbolic systems, however,
we will instead employ Fourier transform methods.

7.3.1. Definitions.

We investigate in this section systems of linear first-order partial differ-
ential equations having the form

(1) ut+ZBju$j =f inR" x (0,00),
j=1

subject to the initial condition

(2) u=g onR"x{t=0}

The unknown is u : R” x [0,00) — R™, u = (u!,...,u™), and the functions
B; : R® x [0,00) > M™*™ (j =1,...,n), f : R" x [0,00) - R™, g: R" —
R™ are given.

Notation. For each y € R", set

B(z,t;y) : Zyj j(z,t) (zx €R™, t>0).
j=1
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DEFINITION. The system of PDE (1) is called hyperbolic if the m x m
matriz B(z,t;y) is diagonalizable for each z,y € R, t > 0.

In other words, (1) is hyperbolic provided for each z,y,t, the matrix
B(z,t,y) has m real eigenvalues
Mz, ty) < Xz, by) < - < (a5 y)

and corresponding eigenvectors {ry(z,t; y)}7-, that form a basis of R™.
There are two important special cases:

DEFINITIONS. (i) We say (1) is a symmetric hyperbolic system if
B;(z,t) is a symmetric m x m matrix for eachzx € R, t >0 (3 =1,...,m).

(ii) The system (1) is strictly hyperbolic if for each z,y € R™, y # 0, and
each t > 0, the matriz B(z,t;y) has m distinct real eigenvalues:

Az, ty) < Az, ty) < - < Az, tyy).

Motivation for the definition of hyperbolicity. We justify the hyper-
bolicity condition as follows. Assume f = 0 and, further, the matrices B;
are constant (j =1,...,n). Thus

(3) Y uiB; =B(y)
j=1

depends only on y € R™.

As in §4.2 let us look for a plane wave solution of (1), (2). That is, we
seek a solution u having the form
(4) uw(z,t)=v(y-z—ot) (zx€R" t>0)
for some direction y € R”?, velocity ]%[ (o € R), and profile v : R — R™.
Plugging (4) into (1), we compute:

This equality asserts v’ is an eigenvector of the matrix B(y) corresponding
to the eigenvalue o.

The hyperbolicity condition requires that there are m distinct plane wave
solutions of (1) for each direction y. These are
(y-z—M@re(y) (k=1,...,m),
where
AL(y) < Aa(y) £+ < Amly)
are the eigenvalues of B(y) and {ry(y)}7., the corresponding eigenvectors.
The eigenvalues for |y| = 1 are the wave speeds. O
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7.3.2. Symmetric hyperbolic systems.

In this section we apply energy methods and the vanishing viscosity
technique to build a solution to the hyperbolic initial-value problem

(5) w0 Bijug, =f inR" x (0, 7]
u=g onR"x {t=0},

where T > 0, under the fundamental assumption that
(6) the matrices B;(z,t) are symmetric (j=1,...,n),

forx € R™, 0 <t < T. We will further assume B; € C?(R™ x [0, T]; M™*™),
with

(7) sup (IByl, |Dz:Byl, [D2,Bj)) <00 (j=1,...,m),
R~ x{0,T]
and
(8) g € H'(R";R™), f € H'(R" x (0,T); R™).
Remark. More general systems having the form
n

(9) Bou; + ZBquﬂj =f

j=1
are also called symmetric, provided the matrices B; are symmetric for j =
0,...,n. The theory set forth below easily extends to such systems, provided

By is positive definite.

Symmetric hyperbolic systems of the type (9) generalize the second-
order hyperbolic PDE studied in §7.2. For suppose v is a smooth solution
of the scalar equation

n
(10) Vit — Z aijvscimj = 0,
ij=1
where without loss we may take a¥ = a’* (4,57 = 1,...,n). Writing
u=(ul,...,u") = (v, ., Vs, V),
we discover u solves a system of the form (9), form=n+1,f =0,
0 0 —abl
B; = -  =1,...,n),
’ 0 ... 0 —a™ U )
_ali —an 0 o
11 in
{a ceeoa O\
Bo=la1n co.ooa™ O
\

0 n 1
4 Tt v L/ (n+1)x(n+1)
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Observe that the uniform hyperbolicity condition for (10) implies that the
matrix By is positive definite. O

a. Weak solutions.

To ease notation, let us define the bilinear form
Blu,v;t] ::/ Z(Bj(-,t)uwj)-vd:c
RS

for 0 <t <T,uveH(R"R™).
DEFINITION. We say
u e L2(0,T; H'(R™; R™)), with u’ € L*(0,T; L*(R™;R™)),

is a weak solution of the initial-value problem (5) for the symmetric hyper-
bolic system provided

(i) (W/,v)+ Blu,v;t] =(f,v)
for each v € HY(R";R™) and a.e. 0 <t < T, and
(i) u(0) =g.

Here and afterwards ( , ) denotes the inner product in L?(R™; R™).

Remark. According to Theorem 2 in §5.9.2, u € C([0, T); L(R™; R™)) and
so the initial condition (ii) makes sense. a

b. Vanishing viscosity method.

We will approximate problem (5) by the parabolic initial-value problem

1) ui —eAu‘+3 % Bjui =f inR"x(0,7]
u‘ =g onR" x {t =0}

for 0 < e <1, g :=n xg. The idea is that for each € > 0, problem (11)
has a unique smooth solution u¢, which converges to zero as || — oo. The
plan is to show that as € — 0, the u® converge to a limit function u, which
is a weak solution of (5).

THEOREM 1 (Existence of approximate solutions). For each e > 0, there
exists a unique solution u® of (11), with

(12) u‘ € L2(0,T; H3(R™;R™)), u*’ € L*(0,T; H(R™;R™)).
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Proof. 1. Set X = L>°((0,T); H'(R™;R™)). For each v € X, consider the
linear system

w—edu=f-3"7 B;v, inR"x(0,7]
u =g on R" x {t = 0}.

As the right hand side is bounded in L?, there exists a unique solution
u € L2(0,T; H*(R™;R™)), u’ € L*(0,T; L*(R™;R™)). Indeed, we can utilize
the fundamental solution ® of the heat equation (§2.3.1) to represent u® in
terms of g* and f — 3%, B;v,,.
Similarly, take v € X and let u solve
{ﬁt —eda=f—-3" B;v, inR"x(0,7]
\

a=g° on R™ x {t = 0}.

2. Subtracting, we find G := u — u satisfies

(13) a—=0 an R v [+ — 01
“w — Wil U N LI/ - UJ bl
for v := v — v. From the representation formula of @ in terms of the

fundamental solution ® and Z?:l B;V,;, we obtain the estimate:

n
ess sup )] e gy < CEND B, liL2(0m;2(Re Rem))
Pl =1

(14) < C(O)|¥ llz2(0.380 (R
< C(e)T"?ess sup [[V(t)] g1 (mesem)-
o<t<T

Thus

(15) o]l < C(e)T?||v].

3. If T is so small that
(16) C(e)TY? < 1/2,

then (15) reads |ju — 4|| < 1|jv — v||. According to Banach’s fixed point
theorem (§9.2.1) the mapping v — u has a unique fixed point. Then u = u®
solves (11), provided (16) holds.

If (16) fails, we choose 0 < T1 < T so that CT1 = 1/2 and repeat the
above argument on the time intervals [0, T1], [T1, 2T1], etc.

Assertion (12) follows from parabolic regularity theory (cf. §7.2.3). O
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c. Energy estimates.

We intend to send € — 0 in (11), and for this as usual need some uniform
estimates.

THEOREM 2 (Energy estimates). There ezists a constant C, depending
only on n and the coefficients, such that

[max. [0 (@)l g2 e ey + 10 N 20,7512 sy
< C(\gll g @esgey + Nl 20,7501 Ry + NNl 20,7522 (R R))
for each 0 < e < 1.

Proof. 1. We compute

18 5 (G ) = () = (w6 - 3 B, + e
j=1

Now

(19) (0, £)] < [0 Z2 Ry + NN 2R ey

and

(20) (uf, eAu®) = —¢|| Du’|| 72 (gn pimxny < 0.

2. Suppose v € C°(R™;R™). Then

n n
(V,ZBJ—V%) = Z/Rn(ijmj)-vda:
j=1 j=1

1 — 1 —
= 9 Z/ ((ij) ' V)xj dz — B Z/ (BL;,;J.V) -vdz,
=1'K PRl

the last equality following from the symmetry assumption (6). As v has
compact support, we deduce using (7) that

n

1
< 52 fRn(Bj,xjv)‘vdx

J=1

< Clvize @ me)-

(i
(v, Z Bjvz,)
j=1

By approximation therefore:

n

(> Bjus)

5=1

S Clllle“iz(Rn;]Rm).
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Utilizing this bound, (19) and (20) in (18), we obtain the estimate

d € €
il 122Re k) < C (M0 72 (R0 Ry + HENE2 e Rem))-
We next apply Gronwall’s inequality, to deduce

(21)  max lu (8)|7 2 (gen emy < € (IlglliZ(Rn;Rm) + ”f“2L2(o,T;L2(Rn;Rm))) ’

since (1] 2y < 18l
3. Fix k € {1,...,n} and write v =

(30 4 L ju

respect to xi, we ﬁnd

wk _ - ‘,k n ok — _ n . € : n
{ vi — eAv© 4 ijl Bjv; = £, Zj:i Bj,fkuzj in R" x (0
vi =gt onR"x {t=0}.

Reasoning as above, we find

d ¢
(22) E(”Vk”%'é’(R”;Rm)) < C(| D (|72 (Rnpimxmy + 1DE 2 (Re <)) -

Sum the previous inequalities for k = 1,...,n, to deduce

d
E(IIDuinz(RnMnxn)) < C(”DUE”%%Rn;men) + ||Df||%2(Rn;men))-
Gronwall’s inequality now provides the bound

D . xn
3 e || Du (8172 e

< C(”Dg”L?(Rn;men) + ||f||%2(0,T;H1(R";R'")))’
since [|Dg||L2(ReMmxny < || D8l L2(Re Mmxn).
4. Next set v := u® and differentiate (11) with respect to t, to discover
(24) { vi—eAv+ Y™ Bjv,, =f - ¥ Bjus,  inR* x (0,T]
v=f-3" Bg; +eAg® onR"x {t=0}.
Reasoning as before, we compute

2 2 2 2
s [0 Oz e ) < CUIDEI (g ptecn) + 1AL oo

25)  + £ F2(re ) + 1€l 20 7501 Ry + I 220,72 e ) ) -

Now
€12 C 2
(26) 1AEE 22 (Re ey < 3 1 D8I 22 (e )
since g¢ = 7. * g. Furthermore
PP n.-/ N T - /| ||2 L ouein2
Z7) Tl L2@®e Ry = CUIL 20,7, 02(R7Rm)) T tiIl||L2(0,T;L2(Rn;]Rm)))-

This bound, together with (21) and (23), completes the proof. |
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d. Existence and uniqueness.

THEOREM 3 (Existence of weak solution). There erists a weak solution
of the initial value problem (5).

Proof. 1. According to the energy estimates (17) there exists a subse-
quence ¢, — 0 and a function u € L%(0,T; H'(R™;R™)), such that u’ €
L2(0, T; LA(R™ R™)), with

(u* —u weakly in L%(0,T; H(R*;R™))

28 ,
(28) i u% —u'  weakly in L2(0,T; L}(R™;R™)).

2. Choose a function v € C*([0,T]; H*(R™;R™)). Then from (11) we
deduce:

T T
(29) / (u,v) + eDu : Dv + B[uS, v;t]dt = / (f,v)dt.
0 0
Let e =€, — O:
T T
(30) / (', v) + Blu, v 1] dt = / (£,v) dt.
0 0

This identity is valid for all v € C([0,T]; H}(R™;R™)), and so
(u',v) + Blu,v;t] = (f,v)

for a.e. t and each v € H}(R™; R™).
3. Assume now v(7T) = 0. Then (29) implies

T T
f (06, V') + eDu : Dv + B[S, v:¢] dt = / (£,v) dt + (&5, v(0).
0 0
Upon sending ¢ = ¢, — 0 we obtain:

T T
/ —(u,v) + Blu,v;t]dt = / (f,v)dt + (g,v(0)).
0 0

Integrating by parts in (30) gives us the identity

T T
/ —(u,v) + Blu,v;t]dt = / (f,v)dt + (u(0),v(0)).
0 0

Consequently u{0) = g, as v(0) is arbitrary. O
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THEOREM 4 (Uniqueness of weak solution). A weak solution of (5) is
UNIQUE.

Proof. 1. It suffices to show the only weak solution of (5) with f = g=10
isu=0.

To verify this, note
(31) (d,u) + Blu,u;t] =0 forae 0<t<T.

Since |Blu, u;t]| < C‘]|u||L2 R+;Rm)> We as usual compute from (31) that

d
(“ll( )“Lz (R ]Rm)) < C"u(t)”%,Z(R";Rm);

whence Gronwall’s inequality forces |lu(t)||2, (RoRm) = 0 (0 <t <T),since
u(0) = 0. O

7.3.3. Systems with constant coefficients.

In this section we apply the Fourier transform (§4.3) to solve the constant
coefficient system

(32) u; + Z Bjuy; =0 in R" x (0, c0),
j=1

with the initial condition

(33) u=g onR"x{t=0}

We assume that the {B;}}_; are constant m x m matrices and that the
m X m matrix

(34) B(y) : ZyJBJ

has for each y € R™ m real eigenvalues

(35) M) < Aa(y) < -+ < Anly).

There is no hypothesis concerning the eigenvectors, and so we are supposing
only a very weak sort of hyperbolicity here. We also make no assumption
of symmetry for the matrices {Bj}?zl. Consequently the foregoing energy
estimates do not apply. We need a new tool, which we discover in the Fourier
transform.
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THEOREM 5 (Existence of solution). Assume

g € H*(R™;R™) (s> g +m).

Then there is a unique solution u € C*([0, 00); R™) of the initial-value prob-
lem (32), (33).

Qan §E Q A £ar
DJEC §U.0.4 10

Proof. 1. We apply the Fourier transform (§4.3.1), as follows. First, tem-

porarily assume u = (u!,...,u™) is a smooth solution. Then set
S | ~m
u = (’U. I ,U ),
* denotes the Fourier transform in the variable z: we do not transform

n

a; +izijjﬁ =0

j=1
that is,
(36) a; +iB(y)a=0 in R™ x (0, 00).
In addition
(37) =g onR"x{t=0}

For each fixed y € R™ we solve (36), (37) by integrating in time, to find
(38) i(y,t) = e PWg(y) (yeR"t20).

Consequently u = (e “B¥)g)V; so that

1 izy —1 ~ n
@) @t =G [ e gy @eRr £20)

2. We have derived formuia (39) assuming u to be a smooth solution of
(32), (33). We now verify that the function u defined by (39) is in truth a
solution, and so must first check that the integral in (39) converges.

Since g € H*(R"™;R™), we know according to §5.8.4 that there exists
f € L2(R™;R™) such that
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So in order to 1nvestigate the convergence of the integral (39), we must
estimate ||e~*BW)||.

3. For a fixed y, let [ denote the path 8B(0,r) in the complex plane,
traversed counterclockwise, the radius r selected so large that the eigenvalues
A(y), ..., Am(y) lie within I

We have the formula:

(41) e itBW) = = / e~it(2] — B(y))~\dz.
r

271

To verify this, let A(t,y) denote the right hand side of (41) and fix x € R™.
Then

BO)A( ) = 5 [ € Bl - B) 'z dz

_ 1 —itz _ -1,
=5 Fe (z(z] —B(y)) 'z —z)dz
I—%iA(t y)T,

vt a

since [. e "**dz = 0. Consequently

(42) — + iB(y )A(t y) =0.

\u/u

In addition

A0,y)x —/(zI B(y)) lzdz
1 z+ B(y)(zl —B(y)) 'z
(43) - 2m‘/F 2 az
_ 1 [BGI-B@)
=TT 27i /]_" 2z dz.
Now set
(44) w:= (zI — B(y)) 'z;

so that zw — B(y)w = z. Taking the product with @, we deduce |w| < ]%
for some constant C. Using this estimate and letting r go to infinity, we
conclude from (43) that A(0,y)z = =z. This equality and (42) verify the
representation formula (41).

4. Define a new path A in the complex plane as follows. For fixed y,
draw circles By, = B(A\(y),1) of radius 1, centered at Ax(y) (k=1,...,m).
Then take A to be the boundary of |J}-, Bk, traversed counterclockwise.
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Deforming the path I' into A, we deduce from (41) that

(45) e Bl = 5% /A e (21 — B(y)) ld=.
Now
(46) le™™®| < et (z€A).
Furthermore _

det(zI - B(y)) = | [ (z = Me(w));

k=1

whence
(47) |det(zf —B(y))| >1 ifzeA.
Now

—1 _ cof(zl — B(y))”
(I -BW) ™ = T By

where “cof” denotes the cofactor matrix (see §8.1.4). We deduce

I(zI — B(y))~"|| < || cof (2 — B(y))|
(48) SCA+ ™ +(B@I™)
<C1+ |y]m"1) if 2 € A.

We have utilized in this calculation the elementary inequality
M@ < Clyl (k=1,...,m).
Combining (45)—(48), we derive the estimate

(49) le™ W < Ce'(1 + lyI™™")  (y € R™).

5. Return now to (37). We deduce using (40), (49) that

/ poixrey  —3fRu) A
il V-

Is NI o P ] [ 1"
j e~ e gly)lay = U/ e
R~ R~

—3t R 1 2= '
veRE\YJ

1L+ [y]°) ~E(y) | dy

<ce [ I+ im0+l dy

L\ V2 dy 1/2
=¢ UR d d”) (/R " lylz(s—m“))

)

A
8
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since s > Z 4+ m — 1. Hence the integral in (39) converges, and it follows
easily that the function

1

oy /Rn e ve "Bl (y) dy

u(z,t) = )

is continuous on R™ x [0, 0o).

6. To show u is C!, observe for 0 < |h| < 1 that

ua:,t+h —u(z,t 1 ix- —i —i ~
( ’Z (z,?) = Ty /n >V (g HtHRIBW) _ o~iBW)yg(y) gy,

Since
t+h
—it+hB(Y) _ ,~itBu) _ _; / B(y)e—B®) ds,
t

we can estimate as above that

1
H < 01+ ™).

Therefore

| 7 PR AR I's AN r

< et | EWIA+ M+ i) dy,

and the integrand is summable since s > 2 + m. Thus w; exists and is
continuous on R” x [0, 0c). A similar argument shows u,, exists and is con-
tinuous (i = 1,...,n). According to the Dominated Convergence Theorem,
we can furthermore differentiate under the integral sign in (39), to confirm
that u solves the system u; + _7_; Bju,; = 0. O

In Chapter 11 we will encounter nonlinear first-order systems of hyper-
bolic equations.

7.4. SEMIGROUP THEORY

Semigroup theory is the abstract study of first-order ordinary differential
equations with values in Banach spaces, driven by linear, but possibly un-
bounded, operators. In this section we outline the basics of the theory, and
present as well two applications to linear PDE. This approach provides an

elegant alternative to some of the existence theory for evolution equations
set forth in §§7.1-7.3.
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7.4.1. Definitions, elementary properties.

We begin in an abstract setting. Let X denote a real Banach space, and
consider then the ordinary differential equation
1) { u'(t) = Au(t) (t>0)
u(0) = u,
where ' = %, u € X is given, and A is a linear operator. More precisely,
suppose D(A), the domain of A, is a linear subspace of X and we are given
a possibly unbounded linear operator

(2) A:D(A) — X.
We investigate the existence and uniqueness of a solution
u:[0,00) = X

of the ODE (1). The key problem is to ascertain reasonable conditions on
the operator A so that (a) the ODE has a unique solution u for each initial
point u € X, and (b) many interesting PDE can be cast into the abstract
form (1). (We have in mind the situation that X is an LP space of functions
and A is a linear partial differential operator involving variables other than
t. In this case A is necessarily an unbounded operator.)

a. Semigroups.

Let us for the moment informally assume u : [0,00) — X is a solution
of the differential equation (1), and that (1) in fact has a unique solution
for each initial point u € X.

Notation. We will write
(3) u(t) == S(t)w (t>0)
to display explicitly the dependence of u(t) on the initial value v € X. For

each time ¢ > 0 we may therefore regard S(t) as a mapping from X into
X. d

What properties does the family of operators {S(t)}:>0 satisfy? Clearly
S(t) : X — X is linear. Furthermore

(4) SQu=u (ueX)
and
(5) S(t+s)u=St)S(s)u=5(s)St)uv (t,s>0, ue X).

Condition (5) is simply our assumption that the ODE (1) has a unique
solution for each initial point. Finally, it seems reasonable to suppose that
for each u € X

(6) the mapping ¢ — S(t)u is continuous from [0, oc) into X.
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DEFINITIONS. (i) A family {S(t)}t>0 of bounded linear operators map-
ping X into X is called a semigroup if conditions (4)-(6) are satisfied.

(ii) We say {S(t)}:>0 is a contraction semigroup if in addition

(7) Isel<1 (t>0),

| Il here denoting the operator norm. Thus
IS@ull < lull (20, uweX).

The notion of contraction semigroup captures many properties of a nice
flow on X generated by the ODE (1).

b. Elementary properties, generators.

The real problem now is to determine which operators A generate con-
traction semigroups. We will answer this in §7.4.2, after recording in this
section some further general facts.

Henceforth assume {S(¢)};>0 is a contraction semigroup on X.

DEFINITIONS. Write

(8) D(A) := {u € X | lim Su=u exists in X}
L t—0+ J

and

9) Aui= lim SOu-u e pay).

We call A : D(A) — X the (infinitesimal) generator of the semigroup
{S(@)}t>0; D(A) is the domain of A.

THEOREM 1 (Differential properties of semigroups). Assume u € D(A).
Then
(i) S(t)u € D(A) for eacht > 0,
(ii) AS(t)u = S(t)Au for eacht > 0,
(i) the mapping t — S(t)u is differentiable for each t > 0,

and
(iv) £5(t)u= AS(t)u (t>0).
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Proof. 1. Let u € D(A). Then
S(s)S(t)u — S(t)u

lim

s—0+ S

= 1i1r(§1+ S(t)S(s): — S by the semigroup property (5)
S(shu—u

= S(t) 31_11(1)1+ — = S(t)Au.

Thus S(t)u € D(A) and AS(t)u = S(t)Au. Assertions (i) and (ii) are
proved.

2. Let ue D(A), h>0. Then if t > 0,
{ Stu =S (t MU _ 54) Au
J

ﬂ—'U-'—

= lim {S(t— h) (%) - S(t)Au}

= lim {S(t — h) (% - Au) +(S(t—h) - S(t))Au} — 0,

since ﬂﬁ;ﬂ — Au and ||S(t — h)|| < 1. Consequently
S(tyu — S(t — h)u

hli»%l+ h = S(t)Au
Similarly
i SEFRUZ SO gy gy SEZY g g

h—0+ h h—0+

Thus %S(t)u exists for each time ¢ > 0, and equals S(t)Au = AS(t)u. O

Remark. Since t — AS(t)u = S(t)Au is continuous, the mapping ¢ —
S(t)uis C! in (0,00), if u € D(A). O

THEOREM 2 (Properties of generators).
(i) The domain D(A) is dense in X,
and
(ii) A is a closed operator.

Remark. To say A is closed means that whenever uy € D(A) (k=1,...)
and ux — u, Aup — v as k — oo, then

ih.
U
~
|>
~—
=
|>
i-
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Proof. 1. Fix any u € X and define then u? fo S(s)uds. In view of (6},
'—‘ti—>u1nX,ast—>O+.

2. We claim
(10) ut € D(A) (t>0).
Indeed if » > 0, we have

S(ryut —ut

J U

r

‘

[S(r kj S(s)uds) kj Ss)uds)]

jﬂ S(r+ s)u — S(s)uds,

=S | = ~3|1—a

where we used the semigroup property (5). Thus

t_ ot t+r r
&u___u_zl S(s)uds—lf S(s)uds
r rJ r Jo
— S(tlu—u, asr—-0+.

Hence u! € D(A), with Au® = S(t)u — u. This proves (10) and completes
the proof of assertion (i).

3. To prove A is closed, let u, € D(A) (k =1,...) and suppose
(11) up = U, Augp — v in X.
We must prove u € D(A), v = Au. According to Theorem 1
t
S(t)ux — ux = /0 S(s)Aug ds.

Let £ — oo and recall (11):

t
S(tu—u =/0 S(s)vds.

Hence we have

lim S@u-u / S(s)vds = v.
t—04 i t——>0+

But then by definition u € D(A), v = Au. a
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c. Resolvents.

DEFINITIONS. (i) We say a real number A belongs to p(A), the resolvent
set of A, provided the operator

M—A:D(A) - X

is one-to-one and onto.
(ii)) If A € p(A), the resolvent operator Ry : X — X is defined by

Ryu:= (M — A) lu.

According to the Closed Graph Theorem (§D.3), Ry : X — D(A) C X
is a bounded linear operator. Furthermore,

AR)u= R)Au if u € D(A).

THEOREM 3 (Properties of resolvent operators).
(i) If A\, n € p(A), we have

(12) Ry — R, = (u— A)R\R,, (resolvent identity)
and
(13) Ry\R, = RuR,.

(i) If A >0, then A € p(A),
(14) Rau= [ eMS(tudt (ueX),
JO

and so ||Ral| < 3.

Remark. Thus the resolvent operator is the Laplace transform of the semi-
group (cf. Example 4 in §4.3.2). a

Proof. 1. Verification of the identities (12), (13) is left to the reader (Prob-
lem 11).

2. Note first that since A > 0 and [|S(t)[| < 1, the integral on the right
hand side of (14) is defined. Let Rju denote this integral. Then for A > 0
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and u € X,
h T _ T o0
S( )R)\}T: Ryu _ % {/ e—At[S(t-Q- hyu — S(t)u] dt}
h
N O
h Jo }
+ 1 / (e MM — e M S(tudt
h Jo
1 [h
= —e’\h—/ e S (t)udt
h Jo
A o<
n (e 1) / e MS(t)udt.
h 0
Hence . -
lim SRRy AR
h—0+ h
Thus ARyu = —u + AR, u; that s,
(15) (M- ARwu=u (ueX).

On the other hand if u € D(A),

ARyu= A / e MS(tudt = / e MAS(t)udt
Jo Jo
(16) oo
_ j e S(t) Audt = Ry Au.
0

Our passing A under the integral sign is justified since A is a closed operator:
see Problem 12. Thus

Ra(M — Au=u (u€ D(A)).
In view of (15) and the formula above Al — A is one-to-one and onto. Con-
sequently A € p(A), Ry = (Al — A)™! = R,. O
7.4.2. Generating contraction semigroups.

We now characterize the generators of contraction semigroups:

THEOREM 4 (Hille-Yosida Theorem). Let A be a closed, densely-defined
linear operator on X. Then A is the generator of a contraction semigroup

{S(t)}+>0 if and only if

1
(17) (0,00) C p(A) and ||Ry\| < X for A > 0.
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Proof. 1. If A is a generator, then from Theorem 3,(iii) we immediately
deduce (17).

2. Conversely, suppose A is closed, densely-defined, and satisfies (17).
We must build a contraction semigroup with A as its generator. For this,
fix A > 0 and define

(18) Ay = =M + A2R), = MAR,.
The operator A) is a kind of regularized approximation to A.
3. We first claim

4;Aw -+ AU A

{10) A Ay ac A — AN {'HC (A\\
) as A U= 2Aay)
Indeed, since AR u — u = ARyu = R)Au, |[ARyu — u|| < [|Rx|| |Au| <
+{[Aull — 0. Thus AR)u — u as A — oo if u € D(A). But since [ARy|| < 1
and D(A) is dense, we deduce then as well
(20) ARyu—u as A — o0, forall u e X.
Now if u € D(A), then
Axu = /\ARAu = /\RAAu.
In view of (20), our claim (19) is proved.

4. Next, define

o o]

2k
Sa(t) = e = e~ Mty = (NS (At
k=0

Observe that since |Ry|| < /\"1,

At ko g Atk
ISA(®)]| < e Z ||RA|| Z

Consequently {Sx(t)}:>0 is a contraction semigroup, and it is easy to check
its generator is A, with D(A,) =

5. Let A, u > 0. Since R\R, = R, R), we see AyA, = A, A), and so
ALS\(t) = S\(t)A, foreacht>0.

Thus if u € D(A), we can compute

t

Sy(t)u—Su(tHu = %[Sy(t — 5)S\(s)u)ds

JOo w

= /t S.(t — 8)Sn(s)(Aru — A u) ds,
Jo
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because £ Sx(t)u = 455 (t)u = Sx(t)Aru. Consequently ||S)(t)u — S (t)ul|
< t||Ayu — Apul|| — 0 as A, p — co. Hence

(21) Stu = Alim Sx(t)u exists for each t > 0, u € D(A).
—00
As [|Sa(t)|| < 1, the limit (21) in fact exists for all w € X, uniformly for ¢ in

compact subsets of [0, 00). It is now straightforward to verify {S(t)}+>0 is a
contraction semigroup on X.

t
(22) Syu—u= f Sx(s)Axuds.
0
In addition
[1Sx(8)Axu — S(s)Aull < [ISx(s)]l || Axu — Auf| + [[(Sa(s) — S(s))Aul| — 0

as A — o0, if u € D{A). Passing therefore to limits in (22), we deduce
rt
Stlu—u= / S(s)Auds
0

if u € D(A). Thus D(A) C D(B) and

-S(—t);‘—?—“ — Au (u € D(A)).

Now if A > 0, A € p(A)Np(B). Also (\—-B)}(D(A)) = (M —-A)(D(A)) =X,
according to (17). Hence (Al — B)|p(4) is one-to-one and onto; whence
D(A) = D(B) Therefore A = B, and so A is indeed the generator of

= 22T ATAV L £ LA a2 2RI oo TR

{5(8)}e20- O

Remark. Let w € R. A semigroup {S(t)}:>0 is called w-contractive if
IS(#)]] < et (t > 0). An easy variant of Theorem 4 asserts that a closed,
densely-defined linear operator A generates an w-contractive semigroup if
and only if

(23) (w,00) C p(A) and ||Ry| < Py for all A > w.
This version of the Hille-Yosida Theorem will be required for our first ex-
ample below. O

7.4.3. Applications.

We demonstrate in this section that certain second-order parabolic and
hyperbolic PDE can be realized within the semigroup framework.
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a. Second-order parabolic PDE.

We consider first the parabolic initial /boundary-value problem

u+Lu=0 inUr
(24) u=0 ondU x[0,T]
u=g onU x {t=0}, |

a special case (corresponding to f = 0) o ( ) in §7
tho divergencre etrncoture f‘)\ from §7.1.1. satisfies th

VAU A VUL /ULy Ous wuv sl o 1iisiia NTedexy O u;u L}

.1.1. We assume L has

1 qnnl strono allintie-

usual strong elliptic

ity condition, and has smooth coefficients, which do not depend on t. We
additionally suppose that the bounded open set U has a smooth boundary.

We propose to reinterpret (24) as the flow determined by a semigroup

D srryy

on X = L*(U). For this, we set

(25) D(A) := H}(U)n HY(U),
and define
(26) Au:=—-Lu ifue D(A).

Clearly then A is an unbounded linear operator on X. Recall from §6.2.2
the energy estimate

(27) Bllulltys oy < Blu,ul +7llullzaw),
for constants 3 > 0, v > 0, where B[, ] is the bilinear form associated with :
L. |

THEOREM 5 (Second-order parabolic PDE as semigroups). The operator
A generates a y-contraction semigroup {S(t)}i>0 on L2(U).

Proof. 1. We must verify the hypotheses of the variant of the Hille-Yosida
Theorem mentioned in the concluding Remark in §7.4.2, with « replacing w.

First, D(A) given by (25) is clearly dense in L?(U).
2. We claim now that the operator A is closed. Indeed, let {uz}32, C
D(A) with

(28) up — u, Aug — f in L2(U).
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(29) up — u  in H2(U).
Therefore u € D(A). Furthermore (29) implies Au; — Au in L*(U), and
consequently f = Au.

3. Next we check the resolvent conditions (23), with v replacing w. Ac-
cording to Theorem 3 in §6.2.2, for each A > v the boundary-value problem
Lu+ Au = inU
30) { -
u=0 indU

has a unique weak solution u € H(U) for each f € L?(U). Owing to elliptic
regularity theory, in fact u € H*>(U) N H}(U). Thus u € D(A). We may
now rewrite (30), using (26), and find

(31) Au — Au = f.
Thus (A — A) : D(A) — X is one-to-one and onto, provided A > . Hence
p(A) D [v,00).
4. Consider the weak form of the boundary-value problem (30):
Blu,v] + A(u,v) = (f,v)

for each v € H}(U), where ( , ) is the inner product in L2(U). Set v = u
and recall (27) to compute for A > :

A = Dllelzz @y < 12w llullz2w)-

Hence, since u = R f, we have the estimate
1
R fllz2(y < mllf”m(uy
This bound is valid for all f € L?(U) and so
1
R <— (A>
(32) 1Bl < 5= (>,
as required. O

Remark. Semigroup theory provides an elegant method for constructing
a solution to the initial/boundary-value problem (24). It is worth noting
however that this technique requires that the coefficients o/, b%, ¢ (i,j =
1,...,n) of L be independent of ¢. The Galerkin method in §7.1 works
without this restriction. On the other hand, semigroup theory constructs
at the outset a more regular solution than that produced by the Galerkin
technique, at least until we develop regularity theory. O
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b. Second-order hyperbolic PDE.

We turn our attention next to the hyperbolic initial/boundary-value
problem

(33) u=0 ondU x[0,T]

{utt-i-Lu:O in Ur
U =g, Ut:h OHUX{tZO}a

0y

for the operator L and open set U as above. We recast (33) as a first-order
system by setting v := u;. Then the foregoing reads

w=v, vy +Lu=0 inUp
u=0 on 8U x [0,T)
u=g,v=nh on U x {t = 0}.

We will further assume L has the symmetric form:

T ?; 7 17 \
Lu=—- ) (a"ug,)s; + cu,
ij=1
where
(34) c>0, a9 =a" (i,j=1,...,n).
Thus for some constant 3 > 0:
(35) ﬁ”“”?{&(u) < Blu,u] for all u € H}(U).

X = Hy(U) x L*(U),

(36) (e, 0) 1| = (Blu, u] + fol g2 (0r)) /2.

D(A) := [H*(U) N Hg(U)] x Hy(U)

(37) A(u,v) := (v,~Lu) for (u,v) € D(A).

We will show A verifies the hypothesis of the Hille-Yosida Theorem.



424 7. LINEAR EVOLUTION EQUATIONS

THEOREM 6 (Second-order hyperbolic PDE as semigroups). The oper-
ator A generates a contraction semigroup {S(t)}:>0 on HY(U) x L2(U).
Proof. 1. The domain of A is clearly dense in Hj(U) x L*(U).
2. To see A is closed, let {(uk,vx)}32, C D(A), with
(uk, vi) = (u,v), A(ug,vx) — (f,9) in HY(U) x L*(U).

Since A(ug,vx) = (vk, —Lug), we conclude f = v and Luy — —g in L2(U).

As in the previous proof, it follows that ux — u in H?(U) and ¢ = —Lu.
Thie (¢ n‘\C n(A\ A('n nv\—{fn _T'n\—-(F n\

.I.I..I.JD \w,UICU\Ill’ LA Wy U J == U, .l_lu:/——\'l73/.
3. Nowlet A > 0, (f,9) € X := H}U) x L*(U), and consider the
operator equation
(38) /\(U, U) - A(U,’U) = (fv g)
This is equivalent to the two scalar equations

(39) { Mi—v=f (ue HXU)NHU)),
W+ Lu=g (ve H}U)).

Rt {20) imnliac

P AvVeT \0;7} L PLICS

(40) MNu+Lu=Af+g (ue H2U)N Hy(U)).

Since A? > 0, estimate (35) and the regularity theory imply there exists
a unique solution u of (40). Defining then v := Au — f € H}(U), we have
shown that (38) has a unique solution (u,v). Consequently p(A) O (0, co0).

4. Whenever (39) holds, we write (u,v) = R)(f,g). Now from the
second equation in (39), we deduce

Vlall2. 1 Rla
/\”U"Lz T Ulw, [ %5
Substituting v = Au — f, we obtain
A(llollzz + Blu,u]) = (9,v)2 + Blu, f]
< (llgl3= + BLf, DY2(IlvllZ2 + Blu,u])'>.

Here we used the generalized Cauchy—Schwarz inequality (§B.2), which holds
owing to the symmetry condition (34). In light of our definition (36),

o)l < <1F o)l

and so

)
IA
\Y
e

> =

as required. 0

See Friedman [FR1] or Yosida [Y] for the theory of analytic semigroups.
Aspects of nonlinear semigroup theory will be developed later, in §9.6.
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7.5. PROBLEMS

In the following exercises we assume U C R" is an open, bounded set, with
smooth boundary, and T > 0.

1.

Prove there is at most one smooth solution of this initial/boundary-
value problem for the heat equation with Neumann boundary condi-

tions:
u—Au=f inUr

9u —0 on dU x [0,T]
u=g onU x {t =0}.
Assume u is a smooth solution of

!ut—Auzﬂ in U x (0, c0)
u=0 ondU x [0, 00)
u=g onU x {t=0}.

Prove the exponential decay estimate:
[, Ol 2@y < E_MtIlg“Lz(U) (t > 0),

where A1 > 0 is the principal eigenvalue of —A (with zero boundary
conditions) on U.

(Galerkin’s method for Poisson’s equation.) Suppose f € L?(U) and
assume that u,, = >3-, d* wy, solves

/Dum-Dwkd:czjf-wkdx
U U

for kK = 1,...,m. Show that a subsequence of {um}_, converges
weakly in H}(U) to the weak solution u of
—-Au=f inU
u=0 ondU
Assume

Prove that v = w’. (Hint: Let ¢ € C1(0,T), w € H}(U). Then

T T
/ (u,, dw) dt = — f (g, @) dt.)
0 0

Suppose H is a Hilbert space and

. ax s T2/ ., ITN
U, —u in L0, 7T; H).
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Suppose further we have the uniform bounds

esssup ||lug(?)|| < C (k=1,...),
0<t<T

for some constant C. Prove

esssup |ju(?)|| < C.
0<t<T

(Hint: If v € H and 0 < a < b < T, we have

b
[ @) < Clolfp - al

Suppose u is a smooth solution of

u—Au+cu=0 in U x (0, 00)
u=0 on dU x [0, c0)
u=g onU x {t=0}

and the function ¢ satisfies

c>v>0.

lu(z,t)| < Ce™™  ((z,t) € Ur).

Suppose u is a smooth solution of the PDE from Problem 6, that
g > 0, and ¢ is bounded (but not necessarily nonnegative). Show that
u > 0. (Hint: What PDE does v := e*u solve?)

Prove inequality (54) in §7.1.3, (59) in §7.2.3. (Hints: Assume u is
smooth, u = 0 on 8U. Transform the term (Lu,—Au) by integrating
by parts twice. Simplify and then estimate the boundary terms using
trace inequalities.)

Show there exists at most one smooth solution of this initial/boundary-
value problem for the telegraph equation

e +duy —ugz = f in (0,1) x (0,7)
u=0 on ({0} x[0,T])U ({1} x [0,T])
u=g,us=h on(0,1) x {t = 0}.
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10.

11.
12.

13.

14.

15.

Prove there exists at most one smooth solution u of this problem for
the beam equation

Ut + Uzgrr =0 in (0,1) x (0,T)
u=u, =0 on ({0} x[0,T])U({1} x [0,T])
u=g,us=h on|0,1] x {t=0}.

Prove the resolvent identities (12) and (13) in §7.4.1.
Justify the equality

0

A f e MS(Hxdt = f e MAS(t)zdt
0

used in (16) of §7.4.1. (Hint: Approximate the integral by a Riemann
sum and recall A is a closed operator.)

Define for t > 0
[S®al@) = [ - uat)dy (@R

where ¢ : R® — R and & is the fundamental solution of the heat
equation. Also set S(0)g = g.

(i) Prove {S(t)}:>0 is a contraction semigroup on L?(R"),
(ii) Show {S(¢)}+>0 is not a contraction semigroup on L>®(R™).

Let {S(t)}:>0 be a contraction semigroup on X, with generator A.
Inductively define D(A*) := {x € D(A* 1) | A*'z € D(A)} (k =
if

9 \ QhAwr l'br_\t D/ Ak m e N Ak\ fwe
\4(1 AV A

far anma b +han OF4)
Ldy... ). DO0W ulia ulL ML & L4

r \
L% VR } 1UL puilv v,

eacht > 0.
Use Problem 14 to prove that if u is the semigroup solution in X =
L3(U) of
Ut — Au =0 in UT
u=0 ondU x[0,T]
u=g onU x {t=0},

with g € C°(U), then u(-,t) € C*(U) for each 0 <t < T.

7.6. REFERENCES
Section 7.1  See Ladyzhenskaya [L, Chapter 3|, J.-L. Lions [L1], Lions—

Magenes [L-M], Wloka [WL]. W. Schlag helped me with the
proof of Theorems 5, 6. The proof of the parabolic Harnack
inequality is similar to calculations found in Davies [DA].
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Section 7.2

Section 7.3

Section 7.4
Section 7.5

The books of Krylov [KR], Ladyzhenskaya—Solonnikov-Ural-
tseva [L-S-U], and Lieberman [L.B] have much more on reg-
ularity theory.

See Ladyzhenskaya [L, Chapter 4], J.-L. Lions [L1], Lions-
Magenes [L-M] and Wloka [WL].

The Fourier transform argument is taken from John [J]; cf.
also Treves [T, §15]. D. Serre has shown me a much more
precise version of Theorem 5, under the further assumption
of strict hyperbolicity.

See Friedman [FR1, Part 2, §1] and Yosida [Y, Chapter IX].

Problem 8: see [B-E]| for a proof, and see also Ladyzhens-
kaya—Uraltseva [L-U, p. 182].
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8.1. INTRODUCTION
8.1.1. Basic ideas.

We introduce some new ideas by supposing first of all that we wish to
solve some partial differential equation, which for simplicity we write in the
abstract form

1) Alu] = 0.

Tn this formula A” denotes a given, possibly nonlinear partial differential

In this formula Al-] denotes a given, possibly nonlinear partial differential
operator and u is the unknown. There is, of course, no general theor f or
solving all such PDE.

The calculus of variations identifies an important class of such nonlinear
problems that can be solved using relatively simple techniques from non-
linear functional analysis. This is the class of variational problems, that is,

431
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PDE of the form (1), where the nonlinear operator A[-] is the “derivative”
of an appropriate “energy” functional I[]. Symbolically we write

(2) Al =TT]

Then problem (1) reads

(3) I'iu] = 0.

The advantage of this new formulation is that we now can recognize solutions
of (1) as being critical points of I[-]. These in certain circumstances may be
relatively easy to find: if, for instance, the functional I[-] has a minimum
at u, then presumably (3) is valid and thus u is a solution of the original
PDE (1). The point is that whereas it is usually extremely difficult to solve
(1) directly, it may be much easier to discover minimum (or maximum, or
other critical) points of the functional I[-].

In addition of course, many of the laws of physics and other scientific
disciplines arise directly as variational principles.

8.1.2. First variation, Euler-Lagrange equation.

Suppose now U C R" is a bounded, open set with smooth boundary oU,
and we are given a smooth function

L:R"xRxU—=R.
We call L the Lagrangian.

Notation. We will write

L=L(p,zz)=L(ps,...,Pn,2,2Z1,-.-,Tn)

forp e R™, z € R,and x € U. Thus “p” is the name of the variable for which

k+++n/\k1 A w0 3o+ ahls £ Thish ‘hat
W€ SUosuituie LW\ OCIOW, alld 27 18 L€ 3 rariable for which we substitute

w(z). We also set
( DoL = (Ly,,...,Ly,)

n

D,L=1L,
D = ( L, )
A ‘-’iL‘u 19 y *~ILn/t
This notation will clarify the theory to follow. a

We now make the vague ideas in §8.1.1 more precise by now assuming
I[-] to have the explicit form

(4) Iw] =/UL(Dw(x),w(x),a:)dx,
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for smooth functions w : U — R satisfying, say, the boundary condition

(5) w=g¢g ondU.

Let us now additionally suppose some particular smooth function u,
satisfying the requisite boundary condition u = g on OU, happens to be

i temtrnicar Af T[] crmano all Fiinmntinng o P Ing (R Ao asnl] Adoanaam

a ILIJJJ..‘UJJILUJ. 01 .l lJ ALl a4l [HIICLioNns w aamaLyuxs \PJ} Yo wite UCrrwwiee
strate that u is then automatically a solution of a certain nonlinear partial
differential equation.

To confirm this, first choose any smooth function v € C2°(U) and con-
sider the real-valued function

(6) ir) :=Iu+7v] (7 €R).

Since u is a minimizer of I[-] and u + 7v = u = g on U, we observe that
i(+) has a minimum at 7 = 0. Therefore

(7) i(0) = 0.

We explicitly compute this derivative (called the first variation) by writ-
ing out

(8) i(r) = / L(Du+ tDv,u+ Tv,z)dz.
U
Thus

i(r) = /ZL ADu+ 7Dv,u+ Tv,2)vg, + L,(Du+ 7Dv,u + v, z)v dz.
i=1

Let 7 = 0, to deduce from (7) that
i'(0) = J D Ly (Du,u, @)ve, + Lo(Du,u,x)v de.
Finally, since v has compact support, we can integrate by parts and obtain

0= ]U !— 2": (Lp,(Du,u,x)), + L(Du,u,x)| vdz.

i=1

As this equality holds for all test functions v, we conclude u solves the
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nonlinear PDE

(9) _Z(Lm(Duauv m));,;z +L2(Du,u,x) =0 inU.
i=1

This is the Euler—Lagrange equation associated with the energy functional
I|] defined by (4). Observe that (9) is a quasilinear, second-order PDE in
divergence form.

In summary, any smooth minimizer of I[-] is a solution of the Euler-
Lagrange partial differential equation (9), and thus—conversely—we can
try to find a solution of (9) by searching for minimizers of (4).

Example 1 (Dirichlet’s principle). Take
L(p,z,z) = 3lp|*.
Then Ly, =p; (i=1,...,n), L, = 0; and so the Euler-Lagrange equation
associated with the functional
Iw) =1 / Dwl? de
U
is
Au=0 inU.

This fact is Dirichlet’s principle, previously introduced in §2.2.5. O

Example 2 (Generalized Dirichlet’s principle). Write

n

L(p7 Z,LII) = % Z a”(.’L‘)psz - Zf(:l?),

i,j=1

where a¥ = a7 (i,j =1,...,n). Then L, = Y_i_, a¥(z)p; (i =1,...,n),
L, = —f(z). Hence the Euler-Lagrange equation associated with the func-
tional

n
Iw] := f ] Z awy,wy, — wfdx
U =1
v
is the divergence structure linear equation

Z (a“uzj)zi =f inU.

1,7=1
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L.‘J.

1 0 a co O\ PRTLY SR, ) PP S R I
an 3 <) un l: ulilorml elpuicivty colal-

We will see later (in §8.1.
tion on the a¥ (i,5=1,...,n)is a natural further assumption, required to
prove the existence of a minimizer. Consequently from the nonlinear view-
point of the calculus of variations, the divergence structure form of a linear
second-order elliptic PDE is completely natural. This observation provides
some much belated motivation for the bilinear form techniques utilized in

Chapter 6. O

Example 3 (Nonlinear Poisson equation). Given a smooth function f :
R — R, define its antiderivative F(z) = f; f(y) dy. Then the Euler—Lagrange
equation associated with the functional

Iw] :=/U%|Dw|2—F(w) iz

is the nonlinear Poisson equation

—Au= f(u) inU.

Example 4 (Minimal surfaces). Let
L(p,z,z) = (1 + [p|*)"/? ;

so that

Iw] = /(1 + |Dw|?)'/? de
Ju

is the area of the graph of the function w : U — R. The associated Euler—
Lagrange equation is

n
Ug,
(10) Z( 7)) =0 WU
2)1/2
This partial differential equation is the minimal surface-equation. The
expression div iy gu t|‘2)1 5 ) on the left side of (10) is n times the mean cur-

vature of the graph of u. Thus a minimal surface has zero mean curvature.
a
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Surface area of graph = I[u]

A minimal surface

8.1.3. Second variation.

We continue in the spirit of the calculations from §8.1.2 by computing
now the second variation of I[-] at the function u. This we find by observing
that since u gives a minimum for /[-], we must have

i"(0) >0,

i(-) defined as above by (6). In view of (8) we can calculate

n
i’ (1) = /U Z Lpp;(Du+ 7Dv,u + 70, )V, 0z,
i,j=1

n
+2 Z Ly, .(Du+ 7Dv,u + Tv,z)vg,v
=1

i
+ Lo, (Du+ 7Dv,u + v, x)v? dz.

Setting 7 = 0, we derive the inequality

0 < i(0) :/U Z Lp;p; (D, u, )z, vz,
ij=1

(11)
n
+2 Z Ly, 2(Du,u, z)vy,v + L, (Du,u, )v? dz,
i=1
holding for all test functions v € C*(U).
We can extract useful information from inequality (11), as follows. First,
note after a routine approximation argument that estimate (11) is valid for
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any Lipschitz continuous function v vanishing on OU. We then fix £ € R"
and define

(12) o) =22 ) (@) @e),
where { € C(U) and p : R — R is the periodic “zig-zag” function defined
by

@={7  EEIE o) eem

_ , = € R).
P | 1-z if 3<2z<1 PR P

Thus
(13) P |=1 ae.

Observe further v, (x) = p/ (I—f) £+ 0O(€) as € — 0, and so our substituting
(12) into (11) yields

0< / Z Lpp,(Du,u, z)(p))26:£;¢* dz + O(e).

t,j=1

We recall (13) and then send € — 0, thereby obtaining the inequality

0 < -/ Z Lpipj (Du,u,$)£153<2 dz.

2,7=1

Since this estimate holds for all { € C*(U), we deduce

(14) > Ly, (Du,u,2)6i8; >0 (E€R™, z€U).
i,j=1 e

We will see later in §8.2 that this necessary condition contains a clue as
to the basic convexity assumption on the Lagrangian L required for the
existence theory.

8.1.4. Systems.
a. Euler—Lagrange equations.

The foregoing considerations generalize quite easily to the case of sys-
tems, the only new complications being largely notational. Recall from §A.1
that Mm"" is the space of real m x n matrices, and assume the smooth La-
grangian function

LMY xR"xU—->R

is given.
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Notation. We will write

(p% p%\
P: .

\p{n R p:ln / mxn
(We are now employing superscripts to denote rows: this notational conven-
tion simplifies the following formulas.) O

As in §8.1.2 we associate with L the functional
(15) I[w] := / L(Dw(z),w(z), z)dz,
U

defined for smooth functions w : U — R™, w = (w!,...,w™), satisfying the
boundary conditions w = g on 0U, g : U — R™ being given. Here

1 1

w T

X1 In,
Dw(z) =
wyy . Wer / opn
is the gradient matrix of w at z.
Let us now show that any smooth minimizer u = (u!,...,u™) of I[,
taken among functions equal to g on dU, must solve a certain system of
nonlinear partial differential equations. We therefore fix v = (v!,...,v™) €

C°(U;R™) and write
i(r) ;== Ifu+ 1v].
As before -
i'(0) =0.

From this we readily deduce as above the equality

n m ™m
0= j z Z «(Du, u,:z:)v”;l_ + Z L«(Du,u, z)v* dx .
As this identity is valid for all choices of v!,...,v™, we conclude after inte-
grating by parts:
(16) — Z (Lp@(Du,u,w)) + Lx(Du,u,z)=0 inU (k=1,...,m).
=1 o
This coupled, quasilinear system of PDE comprise the Fuler-Lagrange equa-
tions for the functional I[-] defined by (15).
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b. Null Lagrangians.

Surprisingly, it turns out to be interesting to study certain systems of
nonlinear partial differential equations, for which every smooth function is
a solution.

DEFINITION. The function L is called a null Lagrangian if the system
of Fuler-Lagrange equations

o
3
-
o~~~
o
I

3

is automatically solved by all smooth functionsu: U — R™.

The importance of null Lagrangians is that the corresponding energy
Iw] = / L(Dw,w,z)dx
U

depends only on the boundary conditions:

THEOREM 1 (Null Lagrangians and boundary conditions). Let L be a

null Lagrangian. Assume u 11 are two functions in ("2(U Rm\ such that

(18) u=u ondU.
Then
(19) Iu] = Ia] .

Proof. Define -

i(r)=Iru+(1-7mw (0<7<1).

Then

n m

ZLP rDu+ (1 - 7)Di, ru+ (1~ 1), z)(uf, — k)
i=1 k=1

||
c:\

+ Zsz (rDu+ (1 — 7)Da, ru + (1 — 7)i, z)(u* — @¥) de
k=1

3

<l

[ ( ¢(rDu+ (1-7)Dd,ru+ (1-7)d,2)),
k=1 i=

Q\_

+ Ly(tDu+ (1 —1)Da,7u+ (1 — 7)a, z) | (v — @) de
=0,
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the last equality holding since the Euler-Lagrange system of PDE is satisfied
by 7u+ (1 — 7)ia. The identity (19) follows. O

In the scalar case that m = 1 the only null Lagrangians are the boring
examples where L is linear in the variable p. For the case of systems (m > 1),
however, there are certain nontrivial examples, which will turn out to be
important for us later.

Notation. If A is an n X n matrix, we denote by

cof A

the cofactor matrix, whose (k,4)™* entry is (cof A)F = (—1)"**d(A)¥, where
d(A)* = determinant of the (n—1) x (n—1) matrix obtained by deleting the
k'"-row and i*"-column from A. 0

LEMMA (Divergence-free rows). Let u: R™ — R™ be a smooth function.
Then

n

(20) > (cof Du)f, =0 (k=1,...,n).

=1

Proof. 1. From linear algebra we recall the identity

(21) (det P)I = PT(cof P) (P € M™<");
that is,
n

(22) (det P)8i; = Y _pF(cof P)§ (1,5 =1,...,n).

k=1
Thus in particular

t P

(23) a;;k — (cof PYE (k,m =1,...,n).

.~
2. Now set P = Du in (22), differentiate with respect to z;, and sum
i=1,...,n, to find

n
Z 6?,] (COf Du)fnugmmj = Z u].’z'z'.'l,‘j(COf Du)_}; + u’;i (COf Du)_’]?,.l‘j
f.k,m=1 k,j=1

for i =1,...,n. This identity simplifies to read

(24) > uk, (Z(cofDu)f’mj) =0 (i=1,...,n).
/

k=1 \Jj=1
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3. Now if det Du(zy) # 0, we deduce from (24) that

at xg. If instead det Du(zp) = 0, we choose a number € > 0 so small that
det{Du(zo)+e€l) # 0, apply steps 1-3 to 1 := u+¢x, and send € — 0. O

THEOREM 2 (Determinants as null Lagrangians). The determinant func-
tion
L(P)=detP (PeM"™")

s a null Lagrangian.

Proof. We must show that for any smooth function u: U — R,

n

3 (Lpf(Du)) —0 (k=1,...,n).

. T4
i=1

According to (23) we have L = (cof P)¥ (i,k = 1,...,n). But then em-
ploying the notation and conclusion of the lemma, we see

n

i (Lp;c(Du)) =) (cof D), =0 (k=1,...,n).

i=1 T4

0O
Some other interesting null Lagrangians are introduced in the exercises.

c. Application.

A nice application is a quick analytic proof of a topological fixed point
theorem.

THEOREM 3 (Brouwer’s Fixed Point Theorem). Assume
u: B(0,1) — B(0,1)

is continuous, where B(0,1) denotes the closed unit ball in R™. Then u has
a fized point; that is, there exists a point x € B(0,1) with

u(z) = z.
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Proof. 1. Write B = B(0,1). We first of all claim that there does not exist
a smooth function

(25) w:B — 0B
such that
(26) w(z) =z forall x € 0B.

2. Suppose to the contrary that such a function w exists. Let us tem-
porarily write W for the identity function, so that w(z) = = for all z € B.
In view of (26), w = W on OB. Since the determinant is a null Lagrangian,
Theorem 1 implies

o f _ . . o
(27) | deeDwdz = | det D dz = |B| #0.
B B
On the other hand, (25) implies |w|? = 1; and so differentiating, we find
(28) (Dw)Tw =0.

Since |w| = 1, (28) says 0 is an eigenvalue of Dw' for each z € B.
Therefore det Dw = 0 in B. This contradicts (27), and thereby proves no
smooth function w satisfying (25), (26) can exist.

2. Next we show there does not exist any continuous function w verifying
(25), (26). Indeed if w were such a function, we continuously extend w by
setting w(z) = = if z € R" — B. Observe that w(z) # 0 (z € R"). Fixe > 0
so small that w; := 1. * w satisfies wi(z) # 0 (z € R™). Note also that since
ne is radial, we have wy(z) = z if z € R™ — B(0,2), for € > 0 sufficiently
small. Then

2W1
Wy (= ——
w1
would be a smooth mapping satisfying (25), (26) (with the ball B(0,2)
replacing B = B(0, 1)), in contradiction to step 1.

3. Finally suppose u : B — B is continuous, but has no fixed point.
Define now the mapping w : B — 0B by setting w(z) to be the Roint
on OB hit by the ray emanating from u(z) and passing through z. This
mapping is well defined since u(z) # x for all x € B. In addition w is
continuous and satisfies (25), (26).

But this in turn is a contradiction to step 2. a

We will employ Brouwer’s fixed point theorem several times in Chapter

<o
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8.2. EXISTENCE OF MINIMIZERS

In this section we will identify some conditions on the Lagrangian [ which
ensure that the functional I[-] does indeed have a minimizer, at least within
an appropriate Sobolev space.

8.2.1. Coercivity, lower semicontinuity.

Let us start with some largely heuristic insights as to when the functional
1) Nl = [ LDw(z),w(e),2) dz,
U

defined for appropriate functions w : U — R satisfying
(2) w=g ondU,

should have a minimizer.

a. Coercivity.

We first of all note that even a smooth function f mapping R to R
and bounded below need not attain its infimum. Consider, for instance,
f=¢€"or (14 z?)7L. These examples suggest that we in general will need
some hypothesis controlling I{w] for “large” functions w. Certainly the most
effective way to ensure this would be to hypothesize that I[w] “grows rapidly
as |w| — oo”.

More specifically, let us assume
(3) l<g<oo

is fixed. We will then suppose

there exist constants o > 0, 8 > 0 such that

(4) L(p,Z,CE) > a'plq - /6
 forallpeR™, zeR, z€U.

Therefore
(5) 1) = all Dwlldy g, — ¥

for v := B|U|. Thus Ilw] — oo as || Dw||p« — oo. It is customary to call (5)
a coercivity condition on I[].

Turning once more to our basic task of finding minimizers for the func-
tional I[-], we observe from inequality (5) that it seems reasonable to define
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I'|w] not only for smooth functions w, but also for functions w in the Sobolev
space W19(U) that satisfy the boundary condition (2) in the trace sense.
After all, the wider the class of functions w for which I[w] is defined, the
more candidates we will have for a minimizer.

We will henceforth write

A:={we Wh(U) | w= g on AU in the trace sense}

to denote this class of admissible functions w. Note in view of (4) that I[w]
is defined (but may equal +o00) for each w € A.

b. Lower semicontinuity.

Next, let us observe that although a continuous function f : R — R
satisfying a coercivity condition does indeed attain its infimum, our integral
functional I[] in general will not. To understand the problem, set

(6) m = ui)relal[w]

and choose functions u; € A (k=1,...) so that
(7) Iug) > m ask— oo

We call {ug}32, a minimizing sequence.

We would now like to show that some subsequence of {ux}7>; converges
to an actual minimizer. For this, however, we need some kind of compact-
ness, and this is definitely a problem since the space W19(U) is infinite
dimensional. Indeed, if we utilize the coercivity inequality (5), it turns out
(cf. §8.2.2) that we can only conclude that the minimizing sequence lies in a
bounded subset of W4(U/). But this does not imply that there exists any
subsequence which converges in Wh4(U).

We therefore turn our attention to the weak topology (cf. §D.4). Since
we are assuming 1 < g < oo, so that LI(U) is reflexive, we conclude that
there exists a subsequence {uy; }32; C {ux}3, and a function u € W)
so that

R in 19
(8) {ukj u weakly in L4(U)

Duy; — Du weakly in LY(U;R").
We will hereafter abbreviate (8) by saying

(9) : ug, — u weakly in wha(u).
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Furthermore, it will be true that v = ¢ on QU in the trace sense, and so
u€ A

Consequently by shifting to the weak topology we have recovered enough
compactness from the coercivity inequality (5) to deduce (9) for an appro-
priate subsequence. But now another difficulty arises, for in essentially all
cases of interest the functional I[-] is not continuous with respect to weak
convergence. In other words, we cannot deduce from (7) and (9) that

(10) Iu] = lim Ifug ],

L] N
J—o0

and thus v is a minimizer. The problem is that Dug, — Du does not imply
Dug; — Du a.e.: it is quite possible for instance that the gradients Dug,,
although bounded in L9, are oscillating more and more wildly as k; — oco.

What saves us is the final, key observation that we do not really need
the full strength of (10). It would suffice instead to know only

(11) Iu] < liminf I[ug ].

Jj—oo

Then from (7) we could deduce I[u] < m. But owing to (6), m < I[u].
Consequently u is indeed a minimizer.

DEFINITION. We say that a function I[-] is (sequentially) weakly lower
semicontinuous on W14(U), provided

I[u] < lign inf I'ug)

whenever
up — v weakly in WH(U).

Our goal therefore is now to identify reasonable conditions on the non-
linearity L that ensure I[-] is weakly lower semicontinuous.

8.2.2. Convexity.

b
=
o

We next look bac ur second variation analysis in §8.1.3 and recall

3 red t}‘ucro the

1 o
AL VLLT ALV UG

( T . N LAY ) N f& — N . ~ TTN
P Lpp,(Dulz), ulz), )68 20 ((ER,z€U)

holding as a necessary condition, whenever u is a smooth minimizer. This
inequality strongly suggests that it is reasonable to assume that L is convex
in its first argument.
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THEOREM 1 (Weak lower semicontinuity). Assume that L is bounded
below, and in addition

the mapping pw— L(p,z,z) is convex,
for each z € R, x € U. Then

I1] is weakly lower semicontinuous on W9 (U).

Proof. 1. Choose any sequence {u}%>, with
(12) up —u  weakly in WH(U),
and set ! := liminfy_,o I{ug]. We must show
(13) Iu] < 1.
2. Note first from (12) and §D.4 that

(14) sup lluwllw @y < oc.

Upon passing to a subsequence if necessary, we may as well also suppose
(15) {= Hm I[pg].
k—oo

Furthermore we see from the compactness theorem in §5.7 that upy — u
strongly in L7(U); and thus, passing if necessary to yet another subsequence,
we have

(16) up —u a.e. in U

3. Fix ¢ > 0. Then (16) and Egoroff’s Theorem (§E.2) assert
(17) ugr — v uniformly on E,
where E. is a measurable set with -
(18) U —E| <e.

Now write

(19) F, = {:b € Ullu(z)| + |Du(z)| < %} :
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Then

NN | I nl n o n
(2U) U = Le] = U e — U.
We finally set

(21) Ge:=E.NF,

and observe from (18), (20): [U —G¢| - 0 ase — 0.

4. Now let us observe since L is bounded below, we may as well assume
(22) L>0

(for otherwise we could apply the following arguments to L=L+3>0for
some appropriate constant 3). Consequently

Ifug] = / L(Dug, ug,x)dx > / L(Duy,ug,x) dx
(23) v Ge
> [ L(Du,u, z) dz +/ Dy L(Du,ug, z) - (Dug — Du) dz,
Ge

€

the last inequality following from the convexity of L in its first argument;
see §B.1. Now in view of (17), (19) and (21):

(24) lim L(Du,uk,z)da::/ L(Du,u,z)dz.
k—oo Jg,

€

In addition, since DpL(Du,ug,z) — DpL(Du,u,z) uniformly on G, and
Duy — Du weakly in LI(U;R"™), we have

(25) lim / Dy L{Du, ug, z) - (Dug, — Du)dz = 0.
k—oo G
Owing now to (24), (25), we deduce from (23) that
o f ) o
I = lim Ifug| 2/ L(Du,u,z)dz.
k—oo G.

This inequality holds for each € > 0. We now let € tend to zero, and recall
(22) and the Monotone Convergence Theorem (§E.3) to conclude

lZ] L(Du,u,z)dx = I[u],
U

as required. O
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Remark. It is very important to understand how the foregoing proof deals
with the weak convergence Duy — Du. The key is the convexity inequality
(23), on the right hand side of which Duy appears linearly. Weak conver-
gence is, by its very definition, compatible with linear expressions, and so
the limit (25) holds. Remember that it is not in general true that Duy — Du
a.e., even if we pass to a subsequence.

The convergence of u; to u in L9 is much stronger, and so we do not
need any convexity assumption concerning z — L{p, z, ). O

We can at last establish that I[-] has a minimizer among the functions

in A.

THEOREM 2 (Existence of minimizer). Assume that L satisfies the co-
ercivity inequality (4) and is convexr in the variable p. Suppose also the
admissible set A is nonempty.

Then there erists at least one function u € A solving

I[u] =tr51€idril[w] :

Proof. 1. Set m := infycq I[w]. If m = 400 we are done, and so we
henceforth assume m is finite. Select a minimizing sequence {ux}3 . Then

(26) Iug) — m.

2. We may as well take g = 0 in inequality (4), since we could otherwise
just as well consider L := L +B. Thus L > «|p|?, and so -

27) I[w] > o /U \Duwl? da.

Since m is finite, we conclude from (26) and (27) that

(28) sup [ Dugl| sy < o0

3. Now fix any function w € A. Since uy and w both equal g on 8U in
the trace sense, we have up —w € WOl "(U). Therefore Poincaré’s inequality
implies

vkl Loy < llue — wllLo@) + 1wl La@)
< C||Dug — Dwl|peqyy + C < C,
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by (28). Hence supy, ||ux||za(yy < oo. This estimate and (28) imply {u}32;
is bounded in Wh9(U).

4. Consequently there exist a subsequence {ux,;}52; C {ux}il, and a
function v € W19(U) such that

ug, =~ u  weakly in WHI(U).

We assert next that u € A. To see this, note that for w € A as above,
ug—w € ng’q(U). Now Wol’q(U) is a closed, linear subspace of W14(U), and
so, by Mazur’s Theorem (§D.4), is weakly closed. Hence u — w € WO1 ).
Consequently the trace of u on oU is g.

In view of Theorem 1 then, I[u] < liminf; o I[ux,] = m. But since
u € A, it follows that

Iul|=m = glelﬂ ITwi.

O

We turn next to the problem of uniqueness. In general there can be many
minimizers, and so to ensure uniqueness we require further assumptions.
Suppose for instance

(29) L = L(p, z) does not depend on z,

and

there exists @ > 0 such that
CUNNR!

Zj 1 PzP] (pa )&?.éj 2 0|£|2 (p)é. S Rn’ T € U)

Condition (30) says the mapping p — L(p,z) is uniformly convex for each
z.

THEOREM 3 (Uniqueness of minimizer). Suppose (29), (30) hold. Then
a minimizer u € A of I[-] is unique.

Proof. 1. Assume u,% € A are both minimizers of I [] over A. Then
v = 2% ¢ A We claim

Ifu] + Id)
— 5

with a strict inequality, unless u = u a.e.

(31) Il <

2. To see this, note from the uniform convexity assumption that we have

(32) L(p,z) > L{(q,z}+ DpL{q

LT

p—af’ (z€U pgeRn).

Il

D

z)-(P—a)+

T3
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Set g = 2utDi o — Dy and integrate over U:
q 7 P ) g

r V4E o YRNTEE & ¥+l A _ :
I[v]-+—/ DPL(M,x) . (M) dx
U 2 2

(33) R
+ 3/ |Du — Dii|?dz < I[u].
8 Ju
Similarly, set ¢ = Q—’fg—@, p = D% in (32) and integrate:
Ifv] + / D,,L(——-————Du ;L Du,x) : (—Du ; DU) dz
(34) Y

+9] |Du — Dl dz < I]d).
8 Ju

Add and divide by 2, to deduce

I[u] + 1]a]

0
I[U]+—/ {Du — Dit|? dx <
8 Ju 2

This proves (31). .

3. As Iu] = Id] = minye 4 Iw] < Ifv], we deduce Du = D a.e. in U.
Since u = % = g on OU in the trace sense, it follows that v = 4 a.e. O

8.2.3. Weak solutions of Euler—Lagrange equation.

We wish next to demonstrate that any minimizer u € A of I[] solves the
Euler-Lagrange equation in some suitable sense. This does not follow from
the calculations in §8.1 since we do not know u is smooth, only u € W19(U),
And in fact we will need some growth conditions on L and its derivatives.
Let us hereafter suppose

(35) |L(p, z,z)| < C(lp|? + 2|7 + 1),

and also

(1DpL(p, 2,3)| < C(IplT1 + |21 + 1)
ID:L(p, 2,2)| < C(Ipl*~" + 297" + 1)

for some constant C' and allpe R", 2 € R, z e U.

(36)

Motivation for definition of weak solution. We now turn our attention
to the boundary-value problem for the Euler-Lagrange PDE associated with
our functional L, which for a smooth minimizer « reads

(37) - Z?ZI(LPi (DU, u, x)).’l:,, + Lz(Du, u, -T) =0 inU
u=g on OU.
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If we multiply (37) by a test function v € C¢°(U) and integrate by parts,
we arrive at the equality

(38) / 3" Ly, (Du, 4, v, + Lo(Du,u,z)vdz = 0.
Ui=1

Of course this is the identity we first obtained in our derivation of (37) in
§8.1.2.

Now assume u € WH4(U). Then using (36) we see
|D,L(Du,u,z)| < C(|Du|f! + [u|?~! +1) € LT (U),
where ¢ = qu—l, ;} + % = 1. Similarly

(39) |D,L(Du,u,z)| < C(|Dulf™" + |ul”! + 1) € LY (U).

Consequently we see using a standard approximation argument that the
equality (38) is valid for any v € W**(U). This motivates the following

DEFINITION. We say u € A isfa weak solution of the boundary-value
problem (37) for the Euler-Lagrange equation provided

n
/ Z Ly, (Du,u, x)ve; + L (Du,u,x)vdz =0
Ui=1

for allv € Wol’q(U).

THEOREM 4 (Solution of Euler-Lagrange equation). Assume L verifies
the growth conditions (35), (36), and u € A satisfies

I[u] = min I[uw].

Then u s a weak solution of (37).

Proof. We proceed as in §8.1.2, taking care about differentiating under the
integrals. Fix any v € W(} (U) and set

i(r) :=Ifu+7v] (T €R).

In view of (35) we see that ¢(7) is finite for all 7.
Let 7 # 0 and write the difference quotient

i(t) — i(0) _ / L(Du+ 7Dv,u + Tv,z) — L{Du, u, )
U

= LLT(x) dz, T

dz

T

(40)
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where
L7(z) = %[L(Du(z) + 7 Du(z), uz) + 0(z), ) — L{Du(z), u(z), 7)]

for a.e. x € U. Clearly
(41) L (z) — Z Lp,(Du,u, z)vy; + L (Du,u,z)v a.e.
i=1

as 7 — 0. Furthermore

1 T
L™ (z)= = / diL(Du + sDv,u + sv,z)ds
T Jo S

1 [T
==/ Z Ly, (Du + sDv,u + sv, z)vy,
oYY =1
+ L,(Du + sDv,u + sv,z)vds.

Next recall from §B.2 Young’s inequality: ab < aq—q + l;i,, where % + % =1
Then since u,v € W9(U), inequalities (36) and Young’s inequality imply

after some elementary calculations that
L7 (z)| < C(|Du|? + [u|? + [Dv|? + [v|? + 1) € L'(U)

for each 7 # 0. Consequently we may invoke the Dominated Convergence
Theorem to conclude from (40), (41) that i'(0) exists and equals

~n
] Z Ly, {Du,u, z)vg, + L,(Du,u,z)vdz.
Ui=1

But then since i(-) has a minimum for 7 = 0, we know i'(0) = 0; and thus u
is a weak solution. O

Remark. In general, the Euler-Lagrange equation (37) will have other so-
lutions which do not correspond to minima of I[-]; see §8.5. However, in the
special case that the joint mapping (p, z) — L{p, z,x) is convex for each x,
then each weak solution is in fact a minimizer.

To see this, suppose u € A solves

J - Z?zl(LPi (DuaU,x))zl + Lz(DU,U, CL') =0 inU
l u=4g on oU

——
=
[\

p
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in the weak sense and select any w € A. Utilizing the convexity of the
mapping (p, z) — L(p, z,x), we have

L(p7 Z, iZT) + DPL(p7Z7x) ’ (q —p) + DZL(p,Z,CL') ’ (’LU - Z) S L(Qrw"r)
Let p = Du(z), ¢ = Dw(z), z = u(z), w = w(z) and integrate over U:

Iu] + /UDPL(Du,u,z) (Dw — Du) + D, L(Du,u, z){w — u) dr < Ifw].

In view of (42) the second term on th

Air ¥V a

A > S W]
for each w € A. 0

)
r

8.2.4. Systems.
a. Convexity.

We now adopt again the notation for systems set forth in §8.1.4, and
consider the existence question for minimizers of the functional

I[w] :=/UL(DW(:E),W(:E),:E)dz,

defined for appropriate functions w : U — R™, where now L : M™*" x R™ x
U — R is given.

It turns out the theory developed in §8.2.2 extends with no difficulty to
the case at hand. Let us therefore assume the coercivity inequality

(43) L(P,z,z)>a|Pl? -3 (PeM™" 2R,z EAU)
for constants « > .3 > 0, and set also

A={wecW"U;R™) | w =g on U in the trace sense},

Qrr m™mm
IN

where g : 60U — R™ is given.

THEOREM 5 (Existence of minimizer). Assume that L satisfies the co-
ercivity inequality (43) and is convex in the variable P. Suppose also the
admissible set A is nonempty.

Then there exists u € A solving

Ifu] = min I{w].

weA

The proof follows almost exactly the proofs of Theorems 1 and 2 in
§8.2.2. Similarly to Theorem 3 above we have:
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THEOREM 6 (Uniqueness of minimizer). Assume L does not depend on
z and the mapping P — L(P,z) is uniformly convex. Then a minimizer

u € A of I[] is unigue.
Now suppose additionally
L(P,2,)| < C(IP + |21 + 1)
(44) IDPL(P,z,z)| < C(IPI™" + (2|77 +1)
ID.L(P, z,z)| < C(IP"=! + (27! + 1)

for some constant C and all Pe M"™*", z e R™, x € U.

Ao nancidar noaar +ha avratarnm n; W111I\Y‘_T A0 OO nrﬂ\n";r\nc
VYO LULIDIUTL 1UVY LLIC 0‘)’ DUCLLL UL LJulcl J-JC'JEA GLLBC C\.iuaalJIULlD
1
uk = gk on U
for k=1,...,m, and define u € A to be a weak solution provided
E / E L k(Du u, z)wk .+ L, (Du,u, rywk de =0
P 1, < m

for all w € Wy '(U; R™), w = (w!, ..., w™).

THEOREM 7 (Solution of Euler-Lagrange system). Assume L verifies
the growth conditions (44) and u € A satisfies

Iu] = 31613 I[w].

Then u is a weak solution of (45).

The proof is almost precisely like that of Theorem 4.

b. Polyconvexity.

It is rather surprising that there are some mathematically and physically
interesting systems which are not covered by Theorem 5 above, but which
can still be studied using the calculus of variations. These include certain
problems where the Lagrangian L is not convex in P, but I[-] is nonetheless
weakly lower semicontinuous.

LEMMA (Weak continuity of determinants). Assume n < ¢ < oo and
u; —u  weakly in Wl’q(U;IR").

Then
det Du; — det Du  weakly in LY™(U).
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Proof. 1. First we recall the matrix identity (det P)I = P(cof P)T; conse-
quently

det P = pi(cof P); (i=1,...,n).
j=1

2. Now let w € C®°(U;R"), w = (w!,...,w"). Then

n
(46) det Dw = Y wi (cof Dw)} (i=1,...,n).
j=1
But the lemma in §8.1.4 asserts 37, (cof Dw)} = = 0. Thus formula (46)

Consequently the peterminant of the gradient matriz can be written as a
divergence. Therefore if v € C°(U), we have

(47) LUdetDWdfC:*Z/UUm,-wi(COfDW)}dZE (i=1,...,n).
j=1

3. We have established the identity (47) for a smooth function w; and
so a standard approximation argument yields

k{3
(48) /vdet Duy dx = —Z/ vmju};(cofDuk)fj dx
U g
for k = 1,2,.... Now since n < ¢ < oo and u; — u in WHI(U;R"), we

know from Morrey’s inequality that {uy};=, is bounded in CO1-n/9(T7; R™).
Thus using the Arzela—Ascoli compactness criterion, §C.7, we deduce u; —
u uniformly in U/. Returning then to identity (48) we see that we could
conclude

n
(49) klim vdet Dug dz = — Z/ vmjui(cof Du)j- dzr = / vdet Dudz,
— 00 i—1 U U

U

if we knew

(50) lim [ 4(cof Duy):dz = / (cof Du); dzx

k—oo Jis

fori,j =1,...,n and each ¢ € C°(U). However (cof Duk)z is the determi-
nant of an (n—1) x (n — 1) matrix, which can be analyzed as above by being
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written as a sum of determinants of appropriate (n—2) x (n—2) submatrices,
times uniformly convergent factors. We continue and eventually must show

o Fornt +hat tha antriag ~F tha matricag 71 neryaroen arealrlx

Ullly bhc UbVlUL‘lD Lacvu buab bllC CllbllCD Ul lJllC P8 s AVE N AL v .L/uk LulIvoL go WCCDI\Iy
to the corresponding entries of Du. In this way we verify (50), and thus
(49).

4. Finally, since {ux}$2, is bounded in W9(U;R"™) and |det Dug| <
C|Dug|", we see that {det Du;}$°, is bounded in L9/™(U). Hence any sub-
sequence has a weakly convergent subsequence in L9/"(U), which—owing to
(49)—can only converge to det Du. 0

We next utilize this lemma to establish a weak lower semicontinuity
assertion analogous to Theorem 1, except that we will not assume that the
Lagrangian L is necessarily convex in P. Instead let us suppose that m =n
and L has the form

(51) L(P,z,z) = F(P,det P,z,z) (PeM™" 2 e R zeU)

where F : M™*™ x R x R® x U — R is smooth. We additionally hypothesize
that

(52) { for each fixed z € R™, x € R, the joint mapping

(P,r) — F(P,r,z,x)} is convex.

A Lagrangian L of the form (51) is called polyconvez provided (52) holds.

THEOREM 8 (Lower semicontinuity of polyconvex functionals). Suppose
n < q < oo. Assume also L is bounded below and is polyconvex. Then

I is weakly lower semicontinuous on WHI(U;R™).

Proof. Choose any sequence {u;}%2, with
(53) u, —u  weakly in Wh9(U; R™).
According to the lemma,

(54) det Duy — det Du  weakly in LY/™(U

\_/
.
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We can now argue almost exactly as in the proof of Theorem 1. Indeed,
using the notation from that proof, we have

I[ug) = /U L(Dug,ug,z)dz > /G L(Dug,uy, z) dz

= / F(Dug,det Dug, ug, z) dz

€

2/ F(Du,det Du,ug, x) dx

+ / F,(Du,det Du, ug, z) - (Dug — Du)
Ge
+ F.(Du,det Qu, uy, z){det Duy — det Du) dz,

in view of (52). Reasoning as in the proof of Theorem 1 we deduce from
(53), (54) that the limit of the last term is zero as k — oo. D

As before, we immediately deduce

THEOREM 9 (Existence of minimizers, polyconvex functionals). Assume
that n < ¢ < oo, end that L satisfies the coercivity inequality (43) and is
polyconvex. Suppose also the admissible set A is nonempty.

Then there erists u € A solving

I[u] = gleiﬂj[wl'

Example. We explain the interest in the hypothesis of polyconvexity with
an application from nonlinear elasticity theory, where n = 3. We consider
an elastic body, which initially has the reference configuration U. We then
displace each point z € QU to a new position g(z) and wish to determine
new displacement u(z) of each internal point z € U.

If the material is hyperelastic, there exists by definition an associated en-
ergy density L such that the physical displacement u minimizes the internal
energy functional

Ifw] = /U L(Dw, 7) dz

over all admissible displacements w € 4. Now it seems reasonable physically
that L, which represents the internal energy density from stretching and
compression, may explicitly depend on the local change in volume, that is,
on det Dw. In other words, it is physically appropriate to suppose that L
has the form L(P,z) = F(P,det P,z). Then F describes in its first argument
changes in internal energy due to changes in line elements, and in its second
argument changes in internal energy due to changes in volume elements. See
Ball [B] for more explanation. O
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8.3. REGULARITY

We discuss in this section the smoothness of minimizers to our energy func-
tionals. This is generally a quite difficult topic, and so we will make a number
of strong simplifying assumptions, most notably that L depends only on p.
Thus we henceforth assume our functional I[] to have the form

(1) Iw) = /UL(Dw) —wfdz,

for f € L?(U). We will also take ¢ = 2, and suppose as well the growth
condition

(2) , (DpL(p)l < C(jpl +1) (p€R").

Then any minimizer u € A is a weak solution of the Euler-Lagrange PDE

n

(3) =Y (Lp(Dw)e, =f inU;
i=1
that is,
T
(4) N L, (Dwv,, de = | fode
jU /__4 P ) J'U

for all v € H(U).
8.3.1. Second derivative estimates.

We now intend to show if u € H}(U) is a weak solution of the nonlinear
PDE (3), then in fact u € H2_(U). But to establish this we will need to

loc
strengthen our growth conditions on L. Let us first of all suppose

(5) ID?L(p)| < C (p€R™).

In addition let us assume that L is uniformly convex, and so there exists
a constant 8 > 0 such that

(6) 3 Ly, ()65 > 016 (p,€ €R™).

i,j=1

Clearly this is some sort of nonlinear analogue of our uniform ellipticity
condition for linear PDE in Chapter 6. The idea will therefore be to try to
utilize, or at least mimic, some of the calculations from that chapter.




8.3. REGULARITY 459

THEOREM 1 (Second derivatives for minimizers).
(i) Let w € HY(U) be a weak solution of the nonlinear partial differential
equation (3), where L satisfies (5), (6). Then
u € HE (U).
(ii) If in addition u € H{(U) and 8U is C?, then
ue HX(U),

with the estimate
el g2y < Cllfll Lz

Proof. 1. We will largely follow the proof of Theorem 1 in §6.3.1, the
corresponding assertion of local H? regularity for solutions of linear second-
order elliptic PDFL..
Fix any open set V CC U and choose then an open set W so that
V cc W cc U. Select a smooth cutoff function ¢ satisfying
(=lonV, (=0inR*"-W
lozcen

Let |h| > 0 be small, choose k € {1,...,n}, and substitute
V= —D;h@?DL’u)
into {4). We are employing here the notation from §5.8.2:

z + heg) — u(
h

Using the identity f,, uD;hv dz = — [, vD}udz, we deduce

z) (x e W).

Dhu(z) = U

YIS /U DY (L, (D) (D), dz = /U § D¢ D) da.

Now
DELp,.(Du(a:)) _ Lp,(Du(z + hek}Z) — Ly, (Du(z))
1
- % fo C—%Lm(sDu(x + hex) + (1 — s)Du(x)) ds
1 n
(8) = %fo Z Lp.p; (sDu(x + hey) + (1—s)Du(x)) ds

(ug; (x + her) — ug; (x))

= Z afj(:c)D,’:uxj ('T)a
=1
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o~

ror
1
(9) af'(z) == /0 Ly, (sDu( + heg) + (1 - s)Du(z))ds (5,5 =1,...,n).

We substitute (8) into (7) and perform simple calculations, to arrive at
the identity:

n
A+ Ay = Z [ CQaQDQquDﬁuz,i dz
tg=1"Y

n
(10) + Z/a%Dﬁuijgu2CCxi dz
U

Ly=1

- /U fD " (¢*DPu) dx =: B.
Now the uniform convexity condition (6) implies
(11) Ay > 0/Uc2|D;;Du12 dz.
Furthermore we see from (5) that

4 <€ | ¢ID}Dul|Djul do
(12) W c
< e/ ¢?|DEDul? dz + —f | Dul|? d.
w € Jw
Furthermore, as in the proof of Theorem 1 in §6.3.1, we have

C
|B| < e/ C?|DRDu|*dx + ?/ f% + |Dul*dzx.
U U

We select € = % , to deduce from the foregoing bounds on Ay, Az, B, the
estimate

/c2|D;;Du|2da; gc/ 2+ |DPuf dx < C/ f% + | Du|? dz,
U w U

the last inequality valid according to Theorem 3,(i) in §5.8.2.
2. Since ( =1 on V, we find

/ | DR Du? da:gC/ 12+ |Dul? dx
14 U
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for k =1,...,n and all sufficiently small |h| > 0. Consequently Theorem 3,

(iii) in §5.8.2 implies Du € H(V), and so u € H%(V). This is true for each
Vo lJ: thus u € H2 (IN

L4 | U VR, 3 ULl wo_ LJ.]OC\U }.

3. If u € H}(U) is a weak solution of (3) and U is C?, we can then
mimic the proof of the boundary regularity Theorem 4 in §6.3.2 to prove
u € H*(U), with estimate

Hull g2y < CU L2y + Wully);
details are left to the reader. Now from (6) follows the inequality
(DL(p) - DL(0)) - p > lpl* (p € R").
If we then put v = u in (4), we can employ this estimate to derive the bound

[l @y < Clifllzzw),

and so finish the proof. O

8.3.2. Remarks on higher regularity.

We would next like to show that if L is infinitely differentiable, then so is
u. By analogy with the regularity theory developed for second-order linear
elliptic PDE in §6.3, it may seem natural to try to extend the H120c estimate
from the previous section to obtain further estimates in the higher Sobolev
spaces HY (U) for k =3,4,....

This method will not work for the nonlinear partial differential equation
(3) however. The reason is this. For linear equations we could, roughly
speaking, differentiate the equation many times and still obtain a linear
PDE of the same general form as that we began with. See for instance the
proof of Theorem 2 in §6.3.1 Whereas if we differentiate a nonlinear differen-
tial equation many times, the resulting increasingly complicated expressions
quickly become impossible to handle. Much deeper ideas are called for,
the full development of which is beyond the scope of this book. We will
nevertheless at least outline the basic plan.

To start with, choose a test function w € C*(U), select k € {1,...,n},
and set v = —w,, in the identity (4), where for simplicity we now take
f = 0. Since we now know u € HZ_(U), we can integrate by parts to find

n
(13) [r Z Lpipj (DU)U:ck;cj’wzi d;II = (.
TV dg=1
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Next write
(14) T = Ug,
and
(15) o’ = Lpp,(Du) (i,j=1,...,7n).

Fix also any V CC U. Then after an approximation we find from (13)-(15)
that

(16) / 2”: aij(x)ﬁzjwmi dr =10
U

t,7=1

for all w € H}(V). This is to say that @ € H'(V) is a weak solution of the
linear, second order elliptic PDE
]

(17) -3 (a%,;), =0 inV.

But we cannot just apply our regularity theory from §6.3 to conclude
from (17) that @ is smooth, the reason being that we can deduce from (5)
and (15) only that

v e L°(V) (4,j=1,...,n).

However a deep theorem, due independently to DeGiorgi and to Nash, as-
serts that any weak solution of (17) must in fact be locally Holder continuous
for some exponent v > 0. (See Gilbarg—Trudinger [G-T, Chapter 8].) Thus
if W cC V we have & € C%(W), and so

u e CLNU).

loc

Return to the definition (15). If L is smooth, we now know a* € C&Z(U )
(3,7 = 1,...,n). Then (3) and an older theorem of Schauder [G-T, Chapter
4] assert that in fact

u € C21(U).

loc

But then a*/ € Cllo’;’(U ); and so another version of Schauder’s estimate im-
plies

u e CI(U).
We can continue this so-called “bootstrap” argument, eventually to deduce

wis CFY(U) for k=1,..., and so u € C=(V).

See Giaquinta [GI] for much more about regularity theory in the calculus
of variations.
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8.4. CONSTRAINTS

In this section we consider applications of the calculus of variations to certai

constrained minimization problems, and, in particular, discuss the role o
Lagrange multipliers in the corresponding Euler-Lagrange PDE.

B

8.4.1. Nonlinear eigenvalue problems.

We investigate first problems with integral constraints. To be specific,
let us consider the problem of minimizing the energy functional

(1) Ifw] = 1 [U \Dwl? de

over all functions w with, say, w = 0 on our , but subject now also to the
side condition that

(2) Jw] = /UG’(w) dx =0,

where G : R — R is a given, smooth function.

We will henceforth write ¢ = G’. Assume now

3) 19(2)| < C(|2| +1),
and so
(4) G(2)| < C(lz2+1) (z€R)

for some constant C'.

Let us introduce as well the appropriate admissible class
A= {w e HY(U) | Jw) = 0},

We suppose also that the open set U is bounded, connected and has a smooth
boundary.

THEOREM 1 (Existence of constrained minimizer). Assume the admis-
sible set A is nonempty. Then there exists u € A satisfying

I'u] = min I[w].

- weA
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Proof. Choose, as usual, a minimizing sequence {ux}, C A with

Iug] — m = inf Ifw].
weA

Then as above we can extract a subsequence

(5) uk, —u  weakly in Hy(U),
with I'fu] < m. We will be done once we show
(6) J[u] =0,

so that u € A. Utilizing the compactness theory from §5.6, we deduce from
(5) that

(7) ug, = u in LA(U).
Consequently

\
()] = 17 (w) — T ()] < [U G(u) — Glup)|de

(8) <c /U (4 — k(1 + Ju] + [ue]) dz by (3)

—0 ask—o0.
4

Far more interesting than the mere existence of constrained minimizers
is an examination of the corresponding Euler-Lagrange equation.

THEOREM 2 (Lagrange multiplier). Let u € A satisfy
9 Iu] = min I'[w].

(9) (4] = min Iw]

Then there exists a real number A such that

(10) / Du - Dvdz = )\] g(wvdz
U U
for allv € H(U).

Remark. Thus u is a weak solution of the nonlinear boundary-value prob-
lem

(11) [ —Au = Ag(u) inU

u=20 on OU,
where ) is the Lagrange multiplier corresponding to the integral constraint
(12) J[u] = 0.

A problem of the form (11) for the unknowns (u, A), with u # 0, is a non-
linear eigenvalue problem. O
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Proof. 1. Fix any function v € H}(U). Assume first

(13) g{u) is not equal to zero a.e. within U.
Choose then any function w € H}(U) with
(14) / g(w)wdzx # 0;
Ju
this is possible because of (13). Now write
j{r,0) = Ju+ v + ow] \
(15)
= | Glu+rv+ow)dr (1,0 €R).
U
Clearly
(16) §(0,0) = / G(u) dz = 0.
U

In addition, j is C! and

]
(17) ——(r,0)= | g{u+ Tv+ ow)vdx,

or U

9j
(18) —(r,0)= | glu+T1v+ ow)wdz.

80' U

Consequently (14) implies
9j
(19) 8_0(0’0) # 0.

According to the Implicit Function Theorem (§C.6), there exists a C*
function ¢ : R — R such that

(20) #(0) =0
and
(21) j(r,é(r)) =0

for all sufficiently small 7, say |7| < 79. Differentiating, we discover

55 ) oo
=2 (7, (1) + o2 (1, 6§ (7) = O

T
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whence (17) and (18) yield

S
2. Now set
w(t) =1v+¢(r)w (7| < 70)

i(7) == Iu + w(T)].

Since (21) implies J[u + w(r)] = 0, we see that u + w(r) € A. So the C!
function i(-) has a minimum at 0. Thus

0=1i(0) = /U (Du +7Dv + ¢(r) Dw) - (Dv + ¢ (r) Dw) dz}ro

(23)

= / Du - (Dv + ¢/'(0)Dw) dz.
U

Recall now (22) and define

_ JyDu-Dwdzx

A= Jyg(u)wdz ’

to deduce from (23) the desired equality

/Du-Dvdxz)\fg(u)vda:
U U

for all v € Hy(U).
3. Suppose now instead of (13) that

g(u)=0 a.e. inU.

Approximating ¢ by bounded functions, we deduce DG(u)} = g(u)Du = 0
a.e. Hence, since U is connected, G(u) is constant a.e. It follows that
G(u) = 0 a.e., because J[u] = [; G(u)dx =0. As u =0 on U in the trace
sense, it follows that G(0) = 0.

But then u = 0 a.e., as otherwise I[u] > I[0] = 0. Since g = 0 a.e., the
identity (10) is trivially valid in this case, for any A. O
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8.4.2. Unilateral constraints, variational inequalities.

We study now calculus of variation problems with certain pointwise,
one-sided constraints on the values of u(x) for each x € U. For definiteness
let us consider the problem of minimizing, say, the energy functional

(24) Iw] := /r L Dw|? - fwdaz,

&

among all functions w belonging to the set
(25) A:={we Hn(Tf\|1n>ha_ e.in U},

&Y ¥ - 1

where h : U — R is a given smooth function, called the obstacle. The convex
admissible =set 4 thus comprises those functions w € HI(T gatisfvine the

nn
CARLILISSIZIC 1OUU V'8 ULiD VULIARPPL ST GiAUOU LI Uavas S ALY J OTuasdyalin uait

one-sided or unilateral constraint that w > h. We suppose as well that f is
a given, smooth function.

THEOREM 3 (Existence of minimizer). Assume the admissible set A is
nonempty. Then there exists a unique function u € A satisfying

Iu] = glelﬁl[w]

Proof. 1. The existence of a minimizer follows very easily from the general
ideas discussed before. We need only note explicitly that if {ukj }]oil C Ais

a minimizing sequence with uy, — u weakly in H}(U), then by compactness
we have ug; — u strongly in L%(U). Since uk, > h a.e., it follows that u > h
a.e. Therefore u € A.

2. We now prove uniqueness. Assume u and % € A are two minimizers,
with u # 4. Then w := “t% € 4, and -~

u |2 ut+u
Tl = [ 312522 - 1 (42) de
- / L(|Duf? + 2Du - Div+ |Dif) — f (%42) da.
Now 2a -b = |a|? + |b|> — |a — b|?. Thus
Iw] = f L1(2|Du|? + 2|Da|* — |Du — Daf*) - f (¥2) dz
U
<1 HDu? — fudz + 3 [ 1|Da|? - fudx
2y’ 2 Ju?

1 17
= 31u] + 51[u],

the strict inequality holding since u # %. This is a contradiction, since u

and @ are minimizers. O

We next compute the analogue of the Euler-Lagrange equation, which
for the case at hand turns out to be an inequality.
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THEOREM 4 (Variational characterization of minimizer). Let u € A be

the unique solution of

Iu] = t131612 Iw].

Then

(26) LDU-D(w—u)deLf(w—u)da: for all we A

We call (26) a variational inequality.

Proof. 1. Fix any element w € A. Then for each 0 < 7 <1,
u+T(w—u)=(1—-T)u+7TWwE A,
since A is convex. Thus if we set
(1) = I[u+ 7(w — u)],

we see that i(0) < i(7) for all 0 < 7 < 1. Hence

(27) i'(0) > 0.
2. Now if 0 < 7 < 1,
i) —i0) 1/ |D’”+”D(w;”)|2 — 1Duf” —f(t\H—T(w —w) —w)de
;/UDu-D(w—u)+ TlD('“;_ O _ - u) da.

Thus (27) implies

OSi'(O)=LDu-D(w—u)—f(w—u)da:.
O

Notice that we obtain the inequality (27), since we can in effect take
only “one-sided” variations, away from the constraint.

Interpretation of the variatio _la_ll To gain some insight

into the variational inequality (26) let thout proof a regularity
assertion (see Kinderlehrer-Stampacchia [ -S]), which states u € W2>(U),

provided OU is smooth. Hence the set

neq
s quo

O:={xeUlulz)> h(x)}
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free boundary

is open, and
C:={zeU|u(z)=h(z)}

is (relatively) closed.

We claim that in fact u € C°°(0O) and
(28) —Au=f inO.

To see this, fix any test function v € C°(0). Then if |7| is sufficiently small,
w :=u+7v > h, and so w € A. Thus (26) implies 7 f, Du- Dv— fvdz > 0.
This inequality is valid for all sufficiently small 7, both positive and negative,
and so in fact

/Du-Dv—fvda:zO
o

for all v € C®(0). Hence u is a weak solution of (28); whence linear
regularity theory (§6.3) shows u € C°°(0).

Now if v € C°(U) satisfies v > 0 and if 0 < 7 < 1, then w := u+7v € A,
whence [, Du- Dv — fvdz > 0. But since u € W*(U), we can integrate
by parts to deduce [,(—Au — flvdr > 0 for all nonnegative functions
v € C(U). Thus

(29) —Au>f ae inU

We summarize our conclusions by observing from (28), (29) that

(u>h, —Au>f ae inlU

(30) —Au=f onUn{u>h}.

O
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A harmonic map into a sphere

Remark. The set
F:=00nNnU

is called the free boundary. Many interesting problems in applied mathemat-
ics involve partial differential equations with free boundaries. Such of these
problems as can be recast as variational inequalities become relatively easy
to study, especially in that there is no explicit mention of the free boundary
in the inequalities (30). Applications arise in stopping time optimal control
problems for Brownian motion, in groundwater hydrology, in plasticity the-
ory, etc. See Kinderlehrer—Stampacchia [K-S]. a

8.4.3. Harmonic maps.

We consider next the case of pointwise constraints as exemplified by
harmonic maps into spheres. We are interested now in the problem of min-
imizing the energy ~

(31) Iw) =12 / |Dw|? dzx
U
over all functions belonging to the admissible class
(32) A:={we HY(U;R™) |w=gon dl,|w| =1 ael}.

The idea is that we are trying to minimize the energy over all appropriate
maps from U C R" into the unit sphere S™~! = §B(0,1) ¢ R™. This
problem and its variants arises for instance as a greatly simplified model for
the behavior of liquid crystals.

It is straightforward to verify that there exists at least one minimizer in

A, provided A # §.

MITT'NADL\WZWSr 2 /T
A TILUNJILELIVL J KEJ

satisfy
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Then
(33) /Du : Dvdx:/ |Duj?u - vdz
u U

for each v € HY(U;R™) N L>®(U;R™).

-
1

Remark. We interpret (33) as saying that u = (u',...,u™) is a weak
solution of the boundary-value problem

(34) —Au = |Dul*u inU

u=g on oU.

The function A = |Du/? is the Lagrange multiplier corresponding to the
pointwise constraint |u| = 1. Note carefully that for a single, integral con-
stant (§8.4.1) the Lagrange multiplier is a number, but for a pointwise con-
straint it is a function. O

Proof. 1. Fix v € Hj(U;R™) N L>®(U;R™). Then since |u| = 1 a.e., we

have
[u+ 7v| #0 a.e.
for each sufficiently small 7. Consequently
u+T7v
35 = — .
(35) V() lu+ 7v]| €A

Thus
i(r) = I[v(r)

has a minimum at 7 = 0, and so, as usual,

(36) i'(0) = 0.
2. Now .
(37) i'(0) = / Du : Dv/'(0)dz (’ = i) .
U dr
But we compute directly from (35) that
Vi(r) = v B [(w+7v)-v](u+ TVv) _
u+7v| lu+7v[3 ’

whence v/(0) = v — (u - v)u. Inserting this equality into (36), (37), we find
(38) 0= / Du: Dv—Du: D((u-v)u)dz.
U

However since |u|? = 1, we have
(Du)Tu = 0.
Using this fact, we then verify

Du: D((u-v)u) = |[Duf*(u-v) ae inU.
This identity employed in (38) gives (33). O
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8.4.4. Incompressibility.
a. Stokes’ problem.

Suppose U C R3 is open, bounded, simply connected, and set
Iw] :=/ 1 Dw]* — f - wdxz,
U

for w belonging to
A={we Hy(U;R* | divw = 0 in U}.
Here f € L*(U;R3) is given.

There is no problem in showing by customary methods that there exists
a unique minimizer u € A. We interpret u as representing the velocity field
of a steady fluid flow within the region U, subject to the external force f.
The constraint that divu = 0 ensures that the flow is incompressible: see
the Remark at the end of this section.

How does the constraint manifest itself in the Euler-Lagrange equation?

THEOREM 6 (Pressure as Lagrange multiplier). There exésts a scalar
function p € L2 _(U) such that

loc
(39) /Du:Dvd:r:/pdivv+f-vda:
U U

for all v € HY(U;R®) with compact support within U.

Remark. We interpret (39) as saying that (u,p) form a weak solution of
Stokes’ problem

—Au=f—Dp inU
(40) divu =0 inU
u==0 on OU.

The function p is the pressure and arises as a Lagrange multiplier cor-
responding to the incompressibility condition divu = 0. O

Proof. 1. Assume first v € A. Then for each 7 € R, u+ 7v € A. Thus

(41) 0=i'(0)=/Du:Dv—f~vdx.
U
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2. Fix now V CC U, V smooth and simply connected, and select w €
H}(V;R3) with divw = 0. Choose 0 < € < dist(V,8U) and set v = v¢ :=
ne * w in (41), n. denoting the usual mollifier and w defined to be zero in

U—V. Then
(42) 0=/DUIDVE—f-VEd.’E=/DuE:DW——fE~Wd.T
U U

for
(43) u:=n.xu, £ :=nxf

As u°® is smooth, (42) implies
(44) / (—Au —f)-wdr=0
1%

for each w € H}(V;R?) with divw = 0.

3. Fix any smooth vector field ¢ € C°(V;R?) and put w = curl¢ in
(44). This is legitimate since divw = div(curl¢) = 0. Then, temporari}y
writing h := Au® + f¢, we find

=/Vh-curlcdaszfvhl(<§2—<£3)+h2(c;3 —C)+RE -G, de
for h = (h',h?, h3), ¢ = (¢1,¢?,¢3). An integration by parts reveals
2 2
o—/ C'(hS, — h3) + PRy, — B3 )+ (B(R3, — hl,)dr.

As ¢1,¢%,¢3 € C°(V) are arbitrary, we deduce curlh = 0 in V. Since V is
simply connected, there consequently exists a smooth function p€ in V such
that

(45) Dpf=h=Au+f inV.

4. If necessary we can add a constant to p¢ to ensure fv p¢dz = 0.

In view of this normalization, there exists a smooth vector field v¢ : V —
R? solving

(46) {CIIVV = p* in V

=0 on O0V.

In addition we have the estimate

(47) IVl vy < Cliptlp2qvys
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the constant C depending only on V. (We omit the proof of the existence of
the vector field v¢: the construction both is intricate and requires knowledge
of certain estimates for Laplace’s equation with Neumann-type boundary
conditions beyond the scope of this book. See Dacorogna—Moser [D-M] for
details.)

Now compute

[v(pe)2 dr = [/pe divvédxr by (46)

—/ Dpt -védx
v

_ / (—Au® — %) -vedz by (45)

N
= / Du‘: Dv¢ —f¢-vidz
S Wvllarvrey al ooy + 15 Nz200))
< Clp Nz (hall gy oy + €l 2@y) - by (47).
Thus
(48) 121 2vy < C (lall ey + Il z2v)) -
5. In view of estimate (48) there exists a subsequence €; — 0 so that
(49) p9 —p weakly in L*(V)
for some p € L?(V). Now (45) implies
j[ Du*: Dvdz = // pdivv +f°-vdx
1% 1%

for all v € H}(V;R?). Sending ¢ = ¢; — 0 we find
(50) /Du:Dvdw=/pdivv+f-vda:
1% v

as well.

6. Finally choose a sequence of sets Vi, cC U (k = 1,...) as above,
with Vi ¢ Vo € V3 C --- and U = |Jj2 | Vk. Utilizing steps 2-5 we find
e € L*(Vi) (k=1,...) so that

(51) Du:Dvdx:/ prdivv +f - vdz

Vi Vi
for each v € H}(Vi;R3). Adding constants as necessary to each py, we
deduce from (51) that if 1 < I < k, then py = p; on V;. We finally define
p=pron Vi (k=1,...). 0O
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b. Incompressible nonlinear elasticity.

We return now to the model of nonlinear elasticity discussed before in
§8.2.4. Suppose that u represents the displacement of an elastic body which
has the rest configuration UU. Let us suppose now that the elastic body is
incompressible, which now means

det Du = 1.

We therefore suppose the energy density function L : M®3 x U — R is
given, and consider the problem of minimizing the elastic energy

Ilw] := /UL(DW, z)dz

over all w in the admissible set
A={weWhHU;R?}) |w=gondU,det Dw =1 a.e.}
for some g > 3.
THEOREM 7 (Minimizers with determinant constraint). Assume the map-
ping
Pw— L(P,x)
is convex, and L satisfies the coercivity condition
L(Pz)>alPl"—8 (PeM®3,zeU)

> 0. Suppose finally A # (.

5o = * ol

Then there exists u € A satisfying

Iu] = glelﬂI[w]

Proof. We as usual select a minimizing sequence, with
u;, —u  weakly in WU, R?).

Since
Iu] < liminf I [uy,],
j—o0
we must only show that u € A. However, since in view of the lemma in §8.2.4
we have det Duy, — det Du weakly in LY/™(U), we see that det Du = 1 a.e.,
as required. O




476 8. THE CALCULUS OF VARIATIONS

Remark. It may seem odd that the incompressibility condition in example
(a) is

(52) divu=0
and in example (b) is

(53) det Du = 1.

The explanation is that u represents a velocity in (52) and a displacement
in (53). More generally if w is a velocity field, say of a fluid, we compute
the motion of a particle initially at a point x by solving the ODE

{ y(t) =w(y(®),t) (teR)
y(0) =z.

Write y(t) = y(¢, z) to display the dependence on the initial position z.
Then for each t > 0, the mapping x — y(¢,z) is volumie-preserving if

J(z,t) =det Dyy(t,z) =1 for all z.
Clearly J(0,z) = 1, and a calculation verifies Euler’s formula:
Tz, ) = (divw)(y(t, 2), 0 (,0),

the divergence taken with respect to the spatial variables. Hence if divw =
0, the flow is volume preserving. O

8.5. CRITICAL POINTS

Thus far we have studied the problem of locating minimizers of various
energy functionals, subject perhaps to constraints, and of discovering the
appropriate nonlinear Euler—Lagrange equations they satisfy. For this sec-
tion we turn our attention to the problem of finding additional solutions of
the Euler-Lagrange PDE, by looking for other critical points. These critical

H" 1 et § ; « fta? .
points will not in general be minimizers, but rather “saddle points” of I[].

8.5.1. Mountain Pass Theorem.

We develop here some machinery which ensures that an abstract func-
tional I[-] has a critical point.
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a. Critical points, deformations.

Hereafter H denetes a real Hilbert space, with norm || || and inner
product ( ) et I : H — R be a nonlinear functional on H.
DEFINITION. We say I is differentiable at u € H if there exists v € H
such that
(1) Iw] = Iul + (v,w — u) + o(|]w — u|]) (we H).

The element v, if it exists, is unique. We then write I'[u] = v.

DEFINITION. We say I belongs to C*(H;R) if I'[u] exists for each u €
H, and the mapping I' - H — H is continuous.

Remark. The theory we will develop below holds if I € C1(H;R), but the
proofs will be greatly streamlined provided we additionally assume

(2) I': H— H is Lipschitz continuous on bounded subsets of H.
a

~—

Notation. (i) We denote by C the collection of functions I € C!(H;R)
satisfying (2).
(ii) If ¢ € R, we write

Ac={u€e H|I[ul <c}, K.:={ue H|Iul=¢, I'lu] =0}

DEFINITIONS. (i) We say u € H is a critical point if I'[u] = 0.
(i) The real number c is a critical value if K. # 0.

We now want to prove that if ¢ is not a critical level, we can nicely
deform the set A, into A._. for some € > 0. The idea will be to solve
an appropriate ODE in H and to follow the resulting flow “downhill”. As
H is generally infinite dimensional, we will need some kind of compactness
condition.

DEFINITION. A functionall €

A8 A1NA 3 ARNSLINe 1 JuSeLU Fu

c
pactness condition if each sequence {u
(1) {T[u|}52, is bounded
and
(i) I'[ux] — 0 in H,

is precompact in H.

¢§
p
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THEOREM 1 (Deformation Theorem). Assume I € C satisfies the Palais-
Smale condition. Suppose also

(3) K. =0

Then for each sufficiently small € > 0, there exists a constant 0 < 6 < € and

a function
n € C([0,1] x H; H)

such that the mappings

m(u) =n(t,u) (0<t<i,ucH)

satisfy
6) mlu)=u (ue H)
(i) mu)=u (u¢ I7lc—e€c+¢€]),
() Tm(w)] < Tl (we HO0 << 1),

(iv) m (Acrs) C Acms.

Proof. 1. We first claim that there exist constants 0 < g, € < 1 such that
(4) |1'[w]|| > o for each u € Acte — Ac—.

The proof is by contradiction. Were (4) false for all constants o,e > 0, there
would exist sequences o, — 0, €, — 0 and elements

(5) U € Ac+6k - Acﬁek
with
(6) 11 [ugll < o

According to the Palais-Smale condition, there is a subsequence {ur, 132,
and an element v € H with ug; — u in H. But then since I € Cl(H;R), (5)
and (6) imply I[u] = ¢, I'[u] = 0. Consequently K. # @, a contradiction to
our hypothesis (3).
2. Now fix 6 to satisfy
o2
(7 0<d<e, 0<6<7.

Write
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Since I’ is bounded on bounded sets, we verify that the mapping u —
dist(u, A) + dist(u, B) is bounded below by a positive constant on each

bounded subset of H. Counsequently, the function
dist(u, A)
= ’ eH

9(u) dist(u, A) + dist(u, B) (u )
satisfies
(8) 0<g<1l g=0onA, g=1onB.
Set
() R S

Tl t>

Finally define the mapping V : H — H by
(10) V(u) = —g(wh(|I'[u]DI'[u] (u € H).

Observe that V is bounded.
3. Comnsider now for each v € H the ODE

{ W (t)=V(n@) (t>0)
7(0)= u.

As V is bounded and Lipschitz continuous on bounded sets there is a unique
solution, existing for all times ¢ > 0. We write n = n{t,u) = n{u) (t > 0,u €
H) to display the dependence of the solution on both the time ¢ and the
initial position v € H. Restricting ourselves to times 0 <t < 1, we see that
the mapping n € C([0,1] x H; H) so defined satisfies assertions (i) and (ii).

(11)

)] = (Vi) )
t t
(12) 7

= (), V)

= —g(ne(w))R(IL [ (w)]I1) 112 Ime (]I,

In particular

d ,
a;[[nt(u)] <0 (ueHO0<t<]),

and so assertion (iii) is valid.

5. Now fix any point

(13) u e AC—I-—(S'
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We want to prove

(14) m(u) € Ac—s

and thereby verify assertion (iv). If n:(u) ¢ B for some 0 <t < 1, we are
done; and so we may as well suppose instead n:(u) € B (0 <t < 1). Then
g(m(u)) =1 (0 <t £1). Consequently, calculation (12) yields

(15) ditl[m(U)] = Rl (e (]I e ()]

Now if || I'[n:(u)]|| = 1, then (9) and (4) imply

V2 YRR PR PR PR . i
VIl Lile ouller iianda, 1l

Both these inequalities, and (15), then imply
Im(w)] < Ifu) —o* <c+6—-0* <c—6 by (7).

This estimate establishes (14) and completes the proof. O

b. Mountain Pass Theorem.

Next we employ an interesting “min-max” technique, using the defor-
mation 7 built above to deduce the existence of a critical point.

THEOREM 2 (Mountain Pass Theorem). Assume I € C satisfies the
Palais-Smale condition. Suppose also

(i) 0] = o,

(ii) there exist constants r,a > 0 such that

I >a if Jul =,

and
(iii) there exists an element v € H with

lvl| >» Ifv] <O0.
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Define

I''={geC([0,1]; H) | g(0) = 0, g(1) =v}.
Then

c=inf max I'g(t)]

s a critical value of I.

Think of the graph of I[-] as a landscape with a low spot at 0, surrounded
by a ring of mountains. Beyond these mountains lies another low spot at v.
The idea is to look for a path g connecting 0 to v, which passes through a
mountain pass, that is, a saddle point for I[-]. But note carefully: we are
only asserting the existence of a critical point at the “energy level” ¢, which
may not necessarily correspond to a true saddle point.

Proof. 1. Clearly

(16) c>a.

2. Assume that c is not a critical value of I, so that

(17) K.=0
Choose then any sufficiently small number
(18) O<e< <

According to the Deformation Theorem 1, there exist a constant 0 < § < €
and a homeomorphism 5 : H — H with

(19) M(Acts) C Acs
and
(20) n(u)=u if uw¢le—6c+e.

3. Now select g € T satisfying

(21) fnax Ig(t)] <c+é.

Then g := n o g also belongs to I, since n(g(0)) = n(0) = 0 and n(g(1)) =
n(v) = v, according to (20). But then (21) implies maxo<;<1 [[g(t)] < ¢ —&;
whence ¢ = infger maxg<i<1 I[g(t)] < ¢ — 8, a contradiction. O
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8.5.2. Application to semilinear elliptic PDE.

To illustrate the utility of the Mountain Pass Theorem, let us investigate
now the semilinear boundary-value problem:

—Au = f(u) in U
(22) { u=0 on OU.

We assume f is smooth, and for sbme

l1<p< n—j;
we have
(23) IF(2)] S CL+2P), |f'(2) < CA+[2P7Y) (2 €R),

where C is a constant. We will suppose also

0 < F(z) £~vf(2)z for

\'/
}Ar iU

IA
IA

{9243 \
\~2) /

where F(z) := / f(s)ds and z € R. We hypothesize finally for constants
0
0 < a < A that

(25) alzP* < [F(2)] < AlzP*L (z € R).

Now (25) implies f(0) = 0, and so obviously « = 0 is a trivial solution
of (22). We want to find another.

Remark. Observe that the PDE
—Au = |uff
falls under the hypotheses above. We will return to this particular nonlin-

earity again in §9.4.2. 0O

THEOREM 3 (Existence). The boundary-value problem (22) has at least
one weak solution u Z 0.

Proof. 1. Define

2
(26) Iu] :=f 5|Dul® — F(u)dz
U
for v € Hy(U). We intend to apply the Mountain Pass Theorem to I[-]




We set H = H}(U), with the norm |[[u| = (J;; |Duf? dx)1/2 and inner
product (u,v) = [, Du- Dvdx. Then

Ifu] = %Hu”2 — /UF(u) dr =: I1|u] — I3[u].

2. We first claim
(27) I belongs to the class C.
To see this, note first that for each u,w € H,

L] = Yawll? = Hlu+w— w2 = §ull® + (4,0 — u) + Sl — uf
Hence I; is differentiable at u, with I{[u] = u. Consequently, I; € C.

3. We must next examine the term I>. Recall from the Lax—Milgram
Theorem (§6.2.1) that for each element v* € H~!(U), the problem

—Av =v* inU
v=0 ondU
has a unique solution v € Hj(V'). We will write v = Kv*; so that
(28) , K : H Y (U) = H(U) is an isometry.

Note in particular that if w € L*Y™+2(U/), then the linear functional w*
defined ]’\v

(w™*, u) ::/wuda: (v e HY(U))
U

belongs to H~}(U). (We will misuse notation and say “w € H-}(U)".)

Observe next that n( 2n ) o ona2 . 2 2*, and so f(u) € L¥/"+2([))
\n+2) n—Z n+z VA \ M7

c H-Y(U) if u € HL(U).
We now demonstrate that if w € H}(U), then

(29) Lu] = K[f(u)].
To see this, note first that

1
Fla+b) = Fa) + f(a)b +/ (1 8)f'(a+ sb)ds b2
0
Thus for each w € HO(U

Lw] = Fw)da:-/F(u-i—w—u)da:
U

\q\

(30) u)+ f(u)(w—u)dz+ R

= Iy( u)+fDK[fu)] D(w —u)dx + R,
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where the remainder term R satisfies, according to (23),

|R| < C/ (1+ |u,|p_1 + |w—u|p_1)|w — u[z dx
U

p=1
p+1
<C (f Jw—u|? + |w—u[P da:) +C (f |ufPt? da:)
U U
2
(f Jw —u|PH! da:) "
U

Since p + 1 < 2%, the Sobolev inequalities show R = o(||w — u||). Thus we
see from (28) that

I2[w] = Iu] + (K[f(w)], w) + o([Jw — ),

as required.
Finally we note that if u,% € H}(U) with |[u]|, ||u| < L, then

115[u] — Bla)l| = 1K [f(w)] = K[f (@m0
= | f(w) = f@) | a-1 vy
< || f(u) - f(ﬁ)||Ln—%an(U)

But

P L nt2
<cC j (1 + [P + @) — @)+ da:)
U
2

<C ( f (14 ™! + [afp~T) =i da:) 1w — | g2+ 1y
U
< C(D)lu = afjrz @y < C(L)llu —al,

where we used (23). Thus I, : H}(U) — H}(U) is Lipschitz continuous on
bounded sets. Consequently Iz € C, and we have established assertion (27).

4. Now we verify the Palais-Smale condition. For this suppose {ux}3>, C
H}(U), with

(31) {Iux]}7>, bounded
and

(32) I'luy) = 0 in Hy(U).
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According to the foregoing
(33) ur — K(f(ux)) = 0 in H3(U).

Thus for each € > 0 we have

Sellvll (v e Hy(U))

|(I'[ug], v)| = ‘/ Duy, - Dv — f(ug)vdzx
U
for k large enough. Let v = u; above to find

‘/{; |Duk|2 — flug)ug dz| < €||ugl|

for each ¢ > 0 and for all k sufficiently large. For e = 1 in particular, we see
that

(34) fU F(uyur der < [Jug)® + g

for all k sufficiently large. But since (31) says

(%Hukﬂz —f F(uk)da:) <C<oo
U

for all £k and some constant C, we deduce

||’u.,1¢||2 < C+ Q/UF(uk)da:
< C+2y (Jlwel® + lluell) by (34), (24).

Since 2y < 1, we discover that {ug}$°, is bounded in Hj(U). Hence there
exists a subsequence {ux;}32, and u € Hj(U), with ux; — u weakly in
H}(U) and ug, — uin LPTL(U), the latter assertion holding since p+1 < 2*.
But then f(uy) — f(u) in H~1(U), whence K[f(uz)] — K[f(u)] in H}(U).
Consequently (33) implies

(35) uk, — u in Hg(U).
5. We finally verify the remaining hypotheses of the Mountain Pass

Theorem. Clearly I[0] = 0. Suppose now that u € H}(U), with |lu| = r, for
r > 0 to be selected below. Then

(36) I =1
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Now hypothesis (25) implies, since p + 1 < 2*, that

é&*l
|I2[u]| < 0/ luP*tdz < C (f |u12"da:)
U U

< CllufP! < Crrtt,

In view of (36), then

r 7'2
E—CTP+IZZZG>O,

(3%

Ifu] >

provided » > 0 is small enough, since p + 1 > 2. Now fix some element
u € H, u#0. Write v := tu for t > 0 to be selected. Then

Ilv] = Lftu] — Bt
= t? u| — U
21 /UF(t ) dz
< 21, [u] — at*! / wPtldz by (25)
U
<0

for t > 0 large enough.

6. We have at last checked all the hypotheses of the Mountain Pass
Theorem. There must consequently exist a function u € Hg (U), u # 0, with

I'fu] = u— K[f(u)] = 0.

In particular for each v € H}(U), we have

LDU-Dvdx=/[]f(u)vdx,

and so u is a weak solution of (22). |

See §9.4.2 for further discussion about nonlinear Poisson equations, and
in particular the significance of the critical ezponent %2 in hypothesis (23).

8.6, PROBLEMS

Srsirs & AVSS AvadadlVabs

In the exercises U always denotes a bounded, open subset of R, with smooth
boundary.




-
n
T
[0 2]
=

This problem illustrates that a weakly convergent sequence can in fact
be rather badly behaved.

(i)  Prove ug(z) = sin(kz) — 0 as k — oo in L*(0, 1).
(i) Fix a,b € R, 0 < A < 1. Define

Cfa if jk<z<AGH)/k
ur(®) = { boif AG+1)/k<az<(G+1)/k

Prove uy — Aa + (1 — A)b in L%(0,1).
Find L = L(p,z,z) so that the PDE
—Au+D¢p-Du=f in U

is the Euler-Lagrange equation corresponding to the functional I{w] :=
fU L(Dw,w,z)dx. Here ¢, f : U — R are given smooth functions.

The elliptic reqularization of the heat equation is the PDE
(%) U —Au—euy =0 in Up,

where € > 0 and Uy = U x (0,T]. Show that () is the Euler—
Lagrange equation corresponding to an energy functional I [w] :=
foT L.(Dw,w,w, z,t) dzdt.

Assume 77 : R* — R is Ct.
(i) Show L(P,z,z) = n{z)detP
Lagrangian.

(ii) Deduce that if u: R® — R" is C?, then

D
i

P

/ n(u)det Dudz
U

depends only on u|sy .

(Continuation). Fix xy ¢ u(8U), and choose n as above so that
Jgnmdz = 1, sptn C B(zo,r), r chosen so small that B(zo,7) N
u(oU) = 0. Define

deg(u,xo)zfn(u)detDuda:,
U

the degree of u relative to xy. Prove the degree is an integer.
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10.

Let ¥ C R3 denote the graph of the smooth function u : U — R,
U C R?. Then

(%) -/;(1 + |Du*)"! det D*u dx

represents the integral of the (Gauss curvature over X. Prove this
expression depends only upon Du restricted to OU. (The Gauss-
Bonnet Theorem in differential geometry computes (*) in terms of the
geodesic curvature of OI'.)

Let m = n. Prove
L(P) = tr(P?) —tr(P)? (P e M™*")
is a null Lagrangian.

Explain why the methods in §8.2 will not work to prove the existence
of a minimizer of the functional

Iw] := fU(l + |Dw)*)? dz

over A= {we WH(U) | w=gon U}, for any 1 < g < co.

(Second variation for systems). Assume u : U — R™ is a smooth
minimizer of the functional

I[w] :=/UL(DW,w,x)da:.

(i) Show

33

fg=1kl= 13pi
foralz e U, £ € R", n € R™.

(i) Give an example of a nonconvex function L : M™*" — R satis-

fying
o L(P
E : E : k('() ,?;'kmﬁzfj >0

i,7=1k,l=1
for all P € M™*" £ € R®, n € R™.

8 z (Du, u, z)mmé&:é; > 0

Use the methods of §8.4.1 to show the existence of a nontrivial weak
solution u € HE(U), u # 0, of

{ ~Au = ul?lu inU
0

N S
Uu=v Uil
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for 1 < g <22 n>2

n—2"

11.  Assume 3: R — R is smooth, with
0<a<p@(z)<b (2€R)

for constants a,b. Let f € L?(U). Formulate what it means for
u € HY(U) to be a weak solution of the nonlinear boundary-value
problem

s

—-Au=7f in U
{%+ﬁ(u)=0 on oU.

Prove there exists a unique weak solution.

|
%)

Assume u is a smooth minimizer of the area inte

ora.
4 (9 (o4 ALTRL G

Hul = [ 1+ |Duf) dz,
U
subject to given boundary conditions w = ¢ on U and the constraint

Jw] = /demz 1.

Prove the graph of u is a surface of constant mean curvature. (Hint:
Recall Example 4 in §8.1.2.)

13.
(i)  Show there exists a unique minimizer u € A of

Tw] =/ 3| Dw|* — fwda,
U

where f € L?(U) and

A={we H)(U)||Dw| <1 ae.l}.

/UDu-D(w—u)da:Z/[;f(w—u)da:

for all w € A.

Section 8.1  See Giaquinta [GI] for more about the calculus of variations.
Another good source is Giaquinta—Hildebrandt [G-H], and
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Section 8.2

Section 8.3

Section 8.4

Section 8.5

Zeidler [ZD, Vol. 3] is a general reference for variational
methods.

The proof of Theorem 1 in §8.2.2 is from Ladyzhenskaya-
Uraltseva [L-U].

See Giaquinta [GI] for additional information about regular-
ity (and partial regularity) of minimizers.

The book by Kinderlehrer-Stampacchia [K-S] explains much
more about variational inequalities.

The Mountain Pass Theorem is due to Ambrosetti and Ra-

binowitz. Consult Rabinowitz [RA] (the source of §8.5) for
further results on saddle point methods.




Chapter 9

NONVARIATIONAL
TECHNIQUES

9.1 Monotonicity methods

9.2 Fixed point methods

9.3 Method of subsolutions and supersolutions
9.4 Nonexistence

9.5 Geometric properties of solutions

9.6 Gradient flows

9.7 Problems

9.8 References

We gather in this chapter various techniques for proving the existence,
nonexistence, uniqueness, and various other properties of solutions for non-
linear elliptic and parabolic partial differential equations that are not of
variational form.

9.1. MONOTONICITY METHODS

Let us look first at this boundary-value problem for a divergence structure
quasilinear PDE:

(1) —diva(Du)=f inU

v=0 on 0U,
where f € L?(U) is given, as is the smooth vector field a : R* — R", a =
(al,...,a™). As usual the unknown is u : U — R, u = u(z), where U is a

491
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bounded, open subset of R™ with smooth boundary. Now if there exists a
function F': R® — R such that a is the gradient of F',

(2) a(p) = DF(p) (p€eR"),

then (1) is the Euler-Lagrange equation corresponding to the Lagrangian
L(p,z,z) = F(p) — f(x)z. However if there exists no such potential F, the
variational methods from Chapter 8 simply do not apply to the problem (1).

We inquire instead if there is rather some direct method of constructing
a solution of (1), and in particular ask what are reasonable conditions to
place upon the nonlinearity. For motivation let us note that if (2) were valid
and if F were convex (the natural assumption for the variational theory, as
we have seen in §8.2.2), then for each p,q € R™:

(a(p) —a(q)) - ( Z(Fz Fp(@)(pi — @)

/ Z pip; (P +t(a —p))(p; — ¢;)(pi — @) dt 2 0,

1,j=1
the last inequality following from the convexity of F'.
This calculation suggests the following

DEFINITION. A vector field a: R™ — R™ is called monotone provided

(3) (a(p) —a(q)) - (p—q) 20
for all p,q € R™.

We will show below that the quasilinear PDE does indeed possess a
weak solution, under the primary structural assumption that the nonlinear-
ity be monotone. Later we will realize that this condition in effect says that
—diva(Du) = f is a nonlinear elliptic partial differential equation. So let
us henceforth assume that the smooth vector field a is monotone, and that

(4) la(p)| < C(1 + |pl),

(5) a(p) - p > alpl®* -

for all p € R™ and appropriate constants C,a > 0, 8 > 0. We will see
momentarily that (5) amounts to a coercivity condition on the nonlinearity.
We intend now to build a solution of the boundary-value problem (1) as
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the limit of certain finite dimensional approximations, thereby extending
Galerkin’s method from Chapter 7 to a new class of nonlinear problems.

More precisely, assume that the functions wy = wg(z) (k =1,...) are
smooth and

{wr}$2, is an orthonormal basis of Hy(U),

taken with the inner product (u,v) = f;; Du- Dvdx. (We could for instance
take {wg}32; to be the set of appropriately normalized eigenfunctions for
~A in B}(U).)

We will look for a function u,, € H}(U) of the form

m
(6) Uy = denwk,
k=1

where we hope to select the coefficients d¥, so that

(7) /Ua(Dum)-Dwkd:cz_/Ufwkda: (k=1,...,m).

This amounts to our requiring that u,, solves the “projection” of the problem
(1) onto the finite dimensional subspace spanned by {wg}7L ;.

We start with a technical assertion.

LEMMA (Zeros of a vector field). Assume the continuous function v :
R™ — R"™ satisfies

(8) v(z)-x20 if |z|=r,
for some r > 0. Then there exists a point x € B(0,r) such that
v(z) =0.

Proof. Suppose the assertion were false; then v(x) # 0 for all x € B(0,r).
Define the continuous mapping w : B(0,r) — 8B(0, r) by setting

w(z) ;= v(z) (z € B(0,r)).

T

[v(z)|
According to Brouwer’s fixed point theorem (§8.1.4), there exists a point
z € B(0,r) with

9) w(z) =z

But then z € 3B(0,7), and so (8) and (9) imply the contradiction
T

[v(2)]

=z z=w(z) 2= — v(z)- 2 <0.
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THEOREM 1 (Construction of approximate solutions). For each integer
=1,..., there ezists a function un, of the form (6) satisfying the identities

Proof. 1. Define the continuous function v : R™ — R™ v = (v!,...
by setting

(10) %) —/ (ZdDw]) . Dwg — fugds (k=1,...,m)
for each point d = (dy,...,dn) € R™. Now
v(d)-d= / a(Z dewj) : (Z dewj) —~ f(z djw,-) dzx
U N\j=1 j=1 j=1
2 m
- d.w; }dz by (5
ZLGZ B f(;awy)m y (5)
= a|d|? - U—md' id
ald? — BIU] ;J/Ufw]w

o m
> Sldf* = BIU = C Y _(f.w))few):
j=1

Now let u € H}(U) solve the PDE —Au = f. Then

/Du-ijdxszwjdx (F=1,...),
U U

and consequently

m m
Z(fa wj)iZ(U) = Z(U,wj)z < ||u||§13(u) < C”f”%?(U)

j:l j=1
Hence v(d)-d > %[d!2 — C, for some constant C, and so v(d)-d > 0if |d| = r,
provided we select r > (0 sufficiently large.

2. We apply the lemma, to conclude that v(d) = 0 for some point
d € R™. Then (10) implies u,, defined by (6) satisfies (7). O

We want to take the limit as m — oo, and for this will require some
uniform estimates.
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THEOREM 2 (Energy estimates). There exists ¢ constant C, depending
only on U and a, such that

(11) lum | g2y < CA+ 1 llz2@wny)
form=1,2,...
Proof. Muitiply equality (7) by d¥, and sum for k = 1,...,m:

/ a(Duy,) - Dup, dx = f fum dz.
U U

In view of the coercivity inequality (5), we find

/|Dum|2dm<0+/fumda:<0+efu dr + — /fzda:

We recall Poincaré’s inequality, and then choose ¢ > 0 small enough to
deduce (11). O

We wish now to employ the L? inequalities (11) to pass to limits as
™ — 00, obtaining thereby a weak solution of problem (1), which is to say,
a function u € H3(U) satisfying the identity

(12) / a(Du) - Dvdx = / fvdr for all v € HY(U).
U U

Employing estimate (11) we can extract a subsequence {u,,,}°, that con-
verges weakly in H(U) to a limit u, which we hope to show verifies (12).
However, we encounter a major problem here: we cannot directly conclude
that

a(Dum;) — a(Du)

in any sense whatsoever. Take note: nonlinearities are (usually) not contin-
uous with respect to weak convergence. (See Problem 2.)

What saves us is the monotonicity assumption on vector field a.

THEOREM 3 (Existence of weak solution). There exists a weak solution
of the nonlinear boundary-value problem (1).

Proof. 1. As noted in the foregoing discussion, we can extract a subse-
quence {tm;}52; C {um}3_, and a function u € Hg(U) such that

(13) Um, — v  weakly in H (U)

J
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and
(14) U, — U in L3(U).

We must show u satisfies (12).

2. In view of the growth condition (4), {a(Dun)}5>_; is bounded in
L?(U;R"); and so we may as well suppose—upon passing to a further sub-
sequence if necessary—that

(15) a(Dup;) — § weakly in LY (U;R™),

for some ¢ € L?(U;R"™). Using identity (7), we deduce

jf E-Dwkdmzf fwg dzx
U U

for each k =1,.... And so
710\ f & Doy A — [ £ £ 1 .~ rrlsrmy
(16) jU; uuu.ﬂ—jUjvu.E for each v € Hy(U).

3. To proceed further, let us note from the monotonicity condition (3)
that

(17) L(a(Dum) —a(Dw)) - (Duy, — Dw)dz > 0

for m = 1,... and all w € H}(U). But as observed before, equation (7)
yields the identity

/ a(Dup) - Dupm dx = / fum dz.
U U
Substitute into (17), to find:
/ fum — a(Duyp,) - Dw — a(Dw) - (Dum — Dw)dz > 0.
U
Let m = m; — oo and recall (13)-(15), to deduce
/ fu—¢-Dw—a(Dw) - (Du— Dw)dz > 0.
U

We simplify using identity (16) with v = u, and discover

v

(18) w—w)dx >0 forall we H}U).
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4. Fix any v € H}(U) and set w := u — Av (A > 0) in (18). We obtain
then
/ (¢ —a(Du — ADv)) - Dvdz > 0.
U

Send A — 0:

(19) /U(E —a(Du)) - Dvdx >0 for all w € H)(U).

Replacing v by —v, we deduce that in fact equality holds above. Then (16)
and (19) taken together yield

/ a(Du) - Dvdx = f fudz for all v € Hi(U).
U U
Hence u is indeed a weak solution of (1). O

Remark. This use of monotonicity is the method of Browder and Minty,
a remarkable technique which somehow employs the inequality condition of
monotonicity to justify passing to weak limits within a nonlinearity. O

Let us assume now the vector field a satisfies the condition of strict
monotonicity; that is,

(20) (a(p) —a(g) - (p— ) 2 Olp — g*
for all p,q € R™ and some constant 6 > 0.

THEOREM 4 (Uniqueness of weak solution). Assume the strict mono-
tonicity property (20) holds. Then there exists only one weak solution of

(1).

Proof. Assume that w and % are two weak solutions. Consequently

/Ua(Du)-DvdazzLa(Dﬁ)-Dvdxszvadx,

and so

/ [a(Du) — a(Di)] - Dvdz =0
U
for each v € H}(U). We set v := u — @, and use (20) to deduce
/ |Du — Dii|* dz = 0.
U

Thus © = 4 a.e. in U. O
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Remark. Under the strengthened monotonicity assumption (20) our weak
solution u in fact belongs to H?(U), and so satisfies

—diva(Du)=f ae inU

select qjﬁ € R" and set p = g+ h&, h # 0, in (20).

b

Z:Mq+h£ ﬁwﬂézmﬂ;

Now send h — 0:
(21) Z a 5153 2> 0|€|2 (g,£ €R™).

1,j=1

We can thus interpret the nonlinear PDE —diva(Du) = f as being uni-
formly elliptic. The proof of H? regularity of the weak solution now follows
almost precisely as in the proof of Theorem 1 in §6.3.1. a

2. FIXED POINT METHODS

We study next the applicability of topological fized point theorems to non-
linear partial differential equations. There are at least three distinct classes
of such abstract theorems that are useful. These are:

(a) fixed point theorems for strict contractions,
(b) fixed point theorems for compact mappings,
and

(c) fixed point theorems for order-preserving operators.

We present below applications of types (a) and (b). The utility of order-
preserving properties for nonlinear PDE will be explained later, in §9.3.

9.2.1. Banach’s Fixed Point Theorem.

THEOREM 1 (Banach’s Fixed Point Theorem). Assume
A X - X

i$ a nonlinear mapping, and suppose that

(1) |A[u] — A[E]l| € Ylu—@l (w@ e X)

for some constant v < 1. Then A has a unique fized point.
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DEFINITION. We say that A is a strict contraction if (1) holds.

Proof. Fix any point ug € X and thereafter iteratively define ux; = Alug)
for k=0,1,... . Then

| Alurs1] — Aluw]|] < vllwks1 — ull = || Alur] — Alur-1]],

o
0.
o
@]

([Alug1] — Afer] | < ¥* (| Aluo] — uoll
for k=1,2,... . Consequently if £ > [,

k—2
ok — well = | Alwer] = Alug-a]| < D 1 ALuj] — Al
j=l-1
k—2

< || Afuo] = woll Y ¥

j=i-1

Hence {uy}32 ; is a Cauchy sequence in X, and so there exists a point 4 € X
with ur — u in X. Clearly then A[u] = u. Hence u is a fixed point for A,
and hypothesis (1) ensures uniqueness. O

Applications of Banach’s fixed point theorem to nonlinear PDE usually
involve perturbation arguments of various sorts: given a well-behaved linear
elliptic partial differential equation, it is often straightforward to cast a
small nonlinear modification as a contraction mapping. The hallmark of
such proofs is the occurrence of a parameter which must be taken small
enough to ensure the strict contraction property.

Sometimes however we can eliminate such a smallness hypothesis by an
iteration, as now illustrated.

Example 1 (Reaction-diffusion equations). Let us investigate the solvabil-
ity of the initial/boundary-value problem for the reaction-diffusion system

{ut—Au=f(u) in Ur

(2) u=20 on U x [0, T}
| u=g on U x {t =0}.
Here u = (ul,...,u™), g = (¢',...,9™), and as usual Ur = U x (0,7],

where U € R" is open and bounded, with smooth boundary. The time
T > 0 is fixed. We assume that the initial function g belongs to H}(U; R™).
Concerning the nonlinearity, let us suppose

(3) f : R™ — R™ is Lipschitz continuous.
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This hypothesis in particular implies
(4) f(z)] < C(1 + |z])

for each z € R™ and some constant C.

Adapting the terminology from §7.1, we say that a function
(5) u e L*(0,T; Hy(U;R™)), with v’ € L? (0,T; H Y (U;R™)),
is a weak solution of (2) provided

(6) (u,v) + B[u,v] = (f(u),v) ae 0<t<T

rrl
1

for each v € Hy(U;R™), and

7 u(0) =

or
-

In (6) (, ) denotes the pairing of H~!(U;R™) and H}(U;R™), B[, | is the
bilinear form associated with —A in HJ(U;R™), and (, ) denotes the inner
product in L2(U;R™). The norm in Hj(U;R™) is taken to be

1
lllsgomey = ([ 1Duf do)?.

Recall from §5.9.2 that (5) implies u € C([0,T); L?*(U; R™)), after possible
redefinition of u on a set of measure zero.

THEOREM 2 (Existence). There erists a unique weak solution of (2).

Proof. 1. We will apply Banach’s theorem in the space
X = C([o,T}; L*(U;R™)),

with the norm

= 14 . .
Ivll = max Iv(O)ll 2w

Let the operator A be defined as follows. Given a function u € X, set
h(t) := f(u(t)) (0 <t < T). In light of the growth estimate (4), we see
h € L?(0,T; L*(U;R™)). Consequently the theory set forth in §7.1 ensures
that the linear parabolic PDE

w;—Aw=h in Ur
w=0 ondU x[0,T]
| w=g onUx {t=0}

(8)



9.2. FIXED POINT METHODS 501

has a unique weak solution

(9)  we L*0,T; H(U;R™)), with w' € L%(0,T; H"1(U;R™)).
Thus w € X satisfies

(10} (w',v)+ Blw,v]=(h,v) ae.0<t<T

for each v € H}(U;R™), and w(0) = g.
Define A: X — X by setting Alu] = w.
2. We now claim that

{ if T > 0 is small enough, then

A is a strict contraction.

(11)
To prove this, choose u,u
Consequently w verifies (10

for h := f(u).
We calculate as in §7.1

~

€ X, and define w = A[u], W = A[1] asabove.
) for h = f(u), and W satisfies a similar identity

d - -
E”W - W||2Lz(U;Rm) + 2|lw — W”%{&(U;Rm)
=2(w —w,h—h)
(12) ~ 2 1 ~N\ (12
< e w — Wiz mm) + ZIF(W) ~ F(@)IIZ2(0mm)
- 1 -
< €Cllw = W3 gy + < 1£(0) = £@) 1 F2 0,
by Poincaré’s inequality. Selecting € > 0 sufficiently small, we deduce
d . . ~
E”W - W”%Z(U;]Rm) < C||f(u) - f(u)||%2(U;Rm) <Clu- u”sz(U;Rm),
since f is Lipschitz. Consequently
8 .
Iwv(s) = oM ny < C [ 1tt) = GO 0,
< CT|ju - q|*

(13)

for each 0 < s < T. Maximizing the left hand side with respect to s, we

discover
lw — Ww||*> < CTllu —ajf*.

Hence

...... .y 1
1

(19) I Alu] - Al < (OT)



502 9. NONVARIATIONAL TECHNIQUES

and thus A is a strict contraction, provided T > 0 is so small that (CT)/? =
v < 1.

3. Given any T > 0 we select T} > 0 so small that (CT})Y/? < 1.
We can then apply Banach’s fixed point theorem to find a weak solution
u of the problem (2) existing on the time interval [0,71]. Since u(t) €
H(}(U ;R™) for a.e. 0 < ¢t < T3, we can upon redefining 7} if necessary
assume u(Ty) € Hj(U;R™). We can then repeat the argument above to
extend our solution to the time interval [T},273]. Continuing, after finitely
many steps we construct a weak solution existing on the full interval [0, T.

4. To demonstrate uniqueness, suppose both u and u are two weak
solutions of (2). Then we have w = u, W = 1 in inequality (13); whence

]
a(s) = 6(6) 3o emy < € [ 100 = GO
for 0 < s < T. According to Gronwall’s inequality, u = a. O

Remark. In common applications problem (2) records the evolution of
the densities u',...,u™ of various chemicals, which both diffuse within a
medium and interact with each other. The diffusion term is Au (or more
generally (a1Au!, ..., anAu™) where the constants ax > 0 characterize the
diffusion of the k* chemical). The reaction term f(u) models the chemistry.
In the foregoing example we made the unreasonable assumption that f is
globally Lipschitz. In more realistic models f is often a polynomial in u
and there are interesting problems as to the global existence or blow-up of
a solution. (A simple such problem is treated in §9.4.1.) O

9.2.2. Schauder’s, Schaefer’s Fixed Point Theorems.

Next we extend Brouwer’s fixed point theorem (§8.1.4) to Banach spaces.
The key assumption is now compactness. Throughout this section X con-
tinues to denote a real Banach space.

THEOREM 3 (Schauder’s Fixed Point Theorem). Suppose K C X is
compact and convez, and assume also

A: K- K

1s continuous. Then A has a fized point in K.

Proof. 1. Fix € > 0 and choose finitely many points ui,...,uyn, € K, so
that the open balls {B%(u;, cs)};.'\/:‘1 cover K:
N,

(15) K C U B%(u;, €).

=1
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This is possible since K is compact. Let K, denote the closed convex hull
of the points {uj,...,un,}:

Ne N
Ke = {Zl)\,’uz [ 0 S Ai S l,z;)\z = 1} .
g== i=

Then K. C K, since K is convex. Now define P, : K — K, by writing

;N:EI dist(u, K — Bo(ui, €))u;
Z;N:El dist(u, K — B%(u;, €))

Pe[u] = (UEK)

The denominator is never zero, because of (15). Now clearly P, is continuous,
and furthermore for each u € K, we have

S dist(u, K — BO(us, €))]u; — ul|
ZNz‘l dist(u, K — BO(u;,€))

IA

L4\ IHrm™r 1 1 - L _d
(10) I7elU] —U|| = ¢

2. Consider next the operator A¢ : K. — K, defined by
Acfu] := P[Alu]] (u€ K).

Now K, is homeomorphic to the closed unit ball in RMe for some M, < N..
Brouwer’s fixed point theorem (§8.1.4) therefore ensures the existence of a
point u, € K, with

Aclue) = ue.

3. As K is compact, there exists a subsequence ¢, — 0 and a point
u € K, such that u,; — u in X. We claim u is a fixed point of A. Indeed,
using estimate (16) we deduce

e, — Alue, ]Il = [l 4¢, ey ) — Afue, 1l = 12, [Alue,]] — Afue | < ;.
Consequently, since A is continuous, we conclude u = A[u]. a

We next transform Schauder’s fixed point theorem into an alternative
form which is often more useful for applications to nonlinear partial differ-
ential equations.

DEFINITION. A nonlinear mapping A : X — X is called compact pro-
vided for each bounded sequence {ur}pe, the sequence {Alux]}>, is pre-
compact; that is, there exists a subsequence {ux,}32, such that {Afuy,]}52,
converges in X.
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THEOREM 4 (Schaefer’s Fixed Point Theorem). Suppose

A: X —- X

s a continuous and compact mapping. Assume further that the set
{u€ X | u= AAlu] for some 0 < A <1}

is bounded. Then A has a fized point.

Remark. The assertion is that if we have a bound on any possible fixed
points of any of the operators AA for 0 < A < 1, then we have the existence
of a fixed point for A. This is in accordance with the remarkable informal
principle that “if we can prove appropriate estimates for solutions of a non-
linear PDE, under the assumption that such solutions exist, then in fact
these solutions do exist”. This is the method of a priori* estimates. d

The advantage of Schaefer’s theorem over Schauder’s for applications is
that we do not have to identify an explicit convex, compact set.

(17) lull < M if u = AA[u] for some 0 < A < 1.
Define then
o 1 Alu] i |AR]l| <M
1 =
(19) =\ At e A >

Observe A : B(0,M) — B(0,M). Now set K = closed convex hull of
A(B(0, M)). Then since A and thus A are compact mappings, K is a com-
pact, convex subset of X. Furthermore A : K — K.

2. Invoking Schauder’s fixed point theorem, we infer the existence of a
point u € K with

(19) Alu] = u.

We now claim additionally that u is a fixed point of A. For if not, then
according to (18) and (19) we would have

[ Af]]| > M

*a priori = from before (Latin).
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and
M
20 u=AAfu] for\=——<1.
20 FAR]
But ||u|| = ||Afu]}| = M, a contradiction to (17) and (20). O

Applications of Schauder’s and Schaefer’s fixed point theorems to PDE
depend upon quite different considerations than applications of Banach’s
theorem. The crucial assumption is now not that some parameter be small,
but rather that we have some sort of compactness. As the inverses of linear
elliptic operators are typically smoothing, compactness is indeed available
for certain nonlinear elliptic equations. Following is a quick, albeit fairly
crude, example:

Example 2 (A quasilinear elliptic PDE). We present now a simple applica-

tion of Schaefer’s theorem by solving the semilinear boundary-value problem

(21)

—Au+b(Du)+pu=0 inU
u=10 ondU,

where U is bounded and OU is smooth. We assume b : R™ — R is smooth,
Lipschitz continuous, and thus satisfies the growth condition

(22) b(p)| < C(lpl +1)

for some constant C and all p € R"™.

THEOREM 5 (Existence). If u > 0 is sufficiently large, there exists a
function u € H*(U) N HA(U) solving the boundary-value problem (21).

Proof. 1. Given u € H3(U), set
(23) f = —b(Du).

Owing to estimate (22), we see that f € L2(U). Now let w € H}(U) be the
unique weak solution of the linear problem

(24) {—Aw-{—uw:f in U

w=0 ondU.

By the regularity theory proved in §6.3, we know additionally that w €&
H?(U), with the estimate

(25) lwllzzwy < Cllfll2w)
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for some constant C.

Let us henceforth write A[u] = w whenever w is derived from u via (23),
(24). In light of (22) and (25), we have the estimate

(26) IA[]ll r2v)y < Clllull gz oy +1)-

2. We now assert that A : H}(U) — H}(U) is continuous and compact.
Indeed, if

(27) up — v in H(U),
then in view of estimate (26) we have

(28) Sup lwkll 20y < 00,

for wy = Afug] (k = 1,...). Thus there is a subsequence {wy;}2; and a
function w € H}(U) with

(29) wg, = w  in Hy(U).
Now
/ Duwy; - Dv + puwy,vdz = —/ b(Dug, v dz
U U

for each v € Hi (U). Consequently using (22), (27} and (29), we see

/Dw-Dv-{—uwvdx:w—/b(Du)vda:
U U

for each v € H}(U). Thus w = Alu].

Hence (27) implies A[ug] — Afu] in H}(U), and so A is continuous. A
similar argument shows that A is compact, since if {ux}%e, is bounded in
HMU), estimate (22) asserts that {A[u,]}3°, is bounded in H*(U), and so
possesses a strongly convergent subsequence in H}(U).

3. Finally, we must show that if p is large enough, the set
{u e HY(U) | u = MA[u] for some 0 < X < 1}
is bounded in Hg(U). So assume u € Hi(U),
u=MAA[uj for some 0 <A< 1.
Then % = Afu]; or, in other words, u € H(U) N Hy(U) and

—Au+ pu = Ab(Du) ae inU.
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Multiply this identity by u and integrate over U, to compute

/ |Dul? + plu|’ds = —/ Ab(Du)udz < / C(|Dul + 1)|u| dz
U U U

Sl/ |Du|2dm+C/ lu|? + 1dz.
2 Ju U

Thus if 4 > 0 is sufficiently large, we have (|u| 1) < C, for some constant
C that does not depend on 0 < A < 1. )

4. Applying Schaefer’s fixed point theorem in the space X = H}(U), we
conclude that A has a fixed point u € H}(U) N H?(U), which in turn solves
our semilinear PDE (21). O

Remark and warning. A plausible plan for constructively solving (21)
would be to select some u” and then iteratively solve the linear boundary-
value problems

 Ag k1 k+1 — _p(DykY i
Au +,uuk+1 b(Du®) inU (k=0,1,..).
u Tt =0 on OU
However, we cannot assert that {u¥}32 , then converges to a solution of (21).
Schauder’s and Schaefer’s fixed point theorems do not say that any sequence

converges to a fixed point. (But see the proof in §9.3 following.) O

See Gilbarg-Trudinger [G-T] for much more sophisticated applications
of fixed point theorems to nonlinear elliptic PDE.

9.3. METHOD OF SUBSOLUTIONS AND
SUPERSOLUTIONS

Our application of Schaefer’s theorem above in §9.2.2 depends upon the
regularity estimates for solutions of elliptic equations. We turn attention
now to another basic property of elliptic PDE, namely the maximum prin-
ciple, and demonstrate how various resulting comparison arguments can be
used to solve certain semilinear problems. The idea is to exploit ordering
properties for solutions. More precisely, we will show that if we can find a
subsolution u and a supersolution u of a particular boundary-value problem,
and if furthermore u < u, then there in fact exists a solution satisfying

u<u<ld.

We will investigate this boundary-value problem for the nonlinear Pois-
son equation:

—Au = f(u) inU
(1) { u=20 on U,
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where f : R — R is smooth, with
(2) If'I<C (z€R)

for some constant C.

(3) / Du-Dvdz > / f(@)vdx
U U
for each v € H}(U), v > 0 a.e.
(i) Similarly, w € HY(U) is a weak subsolution provided
(4) / Dy Dvdx £ | f(u)vdzr
U U

for each v € HY(U), v > 0 a.e.
(iii) We say u € H(U) is a weak solution of (1) if

/UDu-DvdT,:/Uf(u)vdx

for each v € H}(U).
Remark. If a,u € C?(U), then from (3) and (4) it follows that
—Au > f(u), —Au< f(u) inU.
t

THEOREM 1 (Existence of a solution between sub- and supersolutions).
Assume there exist a weak supersolution @ and a weak subsolution u of (1),
satisfying

(5) u<0, >0 o0ondU in the trace sense, u<u a.e. in U.

Then there exists a weak solution u of (1), such that

u<u<u ae U
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Proof. 1. Fix a number A > 0 so large that
(6) the mapping 2 — f(z) + Az is nondecreasing;

this is possible as a consequence of hypothesis (2).

Now write up = u, and then given uy (k =0,1,2,...) inductively define

PLUULLLAA
(7) —AUg1 + AU = f(uk) 4+ Ay, inU
Ug+1 =0 on OU.
2. We claim
(8) u=uyg<u < - -<u<--- ae inl.

To confirm this, first note from (7) for k£ = 0 that
(9) / Duy - Dv + Auqvdx = / (f(uo) + Aup)v dx
U U

for each v € H}(U). Subtract (9) from (4), recall up = u, and set
vi=(ug —w)T € Hy(U), v >0 ae.
We find

(10) j:] D(ug —u1) - D(ug —u1)™ 4+ Mug — 1) (uo — ua) T dz < 0.

But
D(up —u1) a.e. on {ugp>u}

D(ug —u1)t =
(o = w1) { 0 a.e. on {ug < uy}.

(See Problem 17 in Chapter 5.) Consequently,
/ |D(UO — u1)|2 + )\(UO - ’U.1)2 dzr < 0;
{uo>u1}

so that ug < up a.e. in U.
Now assume inductively

(11) Up_1 < ur a.e in U

From (7) we find

(12) J/ Dugy1 - Dv + Augvder = J[ (flug) + Aug)vdx
U U
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/ Duy - Dv + Augvdz = / (f(ug—1) + Aug—_1)vdz
U U

for each v € HJ(U). Subtract and set v := (ux — uxy1)t. We deduce
/ | D (ur — uk+1)|2 + AMug — uk+1)2 dz
{uk>uk+1}
= [ 1) + M) = () + )l = ) dz <0,
U

the last inequality holding in view of (11) and (6). Therefore ux < ug+1 a.e.
in U, as asserted.

3. Next we show
(13) up <t ae inU(k=01,...).

Statement (13) is valid for £ = 0 by hypothesis (5). Assume now for induc-
tion

(14) up <u ae inU.

Then subtracting (3) from (12) and taking v := (ug+1 — @)™, we find

=2 =\2
[ D @) + A — s
{'uk+12u}

< [ 10w+ ) = (@) + M0 = 8)" do <0
by (14) and (6). Thus uxy1 < % a.e. in U.
4. In light of (8) and (13), we have
(15) U< - Su<upp1 <---<a ae inl
Therefore

u(z) := lim ug(x)

k—o0

exists for a.e. z. Furthermore we have
(16) up —u  in L2(U),

as guaranteed by the Dominated Convergence Theorem and (15). Finally,
since we have || f(ur)llz2y < C(llukllzz@y + 1), we deduce from (7) that
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supy, ||uxl| 3¢y < 0. Hence there is a subsequence {uy, }32, which converges
weakly in HO(U) to u € H}(U).

5. We at last verify that u is a weak solution of problem (1). For this,
fix v € H}(U). Then from (7) we find

/ Dupy1 - Dv+ Augpvder = / (f(uk) + Aug)v dz.
U U

Let k — o0

/Du~Dv+)\uvd$=/(f(u)—i—)\u)vdw.
U U

Canceling the term involving A, we at last confirm that

r

/ Du-Dvdz = / fu)vde,
U U
as desired. O

This proof illustrates the use of integration-by-parts, rather than the
maximum principle, to establish comparisons between sub- and supersolu-
tions.

9.4. NONEXISTENCE

We now complement the theory in §§9.1-9.3 with some noneristence asser-
tions for solutions of various nonlinear partial differential equations. The
overall procedure will be to assume there exists a solution, and then to
obtain certain inequalities, which in turn force a contradiction.

9.4.1. Blow-up.

We begin by considering an initial/boundary-value problem for a para-
bolic equation with a simple quadratic nonlinearity:

—Au=1u? inUr
(1) u=0 ondU x(0,T)
u=g onlUx{t=0}.

We will show that if 7 > 0 and g > 0 are large enough in an appropriate
sense, then there does not exist a smooth solution u of (1). We can regard
the nonlinear heat equation in (1) as a simple reaction-diffusion equation (cf.
Example 1 in §9.2.1). The nonlinear term alone corresponds to the ODE

(2) W=y (' a4y

dt )’



512 9. NONVARIATIONAL TECHNIQUES

which certainly blows up in finite time, provided u(0) > 0. The purely
diffusive effects on the other hand yield the heat equation, which tends to
smooth out irregularities. The following analysis must therefore untangle
the competing effects of blow-up from the u? term and smoothing from the
Au term.

We proceed by choosing w; to be an eigenfunction corresponding to the
principal eigenvalue A1 > 0 of —A in H}(U). Then owing to the theory in
§6.5.1, wy is smooth,

{ Anis. — Y. pi e TT
i —aAw] =AW v

w; =0 on OU,

and we may furthermore assume
r

(3) w1>OinU,jw1da::1.
U

Suppose u is a smooth solution of (1), with g > 0,¢ # 0; so that u > 0
within Ur by the strong maximum principle. Define

n(t) = /Uu(a:, Hwi(z)dz (0<t<T).

Then
n(t) = / wwy dT = / (Au + u2)w1 dzr
(4) U U
= / uAw; + viw; dz = —\i7(t) -+-/ u’wy di.
Y U
Furthermore

n(t):/Uuwl da:z/Uuw}/Zwi/de

<(fere) ([ )
= ( /U wlwn dac) v by (3).

n(t)? g/u2w1 dr.
U

Employing this inequality in (4), we find

Consequently

(6) i(t) 2 —Mn(t) +n()* (0<t<T).
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Writing £(t) := ein(t) gives

£(t) = e'(t) + MeMin(t) > eMin(t)® = e ME(t)

for 0 <t <T. Thus

-1\ _ £@) —At
= > e
(E(t)) £(t)?
so that integrating we find

-1 _ -1 +1—e_>‘1t
() — £(0) At

Rearranging, we deduce

£(0) A
(7) £(t) > nEO) ()’

provided the denominator is not zero.

But now suppose

(8) n(0) = £(0) > A;.
Then
(9) £(t) > +o0  ast — t",
where

e, 1 n(0) — M1

The conclusion is that if

n(0) = / gurdz > A\,
U

then there cannot exist a smooth solution u of (1). Furthermore, either the

solution is not smooth enough to justify the calculation above, or else

lim | u(z,t)w(z)dzr =0

t—t.

1.1

for some 0 < ¢, < ¢*. In this case we say u “blows up” at time {,.
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9.4.2. Derrick—Pohozaev identity.

We investigate next a nonlinear elliptic PDE to which different differen-
tial inequality methods apply, namely the nonlinear boundary-value problem

—Au = [uff~ly inU
(11) { u=>90 on JU.

Now the theory in §8.5.2 applies to (11) provided

n-+ 2
12 1 < ——
(12) SPS LTy

and proves the existence of a nontrivial solution v # 0. Let us now instead
suppose

n <+ 92

(13) n—2

< p < oo.

Our goal is to demonstrate under a certain geometric condition on U that
(13) implies u = 0 is the only smooth solution of (11). We see therefore
that the restriction to condition (12) in §8.5.2 was in some sense natural,

and consequently say p = ﬁ—f—g is a critical exponent.

DEFINITION. 41@ open set U is called star-shaped with respect to 0 pro-
vided for each © € U, the line segment

Dr|0< A< 1)

lies in U.

A star-shaped domain
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Clearly if U is convex and 0 € U, then U is star-shaped with respect to
0. But a general star-shaped region need not be convex.

LEMMA (Normals to a star-shaped region). Assume 8U is C! and U is
star-shaped with respect to 0. Then

z-v(r) >0 forallx € dU,

where v denotes the unit outward normal.

Proof. 1. Since U is C!, if € OU then for each € > 0 there exists § > 0

such that |y — z| < § and y € U imply v(z) - ](;:—?[ < €. In particular

limsup v(z) - y=2) <0.
y—z ly —z|
yel

Let y = Az for 0 < A < 1. Then y € U, since U is star-shaped. Thus

v(z) - lim w(z) . 2229

= - —2>0.
Ed A—1- | Az —z|

O

We next prove that there can exist no nontrivial solution to problem
(11) for supercritical growth, provided U is star-shaped. The proof is a
remarkable calculation initiated by multiplying the PDE —Au = |[u[Plu by
z - Du and continually integrating by parts.

THEOREM 1 (Nonexistence of nontrivial solution). Assume u € C*(U)
is a solution of problem (11), and the exponent p satisfies inequality (13).
Suppose further U is star-shaped with respect to 0, and 8U is C'. Then

u=0 within U.

Proof. 1. We multiply the PDE by z - Du and integrate over U, to find

(14) [](—Au)(sc - Du)dz = ./” lu[P" u(z - Du) dz.

We rewrite this expression as
A=B.
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2. The term on the left is

E /ugmrzazjusC dz

t,3=1
(15 .
) = Z/“xz TjUz, )z, dT — Z/ Uy, V' TjuUg; dS
1,]= 1 ,]= =1
=: A, + As.
3. Now

n
A = E / umi&;juxj + Uz, LUz, dx
U

,,"_

n 2
(16) =/ |Du|2+Z(|D2u| ) z; dz
u j=1 T
|2

_(,_T 9 | Du _
—(1 2)/U|Du| da:-}-LU 5 (v-z)dS.

On the other hand, since u = 0 on 8U, Du(z) is parallel to the normal v(z)
at each point z € OU. Thus Du(z) = +|Du(x)|v(z). Using this equality we

nalonlata
\Jﬂllbulabc

(17) Ag = —/ |Dul*(v - z) dS.
ou
Combine (15)—-(17), to deduce

A=2

u2d:c—l/ |Dul*(v - z) dS.
2 Jou

4. Returning to (14), we compute

n r
B := Z/ |u|p_1ua:juxj dz
j=1 U

e

5. This calculation and (14) yield
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In view of the lemma above, we then obtain the inequality

(19) (n 2)/ |Du)? dz < L[ |ulPt! dz.
U p+1Jy

But once we multiply the PDE —Au = |ufP~!u by u and integrate by parts,

we produce the equality
/ |Dul?dz = / [u|Ptldz.
U U

Substituting into (19), we thus conclude

n—2 n
- ulPHldz < 0.
( 2 p+1>/ul | -

Hence if u # 0, it follows that 5= — p—+—1 < 0; that is, p < "+2, O

Remark. Equality (18) is sometimes called the Derrick- Pohozaev identity.
.

9.5. GEOMETRIC PROPERTIES OF SOLUTIONS
9.5.1. Star-shaped level sets.

We explain in this section a simple method that is occasionally useful
for studying the geometric properties of the level sets of solutions to various

+ h v PR & +3
PDE. The easiest such case occurs when we look at harmonic functions in

an open set U having the form
U=W -V,

where V. CC W, for open sets V, W, each of which is star-shaped with

respect to 0. Write
I'o=0W, I'1 =a8V.

We consider the problem
I —-Au
u
|

Physically u corresponds to the electrostatic potential generated within the
region U, once we fix the potential value to be one on I'1 and zero on Ty.
According to the strong maximum principle 0 < u < 1 within U.

=

N
Il
o
-
=
3

(I

I

D =
O
bl
=3

[an]
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THEOREM 1 (Star-shaped level sets). For each 0 < A < 1 the level set
Th:={zeU]ulz) =M}

is a smooth surface and is the boundary of a set star-shaped with respect to
0.

Proof. 1. For each u > 0, the function z — u(uz) is harmonic, and thus
so is

v(z) = &%(u(wr))m_—,} = Du(z) -z (zx € U).

Now since u = 0 on I'g, Du(x) points in the direction of —v(z) at each
point x € OW. Additionally, we have z - u(:c) > 0 on Iy, since W is star-
abharnad writlh nacrian + n (Y i e o N oAn T Qs H P,
dllapcu Wlhll Ieapouy lJU u. UUIIDUL‘{UUILDI‘Y UV = 41U >~ VU uill 1. Olllllldclly
v <0onI';. According then to the strong maximum principle for harmonic

nnctjons v<0ml In nnrﬁmﬂnr Du :é (0 within U. pnnqpn119nflv the

Uy:={xeW|u>A}L

Then U, is an open subset of W and 8U) = T',. By the strong maximum
principle, U, is connected.

Now let x € T’y and let v(z) denote the outer unit normal to 'y at
z. Then Du(z) points in the direction of —v(z). Since v(z) < 0, we have
z - v(z) > 0. This inequality holds for each z € T',.

3. It follows that 'y is the boundary of a set star-shaped with respect
to 0. To see this, return to the proof of the lemma in §9.4.2, and notice
that if 'y were not star-shaped with respect to 0, we could then find a point
xz € Ty for which y = px ¢ T if p is close to 1, p < 1. But then we can
derive the contradiction

T r—T
(z) & = ) )
. |z —2]

9.5.2. Radial symmetry.

In this section we take U = B°(0, 1) to be the open unit ball in R" and
investigate this boundary-value problem for a semilinear Poisson PDE:

[—Au=f(u) inU

(9
a4 1 u=0 on OU.



9.5. GEOMETRIC PROPERTIES OF SOLUTIONS 519

We are interested in positive solutions:
(3) u>0 inU,

and will assume f : R — R is Lipschitz continuous, but is otherwise arbi-
trary. Our intention is to prove that u is necessarily radial, that is, u(x)
depends only on r = |z|. This is quite an unexpectedly strong conclusion,
since we are making essentially no assumption on the nonlinearity.

a. Maximum principles.

Our proofs will depend upon an extension of the maximum principle for
second-order elliptic PDE.

LEMMA 1 (A refinement of Hopf's Lemma). Suppose V C R" is open,
v e CHV), and c € L=(V). Assume

-Av+cv>0 inV
v>0 V.

Suppose also v # 0.

(i) If z° € 8V, v(z°) = 0, and V satisfies the interior ball condition at
xg, then

(5) @(mo) < 0.
v

(ii) Furthermore,
(6) v>0 inV.

Observe that we are here making no hypothesis concerning the sign of
the zeroth-order coefficient c.

Proof. Let w := e *1v, where A\ > 0 will be selected below. Then v =

AL a0 amd anm
€ y alltl dU

cv > Av = A(eMw) = Mo + 20e™wy,, + M Aw,

Thus
—Aw — 2wy, 2 (AN —cw>0 inV,

ey nnl/2
if A= lef| fos-
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Consequently w is a supersolution for the elliptic
2Mwg,, which has no zeroth-order term. The strong maximu prmmple im-
plies w > 0in V. According to Hopf’s Lemma (§6.4.2) therefore, 2 Su(z%) <.

But 5 5
w0 0 0 -2z 0
- =D . — 1 ——
L0 = Du(e®) - pla) = S (o)
since v(z?) = 0. Assertion (i) therefore holds, and assertion (ii) follows since

w>0inV. O

LEMMA 2 (Boundary estimates). Let u € C*(U) satisfy (2), (3). Then
for each point 2° € dU N {x,, > 0}, either

(7) ug, (%) < 0
or else

In either case, u is strictly decreasing as a function of T, near z".

Proof. 1. Fix any point 2° € 80U N {z, > 0} and let v = v(z%) =
(v1,...,vn) denote the outer unit normal to 8U at z°. Note v, > 0.

2. We first claim

ug, (%) < 0,
provided
(9) f(0) = 0.
Indeed
0=—Au— f(u) = —Bu— f(u) + £(0) - £(0)
—Au+ cu,
for e(z) := — fol f'(su(x))ds. According to Lemma 1, %(xo) < 0. Since Du

is parallel to v on 8U and v, > 0, we conclude u, (z%) < 0.

3. Now suppose
(10) f(0) <.
If uz, (2%) < 0, we are done. Otherwise, since Du is parallel to v,

(11) Du(z") = 0.
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As (2) is invariant under a rotation of coordinate axes, we may as well
suppose z¥ = (0,...,1), v = (0,...,1).
4. We assert

(12) Uz,z; (Xo) = —f(0)ysv;  for each i, j=1,...,n.

Since u = 0 on AU, we have u(z’,v(z')) = 0 for all 2’ € R*7!, |2/| < 1,
where v(z') = (1 —|«'|?)!/2. Differentiating with respect to z; and z; (i,j =
1,...,n—1) and using (11), we conclude

(13) uﬂ:lﬂjj(xo) =0 (Z,j:: 1,...,”“ 1).

Since u;, < 0 on U N {z, > 0} and u,, (z) = 0, the mapping =’
uz, (', y(2')) has a maximum at 2’ = 0. Thus

(14) Ugoz,(20) =0 (i=1,...,n~1).
Finally, (13), (14) and the PDE (2) force ug, ., (z°) = —f(0). This equality
s (12) for v = (0,...,1). Returning to the original coordinate axes, we

obtain (12).
5. Setting i = j = n in (12), we find using (10) that

uxnmn(xo) = —f(Q)vpry, > 0.

b. Moving planes.

We introduce next a “moving plane” P,, across which we will reflect our
partial differential equation.

Notation. (i) If 0 < A\ <1, define the plane

Py :={x € R" |z, = A}

(i1) Write z) := (21,...,Zn—1,2X — Tp) to denote the reflection of z in
P.
(iii) Ex:={z e U | A<z, < 1}. a

THEOREM 2 (Radial symmetry). Let u € C%(U) solve (2), (3). Then u
is radial; that is,

ulz) =v(r) (r=|zl)

for some strictly decreasing function v : [0, 1] — [0, 00).
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Reflection through a plane

Proof. 1. We consider for each 0 < A\ < 1 the statement
(155) u(z) < u(zy) for each point z € Ej.

2. According to Lemma 2, (15,) is valid for each A < 1, X sufficiently
close to 1. Set

(16) Ao :=inf{0 < A < 1] (15,) holds for each A < p < 1}.
We will prove:
(17) Ao = 0.

Assume instead Ao > 0. Write w(z) := u(z),) — u{z) (x € E,,). Then
—Aw = f(u(zy,)) — f(u(z)) = —cw  in Ey,,
for ¢(z) .= — fol fl(su(zy,) + (1 — s)u(z)) ds. As w > 0 in E),, we deduce

from Lemma 1 (applied to V' = E),) that w > 0in E) , wy, > 0on P,,NU.
Thus

(18) u(z) < u(zy,) in Exy,

and

(19) Uz, <0 on P, NU.

Using (18), (19) and Lemma 2, we conclude

(20) u(z) < u(xrg—e) in By —¢ forall 0 <e < e,

if ¢¢ is small enough. Assertion (20) contradicts our choice (16) of Ag, if
Ao > 0.

3. Since A\g = 0, we see u(xy,...,Tn-1,—Ln) > u(x1,...,z,) for all z €
Un{zx, > 0}. Asimilar argument in UN{z, < 0} showsu(zi,...,Zn_1,—2n)
< u(zi,...,zn) for all z € U N {z, > 0}. Thus u is symmetric in the plane
Py and u,, = 0 on F;.

This argument applies as well after any rotation of coordinate axes, and
so the theorem follows. O
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9.6. GRADIENT FLOWS

In this section we augment our discussion of abstract semigroup theory for
linear operators (§7.4) by introducing certain nonlinear semigroups, gener-
ated by convex functions. Applications include various nonlinear second-
order parabolic partial differential equations.

9.6.1. Convex functions on Hilbert spaces.

Convexity has been an essential ingredient in much of our analysis of
nonlinear PDE thus far. We now broaden our view by considering convex
functions defined on (possibly infinite dimensional) Hilbert spaces.

Hereafter H will denote a real Hilbert space, with inner product ( , )
and norm || ||.
DEFINITION. A function

I:H — (—oc,x]
s convex provided
Itu+ (1 — 7)) < 7lu] + (1 — 7)1 [v)

for all u,v € H and each 0 < 7 < 1.

Note carefully that we allow I to take on the value +oo (but not —oo).

The function I is called proper if I is not identically equal to +o00. The

domain of I is
D(I):={u € H | Iu] < +oc}.

DEFINITION. We say I : H — (—o0, 400 is lower semicontinuous if
up — u tn H implies
Iu] < liminf 7I[ug].
k—o00
As in the finite dimensional case (cf. §B.1), it is important to understand
when the graph of I has a supporting hyperplane.
DEFINITIONS. LetI: H — (—o00,+0o0] be convex and proper.
(i) For each u € H, we write
(1) OlIu] :=={v e H|Iw] > Iu] + (v,w—u) for all w € H}.
The mapping I : H — 2H s the subdifferential of I.
(ii) We say u € D(OI), the domain of &I, provided dI[u] # 0.
The geometric interpretation of (1) is that v € OI[u] if and only if v
is the “slope” of an affine functional touching the graph of I from below

at the point u. Since this graph may have a “corner” at u, 8I[u] could be
multivalued.
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THEOREM 1 (Properties of subdifferentials). Let I : H — (—oo, +00] be
convezx, proper and lower semicontinuous. Then

(1) D(8I) C D(I).
(ii) If v € OI[u] and © € O[], then

(v—0,u—1u) >0 (monotonicity).

(iii) I{u] = minge g I{w) if and only if 0 € OI[u).
(iv) For each w € H and A > O, the problem

u+ A0I[u] 3w

has a unique solution u € D(0I).

Assertion (iv) means that there exists u € D(9I) and v € 0I[u] such that

U+ Av = w.

Proof. 1. Let u € D(OI), v € 0I[u). Then I[w] > Iu] + (v,w — u) for all
w € H. Since I is proper, there exists a point uy with I{ug] < +oc. Thus
I[u] < Ifug] + (v,u — up) < oo and so u € D(I). This proves (i).

2. Given v € 0I[u], v € 0I[u], we know

Ia) > ] + (v, o —w), flu} > Ifa] + (9, u — u).

As (i) implies I[u], I[&] < 4+oc0, we may add the foregoing inequalities and
rearrange to obtain (ii).

3. If I[u] = min I, then
(2) Iw] > Iu] + (0,w — u) for all w € H.

Hence 0 € 8I{u|. If conversely 0 € 8I[u], then (2) holds, and so I[u] = min I.
4. Given w € H and X\ > 0, define

(3) J[u] := %Ilull2 + Mu] — (u,w) (u€& H).

We intend to show that J attains its minimum over H.
Let us first claim that

(4)

ur, — u weakly in H implies
Iu] £ himinf Ifug].
k—o0
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In other words, we are asserting for a convex function I that lower semicon-
tinuity with respect to strong convergence of sequences implies lower semi-
continuity with respect to weak convergence. To see this, suppose ux — u
in H and

liminf I{ug] = lim Iug;] =1 < o0

k—oo j—oo

for some subsequence [uy;|52; C {ux}i>;. For each e > 0 the set K. = {w €
H | Ilw] < l+¢} is closed and convex, and is thus weakly closed according to
Mazur’s Theorem (§D.4). Since all but finitely many of the points {ux;}32,
lie in K, u lies in K., and consequently

Iu] <1+ e =liminf I[ug] +¢.
k—oo
This is true for each € > 0 and thus (4) follows.
5. Next we assert that
() Iu] 2 =C' = Cllull (v € H)

for some constant C. To verify this claim we suppose to the contrary that
for each k= 1,2,... there exists a point u; € H such that

(6) Tug] < =k — k|fugl|-

If the sequence {ux}5>, is bounded in H, there exists according to §D.4 a
weakly convergent subsequence: ug; — u. But then (4) and (6) imply the
contradiction [[u] = —oo. Thus we may as well assume, passing if necessary
to a subsequence, that |jug| — co. Select ug € H so that I[ug] < co. Set

Uk 1
zZp = + 1——)u k=1,2,...).
Tuel ( Tl ) 20 ¢ )

Then convexity implies

1 1
Izg] < —=T{ug] + (1 - __“_) Tug] < —k + [T{ug)|.
% [ ]|
As {2z}, is bounded, we can extract a weakly convergent subsequence:
zy, — 2, and again derive the contradiction I{z] = —co. We thereby estab-
lish the claim (5).

6. Return now to the function J defined by (3). Choose a minimizing
sequence {uy}32, C H so that
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Owing to (3), (5) m is a finite number. Thus we deduce from (3), (5)
that the sequence {ur}3S, is bounded. We may then extract a weakly
convergent subsequence: ug; — u. As the mapping u — lul|* is weakly
lower semicontinuous, J has a minimum at u. Then assertion (iii) says
0 € 0J[u]. A computation verifies that 0J[u] = u — w + A0I[u], and so

u+ A0I[u] > w.
7. To confirm uniqueness, suppose as well
@+ AOIu] 3 w.

Then u + Av = w, 4+ A0 = w for v € OIu], ¥ € dI[&a]. Owing to the
otonici ion (i

n
=
o)
[¢]
-
A%
(o]
I
~q}
[

We introduce next nonlinear analogues of the operators Ry, Ay intro-
duced in §7.4.

DEFINITIONS. (1) For each A > 0 define the nonlinear resolvent Jj :
H — D{0I) by setting
I [’LU] =,

where u 1s the unique solution of

u+ A0Iu] 3 w.

(2) For each A > 0 define the Yosida approximation Ay : H — H by

w — Jy[w]

(7) Ayw] = X

(we H).
Think of Ay as a sort of regularization or smoothing of the operator
A=20lI.

THEOREM 2 (Properties of Jy, Ay). For each A > 0 and w,® € H, the
following statements hold:

(1) |Ix[w] = Lf@]ll < [lw — @],
(ii) [ Ax[w] = Axf@]ll < {llw -],

(iii) 0 < (w — W, A)[w] — Ay[@]),
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(iv) Ax[w] € 0I[Jy\[w]].
(v) If w € D(OI), then

sup | Ax[w]|| < [A%[w]],
A>0

where |A°[w]| := minear(w) |-

(vi) For each w € D(9I),

/{11’1%) J)\[w] =w.

Proof. 1. Let u = Jy[w], & = J\[@]. Then v + M = w, &4 + Av = @ for
some v € OI[ul, ¥ € dI[&]. Therefore
lw — @|* = lu— @+ A(v - 2)|?
=~ P+ 27— 5,0~ 7) + Mo — 3

_>, “U - aHZ’

according to Theorem 1,(ii). This proves assertion (i), and assertion (ii)

follows at once from the definition (7) of the Yosida approximation A,.

2. We verify (iii) by using (7) to compute:

(w =, Axfw] = Ax[]) = 5 (oo = bl — (= , Jafu] — Ty [a))
> <l — @  w — ] ] = ) > 0,

according to (i).

3. To prove (iv), note u = Jy[w] if and only if u + Av = w for some
v € 0Iu] = OI[J,[w]]. But

w—u _ w—Jy[w]

By = b\ = AA[w]

V=

4. Assume next w € D(0I), z € 0Iw]. Let u = J,[w]; so that u+ Av =
w, where v € 8I[u|. By monotonicity

w — Jy\[w]

by ) = ()\AA[w],z-A,\[w]).

0<(w—u,z—v)= (w—JA[w],z—

Consequently

Al ANTw]I? < (AA[w], 2) < A Ax[w]l] [|z])
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and so
[ Axfw]|l < |l2]]-

This estimate is valid for all A > 0, z € 0I[w]. Assertion (v) follows.
5. If w € D(OI), then

[Ixlw] — wll = A Ax[w]l| < A A fw]]

and hence Jy|w] — w as A — 0. Now let w € D(0I) — D{0I). There exists
for each € — 0 a point @ € D(9!) with ||w — @|| <e. Then

[ Iafw] — wll < [[Ja[w] = L@l + | Ia[@] — @] + [lw — @]
< 2w — @l + ||y [w] — @
< 2 + ||\ [w] — w].

Since w € D(OI), J)\[w] — @ as A — 0. Thus

limsup ||J)[w] —w|| < 2¢

—

for each € > 0. d

9.6.2. Subdifferentials and nonlinear semigroups.

As above, let H be a real Hilbert space, and take [ : H — (—00, +0]
to be convex, proper, lower-semicontinuous. Let us for simplicity assume as
well

(8) 01 is densely defined, i.e. D(OI)= H.

By analogy with the theory of linear semigroups set forth in §7.4, we propose
now to study the differential equation

u'(t) + Alu(t)] 30 (t >0)
(9) { u(0)= u,

where v € H is given and A = JI is a nonlinear, discontinuous operator,
which is perhaps multivalued. Assuming for the moment (9) has a unique
solution for each initial point u, we write

(10) u(t) = S(tyu (¢ > 0)

and regard S(t) so defined as a mapping from H into H for each time ¢t > 0.
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Remark. We will emblov the notation (1ﬂ\ to emphasize similarities with

—i S asafii Ihs wALIpFAN) vaal LAV ARSA2 A=) VS LA jol S8 “-w 252

linear semigroup theory, previously introduced in §7.4. But carefully note
here and afterwards that the mapping u +— S(t)u is in general nonlinear.
O

As in §7.4 it is reasonable to expect further that

(11) SOu=u (ueH),

(12) St+s)u=St)S(s)u (t,s >0, ue H),
and for each u € H

(13) the mapping ¢t — S(t)u is continuous from [0, co0) into H.

DEFINITIONS. (i) A family {S(t)}:>0 of nonlinear operators mapping H
into H is called a nonlinear semigroup if conditions (11)—~(13) are satisfied.

(1) We say {S(t)}:i>0 is a contraction semigroup if in addition
(14) 1S@)w — S@)all < fu—al (¢t =0, u,d€ H)

nlri

JUur nt

=
@
O

te tinn 1€ to show that t
10101 1S L0 snow thal tik

semigroup of contractions on H. In particular we will prove that the ODE

{ u'(t) € —dI[u(t)] (t>0)

(1) u(0) =u

for a given initial point u© € H, is well-posed. This is a kind of infinite

divrmoanainno 1 Ugradiant Haar”? onvoarnad b AT T adar OB D srn wxrill gon +hat
u.u.u.ClADlUl.lcu 5laulcllh ILUW BUVCLJ.J.CU. Uy VL. Liauvcl JJJ- 3{7 U WU WL OUC ‘Jllab

certain quasilinear parabolic PDE can be cast into the abstract from (15).

THEOREM 3 (Solution of gradient flow). For each u € D(3I) there exists
a unique function

(16) u € C([0,00); H), with u’ € L*>(0, 00; H),
such that

(i) u(0) = u,

(i) u(t) € D(8I) for eacht > 0,
and

(iii) w'(t) € —0I[u(t)] for a.e. t>0.
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Proof. 1. We first build approximate solutions by solving for each A > 0
the ODE

(17) {u&(t) + A)\[ltll);((%)} - 2“ (t > 0)

According to Theorem 2,(ii) the Yosida approximation Ay : H — H is
an everywhere defined, Lipschitz continuous mapping, and thus (17) has a
unique solution uy, € C1([0, 00); H).

Our plan is to show that as A — 07, the functions u, converge to a
solution of (15). This is subtle, however, as the operator A = I is in
general nonlinear, multivalued, and not everywhere defined.

2. First, let us take another point v € H and consider as well the ODE

(18) vi(t) + Ava®)] =0 (=0
v, (0) = v.
Then
1 d
5 o~ il = (U} = vh,un = vy)

= (=Axw] + Ax[val,un —wy) <0,
owing to Theorem 2,(iii). Hence
(19) [ua(®) = va@®ll < Jlu—vl| (¢20).

In particular, if A > 0 and v = u,(h), then by uniqueness v, (¢) = u,(t + h).
Consequently (19) implies

lax(t+h) —ux(®)] < [la(h) — .
Divide by A and send h — O:
(20) Iyl < [z (0)]] = | Ax[u]]l < 4wl
the last inequality resulting from Theorem 2,(v).

3. We next take A, 4 > 0 and compute:

(21) 9 E”u)\ - uMHQ = (ul)« . u:uu/\ - u#)
= (—Ax[uy] + Aufu,], ux — ).
Now
w, —u, = (uy = Aafwn]) + (Lfua] = Jufua]) + (Ju[uy] —wy)
= A[un] + Jifun] = Jpfu,] — pdy(uy].
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Consequently

(Ax[ua] — Au[uu], uy - uu) = (Aa[w] - Au[uu], Jafun] — Ju[u,u])
(22) + (Ax[uy] = Apuwp], AAs[un] — pA,[uy]).

Since Aj[uy] € 8I[J)\[u,]] and A,[u,] € OI[J,[u,]], the monotonicity prop-
erty implies that the first term on the right hand side of (22) is nonnegative.
Thus

(Ax[uy] - Au[uu],u)\ - uu) 2> )‘HA)\[uA]”Q + F‘”Au[uu]HQ
— (A + [ Ax[un]ll |Aufaplll-

Since
A+ wll Al ALl < A ([[A[ua]ll? + 311 Au[uLdii?)
+ (1 Au ]l + FlAx[aall?)
we deduce

(Ax[un] = Aufug],un —uy) > - 2||A”[uu]f|2 - %HAA[HA]llz-

But [|Ax[w,]|| = |Jui| £ |A"[u]| according to (20); whence

At p

(Ax[aa] — Aplug],an —uy) > - | A° [u]|2.

Recalling (21), (22), we obtain the inequality

(/\+u)

Zluy —wy|? < AP (22 0);

and hence

(23) ur(t) - wo)? < AT yavu (1> 0),

In view of estimate (23) there exists a function u € C([0, c0); H) such that
u), — u uniformly in C([0,T], H)

as A — 0, for each time T > 0. Furthermore estimate (20) implies

(24) ujy —u’  weakly in L*(0,T; H)

for each T > 0, and

2N " 17N - 1 allr 11 r 4
{£9) Ju{f)] <|A"|u|]| tora.e.t.
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4. We must show u(t) € D(8I) for each ¢ > 0 and
u'(t) + 0I{u(t)] 50 for ae. t>0.
Now
[73[x](®) — ua(@®)]] = A Ax[wA] @) = Mui ()] < AA° (]|
by (20). Hence
(26) Ji[uy] = u  uniformly in C([0,T]; H)

for each T > 0.
1.

"
For each ti

a4
Py ¥ SLwiy A

v

0,
~u)(t) = Ax[ux(t)] € BI[Jx[ux(D)]].
Thus given w € H, we have:

Iw] 2 I ux®)]] = (ux (), w — Jafur(@)))-

Consequently if 0 < s < ¢,

(t— $)ITw] > / I us(r)]) dr — / (wh(r),w — Jyus (r)]) dr-

In view of (26), the lower semicontinuity of I, and Fatou’s Lemma (§E.3),
we conclude upon sending A — 0 that

(t — s)I[w] > / ITu(r)] dr - / (u'(r),w —u(r)) dr

8

for each 0 < s < t. Therefore
Ifw] 2 Iu(t)] + (—u'(t), w — u(t))
if t is a Lebesgue point of u’, I[u]. Hence for a.e. t > 0,
Iw] Z ITu(t)] + (—u/(t), w — u(t))
for all w € H. Thus u(t) € D(3I), with
—u'(t) € 8Iu(t)]

for a.e. t > 0.
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5. Finally we prove u(t) € D(3I) for each t > 0. To see this, fix t > 0
and choose t; — t such that u(fg) € D(BI) ( ) € OIu(ty)]. In view of
i

P & MRS

(25) we may assume, upon passing if necessary to a subsequence, that
u'(ty) = v weakly in H.
Fix w e H. Then
Iw] > Iu(t)] + (—u'(te), w — ulty)).
Let t; — t and recall that u € C([0,00]; H) and [ is lower semicontinuous.
We obtain the inequality
ITw] > ITu(?)] + (-v,w —u(?)).
Hence u(t) € D(3I) and —v € dIu(t)].

6. We have shown u satisfies assertions (i)-(iii). To prove uniqueness,
assume 1 is another solution and compute

1 d - -
5 dt”u i?=(u-td,u-a)<0 forae t>0,
since —u’ € 9I[u], —u’ € dI[u]. O

Remarks. (i) The operator A = 0! in fact generates a nonlinear contrac-
tion semigroup on all of H. If u,v € D(9I), we write as above

)l\% uy(t) = u(t) = S(t)u

and

Owing to (19) we see
[S(#)u — Sl < Jlu—2f (20)

if u,v € D(8I). Using this inequality we uniquely extend the semigroup of
nonlinear operators {S(¢)}:>0 to H = D(0I).
(ii) We have assumed that D(0!) is dense in H purely to streamline the

exposition: in general {S(t)}¢>0 is a semigroup of contractions on D(0I) C
H. O
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9.6.3. Applications.
We now illustrate how some of the abstract theory set forth in §§9.6.1-2

applies to certain nonlinear parabolic partial differential equations.

Let us hereafter suppose U is a bounded, open subset of R, with smooth
boundary 8U. We choose H = L?(U), and set
Jy L(Du)dx if u € Hj(U)

+oc otherwise,

(27) Iu] == {
where L : R™ — R is smooth, convex, and satisfies

(28) ID’L(p)| <C (peR™),

(29) > Loy (i€ > 0l€1* (p,€ €R™)
3,7=1

for constants C,8 > 0.

THEOREM 4 (Characterization of 91).
(i) I : H — (—00,+00] is converx, proper and lower semicontinuous.
(ii) D(8I) = H*(U) N H3(U).
(iii) If u € D(OI), then OI is single-valued and

OIu) = — Z(Lpi(Du))mi a.e.

Proof. 1. I is clearly proper and convex. Furthermore, since I is weakly
sequentially lower semicontinuous {cf. Theorem 1 in §8.2.2), I is lower semi-
continuous.

2. Define the nonlinear operator A by setting

{D(A) = HX(U) N HY(U),
Ap) ==X Ly (Dw)s, (u€ D(4)).

We must prove A = 91.

3. First let u € D(A), v = A[u], w € L2(U). If w ¢ H}(U), then
Iw] = +00 and so clearly

(30) Iw] > Iu] + (v,w — u).
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Assume next w € H}(U). Thus
=)= [ S (D))~ ) do
Ui=1

- / f: L,.(Du)(Dw — Du) dz.
Ui=1

Since L is convex,
L(Dw) > L(Du) + D, L(Du) - (Dw — Du) ae. inU.

Integrating over U gives (30).

4. We have thus far shown that A C 01, that is, D(A) C D(0I) and
Au € 9Iu] for u € D(A). To conclude, we must prove that A D dI.

Select any function f € L?(U). If we minimize the functional

w2
Tw] = fU L(Dw) + % ~ fwda

over the admissible class A = H}(U), we will find v € H}(U), which is a

weak solution of
n

(31) u— (Lp(Du))z, = f in U.
i=1

According to calculations similar to those for the proof of Theorem 1,(ii) in
§8.3, we see that in fact u € H%(U), with the estimate

(32) Il 2wy < CllFll2y-

Thus u € D(A), and u + A[u] = f. Consequently the range of I + A is all
of H. But this implies A = 8I. For if v € _D(BI), w e 8][@}, then there

exists u € D(A) such that v+ Afu] = v + w. Since Afu] € 8I[u], w € dI[v],
the uniqueness assertion of Theorem 1,(iv) implies © = v, w = A[u]. Thus

A=0l. O

We can now look at the initial/boundary-value problem:

ug — 3 iy (Lp,(Du))e; =0 in U x (0, 00)
u=0  on dU x (0, 00)
L u=g onUx{i=0}

(33)
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{ u'(t) = —0Iu(t)] (t=0)
u(0) =g.

We apply Theorem 3. If g € H*(U)N H}(U), there exists a unique function
u € C([0,00); L*(U)), with u’ € L((0; 00); L*(U)),
that is, a weak solution of (33). In view of the estimate
lu®)lm2wy < ClI' Ol L2y,

we see u € L>°((0,00), H2(U) N H}(U)) as well.

9.7. PROBLEMS

In these problems U always denotes a bounded, open subset of R™, with
smooth boundary.

1. Assume the vector field v is smooth. Give another proof of the lemma
in §9.1 for this case by solving the ODE

( %(t) = —v(x(®) (t20)
x(0) =y.

Let us write the solution as x(t,y) to display the dependence on the
initial point y. For each fixed time £ > 0, the map y — x(¢,y) is
continuous and so has a fixed point. Conclude v has a zero in the

closed ball B(0,r).

2. Assume a: R — R is continuous and a(f,) — a(f) weakly in L%(0,1)
whenever f, — f weakly in L?{0,1). Show a is an affine function;
that is, a has the form

a(z) =az+ B (zeR)
for constants o, 3.

3. Assume
w—Au=f in U x(0,00)

u=0 on OU x (0,00)
u=g on Ux{t=0},

where g € L?(U), f € L®(Ur) for each T > 0. Suppose 7 > 0 and f
is 7-periodic in t; that is, f(z,t) = f(z,t + 1) (x € U,t > 0). Prove
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|

8.

there exists a unique function g € L2(U) for which the corresponding
solution u is T-periodic.

Counsider the nonlinear boundary-value problem

Use Banach’s fixed point theorem to show there exists a unique weak
solution » € H2(U) N HY(U) provided b : R* — R is Lipschitz contin-
uous, with Lip(b) small enough.

Assume f : R — R is Lipschitz continuous, bounded, with f(0) = 0
and f'(0) > A1, A1 denoting the principal eigenvalue for —A on Hj (U).
Use the method of sub- and supersolutions to show there exists a weak

solution u of
I —Au=f(u) inU
1 uw=0 on AT

i U

u>0 inU.

Assume that u, % are smooth sub- and supersolutions of the boundary-
value problem (1) in §9.3. Use the maximum principle to verify di-
rectly

u=ugSu < Sy <0<,

where the {u;}3°, are defined as in §9.3.

~d

Let € > 0. De ¢
0 if 220
ﬂE(Z) T { z if z EO,

and suppose u, € H(U) is the weak solution of
{ —Auc+ Be(ue) =f inU

(*) ue =0 on U,

where f € L?(U). Prove that as e — 0, u¢ — u weakly in H}(U), u
being the unique solution of the variational inequality

fDu-D(w—u)de/f(w—u)dx
U U

for all w € HYU) with w > 0 a.e.

Approximating the variational inequality by () is the penalty method.

Let K C R" be a closed, convex, nonempty set. Define

Ia] := 0 ifze K
= 400 ifzx¢ K.
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Explicitly determine A =8I, Jy = (I + AA) 7L, Ay = I;AJA (A>0)in
terms of the geometry of K.

9. Give a simple example showing the flow
() w € -8Iu (t>0)
may be irreversible. (That is, find a Hilbert space H and a convex,
proper, lower semicontinuous function I : H — (—oc, +00] such that
the semigroup solution of (x) satisfies

St)u = S(t)a
for some ¢ > 0 and u # 4.)
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10.1. INTRODUCTION, VISCOSITY SOLUTIONS

This chapter investigates the existence, uniqueness and other properties of
appropriately defined weak solutions of the initial-value problem for the
Hamilton-Jacobi equation:

(1) ut + H(Du,z) =0 in R" x (0, c0)
v=g onR"x {t=0}

Here the Hamiltonian H : R™ x R® — R is given, as is the initial function
g : R" - R. The unknown is 2 : R™ x [0,00) — R, v = u(z,t), and
Dy = Dyu = (ug,,...,uz,). We will write H = H(p,z), so that “p” is the
name of the variable for which we substitute the gradient Du in the PDE.

We recall from our study of characteristics in §3.2 that in general there
can be no smooth solution of (1) lasting for all times ¢ > 0. We recall
further that if H depends only on p and is convex, then the Hopf-Lax
formula (expression (21) in §3.3.2) provides us with a type of generalized
solution.

In this chapter we consider the general case that H depends also on z
and, more importantly, is no longer necessarily convex in the variable p. We

539
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will discover in these new circumstances a different way to define a weak
solution of (1).

Our approach is to consider first this approximate problem:

{u; + H(Duf,z) —eAu* =0 in R" x (0, c0)

(2) u¢ =g on R" x {t =0},

for € > 0. The idea is that whereas (1) involves a fully nonlinear first-order
PDE, (2) is an initial-value problem for a quasilinear parabolic PDE, which
turns out to have a smooth solution. The term €A in (2) in effect regularizes
the Hamilton—Jacobi equation. Then of course we hope that as ¢ — 0 the
solutions u¢ of (2) will converge to some sort of weak solution of (1). This
technique is the method of vanishing viscosity.

However, as ¢ — 0 we can expect to lose control over the various esti-
mates of the function ¢ and its derivatives: these estimates depend strongly
on the regularizing effect of €A and blow up as ¢ — 0. However, it turns
out that we can often in practice at least be sure that the family {u}
is bounded and equicontinuous on compact subsets of R"” x [0, cc). Conse-
quently the Arzela-Ascoli compactness criterion, §C.7, ensures that

(3) 4 — u locally uniformly in R" x [0, c0),

for some subsequence {u%}2; and some limit function

(4) U €
Now we can surely expect that » is some kind of solution of our initial-value
problem (1), but as we only know w is continuous, and have absolutely no in-
formation as to whether Du and u, exist in any sense, such an interpretation
is difficult.

Similar problems have arisen before in Chapters 8 and 9, where we had to
deal with the weak convergence of various would-be approximate solutions to
other nonlinear partial differential equations. Remember in particular that
in §9.1 we solved a divergence structure quasilinear elliptic PDE by passing
to limits using the method of Browder and Minty. Roughly speaking, we
there integrated by parts to throw “hard-to-control” derivatives onto a fixed
test function, and only then tried to go to limits to discover a solution. We
will for the Hamilton-Jacobi equation (1) attempt something similar. We
will fix a smooth test function v and will pass from (2) to (1) as e — 0 by
first “putting the derivatives onto v”.

But since (1) is fully nonlinear, and in particular is not of divergence
structure, we cannot just integrate by parts, as we did in §9.1, to switch
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to differentiations on v. Instead we will exploit the maximum principle to
accomplish this transition, at least at certain points.

We will call the solution we build a wviscosity solution, in honor of the
vanishing viscosity technique. Our main goal will then be to discover an
intrinsic characterization of such generalized solutions of (1).

10.1.1. Definitions.

Motivation for definition of viscosity solution. We henceforth assume
that H, g are continuous and will as necessary later add further hypotheses.

The technique alluded to above works as follows. Fix any smooth test
function v € C*°(R™ x (0,00)) and suppose

= ( u— v has a strict local maximum at some point
) | (@o,t0) € B x (0,00).
This means
(u — v)(zo, o) > (u —v)(z,t)
for all points (z,t) sufficiently close to (zg, tg), with (z,t) # (o, o).

Now recall (3). We claim for each sufficiently small ¢; > 0, there exists
a point (z;,%;) such that

(6) u — v has a local maximum at (z;, %)
and
(7) (xEjatEJ) - (SEO, tO) as .7 — 0.

To confirm this, note that for each sufficiently small » > 0,(5) implies
maxgg(u — v) < (¥ — v)(xg,%y), B denoting the closed ball in R**! with
center (xg,%p) and radius r. In view of (3), u — w uniformly on B, and so
maxgp(u —v) < (¢ —v)(xo,to) provided ¢; is small enough. Consequently
u® — v attains a local maximum at some point in the interior of B. We can
next replace r by a sequence of radii tending to zero to obtain (6), (7).

Now owing to (6) we see that the equations

(8) DueJ (mGJ)tGJ) — D’U(l‘e],tej)a

(9) u:j(xfj:tfj) = vt(xejytfj)7
and the inequality
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hold. We consequently can calculate

V(e te )+H(Dv(xej,tcj) Te;)
= u‘t (xejatéj) "}_-I:I(‘l)utEJ (‘Tejvtéj)a xéj) by (8)7(9)
= ;Au (x;,t,) by (2)
< g Av(ze,,te;) by (10).

(11)

Now let ¢; — 0 and remember (7). Since v is smooth and H is continuous,
we deduce

(12) 'Ut(.’L‘(),t()) + H(Dv(xo,to),xo) < 0.

We have established this inequality assuming (5). Suppose now instead
'l L
vaatb

(13) u — v has a local maximum at (zg, %),

but that this maximum is not necessarily strict. Then u — % has a strict local
maximum at (zo, ¢g), for ¥(z, t) := v(z,t)+8(|lx —x0/2+(t—10)?) (6 > 0). We
thus conclude as above that @,(xg,%0) + H{(Dv(zo,t0), zo) < 0; whereupon
(12) again follows.

Consequently (13) implies inequality (12). Similarly, we deduce the re-
verse inequality

{1 A) v e .Y 1 (N en +-Y Y S N
\.l.“!) Ut\ubU,bU}j".l‘\.L/U\dzU, UU},WUI : U’
provided

(15) u — v has a local minimum at (zg, ¢p).

The proof is exactly like that above, except that the inequalities in (10),
thu
ull

1‘- oo T ]
A}

el 11\
aiia il {11, &€ IEVerseq.

In summary, we have discovered for any smooth function v that inequal-
ity (12) follows from (13), and (14) from (15). We have in effect put the
derivatives onto v, at the expense of certain inequalities holding. a

Our intention now is to define a weak solution of (1) in terms of (12),
(13) and (14), (15).

DEFINITION. A bounded, uniformly continuous function u is called a
viscosity solution of the initial-value problem (1) for the Hamilton—-Jacobi
equation provided:

(i) u=g on R™ x {¢ = 0},
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and

(ii) for each v € C*(R™ x (0, 00)),

J if u — v has a local maximum at a point (zg,%y) € R™ x (0, 00),
(16) then
\19) wen

Ut(xo, to) + H(D’U(:E(), to), CE()) <0,

and
if v — v has a local minimum at a point (zy,ty) € R™ x (0, 00),
(17) then
ve(zo,to) + H(Dv(zo,t0), 2g) > 0.

nark. Note carefullv that b

v A V4
A& Ame  LVNIUL Gk il viaalvu Wy Sao

(17), and so all subsequent deductions must be based on these inequalities.
The previous discussion was purely motivational.

definition a viscaocitv enliition eaticfies (1R)
nition a viscosily soiution satisiles (10

R
1

For emphasis, we repeat the same point, which has caused some confu-
sion among students. To verify that a given function u is a viscosity solution
of the Hamilton-Jacobi equation u; + H(Dwu,z) = 0, we must cofifirm that
(16), (17) hold for all smooth functions v. Now the argument above shows
that if u is constructed using the vanishing viscosity method, it is indeed a
viscosity solution. But we will also see later in §10.3 that viscosity solutions
can be built in entirely different ways, which have nothing whatsoever to do
with vanishing viscosity.

The point is that the inequalities (16), (17) provide an intrinsic charac-
terization, and indeed the very definition, of our generalized solutions.

O

We devote the rest of this chapter to demonstrating that viscosity so-
lutions provide an appropriate and useful notion of weak solutions for our
Hamilton—Jacobi PDE.

10.1.2. Consistency.

Let us begin by checking that the notion of viscosity solution is consistent
with that of a classical solution. First of all, note that if u € C'(R™ x [0, o))
solves (1) and if u is bounded and uniformly continuous, then u is a viscosity
solution. That is, we assert that any classical solution of uy + H(Du,z) =0
is also a viscosity solution. The proof is easy. If v is smooth and u — v
obtains a local maximum at (zg, ), then

Du(.’ro,to) = D’U(.’L‘(), to)

L ue(zo, to) = ve(zo, to).
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Consequently

vi(zo, to) + H(Dv(xo,10), To)
= ut(x0, to) + H(Du(zo, t0), x0) = 0,

since u solves (1). A similar equality holds at any point (xo,%p) where u —v
has a local minimum.

Next we assert that any sufficiently smooth viscosity solution is a clas-
sical solution, and, even more, that if a viscosity solution is differentiable at
some point, then it solves the Hamilton—-Jacobi PDE there. We will need
the following calculus fact:

LEMMA (Touching by a C! function). Assume u : R® — R is continuous
and is also differentiable at some point xy. Then there exists a function
v € CYR™) such that

(18) u(zo) = v(zo)
and
(19) u — v has a strict local marimum at xo.

Proof. 1. We may as well assume
(20) zo = 0, u(0) = Du(0) = 0;

for otherwise we could consider i(z) = u(z + xo) — u(zg) — Du(zo) - z in
place of wu.

2. In view of (20) and our hypothesis, we have

(21) u(z) = lzo (),
where

(22) p1 : R™ — R is continuous, p;(0) = 0.
Set

(23) p(r) i= max (r(a)l} (-2 0)
Then

(24) p2 : [0,00) — [0, 00) is continuous, p2(0) =0,
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and

(25) p2 is nondecreasing.

3. Now write

2|x|
v(z) = f pa(r)dr + |z)* (z € R™).

||
Since |v(z)| < |z|p2(2|z|) + |x|?, we observe
(26) v(0) = Dv(0) = 0.

Furthermore if z # 0, we have

Du(z) = %mmlxl) _ l—x—loo(lxl) +2z,

and so v € C1(R™).

4. Finally note that if x # 0,
2|x|

u(z) — v(z) = 2|1 (z) - ] pa(r) dr — |a)?

||
2||

< Jzlpa(a]) - / pa(r) dr — |22

2|

Thus u — v has a strict local maximum at 0, as required. O

THEOREM 1 (Consistency of viscosity solutions). Let u be a wviscosity
solution of (1), and suppose u is differentiable at some point (xg,t9) € R™ X
(0,00). Then

ut(xo, to) + H(Du(z,t0),xo) = 0.

Proof. 1 Applymg the lemma above to u, with R™t! replacing R" and
(x0,2p) replacing xg, we deduce there exists a C'! function v such that
(27) u — v has a strict maximum at (zg, to).
2. Now set v¢ := 1 * v, 7. denoting the usual mollifier in the n + 1
variables (x,t). Then
v¢E > v
(28) Dv® — Dv  uniformly near (xg,%g)

U vf — oy
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and so (27) implies

(29) u — v° has a maximum at some point (z, ),
with
(30) (ze,te) — (xo,t9) ase— 0.

Applying then the definition of viscosity solution, we see
Vi(Ze, te) + H(Dv(ze, te), ze) < 0.
Let ¢ — 0 and use (28), (30) to deduce
(31) ve(zo, to) + H(Dv(zo,t0), zp) < 0.
But in view of (27), we see that since u is differentiable at (o, to),
Du(zg,tg) = Du(xo, o), ut(zo,to) = ve(zo,to)-
Substitute above, to conclude from (31) that
(32) ut(xo, to) + H(Du(xg, to),z0) < 0.

2 N Ter +hal
J. WNOW appiy ui€ 1€Ininsg

such that u — v has a strict minimum at (zg,%9). Then, arguing as above,
we likewise deduce

" h e
v

v o ben __ap inm Dn+1 o~ B o f""l Frimnbioan o
Uvoc wu o 11l N 9

LVAV Ny ¥ U W LU By s P TV LIV U

ut(zo,to) + H(Du(xo,to),z0) = 0.
This inequality and (32) complete the proof. O

10.2. UNIQUENESS

Our goal now is to establish the uniqueness of a viscosity solution of our
initial-value problem for Hamilton-Jacobi PDE. To be slightly more general,
let us fix a time T > 0 and consider the problem
(1) ur + H(Du,z) =0 in R" x (0,7}

u=g onR"x {t=0}

We say that a bounded, uniformly continuous function u is a viscosity
solution of (1) provided » = g on R™ x {t = 0}, and the inequalities in (16)
(or (17)) from §10.1.1 hold if » — v has a local maximum (or minimum) at
a point (zg,%) € R™ x (0,T).

LEMMA (Extrema at a terminal time). Assume u is a viscosity solution
of (1) and uw — v has a local mezimum (minimum) at o point (xg,tp) €
R™ x (0,T]. Then

(2) 'Ut(:C(), t()) + H(D’U(:L‘O, to), .’EQ) <0 (Z 0).

The point is that we are now allowing for £y =T
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Proof. Assume % — v has a local maximum at the point (zg,T); as before
we may assume that this is a strict local maximum. Write

v(z,t) = v(z,t) + T—E—Z (xeR™, 0<t<T).

Then for € > 0 small enough, u — ¥ has a local maximum at a point (., t),
where 0 < ¢t < T and (z.,¢.) — (z9,T). Consequently

ﬁt(xe, te) + H(Df’(xe: te), xe) <0,

and so
€

(T_—t)z + H(Dv(me,te),xe) S 0.

vt(x67 té) +
Letting € — 0, we find
vi(zo, T) + H(Dv(zo, T), x0) < 0.

This proves (2) if  — v has a maximum at (2o, T). A similar proof gives the
reverse inequality should u — v have a minimum at (zo,T). O

To go further, let us hereafter suppose the Hamiltonian H to satisfy
these conditions of Lipschitz continuity:

3) ( |H(p,x) — H(q,z)| < Clp—q|
|H(p,z) — H(p,y)| < Clz —y|(1 + |p|)

for z,y,p,q € R™ and some constant C' > 0.

We come next to the central fact concerning viscosity solutions of the
initial-value problem (1), namely uniqueness. This important assertion jus-
tifies our taking the inequalities (16) and (17) from §10.1.1 as the foundation
of our theory.

THEOREM 1 (Uniqueness of viscosity solution). Under assumption (3)
there exists at most one viscosity solution of (1).

Remark. The following proof is based upon an unusual idea of “doubling
the number of variables”. See the proof of Theorem 3 in §11.4.3 for a related
technique. O
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Proof*. 1. Assume u and % are both viscosity solutions with the same
initial conditions, but

(4) sup (u—a)=:0>0.
R~ x[0,T]

Choose 0 < ¢, A < 1 and set
d(z,y,t,s) :=u(z,t) — a(y, s) — Mt + s)

© ~ 5z~ 3 + ¢ = 5 — ellal + i)

for z,y € R™, ¢, s > 0. Then there exists a point (xg, ¥, to, s0) € R?" x [0, T)?
such that

(6) @(ZE(), Yo, t07 SO) = Rgrfrf[ing]z @(ZE, Y, t, 5)'

2. We may fix 0 < ¢, A < 1 so small that (4) implies

(7) ®(z0,y0,%0,50) > sup B(z,z,t,t) >
R~ x[0,T]

o]

In addition, ®(xg, yo, to, s0) > €(0,0,0,0); and therefore

g Ao+ so)t Flla— ol + (= 30)%) +ellzof + ol
< u(zg, to) — u(yo, so) — u(0,0) + @(0,0).

Since # and % are bounded, we deduce

(9) |zo — o, |to — so| = O(e) as e — 0.

Furthermore (8) implies e(|2zo|? + |yo|*>) = O(1), and consequently

e(|zo| + |yol) = €'/*€¥*(|zo| + |yo|)
< €2 4 0¥ (Jzof? + lwol?)

< Cel/2.
Thus

(10) (ol + lyo|) = O(/?).

*Omit on first reading.
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3. Since ®(xo, Yo, to, S0) = @(x0, Zo, to, to), we also have
w(zo, to) — @Yo, s0) — A(to + s0) — ;lg(lxo —yol® + (to — 50)*)
— (|20l + |wo|?) > u(zo,20) — Wlao, to) — 2Aty — 2¢|zo2.
Hence
21§(|330 — g0l + (to — 50)%) < @z, o) — @(yo, s0) + Alto — 50)
+ e(zg + wo) - (xo — wo)-

In view of (9), (10) and the uniform continuity of @, we deduce
(11) lZo — yol, [to — so| = o(e).

4. Now write w(-) to denote the modulus of continuity of u; that is,

[u(z,t) — u(y, s)] S w(|z -yl + |t - s])

for all z,y € R", 0< ¢, 5 < T, and w(r) — 0 as » — 0. Similarly, &(-) will
denote the modulus of continuity of .

Then (7) implies

< u(xo, to) — (Yo, 80) = u(xo, to) — u(zxo, 0) + u(zg, 0) — @(zo, 0)

2| Q

+ '&(:L'O) 0) - ﬁ(iL‘O, tO) + '&(.’L‘O, tO) - ﬂ(yo, 30)
< wto) + w(to) + @(o(e)),
by (9),(11) and the initial condition. We can now take ¢ > 0 to be so

small that the foregoing implies § < w(ty) + &(%p); and this in turn implies
to > p > 0 for some constant g > 0. Similarly we have sg > p > 0.

5. Now observe in light of (6) that the mapping (x,t) — ®(z,yo,, 50)
has a maximum at the point (xg,%p). In view of (5) then,

u — v has a maximum at {xg, %)
for
, N - N . s N 1 Py 2 , A2 19 . 12
v(z,2) := ulyo, S0) + A+ 50) + Z (12 = yol” + (2 = 50)") + e(I2” + lyo[")-

Since u is a viscosity solution of (1) we conclude, using the lemma if neces-
sary, that
ve(zo,to) + H(Dzv(zg,to),20) <0
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Therefore

2(ty — 2
(12) A+ Lez"go_) +Hd (6—2(-’00 — o) + 269«”0,930) <0.

We further observe that since the mapping (y, s) — —®(xo,y, to, s) has
a minimum at the point (yo, so),

@ — © has a minimum at (yo, So)
for
(4, 9) = u(ao, 1) = Alto + ) = (1 = 30l + (t0 — 5)?) = elfzal® +Iy/?).
As 1 is a viscosity solution of (1), we know then that

@s(yﬂa 30) + H(Dyﬁ(yOa 50), yO) 2 0.

Counsequently
2(tg — sp) 2
(13) —A+ =+ H { 5(x0 —y0) — 2ey0,%0 | 2 0.

6. Next, subtract (13) from (12):
2 2
(14) 2X<H 6—2(9«“0 — o) — 2eyo, %0 | — H 6—2(1‘0 — Yo) + 2ex0, 70 | -
In view of hypothesis (3) therefore,

x —
(5) x5 Cellanl + lol) + Cleo = 3ol (14 22 s el + )

We employ estimates (10), (11) in (15), and then let e — 0, to discover
0 < XA < 0. This contradiction completes the proof. a

10.3. CONTROL THEORY, DYNAMIC

PROCRAMMINGC
A A

AL AL\ A ALULALYALYAALN

It remains for us to establish the existence of a viscosity solution to our
initial-value problem for the Hamilton-Jacobi partial differential equation.
One method would be now to prove the existence of a smooth solution u¢ of
the regularized equation (2) in §10.1 and then to make good enough uniform
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estimates. This technique in fact works, but requires knowledge of certain
bounds for the heat equation beyond the scope of this book.

In this section we provide an alternative approach of independent inter-
est, which is suitable for Hamiltonians which are convex in p.

We will first of all introduce some of the basic issues concerning control
theory for ordinary differential equations and the connection with Hamilton—
Jacobi PDE afforded by the method of dynamic programming. This discus-
sion will make clearer the connections of the theory developed above in
§§10 1-2 with that set forth earlier in 33 3.1. The remarkable fact is that

the defining viscosity solution inequalities (16), (17) 4n §1(.1.1 are a conse-
quence of the optimality conditions of control theory.

10.3.1. Introduction to control theory.

We will now study the possibility of optimally controlling the solution
x(-) of the ordinary differential equation

[ x(s) =f(x(s),a(s)) (t<s<T)
1 x(t) = z.
Here @ = d%, T > 0 is a fixed terminal time, and z € R" is a given initial

point, taken on by our solution x(-) at the starting time ¢ > 0. At later
times t < s < T, x(-) evolves according to the ODE, where

~~
ek
f—

f:R"xA—-R"

is a given bounded, Lipschitz continuous function, and A is some given
compact subset of, say, R™. The function a(-) appearing in (1) is a control,
that is, some appropriate scheme for adjusting parameters from the set A as
time evolves, thereby affecting the dynamics of the system modeled by (1).

Let us write
(2) A={a:[0,T] > A| a() is measurable}
to denote the set of admissible controls. Then since
(3) l(=z,a)| <C, [f(x,0) - £(y,a)| <Clz —y| (z,y€R"®, a€A)

for some constant C, we see that for each control a(-) € A, the ODE (1)
has a unique, Lipschitz continuous solution x(-) = x{)(.), existing on the
time interval [t,T] and solving the ODE for a.e. time t < s < T. We call
x(-) the response of the system to the control a(-), and x(s) the state of the
system at time s.
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x(8)=f(x(8),0(8))

Response of system to the control o(-)

Our goal is to find a control e*(-) which optimally steers the system. In
order to define what “optimal” means however, we must first introduce a
cost criterion. Givenx € R" and 0 < ¢ < T, let us define for each admissible
control a(-) € A the corresponding cost

rT

(4) Cu tla(-)] ==/t h(x(s), a(s)) ds + g(x(T)),

where x(-) = x*()(-) solves the ODE (1) and

h:R"xA—R, g:R"—>R
are given functions. We call h the running cost per unit ttme and g the
terminal cost, and will henceforth assume

(5) (z,y € R, a € A)

|h(z,a) — k(y,a)}, lg(z) — g(y)| < Clz —y|
for some constant C.

Given now x € R” and 0 < ¢t < T, we would like to find if possible
a control a*(:) which minimizes the cost functional (4) among all other
admissible controls.

10.3.2. Dynamic programming.

The method of dynamic programming investigates the above problem by
turning attention to the value function

(6) u(z, t) := anCx,t[a(-)] (zeR™ 0<t<T).

1
a(-)e
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The plan is this: having defined u(z, t) as the least cost given we start at
the position x at time ¢, we want to study « as a function of  and t. We are
therefore embedding our given control problem (1), (4) into the larger class
of all such problems, as x and ¢ vary. The idea then is to show that u solves
a certain Hamilton-Jacobi type PDE, and finally to show conversely that a
solution of this PDE helps us to synthesize an optimal feedback control.

Hereafter, we ix x e R*", 0 <t < T.

THEOREM 1 (Optimality conditions). For each h > 0 so small that
t+h <T, we have

t+h
(7))  ulz,t) = o1(11)124 {[ h(x(s), a(s)) ds + u(x(¢ + h),t + h)} ,

where x(-) = x*()(.) solves the ODE (1) for the control af(-).
Proof. 1. Choose any control «;(-) € A and solve the ODE

(8) { x1(s) = f(x1(s),1(s)) (t<s<t+h)

x1(t) = z.
Fix € > 0 and choose then as(-) € A so that

T

(9) u(x1(t + h),t+h)+e> / h(x2(s), az(s)) ds + g(x2(T)),
t+h
where
5(2(8) = f(XQ(S),az(S)) (t +h<s< T)
10) { x2(t +h) = x1(t + h).

Now define the control

'_ ai(s) if t<s<t+h
(11) %@y—{aﬂﬂ if t+h<s<T,
and let
x3(s) = f(x3(8),3(8)) (t<s<T)
(12) { x3(t) = z.

By uniqueness of solutions to the differential equation (1), we have

fxl(s) if t<s<t+h
| x2(s) if t+h<s<T

(1N ¥
\1ty) Py
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u(z,t) < Cpilas(-)]

T

_ [ h(xs(s), aa(s)) ds + g(x3(T))
t+h T

:/ h(xl(s),al(s))ds-l—/ h(XQ(S), 02(3)) d3+g(x2(T))
t t

+h

h
g[+ h(x1(s),a1(s)) ds + u(x1(t + h),t + h) + ¢,

(9). As ai(-) € A was arbitrary, we con-

(14} u(z,?) < a(i-I)lé,A {[M h(x(s), a(s)) ds + u(x(t + k), ¢ + h)} +€

x(-) = x*0)(-) solving (1).

2. Fixing again € > 0, select now ay4(-) € A so that

T
(15) u(z,t) +e> / h(xa(s), ca(s))ds + g(xa(T)),

where

{ x4(8) = f(x4(8),4(s)) (t<s<T)
X4(t) =1xT.
Observe then from (6) that
T
(16)  u(xa(t+h),t+h) < / h(xa(s), ca(s))ds + g(xa(T)).
t+h

Therefore
t+h
u(z,t) +€> (iI)lfA {/ h(x(s), a(s))ds + u(x(t + h),t + h)} ,
af’)e t

x(.) = x*0)(.) solving (1). This inequality and (14) complete the proof of
(7). a

10.3.3. Hamilton—Jacobi—-Bellman equation.

Our eventual goal is writing down as a PDE an “infinitesimal version”
of the optimality conditions (7). But first we must check that the value
function u is bounded and Lipschitz continuous.
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LEMMA (Estimates for value function). There ezists a constant C such
that
u(z, 8)] < C,

lu(z,t) — u(z, )] < C(|z — 2| + [t — {|)
forallz,z e R*, 0<tt<T.

Proof. 1. Clearly hypothesis (5) implies » is bounded on R™ x [0, T].
2. Fixz,z e R", 0 <t < T. Let € > 0 and then choose &(-) € A so that

T
(17) u(it) +e> / h((s), &(s)) ds + g(X(T)),

where X(-) solves the ODE

x(s)
1 {0

f(x(s),a(s)) (t<s<T)

|
=

T
u(w,t) = (@, ) < [ hlx(s),a(s) ds + g(x(T))
(19) t

T
_l‘h@@Ld@Dd&—ﬂﬂTD+e

where x(-) solves

(( x(s) =f(x(s),a(s)) (E<s<T)

(20) x(t) = =x.

Since f is Lipschitz continuous, (18), (20) and Gronwall’s inequality (§B.2)
imply |x(s) — %(s)| < Clz — %| (¢ < s < T). Hence we deduce from (5) and
(19) that u(z,t) — u(z,t) < Clx — | + €. The same argument with the roles
of x and Z reversed implies

lu(z,t) —u(%,8)| < Clz - 2| (z,2€R", 0<t<T).

3. Now let z € R?, 0 <t < { < T. Take € > 0 and choose a(-) € A so
that

T

u(z,t) +€ > /t h(x(s), a(s))ds + g(x(T)),

x(-} solving the ODE (1). Define

a(s) =a(s+t~1) fort <s<T
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and let x(-) solve
=f(x(s),a(s)) (F<s<T)

T
(21) - / (x(s), ax(s))ds — g(x(T)) +¢
_ fT Lot N £ 2 fofT /AN £ YN
—'—j nthS),a(S))as-t-g\xu ”t‘l—li})—g\)(\i))‘f'ﬁ
TH+t—t

<Clt—t|+e

Next pick &(-) so that

~ T
u(e, ) +e > /t h((s), &(s))ds + g(R(T)),

where = f(x(s),a(s)) (t<s<T)

Define . . _ .
(s) {a(s+t—t) if t<s<T+1t-1

8) = .
o &(T) if T+t—i<s<T,

and let x(-) solve (1). Then a(s) = &(s +1 ~t), x(s) = %(s +¢ —t) for
t < s < T+t —t. Consequently
T
e, t) = u(z,) < [ hx(s),a(s))ds + g(x(T))
T
_ Jé h(x(s), als))ds — g(R(T)) + ¢

= /Ti fh(X(S), a(s))ds + g(x(T)) — g(x(T +t — 1)) +¢
<Clt -t +e
This inequality and (21) prove
[u(z,t) —u(z, 1)) <Clt -1 (0<t<t<T, z€R".
O

We prove next that the value function solves a Hamilton-Jacobi type
partial differential equation.
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THEOREM 2 (A PDE for the value function). The value function u is the
unique viscosity solution of this terminal-value problem for the Hamilton—
Jacobi-Bellman equation:

(u; + min{f(z,a) - Du+ h(z,a)} =0 nR" x (0,T)
(22) i acA
u=g onR"x {t=T}.

Remarks. (i) The Hamilton-Jacobi-Bellman PDE has the form
ut + H(Du,z) =0 in R" x (0,T),
for the Hamiltonian

(23) H(p,z) := L%iﬂ {f(x,a)-p+ h(z,a)} (p,z€R™).

From the inequalities (5), we deduce that H satisfies the estimates (3) in
§10.2.

(ii) Since (22) is a terminal-value problem, we must specify what we mean
by a solution. Let us say that a bounded, uniformly continuous function u
is a wviscosity solution of (22) provided:

(i)u=gonR"x {t =T},
and
(ii) for each v € C*(R"™ x (0, 7))
if # — v has a local maximum at a point (x9,%) € R™ x (0,7,
(24) then
ve(xo, to) + H(Dv(zo, o), z0) > 0,

and

then
\ ve(xo, to) + H(Dv(zop, o), xo) < 0.

if u — v has a local minimum at a point (zg,%y) € R" x (0,7),
(25) !

rirmal _=ralas i (OO

Nhonmern +thot farm e a0 . . PR I P (21> ) WU I
VUSELVE uliay 106 UUl LEriiliidi-valu€ Prooiein (L4) WE TEUETSE LIIE BEIsE O

inequalities from those for the initial-value problem.

1. L .
f the

feeen g

then w(z,t) := u(z,T — ¢t} (x € R",0 <t < T) is the viscosity solution of
the initial-value problem
wy — H(Dw,z) =0 in R" x (0,7)
w=g onR"x {t=0}.
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Proof. 1. In view of the lemmma, u is bounded and Lipschitz continuous. In
addition, we see directly from (4) and (6) that

u@,T) = _inf Corla())=g(e) (k).

2. Now let v € C*°(R"™ x (0,T)), and assume
u — v has a local maximum at a point (zg,ty) € R" x (0,T).
We must prove

(26) vi(zo, to) + I%i}ll{f(:llo, a) - Du(zg,to) + h(z¢,a)} > 0.

Suppose not. Then there exist a € A and ¢ > 0 such that
(27) v(z,t) + £z, a) - Dv{z,t) + h(z,a) £ -8 <0
for all points (z,t) sufficiently close to (xo, o), say

(28) |z — xo| + |t — to] < 6.

Since u — v has a local maximum at (zg, ¢y), we may as well also suppose

{ (u—v)(z,t) < (u—v){zo, to)

29
(29) for all (z,t) satisfying (28).

Consider now the constant control a(s) = a (tp < s < T) and the corre-
sponding dynamics

(30) { x(s) =f(x(s),a) (to<s<T)

x(to) = .

Choose 0 < h < é so small that |x(s) — z¢| < 6 for tp < s <ty + h. Then
(31) wvi(x(s), s)+£(x(s), a)-Dv(x(s), s)+h(x(s),a) < -8 (to < s < to+h),
according to (27), (28). But utilizing (29) we find

u(x(to + h),to + h) — u(zg, to) < v(x(to + h),to + h) — v{zo, to)
to+h

to+h
@ = [ 2 o(x(s), 8)ds = ] vi(x(s), 8) + Du(x(s), s) - x(s) ds

to

to+h
- [ vi(x(s), 8) +£(x(s), @) - Du(x(s), s) ds.

0



10.3. CONTROL THEORY, DYNAMIC PROGRAMMING 559

.....

to+h
(33) w(zo, to) < /t h(x(s),a) ds + u(x(to + k), to + h).

0

Combining (32) and (33), we discover
to+h
0< / ve(x(s), s) + £(x(s),a) - Dv(x(s),s) + h(x(s),a)ds < —8h,
to
anmnmrdinag +4 (921) MLis ~nmdeadi bt Acta H
LLULUIIIS U \dl}. L 1D Lullvl audlUviUull €dua
3. Now suppose
u — v has a local minimum at a point (zg,%p) € R" x (0,T);

we must prove

(34) v (g, to) + Héi}ll{f(fl?o, a) - Du(zo, ty) + h(xo,a)} < 0.
Q.

Suppose not. Then there exists § > 0 such that
(35) v(z,t) + f(z,a) - Dv(z,t) + h(z,a) > 60 >0
for all a € A and all (z,t) sufficiently close to (o, tg), say

(36) & — zo| + [t — to] < 6.

Since u — v has a local minimum at (zg, ), we may as well also suppose
(v —v)(z,?) 2 (u - v)(zo, o)
for all (z,t) satisfying (36).

Choose 0 < h < ¢ so small that |[x(s) — zg| < 6 for tyx < s < ty + h, where
x(+) solves

(37)

(38) { %(s) = £(x(s),a(s)) (to <s<T)

X(to) = xo
for some control a(-) € A. This is possible owing to hypothesis (3).
Then utilizing (37), we find for any control a(-) that
u(x(to + h), to + h) — u(xo, to)
> v(x(to + h),to + h) — v(zo, tp)

to+h
(39) =[t ’ %v(x(s),s)ds

to+h
_ ft ve(x(s), 8) + £(x(s), a(s)) - Du(x(s), s) ds,

0
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by (38). On the other hand, according to the optimality condition (7) we
can select a control a(-) € A so that

foth ok
(40) u(zo, to) > / h(x(s),a(s)) ds + u(x(to + h),to + h) — 5
to
Combining (39) and (40), we discover
to+h
@ > /0 v {x(s8), 8) + f(x(s), a(8)) - Duv{x(s), s)
2 — Jto \==\¥ 2>/ A Sl Sl b \“// \“=\¥ /¥y
+ h(x(s), a(s)) ds > 6h,
according to (35). This contradiction proves (34). O

Remark (Design of optimal controls). We have now shown that the value
function u, defined by (6), is the unique viscosity solution of the terminal-
value problem (22) for the Hamilton—Jacobi-Bellman equation. How does
this PDE help us solve the problem of synthesizing an optimal control? In
informal terms, the method is this. Given an initial time 0 < ¢ < T and an
initial state € R™, we consider the optimal ODE

{ x*(s) = f(x*(s),a*(s)) (t<s<T)

1) x*(t) =z,

where at each time s, a*(s) € A is selected so that

£(x"(s), " (s)) - Du(x*(s), s) + h(x*(s), a"(s))

(42) = H(Du(x*(s), s),x"(s)).

In other words, given the system is at the point x*(s) at time s, we adjust
the optimal control value e*(s) so as to attain the minimum in the definition
(23) of the Hamiltonian H. We call a*(-) so defined a feedback control.

It is fairly easy to check that this prescription does in fact generate a
minimum cost trajectory, at least in regions where u and a*(-) are smooth
(so that (42) makes sense). There are however problems in interpreting (42)
at points where the gradient Du does not exist. a

10.3.4. Hopf-Lax formula revisited.

Remember that earlier in §3.3 we investigated this initial-value problem
or the Hamilton—Jacobi equation:

1 2 px 2 A AR M ALl

(43) {ut+H(Du)=0 in R™ x (0, 7]

u=g onR"x{t=0},
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under the assumptions that
H
p+— H(p) is convex, lim H(p) = 400,
lp|—o0 |P|

and
g : R™ — R is Lipschitz continuous.

Notice that we are now taking 0 < ¢ < T, to be consistent with §10.2. We
introduced as well the Hopf-Lax formula for a solution:

(44) u(z,t) = min {tL (x—;—y) +g(y)} (x e R™,t > 0),

yeRn

where L is the Legendre transform of H:

(45) L(q) = sup{p-q— H(p)} (geR™).

peRn

In order to tie together the theory set forth here and in §3.3, let us
now check that the Hopf-Lax formula gives the correct viscosity solution,
as defined in §10.1.1. (The proof is really just a special case of that for
Theorem 2.)

THEOREM 3 (Hopf-Lax formula as viscosity solution). Assume in addi-
tion that g is bounded. Then the unique viscosity solution of the initial-value
problem (43) is given by the formula (44).

3 AN i T3 hider
Proof. 1. As shown in §3.3 the function u defined by (44) is Lipschitz

continuous and takes on the initial function g at time ¢t = 0. It is easy to
verify as well that u is also bounded on R™ x (0, T, since g is bounded.

2. Now let v € C®(R™ x (0, 00)) and assume u — v has a local maximum
at (zo,tp) € R™ x (0,00). According to Lemma 1 in §3.3.2,

_f)+u(:p,t)}

for each 0 < ¢t < ty3. Thus for each 0 <t < t3, z € R

(46) u(zo, ty) = mln {(tg —t)L ( ”

Iy —
g —1

(47) u({xg,to) < (to — t)L ( ) + u(x,t).

But since u — v has a local maximum at (xg, tg),

u(zg, to) — v(xo, to) > u(z,t) — v(z,t)
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for (z,t) close to (xg,tp). Combining this estimate with (47), we find

(48) v(xo,t0) — v(z,t) < (tg — t)L (ig :f)

for t < tg, (z,t) close to (zg,tp). Now write h = t3 — t and set z = xg — hg,
where ¢ € R” is given. Inequality (48) becomes

v(xo, to) — v(zo — hg,to — h) < hL(q).
Divide by A > 0 and send h — 0:
vt(Zo,to) + Dv(wo,to) - ¢ — L(g) < 0.

This is true for all ¢ € R™ and so

(49) ve(xo,to) + H(Dv(zo,%0)) <0,
(50) H(p) = sup {p-q9—L(9)},

by the convex duality of H and L. We have, as desired, established the
inequality (49) whenever u — v has a local maximum at (zg, ty).

3. Now suppose instead u — v has a local minimum at a point (zo,ty) €
R"™ x (0,T). We must prove

(51) ve(xo, to) + H(Dv{zo,tp)) > 0.
Suppose to the contrary estimate (51) fails; in which case
v(z,t) + H(Dv(z,t)) < -8 <0
for some @ > 0 and all points (z,t) close enough to (z,%p). In view of (50)
(52) vi(@,) + Dolz,1)-q — L(q) < 9

for all (z,t) near (xo,ty) and all ¢ € R™.
Now from (46) we see that if A > 0 is small enough

o — T
h

(53) u(zo,to) = hL ( ) +u(z1,to — h)
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for some point x1 close to xg. We then compute
v(xg, to) — v(z1,t0 — / v(sa:o + (1 —98)x1, to+(s—1)h)ds

= / Du(szg + (1 — s)z1, to+ (s — 1)h) - (zo — 21)
+ vi(szo + (1 — s)x1, to+ (s — 1)h)hds

—h(/ Du- - q+vt(---)ds),

where ¢ = #-%L. Now if h > 0 is sufficiently small, we may apply (52), to
find

v(zo,to) —v(z1,t0 — h) < hL (mo ; xl) — 6h.
But then (53) forces
v{xg, to) — v(z1,to — h) < wu(xo,to) — u(il)l, to—h) —

a contradiction, since u — v has a local minimum at (xg,%9). Consequently
the desired inequality (51) is indeed valid. a

10.4. PROBLEMS

1. Let {uf }22, be viscosity solutions of the Hamilton-Jacobi equations

uf + H(Du* z) =0 in R" x (0,00)

(k=1,...), and suppose u¥ — u uniformly. Assume as well that H

is continuous. Show u is a viscosity solution of
u + H(Du,z) =0 in R" x (0, c0).

Hence the uniform limits of viscosity solutions is a viscosity solution.

2. Let u* (i = 1,2) be viscosity solutions of

ut+ H(Du',z) =0 in R™ x (0, 00)
w =g' onR” x {t =0}

Assume H satisfies condition (3) in §10.2. Prove the contraction prop-
erty

supfu'(,8) = u’(,t)| < suplg' - ¢* (£20).
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3. Suppose for each € > 0 that u® is a smooth solution of the parabolic
equation
u; + H(Du®,x) — ¢ Z a’JuzﬂJ =0
i,y=1
in R® x (0,00), where the smooth coefficients a*/ (i, = 1,...,n)
satisfy the uniform ellipticity condition from Chapter 6. Suppose also
that H is continuous, and that u® — u uniformly as ¢ — 0.
Prove that u is a viscosity solution of u; + H(Du,z) = 0. (This
exercise shows that viscosity solutions do not depend upon the precise
structure of the parabolic smoothing.)
4. (i) Show that u(x) := 1 — |z| is a viscosity solution of
|W/|=1 in (-1,1)
(*) {u(—l) = u(1) = 0.
This means that for each v € C*°(-1,1), if 4 — v has a maximum
(minimum) at a point z¢ € (—1,1), then |v (zg)| <1 (>1).
(ii) Show that @(z) := |z| — 1 is not a viscosity solution of {x).
(iii) Show that 4 is a viscosity solution of
—|@'| = -1 in (-1,1)
() Lt~ -
(Hint: What is the meaning of a viscosity solution of (*x)?)
(iv) Why do problems (x), () have different viscosity solutions?
5. Let U C R™ be open, bounded. Set u(z) := dist(z,0U) (z € U).

Prove u is Lipschitz continuous and is a viscosity solution of the eikonal
equation
|Du|=1 inU.

This means that for each v € C*°(U), if © — v has a maximum (mini-
mum) at a point g € U, then |Dv(zg)| <1 (> 1).

10.5. REFERENCES

Section 10.1  The definition of viscosity solutions presented here is due to

[C-E-L], who recast an earlier definition set forth in the basic
paper [C-L] of Crandall-Lions.

Section 10.2  The uniqueness proof follows [C-E-L], with some recent im-

provements I learned from M. Crandall.
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Section 10.3

P.-L. Lions [LI] observed the connection between the def-
inition of viscosity solution and the optimality conditions
AF pantral thanvsr Tha hanle Af Flamina Qanar Q] and

of control theory. The books of Fleming—Soner [F-S| and
Bardi-Capuzzo Dolcetta [B-CD) provide much more infor-
mation about viscosity solutions and the connections with
deterministic and stochastic optimal control.
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11.1. INTRODUCTION

In this final chapter we study systems of nonlinear, divergence structure

wab_nrdar harmanrlh~ DN Thinh awiaa ARG AF nmenaosniatiann laone
ﬁl Dh'ULdCl h_yycxbuhu L 1714, WILICIl al'lSeé asS IIodels 01 CONSETvaiion «aws.

Physical interpretation. In the most general circumstance we would like
to investigate a vector function

u=u(zt) = (w(zt),.. . u™(zt) (kR t>0),

the components of which are the densities of various conserved quantities in
some physical system under investigation. Given then any smooth, bounded
region U C R", we note that the integral

(1) /U u(z, ) dz

1}
(=]
=3
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represents the total amount of these quantities within U at time t. Now
conservation laws typically assert that the rate of change within U is gov-
erned by a fluz function F : R™ — M™*" which controls the rate of loss or
increase of u through 9U. Otherwise stated, it is appropriate to assume for

each time ¢

(2) %]Uudm=—]BUF(u)uds,

v denoting as usual the outward unit normal along U. Rewriting (2), we
deduce

s f f
(3) j wdzr=— | FupdS=- / div F(u) dz.
U ou U

As the region U C R™ was arbitrary, we derive from (3) this initial-value
problem for a general system of conservation laws:

@) w +divF(u) =0 inR" x (0, 00)

u=g onR"”x {t =0},
the given function g = (g',...,¢™) describing the initial distribution of
u=(u, .., um). O

At present a good mathematical understanding of problem (4) is largely
unavailable (but see Zheng [ZH]). For this reason we shall henceforth con-
sider instead the initial-value problem for a system of conservation laws in
one space dimension:

{ut+F(u)m=O in R x (0, 00)

(5) u=g onRx{t———O},

~

where F: R™ — R™ and g : R — R™ are given and u: R x [0,00) — R™ is
the unknown, u = u(z,t). We call R™ the state space, and write

F =F(2) = (F}(2),...,F™(2)) (z€R™)

for the smooth flux function.

We intend to study the solvability of problem (5), properties of its solu-
tions, etc.

Example 1. The p-system is this collection of two conservation laws:

(6)

{ ul —u2 =0 (compatibility condition)
u? —p(ul)y =0 (Newton’s law),
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in R x (0,00), where p: R — R is given. Here

(7) F(z) = (—22, —p(21))

for 2 = (z1,22). The p-system arises as a rewritten form of the scalar
nonlinear wave equation

(8) ug — (p(uz))z =0 in R x (0, 00).
Taking u! := u,, u? := u;, we obtain the system (6), with the stated inter-
pretations. O

Example 2. FEuler’s equations for compressible gas flow in one dimension

are
pt + (pv)z = 0 (conservation of mass)
(9) {(pv)s + (pv®> + p)x =0 (conservation of momentum)
(pE); + (pEv + pv), =0 (conservation of energy)

in R x (0,00). Here p is the mass density, v the velocity, and E the energy
density per unit mass. We assume

where e is the internal energy per unit mass and the term % corresponds to
the kinetic energy per unit mass. The letter p in (9) denotes the pressure.

Wﬂ QQQ'HTY‘IQ p 'IQ a l(nf“lfh anr'hnn

AnAANFVY 4l Lvadarsvalsad

(10) p = p(p,e)

of p and e; formula (10) is a constitutive relation. Writing u = (u', 12, u3) =
(p, pv, pE), we check (9) is a system of conservation laws of the requisite

form
u; + F(u); =0 in R x (0,00)

for F = (F!, F2 F3),

FYz) = z
(11) i F(z) = 2L 4 p(a, 8 - L(2))
Fo(z) = —ﬁﬁ +p(z, 2~ 5(2 )2

where z = (z1, 22, 23), z1 > 0. O
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0 (conservation of mass)
vy + (v?/2+ ¢); =0 (conservation of momentum)

in R x [0,00). In these equations v is the horizontal velocity, ¢ denotes gh,
where h is the height and g the gravitational constant, and

F(z) = (zlz;_», (Z;)Q +z1) .

11.1.1. Integral solutions.

The great difficulty in this subject is discovering a proper notion of weak
solution for the initial-value problem (5). We have already encountered
similar issues in §3.4 in our study of the much simpler case of a single or
scalar conservation law (i.e., m = 1 above).

Following then the development in §3.4.1, let us suppose

{ v:R x [0,00) — R™ is smooth,

| with compact support, v = (v!,... v

?

(12)

We temporarily assume u is a smooth solution of our problem (5), take
the dot product of the PDE u; + F(u); = 0 with the test function v, and
integrate by parts, to obtain the equality

(13) // u-vt+F(u)-vzd:1:dt+/ g -vdzx|i—o =0.

JO J—00

This identity, which we derived supposing u to be a smooth solution, makes
sense if u is merely bounded.

DEFINITION. We say that u € L®(R" x (0,00); R™) is an integral so-
lution of the initial-value problem (5) provided the equality (13) holds for all
test functions v satisfying (12).

Continuing now to parallel the development in §3.4.1 for a single conser-
vation law, let us now consider the situation that we have an integral solution
u of (5) which is smooth on either side of a curve (', along which u has sim-
ple jump discontinuities. More precisely, let us assume that V C R x (0, 00)
is some region cut by a smooth curve C into a left hand part V; and a right
hand part V.



11.1. INTRODUCTION o971

Rankine-Hugoniot condition

Assuming that u is smooth in V), we select the test function v with
compact support in V; and deduce from (13) that

(14) u; +F(u), =0 in V.
Similarly, we have
(15) w+F(u), =0 inV,,

provided u is smooth in V.. Now choose a test function v with compact
support in V, but which does not necessarily vanish along the curve C.
Then utilizing the identity (13) we find

O oC
0=/ / u-vy+ F(u) - v, dzdt
0 —oc

:// u-vt+F(u)-vIdxdt+// u-v; + F(u) - v, dzdt.
Vi v,

s

(16)

As v has compact support within V, we deduce

//Vlu.meF(U) vy drdt = —//w[ut+F(u)x] v dedt
(7 + /C(“”/Q +F(u)v') - vdi

= [ (W + Fut) v,
Jc
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owing to (14). Here v = (v!,v?) is the unit normal to the curve C point-
ing from V} into V;, and the subscript “!” denotes the limit from the left.
Likewise (16} implies

// u-v;+ F(u)- v, dzdt = —f (w0 4+ F(u, )t - vdl,
a C

“r” denoting the limit from the right. Adding this identity to (17) and
remembering (16), we deduce

];[(F(ul) — F(u,n))l/1 + (u; — ur)u2] -vdl =0.

This identity obtains for all smooth functions v as above; whence
(18) (F(w;) — F(u,))v! + (w; —u,)v? =0 along C.

Suppose now the curve C is represented parametrically as {(z,t) | z =
s5(t)} for some smooth function s(-) : [0,00) — R. Then v = (v!,?) =
(1 + 42)71/2(1, —3). Consequently (18) reads

(19) F(w) — F(u,) = s(w; — u,)
in V along the curve C.

Notation.

! [[u]] = w — v, = jump in u across the curve C
[F(u)]] = F(u;) — F(u,) = jump in F(u)

o = § = speed of the curve C.

Let us then rewrite (19) as the identity

(20) [F(w)]] = o{[u]]

along the discontinuity curve, the Rankine—Hugoniot jump condition. Note
carefully this is a vector equality.

11.1.2. Traveling waves, hyperbolic systems.

We have seen in §3.4 that the notion of an integral solution for conser-
vation laws is not adequate: such solutions need not be unique. We are
therefore intent upon discovering some additional requirements for a good
definition of a generalized solution. This will presumably entail as in §3.4
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an entropy criterion based upon an analysis of shock waves. This expecta-
tion, now as carried over to systems, is largely correct, but first of all we
must study more carefully the nonlinearity F in the hopes of discovering
mathematically appropriate and physically correct structural conditions to
impose.

Let us start by first considering the wider class of semilinear systems

1. ~ Israroanro frrrn e
LAV 1llg tll 1UNULVEeLECIIUC 10111

(21) w +B(uu, =0 in R x (0,00),

where B : R™ — M™*™, This system is for smooth functions equivalent to
the conservation law in (5), provided

F\ ... F
N G
\FZ‘ F;?n/me

We consider now the possibility of finding particular solutions which
have the form of a traveling wave:

(22) u(z,t) =v(z —ot) (ze€R"t>0),

where the profile v : R — R™ and the velocity ¢ € R are to be found.
+ +

e
PR (921)
g

We substitute expression (22) into the PDE (21), and thereby obtain the
equality

/ !
(23) —ov'(z —ot) + B(v(z — ot))v'(z — at) = 0.

Observe (23) says that o is an eigenvalue of the matrix B(v) corresponding
to the eigenvector v’.

This conclusion suggests (exactly as for the linear theory in §7.3) that
if we wish to find traveling waves or, more generally, wavelike solutions of
our system of PDE, we should make some sort of hyperbolicity hypothesis

senvalues of B.

ol VEIITD

concerning the ei

DEFINITION. If for each z € R™ the eigenvalues of B(z) are real and
distinct, we call the system (21) strictly hyperbolic.

We henceforth assume the system of partial differential equations (21)
{(and the special case B = DF of conservation laws ) to be strictly hyperbolic.
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Notation. (i) We will write
(24) A(2) < Ae(2) < -+ < Ap(z) (z € R™)

to denote the real and distinct eigenvalues of B(z), in increasing order.

(ii) Then for each k =1,...,m, we let
ri(z)
denote a corresponding nonzero eigenvector, so that
(25) B(2)ri(z) = M(2)re(z) (k=1,...,m, z€ R™).

Since we are always assuming the strict hyperbolicity condition, the vectors
{rr(2)}i, span R™ for each z € R™.

(iii) Next, since a matrix and its transpose have the same spectrum, we
can introduce for each k = 1, ... ,m a nonzero eigenvector

for the matrix B(z)7, corresponding to the eigenvalue Ag(z). Thus
(26) B(2)Tl(2) = M(2)k(2) (k=1,...,m, z € R™).

This equality is usually written

(27) 1:(2)B(2) = A(z)lk(z) (k=1,...,m, z€ R™).
Thus {1¢(2)}}., can be regarded as left eigenvectors sof B(z), and {rx(2)}52,
are right eigenvectors O

Remark. Additionally, we observe
(28) L(2) re(2) =0 ifk#1 (2 €R™).

To confirm this, we compute using (25) and (26) that

M(2)li(2) - 1x(2)) = L(2) - (B(2)re(2)) = (B(2) h(2)) - rie(2)
= ,\,(z)(ll(z) k(2));
whence (28) follows since A\g(z) # N(2) if k # L. O

Let us first show that the notion of strict hyperbolicity is independent
of coordinates.
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THEOREM 1 (Invariance of hyperbolicity under change of coordinates).
Let u be a smooth solution of the strictly hyperbolic system (21). Assume
also ® : R™ — R™ 1is a smooth diffeomorphism, with inverse ¥. Then

(29) i := ®(u)

solves the strictly hyperbolic system

(30) @, +B(@ia; =0 inRx (0,00),
for
(31) B(3) := D®(®(3))B(¥(2))D¥(3) (3 €R™).

Proof. 1. We compute 4; = D®(u)u;, 1, = D®(u)u,, and so equation
(30) is valid for B(2) = D®(z)B(z)D® !(z), where 7 = ®(z). Substituting
z = W(Z), we obtain (31).

2. We must prove the system (30) is strictly hyperbolic. If Ax(2) is an
eigenvalue of B(z), with corresponding right eigenvector ri(z), we have

B(2)rg(z) = A (2)re(2).

Setting
(32) tr(2) :== DR(¥(2))rx(¥(2)),
(33) Me(2) 1= M (2(2)),

we compute
(34) B(2)x(2) = M(2)Fx(2).

Similarly if Ix(z) is a left eigenvector, we write

ot }

(35) o(2) =1y

k K(¥(2))D¥(z),

and calculate
(36) 1()B(2) = M(B)k(3).

In view of (32)—(36), we conclude that the system (30) is strictly hyperbolic.
g

Next we study how Ag(z), re(z) and 1x(z) change as z varies:
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THEOREM 2 (Dependence of eigenvalues and eigenvectors on parame-
ters). Assume the matriz function B is smooth, strictly hyperbolic. Then

(i) the eigenvalues A\i(z) depend smoothly on z € R™ (k=1,...,m).
(ii) Furthermore, we can select the right eigenvectors ri(z) and left eigen-

vectors 1 (z) to depend smoothly on z € R™ and satisfy the normalization

Irk(2)], k(z)=1 (k=1,...,m).

Proof. 1. Since B(z) is strictly hyperbolic, for each zp € R™ we have
(37) )\1(2’0) < /\2(2:()) < - K )\m(zo).
Fix k € {1,...,m} and any point zp € R™, and let ri(zp) satisfy

( B(z0)T1(20)= Ak(20)T%(20)
ri(20)|= 1.

Upon rotating coordinates if necessary, we may assume
(38) ri(z0) = em = (0,...,1).
We first show that near z;, there exist smooth functions Ag(z),rg(z) such
that
{ B(z)ri(z)= Ae(2)ri(z)
!rk(z)!= L

lirit Fyinctinn Thanram +
11C 11CUITC U

1pil
defined by

9 Wa will annly tha

i n YYc WLLJ. al.ll.}l.y Ul.l.

.
®: R" xR xR™ — Rt

™™
11,
1

®(r, X, 2) = (B(2)r — Ar,|r[?) (r,z € R™, A €R).

0®(r, A, 2) _ | Bz) -
8(’)", /\) —Tm ,

27"1 e 2T‘m 0 (m+1)x(m+1)

and so, according to (38), it suffices to check that

0
(39) det | B(0) = Xelz0)l = | ¢
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3. Note that for € > 0 sufficiently small, the matrix
(40) B, = B(z0) — (Ak(20) + €)1
is invertible. In light of (38),
B.e,, = —€epn.

Therefore

NPy >

[ . _
B. : 1 : _ B, :
0...2 0 0...0 1 0...2 2(—e)!

Consequently, since the determinant of the second matrix before the equals
sign is one, we have

0
det | B _ — 2(det B )(—€) 7}
0...2 0
=2 [J(A\i(20) — (Ak(20) + €)) (=€) (=€)~
J#k
— 2 [J(Aj(20) — Me(20)) s € — 0.
J#k

As B(zg) is strictly hyperbolic, the last expression is nonzero. Condition

near zo smooth functions Ag(z) and ry(z), satisfying the conclusion of the
theorem.

4. Tt remains to show that we can define A\¢(z) and rg(z) for all z € R™,
and not just near any particular point zy. To do so, let us write

R :=sup{r > 0| A\¢(z), rx(z) as above exist and are smooth on B(0,7)}.

If R = oo, we are done. Otherwise, we cover dB(0, R) with finitely many
open balls into which we can smoothly extend Ag(-) and ry(-), using steps
1-3 above. This yields a contradiction to the definition of R.

A similar proof works for the left eigenvectors. O
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Remark. Observe that we are not only globally and smoothly defining
the eigenvalues and eigenspaces of B, but are also globally providing the
eigenspaces with an orientation.

This proof depends fundamentally upon the one-dimensionality of the
eigenspaces. See Problem 2 for an example of what could go wrong in the
hyperbolic, but not strictly hyperbolic, setting. O

Example 1 (continued). For the p-system (6), we have

w; + B(u)u, =0,

for 0 )
B(z) = DF(z) = (_p,(21) 0 ) .
The eigenvalues are A\; = —a, Ay = o, for ¢ := p/(21)!/2. These are real and

distinct provided we hereafter suppose the strict hyperbolicity condition
(41) p>0.

For the nonlinear wave equation (8) this is the physical assumption that the
stress p(uz) is a strictly increasing function of the strain u. O

Example 2 (continued). Euler’s equations (9) comprise a strictly hyper-
bolic system provided we assume p > 0 and

o 0

._p > 0, .£
Jdp De
where p = p(p, e) is the constitutive relation between the mass density, the
internal energy density and the pressure. This assertion is however difficult
to verify directly, as the flux function F defined by (11) is complicated.

(42) > 0,

Let us rather change variables and regard the density p, velocity v and
internal energy e as the unknowns. We can then rewrite Euler’s equations
(9) in terms of these quantities, and, so doing, obtain after some calculations
the system

( pt+vpr+pv: =0
(43) Ve + Vg + %pm =0
et + veg + gvx =0,

provided p > 0. These equations are not in conservation form. Setting now

u = (ul,u?,u3) = (p,v, ), we rewrite (43) as

(44) u: +B(uju, =0 in R x (0,00),



11.2. RIEMANN’S PROBLEM 579

for
(45) B(z) =zl + E(z),
where
X 5 0 21 5 0
B(z) = | 5 a5(21,2) 0 + 3 (z1,2) |
\ 0 %P(Z’l,&?) 0 /

The characteristic polynomial of B is —A(A\? — g?), for o2 = fzgg + gﬁ.

1
Recalling (45) and reverting to physical notation, we see that the eigenvalues
of B are

(46) Al=v—0, Ag =71, \3=1v+0,

where

oo (ROP, 0P\
"7 \p?de ' Op)
is the local sound speed. We therefore see that the system (44) is strictly hy-
perbolic, provided assumption (42) is valid. Remembering now Theorem 1,
we deduce that Euler’s equations (9) are also strictly hyperbolic, with eigen-
values given by (46). O

~ N
-~ U

11.2. RIEMANN’S PROBLEM
In this section we investigate in detail the system of conservation laws
(1) w; + F(u), =0 in R X (0, 00),

with the piecewise-constant initial data

@) _{ul if r<0
&= u, if x> 0.

This is Riemann’s problem. We call the given vectors u; and u, the left and
right initial states.

11.2.1. Simple waves.

We commence our study of (1), (2) in very much the same spirit as in
§11.1.2, in that we look for solutions of (1) having a special form. Before we
searched for traveling waves, that is, solutions of the type u(z,t) = v(z—ot).
We now seek simple waves. These are solutions of (1) having the structure

(3) u(z,t) = v(w(z,t)) (zeR,t>0),
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where v : R — R™, v = (v!,...,v™), and w : R x [0,00) — R are to be
found. To discover the requisite properties of v and w, let us substitute (3)
into (1) and obtain the equality

(4) v(w) + DF(v(w))v(w)wy = 0.

Now in view of equation (25) from §11.1.2, with B = DF, we see (4)
will be valid if for some k € {1,...,m} w solves the PDE

(5) wy + Ag(v(w))w, =0

and v solves the ODE
© o) =nve) (=1 ).

If (5) and (6) hold, we call the function u defined by (3) a k-simple wave.
The point of all this is that we can regard (6) as an QDE for the vector
function v, and then—once v has been found by solving (6)—can interpret
equation (5) as a scalar conservation law for w.

Let us next identify circumstances under which we can employ the con-
struction (3)—(6) to build a continuous solution u of (1). We must examine
first the ODE (6).

DEFINITION. Given a fized state zy € R™, we define the k**-rarefaction
curve

Ry (20)
to be the path in R™ of the solution of the ODE (6) which passes through z.

AN "

\Rk(ZO)

Rarefaction curve

&—

Z0

Given then the solution v of (6), we turn to the PDE (5), which we
rewrite as the scalar conservation law

(7) wy + Fr(w)y =0
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for
(8) Fi(s) := j)s Ae(v(t))dt (s € R).

The PDE (7) will fall under the general theory developed in §3.4 provided
F}, is strictly convex (or else strictly concave). Let us therefore compute

(9) F(s) = Ae(v(s)),
(10) Fl(s) = DA(v(s)) - ¥(5) = DA(¥(5)) - rk(v(5)).
Owing to (10), the function F} will be convex if

D)\k(z) - rk(z) >0 (Z S Rm),

and concave if
DAp(z) -Ti(2) <0 (2 € R™).

The function F} is linear provided
DXe(2) -ri(z) =0 (2 € R™).
These possibilities motivate the following

DEFINITIONS. (i) The pair (Ax(z),ri(2)) is called genuinely nonlinear
provided

(11) DAp(2) -rp(2) #0  for all z € R™.

(it) We say (Ak(z),ri(z)) is linearly degenerate if
(12) DAp(2) -re(2) =0  for all z€ R™.

Notation. If the pair (A, rg) is genuinely nonlinear, write
R:(ZO) = {Z i~ Rk(zo) | /\k(z) > /\k(zg)}
and
R, (z0) := {z € Ri(z0) | Ak(2) < Ai(20)}-
Then
Ry (20) = By (20) U {20} U Ry (20)-

Ri(zg) /

\ g\_/ ]Jr:(zO)

Z0

Two parts of the rarefaction curve
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11.2.2. Rarefaction waves.
We turn our attention again to Riemann’s problem (1), (2).

THEOREM 1 (Existence of k-rarefaction waves). Suppose that for some
ke{l,...,m},

(1) the pair (Ag,rx) is genuinely nonlinear, and
(ii) ur € R (w).

Then there ezists a continuous integral solution u of Riemann’s problem (1),
(2), which is a k-simple wave constant along lines through the origin.

Remark. We call u a (centered) k-rarefaction wave.

W

k-~rarefaction wave

Proof. 1. We first choose w; and w, € R so that u; = v(w;), u, = v(w,).
Suppose for the moment

(13) w; < Wy.

2. Consider then the scalar Riemann problem consisting of the PDE (7)
together with the initial condition

(14) {wl if <0
g= w, if > 0.

Now in view of hypothesis (ii) we have A (ur) > Ak (uy); that is, according
to (9), F.(w,) > F{(w;). But then it follows from (i) that the function Fj
defined by (8) is strictly convex. Accordingly we can apply Theorem 4 in
§3.4.4 to the scalar Riemann problem (7), (14), whose unique weak solution
is a continuous rarefaction wave connecting the states w; and w,. More
specifically,

wy if % < FIQ(UJ[)
w(z,t) =4 Ge(%) if Fl(w)<%i<F(w) (zeR, t>0)
w, if 2> Fy(w,),
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where Gy = (F})~!. Thus u(z,t) = v(w(z,t)), where v solves the ODE (6)

A noaong 11 a2 1q
and passes through v, is a continuous integral solution of (1), (2).

3. The case w; > w, is treated similarly, since F} is then concave. O

11.2.3. Shock waves, contact discontinuities.

We consider next the possibility that the states u; and u, may be joined
not by a rarefaction wave as above, but rather by a shock.

S NN N NN N

k-shock wave

a. The shock set.

"T‘
C?

Recalling the Rankine-Hugoniot condition from §11. e nec-
essarily we must have the equality F(w;) —F(u,) = o(w ur) wher o€ R,
for such a shock wave to exist. This observation motivates the following

DEFINITION. Given a fized state zg € R™, we define the shock set

S(z) := {z € R™ | F(z) — F(20) = o(z — 20) for a constant o = a(z, 20)}-

THEOREM 2 (Structure of the shock set). Fiz zo € R™. In some
neighborhood of 29, S(z0) consists of the union of m smooth curves Si(zo)
(k=1,...,m), with the following properties:
(i) The curve Si(z0) passes through zo, with tangent ri(zo).
(i) lim (2, 20) = Ax(20)-
2€8k(20)
(iii) o(z,20) = M + O(|z — 2]%), as z — 2z with z € Sk(20).

Proof. 1. Define

1
B(z) = fo DF (2 + t(z — 20))dt (2 € R™).
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N

Contact between Ry and Sy

Then
(15) B(z)(z — z0) = F(2) — F(z0).
In particular 2z € S(2) if and only if
(16) (B(z) - oT)(z ~ 20) =0
for some scalar ¢ = o(z, z0).

2. We study equation (16) by first of all noting
(17) B(20) = DF(20).

Now in view of the strict hyperbolicity, the characteristic polynomial A —
det(A] — B(zg)) has m distinct, real roots, and hence the polynomial A —
det(A] — B(z)) likewise has m distinct roots if 2 is close to z5. Recall-
ing Theorem 2 in §11.1.2 we see that near z; there exist smooth functions
Ai(z) < -++ < An(2) and unit vectors {f'k(z),ik(z)}}f:1 satisfying

j\k(ZO) = )\k(ZO), f‘k(ZO) = l‘k(Z()), ik(zo) = lk(zo) (k = l, ... ,m),
and

{ B(2)#x(2) = Ae(2)Fk(2)

(18) ik(z)B(z) = S\k(z)ik(z)

=1,...,m).

Note that {#4(z)}, {Ix(2)}, are bases of R™, and also
(19) I(2) - f(z) =0 (k#1).

3. Equation (16) will hold provided o = A(z) for some k € {1,...,m},
and (z — 2¢) is parallel to £x(z). In light of (19), these conditions are equiv-
alent to asking

(20) L(z) - (z—z0)=0 (I#k).
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These equalities amount to m — 1 equations for the m unknown components
of z, which we intend to solve using the Implicit Function Theorem. So
define ®; : R™ — R™1 by setting

®(2) = (.., Lk1(2) - (2 = 20), Iky1(2) - (2 = 20),...).

Now ®4(29) = 0 and

( 11(z0) \

11:—1.(20)

Dék(z()) = 1k+1(20)

)

K lm(:Z()) )(mfl)xm

the entries of this matrix being regarded as row vectors. Since the vectors
{1k(20)}72; form a basis of R™, we see

rank D®y(z) =m — 1.

Accordingly, there exists a smooth curve ¢ : R — R™ such that

(21) ¢1(0) = 20
and
(22) ®; (dr(t)) =0 for all ¢ close to 0.

The path

~F +1h
L v
meterize as necessar

A ATIVera b f_\
11T LUl vo wk:\ l

<
=t
o
®
=
n
=
H
@

(23) aoi=1 (=%

4. Now (20)—(22) imply
(24) b1 (t) = 20 + p(t)Fr(k(t))

for all ¢ near zero, where 1 : R — R is a smooth function satisfying p(0) =
0, 1(0) = 1. Differentiating (24) with respect to ¢ and setting ¢ = 0, we thus
find
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5. In light of the foregoing analysis, there exists a smooth function
o : R™ x R™ — R such that

(26) F(¢x(t)) — F(z0) = o(x(t), 20)(ex(t) — 20)

for all ¢ close to zero. Differentiating with respect to ¢ and setting t = 0, we
deduce from (21) that

DF(20)#%(0) = o(20, 20) % (0).

In light of (25), we see that o(29,20) = Ax(z0). This establishes assertion
(i).
6. Now write o(t) := o(¢x(¢), 20); so that (26) reads
F(ok(t)) — F(20) = o(t)(ox(t) — 20)-

Differentiate twice with respect to ¢:

(D*F(k(8))(t))bi(t) + DF (¢3(2)) b (t)
= 5()(dx(t) — 20) + 26 (t)i(t) + o (t) b (t)-

Evaluate this expression at ¢ = 0 and recall ¢(0) = Ax(20), ¢r(0) = 20,

#x(0) = ri(z0):

(27) (26(0)] — D*F(20)r%(20))r (20) = (DF(20) — Mic(20)1) Pk (0).

7. Let v (t) = v(t) be a unit speed parameterization of the rarefaction
curve Ry(zg) near z (as in (6) above). Then

(28) ¥i(0) = 20, x(t) = re(ex(t).

Thus
DF (¢ (t)ri(t) = A(t)r(t),

for

Me(8) == Me(¥r(2)), ti(t) = ri(r(t)).
Next differentiate with respect to ¢t and set ¢t = 0:

(29)  (D*F(z0)ri(20) — Ae(0))ri(z0) = —(DF(20) — Ae(20)I)#%(0).
Add (27) and (29), to obtain

(30) (26(0) — Ak(0))ri(20) = (DF(20) — Me(20)1)(9x(0) — 7(0)).
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Take the dot product with 1;(zg) and observe 1 - ry # 0, to conclude
(31) 26(0) = Ak(0).
We deduce from (31) that
20(t) — Me(z0) — Me(t) = O(t?) ast — 0.

Assertion (iii) follows. a

We see from Theorem 2,(iii) that the curves Ri(zp) and Sk(z0) agree at
least to first order at zg. Next is the assertion that in the linearly degenerate

JRg. SR g DY

case these curves in fact coincide.

THEOREM 3 (Linear degeneracy). Suppose for some k € {1,...,m} that
the pair (A, Tk) is linearly degenerate. Then for each zg € R™,

(1) Ri(z0) = Sk(z0)
and
(i) o(z,20) = Ak(z) = Me(20) for all z € Sk(20).

Proof. Let v = v(s) solve the ODE

{ v(s) =r(v(s)) (s €R)
V(O) = ZQ-

Then the mapping s — Ax(v(s)) is constant, and so
F(v(s)) = Flao) = [ DF(v(0)v(t)dt = [ " DF(v(t)re(v(t)) di
0 0

= [ v 0) de = datan) [ ¥10)
0 0
= Me(20)(v(s) — 20)-

b. Contact discontinuities, shock waves.

We next undertake to analyze in light of Theorems 2 and 3 the possibility
of solving Riemann’s problem by joining two given states u; and u, by some
kind of shock wave.

Contact discontinuities. Suppose first that (Ag, 1) is linearly degenerate
and

(32) Ur € Sk(ul)'
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b

k-contact discontinuity

We then define an integral solution of our system of conservation laws by
setting

(33) (z,1) { w ifxr<ot
u(z,t) = ]
u, if x > ot,

for
(34) o = o(ur,ur) = Ae(wg) = Ag(ur).

Now observe from our analysis in §3 2.1 that since A\x(w;) = /\k(ur) =0,

i tnntad ahaovrantgeiatricg +0 tho e TI T 4~

uhc plUJCbbUU CriaracCieristicCs o l:llﬁ IUL(; CLLlU lisllb are PU:IUIGLCL O l:llf_‘, uue
of discontinuity. We interpret this situation physically by saying that fluid
particles do not cross the discontinuity. The line z = ot is called a k-contact
discontinuity.

Shock waves. We next turn our attention to the case (Ag,ry) is genuinely
nonlinear, and

(35) u, € Sk(ul)

as before. If we consider the integral solution

w ifr<ot
(36) ll(.’L‘, t) = .
u, if x> ot,

for
(37) o = o{ur,uy),
we see that there are two essentially different cases according as to whether

(38) Ae(ur) < Ak(w)
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or else
(39) Ak(ul) < /\k(ur).

Now in view of assertion (iii) from Theorem 2, we have then either

(40) Ae(tur) < o(ur, up) < Ag(w)
(41) Ai(uwp) < o(ur,wy) < Aklur),

provided: u,. is close enough to u;.

This dichotomy is reminiscent of a corresponding situation in §3.4, for a
scalar conservation law. By analogy with the entropy conditions introduced
there, let us hereafter agree to reject the inequalities (41) as allowing for
“nonphysical shocks” from which characteristics emanate as we move for-
ward in time. We rather take (40) as being physically correct. The informal
viewpoint is that then the characteristics from the left and right run into
the line of discontinuity, whereupon “information is lost” and so “entropy
increases”. This interpretation was largely justified mathematically in §3.4
with our uniqueness theorem for weak solutions that satisfied this sort of
entropy condition.

Refocusing our attention again to systems, we therefore agree to regard
(40) as the correct inequalities to be satisfied:

DEFINITION. Assume the pair (A, rk) is genuinely nonlinear at w;. We
say that the pair (u;,ur) ts admissible provided

Ur € Si(w)
and

(42) Ak(ur) < o(ur,up) < Ag(wy).

We refer to (42) as the Lax entropy condition. If (u;,u,) is admissible,
we call our solution u defined by (36), (37) a k-shock wave.

lat 1@ Intro-
Py v) W ALRUL S

duce this

DEFINITION. If the pair (A, k) is genuinely nonlinear, we write

Sy (20) := {z € Sk(20) | Mi(20) < 0(2,20) < Ae(2)}
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Sk (zg)

Z0 Sk(zg)

Shock curve

and
S, (z0) := {z € Sk(z0) | Ak(2) < 0(2, 20) < Ae(z0)}-
Then
Sk(20) = Sjf (20) U {z0} U S (20)
near zg. Note then that the pair (w;,u,) is admissible if and only if

ur € 5. (u).

11.2.4. Local solution of Riemann’s problem.

Next we glue together the physically relevant parts of the rarefaction
and shock curves.

DEFINITIONS. (i) If the pair (Ag,ry) is genuinely nonlinear, write
Ti(z0) = Ry (0) U {0} U S (20).
(ii) If the pair (A, rr) is linearly degenerate, we set
Tr(20) := Ri(20) = Sk(z0)-

Owing to Theorem 2,(ii) the curve Ty(zg) is C'. Employing this notation
we see that nearby states u; and u, can be joined by a k-rarefaction wave,
a shock wave or a contact discontinuity provided

(43) w € Te(uy).

We now at last ask if we can find a solution to Riemann’s problem
provided only that u, is close to u; (but (43) may fail foreach k = 1,... ,m).
The hope is that by moving along various paths T} for different values of
k, we may be able to connect u; to u,, utilizing a sequence of rarefaction
waves, shock waves, and/or contact discontinuities.

THEOREM 4 (Local solution of Riemann’s problem). Assume for each
k = 1,...,m that the pair (Ag,ri) is either genuinely nonlinear or else
linearly degenerate. Suppose further the left state v; is given. Then for each
right state u, sufficiently close to u; there exists an integral solution u of
Riemann’s problem, which is constant on lines through the origin.
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20

Structure of the T-curve

Proof. 1. We intend to apply the Inverse Function Theorem to a mapping
® : R™ — R™, defined near 0 as follows.

First, for each family of curves Ty (k = 1,...,m) choose the nonsingular
parameter 7 to measure arc length; that is, if 2,z € R™ with z € Ti(z),
then

(%) — Ti(2) = (signed) distance from z to % along the curve Ti(z).

We take the plus sign for 74(%) if 2 € R} (2), the minus sign if zZ € 5, (2).

2. Given then ¢t = (¢1,...,tm) € R™, with |¢] small, we define ®(t) =
as follows. First, temporarily write

(44) Uy = 29
Then choose states z1,..., 2z, to satisfy

( 21 € Tl(z()), 7‘1(21) — 7'1(20) = {,
z2 € Ta(z1), T2(z2) — T2(21) = t2,

(45) :
{ 2m € Tin(Zm=-1), Tm(2m) — Tm(2m-1) = tm-
Now write
(46) 2= Zm,
and define
(47) &(t) = =.

Note ® is C!, and
(48) ®(0) = 2.
3. We claim
(49) D®(0) is nonsingular.
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To see this, observe
®(0,...,t,...,0) ——(I)(O,...,O) = t,ri(z0) +0(tk) as ty — 0.

Thus 9%
O =r(z) (b=1,...,m)

and so

D(I)(O) = (I‘l(ZO), s 7rm(z0))mxm7
the entries regarded as column vectors. This matrix is nonsingular, since
{re(z0) }5v, is a basis.

4. In light of (49), the Inverse Function Theorem applies: for each state
u, sufficiently close to u; there exists a unique parameter t = (¢1,...,%,,)
close to zero such that ®(t) = u,.

Recall next that if 2, and 2z are joined by a k-rarefaction wave, this

-3

wave is

-1 i F < Awlze-1)
Gk(%) if Ap(zk-1) < § < M(zg), for G = (F)~!
2k if Ap(2e) < §-

Moreover if z;_1, 2x are joined by a k-shock, it has the form

[(ze—1 if T <o(zk,2k-1)

<k if a(zkazk—l) < %1

where Ag(zk) < 0(2k, 2k—1) < Ak(2k—1)- In both cases the waves are constant
outside the regions Ax(29) — € < § < Ak(z0) + ¢, for small € > 0, provided

Zr, Zzk—1 are close enough to zg. This is true for k =1,...,m.

Since A1(z0) < -+ < Am(z0), we see then that the rarefactions, shock
waves and/or contact discontinuities connecting u; = 29 to 21, 21 to z2, 22
to 23, ..., Zm—1 t0 2, = u, do not intersect. a

11.3. SYSTEMS OF TWO CONSERVATION LAWS

In this section we more deeply analyze the initial-value problem for m = 2,
which is to say, for a pair of conservation laws:

ul + Fl(u!,u?), =0
(1) u? + F?(u! u?), =0
ul =g v2=9¢%2 onRx {t=0}.

in R x (0, 00)
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Here F = (F', F*),g = (g ,9%),u = (u",u").

11.3.1. Riemann invariants.

Our intention is first to demonstrate that we can transform (1) into a
much simpler form by performing an appropriate nonlinear change of de-
pendent variables. The idea is to find two functions w!, w? : R? — R with
nice properties along the rarefaction curves Rj, Rs:

DEFINITION. We say '
w :R* =R
is an i""-Riemann invariant provided
(2) Du'(z) is parallel to 1;(z) (z € R?,i # j).
We will see momentarily how useful condition (2) is, but let us first pause
to ask whether Riemann invariants exist. It turns out that since we are now

taking m = 2, this is easy. Indeed, because 1;(z) - r;(z) = 0 (i # j), we see
(2) is equivalent in R? to the statement

(2" Duw'(z)-ri(2) =0 (i=1,2, z € R?);
which is to say
(3) w" is constant along the rarefaction curve R; (i =1,2).

In particular, any smooth function w* satisfying (3) satisfies also (2'), (2)
and so is an i**-Riemann invariant.

Remark. In the case that m > 2, Riemann invariants do not in general

exist. 0

Now we can regard w = (wy, we) = (w'(21, 22), w?(21, 22)) as being new
coordinates on the state space R?, replacing z = (z1, 22). More precisely, we
define w : R? — R? by setting

(4) w(z) = w(z1,22) = (w'(21, 22), w’ (21, 22)).
The inverse mapping is z(w) = z(w1, w2) = (2 (w1, w2), 22 (w1, ws)).

Let us now utilize the transformation (4) to simplify our system of two
conservation laws (1). For this, let us suppose henceforth u = (u!,u?) is a
smooth solution of (1). We now change dependent variables by setting

(5) v(z,t) == w(u(z,t)) (zeR,t>0).

What system of PDE does v = (v!, v?) satisfy?
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THEOREM 1 (Conservation laws and Riemann invariants). The func-
tions v, v? solve the system

1+ X2(w)vl =0
(6) {'”; ) : in R x (0,00).
v; + A1(u)vi =0

The point is that the system (6), although not in conservation law form,
is in many ways rather simpler than (1). Note in particular that whereas
the PDE for u' involves the term u2, the PDE for v' does not entail v2.
Similarly, the PDE for v? does not involve v}.

Proof. According to (5), we see that for i = 1,2, i # j,
vl + Aj(u)vl = Dw'(u) - u; + A;(u)Dw'(u) - ug,
= Dwi(u) (=F(u)e + Aj(u)ug)
= Dw'(u) - (—DF(u) + \j(u))u, =0,

™
[N

(7) zi(s) = Aj(ulzi(s),s)) (s>0)

for i = 1,2, j # i. Then we see from (6) that

(8) »' is constant along the curve (z;(s),s) (s> 0)
fori=1,2.

(ii) Recall from §11.2 our condition of genuine nonlinearity reads
(9) DX\i(2) -ri(2) #0 (z€R? i=1,2).
Since we can also regard A; as a function of w = (wy, ws), we can rewrite
(9) to read
O\
“ #£0 R2, i # j).
0, #0 (weR", i#j)

To see (9) is equivalent to (10), observe that if (10) fails, then

(10)

AN =N 02

11 O0=—=) ——.
(1) w; = Oz Ow;
But since Y 7_, 27"’;3% = §;; = 0 for i # j, we see that (11) asserts that D,

is parallel to Dw'. However, Dw’ is perpendicular to r;, and so we obtain
a contradiction to (9). Hence (9) implies (10), and the converse implication
is established in the same way. O
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Example (Barotropic compressible gas dynamics). We illustrate the fore-
going ideas by examining in detail Euler’s equations for barotropic compress-
ible gas dynamics, a special case of the general Euler equations (Example 2
in §11.1) when the internal energy e is constant. The relevant PDE are

(12) { pt + (pv)z =0 (conservation of mass)
(ov)

¢+ (pv? + p), =0 (conservation of momentum),

where we now assume

(13) »=p(p)

for some smooth function p : R — R. Formula (13) is called a barotropic
equation of state. We assume the strict hyperbolicity condition

(14) p' > 0.

Setting u = (u',u?) = (p, pv), we can rewrite (12), (13) to read

for
F = (F',F?) = (2, (22)*/21 + p(21))

and z = (21, 22), provided z; > 0. Then

0 1
DF = (_ 5%)2_}_1)/(21) 2_:2)

Z1

Consequently

(15) M=2 g @) =2 4 )
21 <1

In physical notation:

(16) Al =v—0, Ay =v+o0,

for the sound speed

(17) o :=p'(p)/.

Remembering (7), we consider next the ODE

(18) il(t) = ’U(.Z'l (t), t) + 0’(.’L‘1 (t), t),
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(19) Ta(t) = v(xa(t), 1) — o(x2(2), 1),
where o(z, t) = p'(p(z, t))% t > 0. We know from (8) that the Riemann
invariant v’ = w'(u) is constant along the trajectories of (18) and v? =

w?(u) is constant along trajectories of (19).

To compute w! and w? directly, let us carry out some computations on
the system (12). First we transform (12) in nondivergence form:

(20) pt + pUz + pzv = 0,

(21) prv + pu; + pov? + 2pv0; + pp = 0.
Multiplying (20) by 02 = p/(p) and recalling (13) gives us
(22) Pt + vpe + 0% pug = 0.

In addition (20), (21) combine to yield

(23) pve + prvg + pe = 0.

We now manipulate (22), (23) so that the directions A\j,A2 = v F o
appear explicitly. To accomplish this, we multiply (23) by ¢ and then add
to and subtract from (22):

pe+ (V+0o)pr +po(vi+ (v+0)u) =0
(24) { Pt + (v —a)pg — po(ve + (v — a)vy) = 0.
We then deduce from (24) that
(25) { Zlp(z1(), )] + pla1(t), )a(z1 (), ) & [v(z1(t), )] =

Lp(x2(t), 8)] — plm2(t), )a(za(t), 1) [v(za(t), 1)) =

Ag 8P _ ;2dp o o0
As gy = 074, WE see
odp dv . )
(26) Sdt + = 0 along the trajectories of (18), (19),

provided p > 0.

Think now of the Riemann invariants as functions of p and ». Then
since v! = w!(p, v) is constant along the curve determined by 1(-), we have

o=im%wﬂMMMWHm

w]
= 2 om0, + 2 St 0,0
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This is consistent with (26) if

ow!  o(p) Ow'

=L
3p P dv

We similarly deduce
ow? a(p) Ow?

Op p ' Ov =L

Integrating, we conclude that the Riemann invariants are, up to additive

constants,

Po(s Po(s

w1=/ —(—)ds+v, w2=/ ——)ds—v.
1 S J1 S

We leave it as an exercise to check that w!, w?, taken now as functions of
z = (21, 22), satisfy the definition of Riemann invariants. O

11.3.2. Nonexistence of smooth solutions.

Tllustrating now the usefulness of Riemann invariants, we establish the
following criterion for the nonexistence of a smooth solution:

THEOREM 2 (Riemann invariants and blow-up). Assume g is smooth,
with compact support. Suppose also the genuine nonlinearity condition

O

B, >0 inR? (i=1,2, i#37)

(27)

holds. Then the initial-value problem (1) cannot have a smooth solution u
existing for all times t > 0 if

(28) either vl <0 or v2<0 somewhere on R x {t=0}.

Proof. 1. Assume for the time being that u is a smooth solution of (1).
Write

(29) a:=uvk, b:=1v2

where v = w(u), v = (v!,2?), solves the system of PDE (6). We differentiate
the first equation of (6) with respect to x, to compute:

6A2 a2 + 3/\2 a

Odun Owo b=0.

(30) a; + A2a; +
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We employ then the second equation of (6), which we rewrite as
Ut2 + /\2’03 = (A2 — A1)b.
Substituting this expression into (30) gives

1 9
A2 — A\ 311)

(31) ai + Aoag + 92 2 + [

5w, ( vy + )\21) )] = 0.

2. To integrate (31), fix g € R and set

@) e=en ([ i it + d)w(e)s) ds)

where

z1(s) = Aa(u(z1(s),s)) (s=>0)

(33) -
L 21(0) = .

Next is the key observation from (8) that v! is constant along the curve
(z1(s), s). So write

v (z1(s), 8) = vi = v!(x0,0) (5>0).

Thus we see that the expression ( Azi ¥ ‘6%?5) , considered as a function of

v = w(u), depends only on v2. Let us set

1= [ (o) Wbl

Then (32), (33) imply

£(t) = exp (/Ot %[7(02(581(8), s))] ds)

= exp(y(v*(21(2), 1)) — Y(v* (20, 0))).

(34)

3. We now transform (31) to read

- oA
a0 = gt

where aft) := a(z1(t),t) and we assume a # 0. Consequently

d -
S(Ea)™) =

t
(E@a(®) ™ = (@(0) ! + %’;a*(s)ds.
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(35) a(t) = a(0) 1) (1—I—a 0) / 8’\2 )ds)_l.

4. Now in view of the system of PDE (6), v is bounded. Thus we
deduce from (34) that 0 < § < £(t) < © for all times t > 0, for appropriate
constants 6,0. Therefore it follows from (27) and (35) that « is bounded
for all ¢ > 0 if and only if a(0) > 0, that is, if

v!(zg,0) > 0.

A similar calculatlon holds with v? replacing v!. We conclude that if either
vl <0 or else v2 < 0 somewhere on R x {t = 0}, there cannot then exist a
smooth solution of (1), lasting for all times ¢t > 0. O

11.4. ENTROPY CRITERIA

In our study of Riemann’s problem in §11.2 we have taken Lax’s entropy
condition

(1) Ae(ur) < oy, w) < Ap(w)

for some k € {1,...,m} as the selection criteria for admissible shock waves.

There is great ongoing interest in discovering other mathematically cor-
rect and physically appropriate entropy conditions of various sorts, with the
aim of applying these to more complicated integral solutions of our system
of conservation laws, so as to obtain uniqueness criteria, more information
concerning allowable discontinuities, etc.

One general principle, instances of which we have already seen for scalar
conservation laws in §4.5.1 and for Hamilton-Jacobi equations in §10.1, is
that physically and mathematically correct solutions should arise as the limit
of solutions to the regularized system

(2) u; + F(u®); —eu;, =0 in R x (0,00)

as € — 0. The idea is to interpret the term “eu,” as providing a small
viscosity effect, which will presumably “smear out” sharp shocks. The hope

s to qfnrlv various gqppnfq of the prnh]nm /‘7\ in the limit ¢ — ﬁ and there]mr

to discover more general entropy criteria, to augment Lax’s condmon (1).

The next sections discuss aspects of this general program.
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11.4.1. Vanishing viscosity, traveling waves.

We begin our investigation of the parabolic system (2) by first seeking
a traveling wave solution, having the form

(3) ui(z,t) = v(

where as usual the speed o and profile v must be found. Substituting (3)
into (2), we find v : R — R™, v = v(s), must solve the ODE

xr — ot

) (x eR, t>0),

d
4 o — — v+ DF(V)S _ 4
(4) v ov + DF(v)v ( ds)
Assume now u;, u, € R™ are given, and furthermore
(5) lim v=v, lim v=u, Ilim v=0.
§——00 §—+00 s—too

Then from (3) we deduce
e _
(6) g%u (z,t) = {

Hence the limit as € — 0 of our solution to (2) gives us a shock wave
connecting the states u;,u,. The plan now is to study carefully the form of
¢ and v, and thereby glean more detailed information about the structure
of the shock determined by (6).

wy ifx<ot

u, if x> ot.

The first and primary question is whether there in fact exist o and v
solving (4), (5). Integrating (4), we deduce

(7) v=F(v)-ov+ec

for some constant ¢ € R™. We conclude from (5) that
(8) F(w) ~ ocw + ¢ =F(u,) — ou, +c.
Hence

(9) F(w) — F(u,) = o(u — u,).

In view of (5), (8) and (9), our ODE (7) becomes

(10) v=F(v)—-F(y) —o(v—u).

Now think of the left state u; as being given, and suppose we are trying
to build a traveling wave connecting w; to a nearby state u,. From (9) we
see that necessarily u, € Si(u;) for some k € {1,...,m}, and

(11) o = o(ur,uy).

We refine this observation as follows:
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THEOREM 1 (Existence of traveling waves for genuinely nonlinear sys-
tems). Assume the pair (A, rr) is genuinely nonlinear for k = 1,...,m.
Let u, be selected sufficiently close to u;. Then there exists a traveling wave
solution of (2) connecting w; to u, if and only if

(12) ur € Sy (wr)

for some k € {1,...,m}.

Proof. 1. Assume first ¢ and v solve (4), (5). Then, as noted above,
necessarily u, € Si(w) for some k € {1,...,m}, 0 = o(u,, ;). Now set

(13) G(z):=F(z) - F(w) —o(z — ).
Our ODE (10) then reads
(14) v =G(v),
and we have
(15) G(u) = G(ur) =0,
according to (9). We compute

DG(w) = DF(u) — ol;

and so the eigenvalues of DG at w; are {A\g(w) —o}} ;, with corresponding
right and left eigenvectors {ry, g }[r,, re = ri(w), Ik = le(w).

2. Now since u, € Si(w) and |u, — | is small, we know from Theo-
rem 2,(iii) in §11.2.3 that

Thus M) — M)
elur) — Ag (w
A(ug) —o = d 5 =+ o(|u, — ).
In order that there be an orbit of the ODE (14) connecting u; at s = —00
to u, € Sk(u,) at s = +00, it must be that Ag(u;) — o > 0; for otherwise the
trajectory would not converge to u; as s — —oo. Thus if |u, — w| is small

enough, Ak (u,) < Ag(w), which is to say u, € S (w).

3. We omit proof of the sufficiency of condition (12): see Majda—Pego
M-P]. 0
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The preceding result employs the genuine nonlinearity assumption, but
the assertion holds in general, provided we introduce an appropriate variant
of Lax’s entropy condition (1). So let us suppose now u, € Si(u;) for some
k € {1,...,m} and furthermore

(16) ( o(z,%) > o(u,,w) for each z lying
i on the curve Si(u;) between u, and v;.

Condition (16) is Liu’s entropy criterion. (Observe this condition is au-
tomatic provided (Mg, ry) is genuinely nonlinear, u, € S, (w), and u, is
sufficiently close to u;.)

We can motivate (16) by again seeking traveling wave solutions of system
(2). So assume v is given. Then provided |u, — | is small enough, it turns
out that there exists a traveling wave solution u®(z,t) = v(m—;"—t), v solving
(4), (5), if and only if the entropy condition (16) is satisfied. See Conlon

[CO] for a proof.

To make this all a bit clearer, we next present in detail a specific appli-
cation.

Example (Traveling waves for the p-system). Let us consider again the
p-system

(17) u} —u2 =0 (compatibility condition)
u? — p(ul), =0 (Newton’s law),

under the usual strict hyperbolicity condition

(18) p > 0.

We investigate the existence of traveling wave solutions to the regularized
system

( LEL e2
( ) iui,Q —p(ue’l);v — eui’f

Notice we have added the viscosity term only to the second equation. This
makes sense physically, as the first line of (17) is only a mathematical com-
patibility condition.

z—ot

Assume now u® = v(Z=%) is a traveling wave solution of (19), with

(20) lim v=1u;, limv=u,, lim v=0.
§——00 §—00 s—too
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Writing v = (v!,v?), we compute from (19) that

)

&=

(21) "

—ott -t =0 ("=
—oi? — p(v!) = v2.

An integration using (20) gives
22) { ov! +v% = ov} + 0} = ov} + 02
0? = a(vf —v?) +p(v]) — p(v!) = o (v} — v*) + p(v;) — p(v1),

for u; = (vll, vlz), u, = (v},v?). In particular,

{ ov} +vE = ovl +v?
oo + plu}) = 002 + plo}).

Solving these equations for o, we obtain

o plug) —p(v})

Suppose hereafter v} > vl. In view of (18) we can take 0 > 0. In this
situation the Liu entropy criterion reads

p(z1) ~ p(v}) _ p(v}) — p(v})
(24) ‘11 — 'I‘ll l > /‘)‘l — ’)'l]‘ l
A o UT o

for all z on the curve Si(u;) between w; and u,, z = (21, z9).

We now claim the system of ODE (22), with asymptotic boundary con-
ditions (20), has a solution if and only if the entropy condition (24) holds.
To confirm this, combine the two equations in (22) to eliminate v?:

o P —pf)

> o' — ) = g(v!).

Now g(v}) = 0and g(v;}) = 0, according to (23). Thus in order that the ODE
(24) have a solution, with lim,—,_ vl = vll, limg_.0o v! = v}, we require
g(z1) >0 for v} <z <ol

But this is precisely the entropy criterion (24). A similar calculation works
if v} < v}. D
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11.4.2. Entropy/entropy-flux pairs.

Both Lax’s and Liu’s entropy criteria provide restrictions on possible left
and right hand states joined by a shock wave (or a traveling wave for the
viscous approximation). It is however of considerable interest to widen still
further the entropy criteria, so as to apply to more general integral solutions
of our conservation laws.

One idea is to require an integral solution satisfy certain “entropy-type”
inequalities.

DEFINITION. Two smooth functions ®,¥ : R™ — R comprise an entro-
py/entropy-flux pair for the conservation law u; + F(u), = 0 provided

(25) & is convex
and
(26) D®(2)DF(z) = D¥(z) (z € R™).

To motivate condition (26), suppose for the moment u is a smooth so-
lution of the system of PDE u; + F(u), = 0. We then compute
®(u), + ¥(u), = D®(u) - uy + D¥(u) - u,

@7 = (—D®(u)DF(u) + D¥(u)) u, =0

by (26). This computation says the quantity ®{u) satisfies a scalar conser-
vation law, with flux ¥(u).

Now in general integral solutions of (1) will not be smooth enough, owing
to shocks and other irregularities, to justify the foregoing computation. The
new idea is instead to replace (27) with an inequality:

(28) ®(u); + ¥(u), <0 in R x (0,00).

In applications ®(u) will sometimes be the negative of physical entropy and
¥ (u) the entropy flux. The inequality (28) therefore asserts entropy evolves
according to its flux, but may also undergo sharp increases, for instance
along shocks.

Let us hereafter rigorously understand (28) to mean

{ I° 2, @(u)yy + ¥(u)v, dodt > 0

(29)
for each v € C*(R x (0,00)), v > 0.

We consider once more the initial-value problem

{ut-{-F(u)x:O in R x (0, 00)

(30) u=g onR x{t=0}.
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DEFINITION. We call u an entropy solution of (30) provided u is an in-
tegral solution and u satisfies the inequalities (29) for each entropy/entropy-
flux pair (@, V).

Let us now attempt to build for general initial data g an entropy solution.
As in §11.4.1 we expect such a “physically correct” solution u to be a limit
of solutions u® of approximating viscous problems

(31) { u +Fuf); —eu, =0 in R x (0,00)

u‘=g onRx{t=0}

We assume u® is a smooth solution of (31), converging to 0 as |z| — oo
sufficiently rapidly to justify the calculations below. Let us further suppose
{u®}o<e<1 is uniformly bounded in L°° and furthermore

(32) u—-u aease—0

for some limit function u. (In practice it is extremely difficult to verify this
a.e. convergence.)

THEOREM 2 (Entropy and vanishing viscosity). The function u is an
entropy solution of the conservation law (30).

Proof. 1. Choose any smooth entropy/entropy-flux pair (®, ¥). Left mul-
tiplying (30) by D®(u®) and recalling (26), we compute

@ (u), + ¥(u), = eDP(u'lu;,

(33) = e®(u)yz — e(D?®(u)ul) - ut.

As @ is convex,
(34) (D*®(u)ul) - us > 0.

2. Multiply (33) by v € C(R x (0,00)}, v > 0. We integrate by parts
and discover:

/ / B(u )y + U (uf Yo, ddt

= / J[ e(D*®(u)ul) - uSv — e®(u)vy, drdt
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Now let ¢ — 0. Recalling (32) and the Dominated Convergence Theo-
rem, we obtain

/ / ®(u)v + Y(u)vg dxdt > 0.
0 —o0

Thus u verifies the entropy/entropy-flux inequalities (29). If & and ¥ are
not smooth, we obtain the same conclusion after an approximation.

3. Finally fix v € C°(R x [0,00); R™} and take the dot product of the
PDE in (31) with v. After integrating by parts we obtain

/'OO [OO <€ <5 ==&

_/ j u vy + F(u®)v, + cu -Vuu:wc—'rj g-vdzli—g = 0.
0 —0o0 —00
We send ¢ — 0, to deduce u is an integral solution of (30). O

Example 1. In the case of a scalar conservation law (i.e. m = 1), for any
convex ® we can find a corresponding flux function ¥, namely

U(z) = jfz & (w)F'(w)dw (z € R).

See §11.4.3 following for an application. O

Example 2. For the p-system we have m = 2. To verify (25), (26) we must
find ®, ¥, with & convex and

0 -1\ _ [ ¥,
@) (e o) =(37):
A solution is

22 z1
o(z)= 2 ¢ /0 p(w)dw, U(z)= —p(m)z (z €R?).

Note @ is convex, since p’ > 0. O

See Problems 4, 5 for other examples.

11.4.3. Uniqueness for a scalar conservation law.

As a further illustration of the ideas in §11.4.2, let us now consider again
the initial-value problem for a scalar conservation law
u+ F(u), =0 in R x (0,00)
{ u=g onRx{t=0}
Hence the unknown u = u(z,t) is real-valued and F' : R — R is a given
smooth flux function.

(35)

In §3.4 we carefully studied the problem (35), making use of the primary
assumption that F be strictly convex, to derive the Lax—Oleinik formula (see
§3.4.2). Let us now drop the assumption that F' be convex and devise an
appropriate notion of weak solution. As above, we introduce entropies:
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DEFINITION. Two smooth functions ®,¥ : R — R comprise an entro-
py/entropy-flux pair for the conservation law u; + F(u)z = 0 provided

(36) @ is convex
(37) Y ()F'(2) =¥ (z) (z€R).

As noted in Example 1 above, for each convex ® there exists a corresponding
flux V.

The entropy condition for u reads
@(u)t + ¥(u)y <0 on R x (0,00)
for each entropy/entropy-flux pair ®, ¥. This means

(38) { 22 1% ®(u)v, + ¥ (u)v, dwdt > 0

for each v € C°(R x (0,00)), v > 0.

DEFINITION. We call u € C([0,00), LY{R)) N L=®(R x (0,00)) an en-
tropy solution of (35) provided u satisfies the 'nequalite’es (38) for each

entropy/entropy-flur pair (®,¥), and u(-,t) —» g in L' ast — 0.

Remarks. (i) This definition supersedes our earlier definition of “entropy
solution” in §3.4.3.

(ii) Taking ®(z) = 2, ¥(z) = £F(z) in (38), we deduce

/ / uvy + F(u)vy dzdt =0
0 —-00

for all v > 0 and thus for all v € C}(R x (0,00)). It is an exercise to prove
n

then .
/ / uvy + F(u)v, dedt + / gvdz|i—o =0

that
for all v € C}(R x [0, 00)), since u(-,t) — g in L'. Thus an entropy solution
s an integral solution. O

We discussed in §11.4.2 the construction of an entropy solution, and we
now prove uniqueness.
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THEOREM 3 (Uniqueness of entropy solutions for a single conservation
law). There exists—up to a set of measure zero—at most one entropy solu-
tion of (35).

As in the proof of Theorem 1 in §10.2, the basic idea will be to “double
the variables” in the problem.

Proof*. 1. Let u be an entropy solution of (35). Then
o o0
(39) [T By + ¥ (v, dzdt > 0
JO J—oo
for all v € CZ°(R x (0,00)),v > 0, where ® is smooth, convex and
U(z) / &' (1) F' () duw
20

for any 7). Fix o € R and take

(40) br(2) = Bi(z —a) (z€R),
where for each k =1,..., 8 : R — R is smooth, convex and
{ Br(z) — |2| uniformly
B.(z2) — sgn(z) boundedly, a.e.

Thus ®;(z) — |z — ¢ uniformly for z € R. A flux corresponding to (40) is
Wi(2) = [ il - ) F(w) dw.
[ 4
Consequently for each z
U, (z) — / sgn(w — @) F'(w) dw = sgn(z — a)(F(z) — F(a)).
Putting ®4, ¥, into (39) and sending k — oo, we deduce
oo o0

(41) / / |u — a|vy + sgn(u — o) (F(u) — F(a))vg dzxdt > 0

0 —0o

for each o € R and v as above.

2. Next let 4 be another entropy solution. Then

(42) fo ” /_ " i — &J5s + sen(i — &)(F(@) — F(&))s, dyds > 0

*Omit on first reading.
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where @ € R and ¥ € C2°(R x (0,00)), o > 0.

Now let w € C(R x R x (0,00) x (0,00)), w > 0, w = w(z,y,t,s).
Fixing (y,s) € R x (0, 00), we take a = u(y, s), v(z,t) = w(z,y,t,s) in (41).
Integrating with respect to y, s, we produce the inequality

w b et s

+ sgn(u(z,t) — uly, 8))(F(u(z,t)) — F(u(y, s)))w, dzdydtds > 0.

Likewise, for each fixed (z,t) € R x (0,00) we take & = u(z,t), 9(y,s) =
w(z,y,t,s) in (42). Integrating with respect to z,¢ gives:

(44) / / [f iy, s) — w(z, t)]ws

+ sgn(u(y, s) — u(z, t)) (F(a(y, s)) — F(u(z, t)))w, dzdydtds > 0.
Add (43), (44):

f[[f w(z, t) — (y, s)|(we + ws)

+ sgn(u(z, ) — a(y, s)) (F(u(z, t)) — F(a(y, s)))
(wg + wy) dzdydtds > 0.
3. We design as follows a e
a standard mollifier as in §C.4 (with n = 1) and, as usual, write n.(x)
51]( ) Take

£~ {ARD [N PRpTs n
101 W lll (FJ ). CICLL Jf t

o
o
]

2
where ¢ € C°(R x (0,00)), ¢ > 0. We insert this choice of w into (45) and
thereby obtain:

[ LI eo-soan(i25)

2
(46) + sgn(u(z,t) — iy, s)) (Flu(z, 1)) — F(a(y, ) (

(2 y) (7

)

dxdydtds > 0.

Change variables by writing

= _ Tty 7 _ t+s
{a:— 7ot = 5
= T—Y = t—s
y_“iﬂ’S—T

S A N
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Then (46) implies

(47) [ c@ommn s o
where
66,9 = [ [ lu@+5t+s)-aa-5i- 9D
(48) + sgn(u(Z + g, +3) — w(z — 7,t — 3))
(F(u(Z+9,t+3)) — F(W(Z — 3,t — 3)))¢2(T, ) dzdt.

Now u(Z + §,t + 5) — u(Z,t), &(z — 3, — §) - 4(z,?) in Li . as 5,5 — 0.
Since the mappings (a,b) — |a — b}, sgn(a — b)(F(a) — F(b)) are Lipschitz
continuous, we deduce upon letting ¢ — 0 in (47) that

/ / u(Z,t) — u(Z,t)| p:(Z, 1)
+ sgn(u(Z, t) — u(z,1)) (F(u(z,t) — F(u(Z,1))) ¢ (T, t) dzdt > 0.

Rewriting z = T, t = ¢, we have therefore

o0 o0
(49) / / a(z, t)pi(x,t) + bz, t) o, (x,t) dzdt > 0,

0 - 00
fi
> { a(z,1) = lu(z, 1) ~ (z, 1)

b(z,t) := sgn(u(z, ) — (z, ) (F(u(z, 8)) — F(i(z,1).
4. We now employ the inequality (49) to establish the L!-contraction

inequalities
(50) 125wz, t) — a(x, t)| dz < [ |u(z,s) — 4z, s)|dz
{fora.e.OSsSt.

To prove this assertion, we take 0 < s < ¢, r > 0, and let ¢(z,t) = a(z)5(t)
in (49), where

a: R — R is smooth,
{ a(zy=1if [z|<r, a(z) =0if |z| > r+1,
o/ (z)| <2

and X
B3 : R — R is Lipschitz,

B(ry=0if 0<Tt<sorT>t+6,
Blr)y=1if s+6 <7<,
B is linear on [s, s + 6] and [t,t + 8],
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for 0 < 6 <t —s. We deduce

1 s+6  poo 1 t+6 poo
5[ / a(z, 7)a(z) dedr > 5/ / a(z, 7)a(x) dedr
s —o0 t —00

t+6
- / / b(z, 7)o/ (z)b(7) dzdT.
s {r<lel<r+1}

Let r — oo:

1 t+6 proo 1 s+6 poo
3/ / a(z,7)dxdr < 3/ / a(z,7)dxdr.
t —o0 8 -0

Next let § — 0 to deduce (50) for a.e. 0 < s <
5. In light of (50) and the fact u(-,¢),%(-,t) — g in L! as ¢ — 0, we at
last conclude u = @ a.e. O

o

11.5. PROBLEMS

1. Verify that the shallow water equations (Example 3 in §11.1) form a
strictly hyperbolic system, provided ¢ > 0.

2. Define for z € R, z # 0, the matrix function

B(z) = e_zl2 (’cos(%) sm(%) )
(2)/°

sin(2) — cos

and set B(0) = 0. Show that B is C™ and has real eigenvalues, but
we cannot find unit-length right eigenvectors {r1(z),r2(z)} depending
continuously on z near 0. What happens to the eigenspaces as z — 07

Confirm that the functions w! w? computed for the barotropic gas

Aliillii vaddvy vaal ARRAARRallioe By Y AL AR A L1l [«D RS LV} § L B

dynamics in §11.3.1 are indeed Riemann invariants.

w

4. Suppose that ® is an entropy for the shallow water equations. Prove
e ¢a2<1>
o T

5. Show that ® = pv?/2 + P(p) is an entropy for the barotropic Euler
equations (from §11.3.1), provided P"(p) = p'(p)/p, p > 0. Confirm
that & is convex in the proper variables. What is the corresponding
entropy flux ¥?

6. Assume that u is an entropy solution of the scalar conservation law
us + F(u); = 0, and that, as in §3.4.1, u is smooth on either side of a
curve {z = s(t)}.
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(i) Prove that along this curve the left and right hand limits of u
satisfy the relations:

Flur) - F(w)

F(z) > (z —u,)+ Flu,) if wy <2<y,
Up — U
and
Py < T Iy P sz su
r W]

This is the condition E.
(i) What does condition E imply if F' is uniformly convex?

11.6. REFERENCES

T.-P. Liu wrote the initial draft of this entire chapter.

Section 11.1  The shallow water equations are discussed in LeVeque [LV].
P. Colella helped me with the calculations in §11.1.2. The
proof of Theorem 2 follows suggestions of W. Han. See

Fo————1

for more.
Section 11.3 I followed Logan [LO] for the example.

Section 11.4  See Majda—Pego [M-P], Conlon [CO], Smoller [S] for more
about viscous traveling waves. The uniqueness theorem in
§11.4.3 is due to Kruzkov.

Section 11.5 Problem 2 is taken from Kato [K, p. 111].
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APPENDIX A: NOTATION

A.1l. Notation for matrices.

(i) We write A = ({a;;)) to mean A is an m x n matrix with (4, §)** entry
a;j. (Sometimes, as in §8.1.4, it will be convenient to use superscripts
to denote rows.)

A diagonal matrix is denoted diag(dy,...,dy).

(ii) M™*™ = gpace of real m x n matrices.

S™*™ = gpace of real symmetric n X 1 matrices.
(iii} tr A = trace of the matrix A.
(iv) det A = determinant of the matrix A.
(v) cof A = cofactor matrix of A (See §8.1.4).

(vi) AT = transpose of the matrix A.

(vii) If A = ((ai;)) and B = ((b;;)) are m x n matrices, then

A:B= ZZaijsz,

i=1 j=1

613
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and

~

{

3

-
N

Al = (A: A)7 = o
i=1 j=1

(viii) If A € S™*™ and, as below, z = (z1,...,2zn) € R", the corresponding
quadratic form is z - Az = Y., aj;ziz;.

(ix) If A € S™*™, we write

n
i,j=1

A>6I
if z- Az > 0|z|? for all z € R™.

(x) We sometimes will write yA to mean ATy, for A € M™*" and y € R™.

A.2. Geometric notation.
(i) R"™ = n-dimensional real Euclidean space, R = R!.
(ii) e; = (0,...,0,1,...,0) = i*" standard coordinate vector.
(iii) A typical point in R" is z = (z1,...,Zn).

We will also, depending upon the context, regard x as a row or column
vector.

(iv) R} ={z = (z1,...,2,) € R® | &, > 0} = open upper half-space.

(’\r) A tvnical naint in

n H\Pn“-l will nfton ha danntad acg (»
FaN UJ yluw; HUJ.J.J.U AL U ¥¥ 41 AJALULIAL O Ao uovwd And \W

and we usually interpret t = z,4+1 = time.
A point z € R" will sometimes be written z = (2/,z,) for 2’ =
(z1,...,Zn—1) € R*L,

an
U’ v 3

if V. V c U and V is compact, and say V is compactly contained
inU.

(vii) 8U = boundary of U, U = U U 8U = closure of U.
(viii) Up =U x (0,T].
(ix) Ty = Ur — Ur = parabolic boundary of Ur.

(x) B%z,r) = {y € R | |z — y| < r} = open ball in R” with center z
and radius r > 0.
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(xi) B(z,r) = closed ball with center z, radius r > 0.

(xii) Cz,t,7) ={y e R s € R | |z —y| <rt—r2 < s <t} = closed

Laight 2

writh o 3\ adi n
) raqaius r > u, uc151 T,

~viinder n contar (o

bylllluﬁl ¥Willl LU LTLILTL \ul/,
(xiii) a(n) = volume of unit ball B(0,1) in R" = I‘—('W”n—:-zlj
z
na(n) = surface area of unit sphere 8B(0,1) in R™.

(xiv) If a = (ay,...,an) and b = (b1,...,by) belong to R”,

n n 2
a-b= Za@bi, la| = (Z a?)
i=1 i=1

(xv) €™ = n-dimensional complex space, C = complex plane.

If z € C, we write Re(z) for the real part of z, and Im(z) for the
imaginary part.

A.3. Notation for functions.

(i) Ifu : U — R, we write

/s AY

u(z) = u(zy,...,z,) (z €U).
We say u is smooth provided u is infinitely differentiable.
(ii) If u,v are two functions, we write
U=v

to mean that u is identically equal to v; that is, the functions u,v
agree for all values of their arguments.

Let us also set

to define u as equaling v.

The support of a function « is denoted

sptu.
(iii) vt = max(u,0), v~ = —min(x,0), u = ut —u™, |u| =ut +u".
The sign function is
1 if >0
sgn(z) = 0 if z=0

\ -1 if z<0.
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(iv) If u: U — R™, we write
u(z) = (u'(z),...,uv™(x)) (xel).

The function u* is the k** componentofu, k=1,...,m.

(v) If ¥ is a smooth (n — 1)-dimensional surface in R", we write

/Ede

for the integral of f over £, with respect to (n—1)-dimensional surface
measure. If C is a curve in R?, we denote by

(vi) Averages:

][ fdy = 1 [ fdy = average of f over the ball B(z,r)
B(z,r) a( B(z,r)

n)r®
and
|
o fdS=—rry [ fdS
J 8B{z,r) re e JOB(z,r)
= average of f over the sphere B(z, ).
1 ifzeE . .
(vii) xg(z) = . XE s the indicator function of E.
0 fz¢E.

(viii) A function u: U — R is called Lipschitz continuous if
[u(z) — u(y)| < Clz -yl

for some constant C and all x,y € U. We write

z,yelU |:L‘ - y|
Ay

(ix) The convolution of the functions f, g is denoted

f*g.
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Notation for derivatives. Assumeu:U — R,z € U.

(1) 2% (x) = limpo =22 provided this limit exists.

(ii)) We usually write u,, for %‘:

(iii) Similarly, Bg‘%ug] = Uz, gx—%m = Ugyz;z0, OHC.

(iv) Mulitindex Notation:
(a) A vector of the form o = (ay, ..., o), where each component ¢
is a nonnegative integer, is called a multiindex of order

o) = a1 + -+ + o,

(b) Given a multiindex «, define

||
D%u(z) .= 8:(321 U(gian =0y} - Opru.

(¢c) If k is a nonnegative integer,
DFu(z) i= {Du(z) | o] = k},

the set of all partial derivatives of order k. Assigning some ordering
to the various partial derivatives, we can also regard D*u(z) as a

point in R
k a,,|2 1/2
(@) ID*u| = (o ID72)
(e) Special Cases: If k = 1, we regard the elements of Du as being

arranged in a vector:

Du = (ug,,-..,uz,) = gradient vector.

If k = 2, we regard the elements of D?u as being arranged in a matrix:

N %
a%’ e 511 9.’1:,1,
D%y = = Hessian matriz.
8%y Pu
Ozndr1 * " 55% nxn
(v) Au =37 Uz, = tr(D*u) = Laplacian of u.

(vi) We sometimes employ a subscript attached to the symbols D, D?
etc. to denote the variables being differentiated. For example if
v = u(z,y) (x € R”, y € R™), then Dyu = (ugy,...,Uz,), Dyu =
(Uyyy oo vs Uy )
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Function spaces.

()

Ck(U) = {u : U — R | u continuous}

C(U) = {u € C(U) | u uniformly continuous}

CHU) = {u:U — R | u is k-times continuously differentiable}
C*(U) = {u € C*(U) | D*u is uniformly continuous for all |a] < k}.
Thus if u € C*(T), then D continuously extends to U for each
multiindex e, || < k.

C*®(U) ={u:U — R | u is infinitely differentiable} = o, C*(U)
Co(U)= i CH(U).

C.(U), C5(U), etc. denote these functions in C(U), C*(U), etc. with
compact support.

LP(U) = {u : U — R | u is Lebesgue measurable, |ul|1») < oo},
where

el o = ( /U Iflpdwy (1<p< o).

L*(U) = {u: U — R | u is Lebesgue measurable, ||u||;() < oo},
where
||U||Loo(U) = ess supy |u.

Ll (U)y={u:U—-R|ve LP(V) for each V CC U}.

(See also §D.1.)

| Dul| ey = [ Dulll o)

1D%ul| oy = I1D*ulllLr ).

WEE(U), HF(U), ete. (k = 0,1,2,..., 1 < p < 00) denote Sobolev
spaces: see Chapter 5.

CkB(0), CPA(U) (k =0,...,0 < 8 £ 1) denote Holder spaces: see
Chapter 5.

Functions of z and t. 1t is occasionally useful to introduce spaces of
functions with differing smoothness in the z- and ¢-variables, although
there is no standard notation for such spaces. We will for this book

write
C*(Ur) = {u: Ur — R | u, Dyu, D%u,u; € C(Ur)}.

In particular, if u € C?(Ur), then u, D,u, etc. are continuous up to
the top U x {t =T}.
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A.4. Vector-valued functions.

(i) fnowm>1land u:U — R™ u=(ul,...,u™), we define
D%a = (D*u},...,D*u™) for each multiindex a.
Then
D*u = {D% | |a| = k}
and
1/2
|DFul=| Y |D*af]
la|=k
as before.
(ii) In the special case k = 1, we write
Qul . oul
o2 Bom \
Du = ; . : = gradient matriz
k ou™ . Ou™ }
Dxr1 Dz, / mxn

(iii) If m = n, we have

n
divu = tr(Du) = Z uftl = divergence of u.
i=1

(iv) The spaces C(U;R™), LP(U; R™), etc. consist of those functions u :
(171
\’UJ

T mm 2 MY it b — YUTTY O TDPITTN ot
v N yrees U, WINI U © UiY ),

- , U = L U f, €LC. (’i—

1,...,m).

Remark on sub- and superscripts. As illustrated above, we will adhere
to the convention of setting in boldface mappings which take values in R™
for m > 1 (or else in Banach or Hilbert spaces). The component functions of
such mappings will be given superscripts. On the other hand, a typical point
x € R™ is not boldface and has components with subscripts, z = (21, ...,z,).

Matrix-valued mappings will also be set in boldface, and their compo-
nent functions written with either superscripts or a mixture of sub- and
superscripts, depending on the context. d

A.5. Notation for estimates.

Constants. We employ the letter C to denote any constant that can be
explicitly computed in terms of known quantities. The exact value denoted
by C may therefore change from line to line in a given computation. The
big advantage is that our calculations will be simpler looking, since we con-
tinually absorb “extraneous” factors into the term C.
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DEFINITIONS. (i) (Big-oh notation.) We write
f=0(g) asz— x,
provided there exists a constant C such that

|f(z)| < Clg(z)|

for all x sufficiently close to zy.
(ii) (Little-oh notation.) We write

f = 0(9) as r — Xy,

provided

@)
0 g =

Remark. The expression “O(g)” (or “o(g)”) is not by itself defined. There
must always be an accompanying limit, for example “as x — x¢” above,

alHlbAriah thia limnit 1a ~Aftan dvnlinsit M
qublluusll LLdlD LIM1IL 1D VLLVTLL dllap/liviab. e
A& QAamia crnmrnante anharnt natatiam
LAheWe WRIUJLLIIT LULIILIMICTILIVO AU UL L1LIUGAUVIVLL.

The foregoing notation is largely standard within the PDE literature,
with a few significant exceptions:

(i) We employ the symbol “Du”, and not “Vu”, to denote the gradient
of the function u. The reason is that “D?u” then naturally denotes the
Hessian matrix of u, whereas “V2u” would be confused with the Laplacian.
The multiindex notation also looks better with the letter D.

(ii) Most books and papers on partial differential equations denote by
“)” the open subset of R™ within which a given PDE holds.

As indicated above, we will instead mostly use the symbol “U” for such
a region. The advantages are several. First of all, since a typical solution is
denoted u, it makes sense to denote its domain by U, and not to switch to
a Greek letter. Furthermore, once we call a given open set U, the letters V
and W are then available for subregions.

Lastly, it is important to save {1 as the standard symbol for a probability
space. Many important partial differential equations have probabilistic rep-
resentation formulas (cf. Freidlin [FD]), and although such are beyond the
scope of this book, it seems wise to avoid the possibility of future notational
confusion.
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APPENDIX B: INEQUALITIES

B.1. Convex functions.

Definition. A function f : R® — R is called convex provided
(1) frz+ (1 —7)y) <7f(z) + (1 —7)f(y)
for all z,y € R™ and each 0 < 7 < 1.

THEOREM 1 (Supporting hyperplanes). Suppose f : R® — R is convez.
Then for each x € R™ there exists r € R™ such that the inequality

(2) fly) 2 fl@&)+r-(y—x)
holds for all y € R".

Remarks. (i) The mapping y — f(z)+r:(y—x) determines the supporting
hyperplane to f at x. Inequality (2) says the graph of f lies above each
supporting hyperplane. If f is differentiable at z, r = D f(z).

(ii) If f is C?, then f is convex if and only if D?f > 0. The C? function
f is uniformly convex if D*f > 61 for some constant § > 0: this means

i,j=1
O

THEOREM 2 (Jensen’s inequality). Assume f: R — R is convez, and
U C R" is open, bounded. Let v : U — R be summable. Then

(3) f (][Uudm) < fU flu)da.

Remember from §A.3 the notation f,udzr = ﬁ Jiy udz = average of u
over U.

Proof. Since f is convex, for each p € R there exists r € R such that

flg) > f(p)+r(g—p) forallgeR.

Let p = £ udz, ¢ = u(z):

flu(z) > f ( ][Uudx) +r (u(a:) - ][U'u,da:) .

Integrate with respect to z over U.

Convex functions are discussed more fully in §3.3.2 and §9.6.1.
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B.2. Elementary inequalities.

Following is a collection of elementary, but fundamental, inequalities.
These estimates are continually employed throughout the text and should
be memorized.

a. Cauchy’s inequality.

a? b
(4) ab§—2—+§ (a,b € R).
Proof. 0 < (a — b)? = a% — 2ab 4 b2, 0O

b. Cauchy’s inequality with e.
. b2

(5) abSea‘-{»;l— (a,b>0, € >0).
€

Proof. Write

ab = ((2¢)"/*a) ((2:))1/ 2)

and apply Cauchy’s inequality. O
c. Young’s inequality. Let 1 < p,q < o0, % + % = 1. Then

aP b
(6) ab< —+ — (a,b>0).

p q

Proof. The mapping x — €% is convex, and consequently

1 1 1 1 af b?
LilogaP4 1 a » q
ab = glogatlosb — pplogartglogd® o - JlogaP | _logh? — — 4 —

p q p q

d. Young’s inequality with e.
(7) ab < ea® + C(e)b? (a,b> 0, € > 0)
for C(e) = (ep)~9/Pg~1.

Proof. Write ab = ((ep)'/Pa) (ﬁf/}?) and apply Young’s inequality. [

e. Holder’s inequality. Assume 1 < p,g < 00,
u € LP(U), v € LY(U), we have

%—i—%:l. Then if

®) [ twlde < fullzsyllol o



APPENDIX B: INEQUALITIES 623

Proof. By homogeneity, we may assume |u||» = ||v||L« = 1. Then Young’s
inequality implies for 1 < p, g < oo that

1 1
] luv|dz < —/ |ulPdz + —/ [v|%dz =1 = ||u||ze ||v||Le.
U 7 Ju 7Ju

a

f. Minkowski’s inequality. Assume 1 < p < oo and u,v € LP(U). Then
(9) e+ vllew) < lelle@wy + 0l o
Proof.

It 0l = [ futoPde < [t 0Pl + o) e

< (fU |u+v|de)p‘_’_l ((/ |u|de)l/p+ (/U |vlpdx) l/p)

= |lu + v”i;(l(j)(”u”LP(U) + ”U"LP(U))-

Remark. Similar proofs establish the discrete versions of Holder’s and

12iiial pRls

Minkowski’s inequalities:
(10) { |5 anbe| < (Zk_l laxlP)? (SR, [Bil9) 7,
(Zk:l lax + bk|:0)p < (3ho, |ak}p)p + (Zk=1 fbk|p)5,

for a = (a1,...,8,),b=(by,...,bp) ER% and 1 < p < o0, 11-)-}—%:1. O

g. General Holder inequality. Let 1 < py,...,p,, < o0, with 1 + ;T
‘-'+p——1 and assume uyg € LP*(U) for k =1,... ,m. Then

m
(11) / lug - um | dz < H [l [l Lox 0y
U o
Proof. Induction, using Holder’s inequality. 0

h. Interpolation inequality for LP-norms. Assume 1 <s<r<t<oo
and

ro s t

Suppose also v € L*(U) N LY(U). Then v € L7(U), and

1 6 (1-6)

(12) ||| 2y < “u”LS(U ||’“”Lf(U
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ITX

/e compute

/ uf"dz = / (P ] =07 g
U U

or
< (/ |u‘9r%dx) 8 ([ ‘u|(1—9)"’"('_1-—_§951 d.'L‘)
U U

We have invoked Holder’s inequality, which applies since % + Q—Tt% = 1.
[

m _r
rrooil.

a-er
t

i. Cauchy—-Schwarz inequality.
(13) |z -yl <lzlly] (z,y € R").
Proof. Let ¢ > 0 and note
0<|zLeyl® = || £ 2z -y + 2|yl
Consequently
sy < o lol* + Sl

Minimize the right hand side by setting ¢ = 1—3, provided y # 0. O

Remark. Likewise, if A is a symmetric, nonnegative n X n matrix,

. 1/2 1/2

n n
(14) Z @i TiY; | < Z 0 BFE e Z Qi YiY; (x,y € Rn).

i,j=1 i,j=1 i,j=1

J. Gronwall’s inequality (differential form).
{3Y Toat ol N g o e nend i b Vo A ar O N M
\1j LU 7/ *) DE a4 HNOLLCEALIVE, absolulely COnunuous muncuion on U, £,
which satisfies for a.e. t the differential inequality

(15) () < $(t)n(t) + (),
where ¢(t) and 9(t) are nonnegative, summable functions on [0, T]. Then
, t
(16 o(t) < 0% [0y + [ uis)as
0

forall 0 <t <T.
(ii) In particular, if
n' < ¢n on [0,7] and n(0) =0,

then
n=0on[0,T].
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Proof. From (15) we see

2 (nls)e 13 80) = o I3 o () — p(s)n(s)) < =15 Ay

for a.e. 0 < s < T. Consequently for each 0 <t < T, we have

t t 38 t
nmf%wmsmm+/e%“wwmmsmm+f¢mw-
0 0

This implies inequality (16). O

k. Gronwall’s inequality (integral form).

(i) Let £(t) be a nonnegative, summable function on [0, 7' which satisfies
for a.e. t the integral inequality

t
(17) 60 <Ci [ E)ds+C;
0
for constants Cy,Cy > 0. Then
712 M1 o f1 o e Crty
\LU/ g\b} >~ UZ\L T wv]lile }
fora.e. 0 <t <T.
(ii) In particular, if
t
€0 <G [ gs)ds
0
fora.e. 0 <t < T, then
E)=0 a.e.

Proof. Let n(t) := f(f &(s)ds; then n < Cin + Cs ae. in [0,T). According
to the differential form of Gronwall’s inequality above:

n(t) < e“11(n(0) + Cat) = Cyte®r.
Then (17) implies

£(t) < Cin(t) + Co < Co(1 + Cytert).
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APPENDIX C: CALCULUS FACTS

£ ) o IS, [ g
wel. DOULIUALIICS.

Let U C R™ be open and bounded, k € {1,2,...}.

DEFINITION. We say U is C* if for each point 20 € OU there exist
r > 0 and a C* function v : R® 1 — R such that—upon relabeling and
reorienting the coordinates axes if necessary—uwe have

UNnB%r)={x e B’ r) |z, >~(x1,...,Tn_1)}

Likeunse, OU is C™ if OU is C* for k =1,2,..., and OU is analytic if the
mapping vy 15 analytic.

The boundary of U

DEFINITIONS. (i) If 8U is C!, then along 8U is defined the outward

pointing unit normal vector field

v= ... ).
The unit normal at any point z° € OU is v(z°) = v = (v1,...,vn).
(ii) Let u € CY(U). We call
% =v-Du
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//CI)\
— T~

\\P/

x-coordinates

y-coordinates

Straightening out the boundary

the (outward) normal derivative of u.

We will frequently need to change coordinates near a point of 38U so as
to “flatten out” the boundary. To be more specific, fix z° € U, and choose
r,7, etc. as above. Define then

{w:xﬁ:@@) (i=1,...,n—1)

Yn = Tn — '7(331, .- -’-Tn—l) = q)n(x),

and write
y = ®(z).

Similarly, we set

[ o= 1= W) (i=1in—1)
2o =yn + W1, un) = T°(y),

PR | L
alld WIILC

r=P(y).

Then ® = ¥ !, and the mapping z — ®(z) = y “straightens out 8U” near
20, Observe also that det ® = det ¥ = 1.

C.2. Gauss-Green Theorem.

In this section we assume U is a bounded, open subset of R", and 8U is
Ct.

THEOREM 1 (Gauss-Green Theorem). Suppose u € C1(U): Then

(1) juzidxzj w'dS (i=1,...,n).
U U
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THEOREM 2 (Integration-by-parts formula). Let u,v € CY(U). Then
(2) / Ug, vdr = —/ UV, d +/ wtdS (i=1,...,n).

U U ou
Proof. Apply Theorem 1 to uwv. O

THEOREM 3 (Green’s formulas). Let u,v € C?(U). Then
(i) [, Audz = [, 3%dS,
(ii) f; Dv-Dudz = — [, uAvdz + [, £uds,
(iii) [, uAv —vAudr = [, ug® 6” vm ds.

Proof. Using (2), with u,, in place of u and v = 1, we see

/uxm dx=/ uxiuidS.
U U

Sum i =1,...,n to establish (i).
(2

To derive (11), we emplo . Write (ii) with » and v

)
J: 4

-

Next we convert n-dimensional integrals into integrals over spheres.

THEOREM 4 (Polar coordinates).
(i) Let f : R™ — R be continuous and summable. Then

fo o= I ()

for each point oy € R".
(ii) In particular

d
(i) hal f fdz | = f fds
dr \ JB(zo,r) 8B (zo,r)

for each r > 0.

Theorem 4 is a special case of
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THEOREM 5 (Coarea formula). Let v : R™ — R be Lipschitz continuous
and assume that for a.e. r € R the level set

{x e R" | u(z) =1}

is a smooth, (n—1)-dimensional hypersurface in R™. Suppose also f : R" —
R is continuous and summable. Then

/R fIDuldz = f_ Z ( /{ _ }de) dr.

Theorem 4 follows from Theorem 5 by taking u(z) = |r — xo|. See
[E-G, Chapter 3] for more on the coarea formula. The word “coarea” is
pronounced, and sometimes spelled “co-area”.

C.4. Convolution and smoothing.

We next introduce tools that will allow us to build smooth approxima-
tions to given functions.

Notation. If U C R"™ is open, € > 0, write U := {z € U | dist(z,8U) > €}.
a

DEFINITIONS. (i) Define n € C®(R") by
Cexp(rn—) if lzl<1

n(z) = (=) _
0 if |:L°| 21,

the constant C > 0 selected so that [g. ndz = 1.
(ii) For each € > 0, set

o
-
47}
Q
g
4]
]
o
n
B
=
=
&

aava STUUASS

DEFINITION. If f: U — R is locally integrable, define its mollification
ffi=nexf  inUe.
That is,

fo(z) = /U ne(@ - ) (y) dy = j ne(y) (- v) dy

B(0,¢)

for x € U..
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THEOREM 6 (Properties of mollifiers).
(i) feeC™(Ue).
(ii) f¢— f a.e. ase — 0.
(iii) If f € C(U), then f¢ — f uniformly on compact subsets of U.
(iv) If1<p< oo and f € L} (U), then f¢ — f in LY (U).

loc loc

Proof. 1. Fix z € U, ¢ € {1,...,n}, and h so small that x + he; € U..
Then

Methe S 1 [ L (k) (220)) )0,

=5—,; V% [n(—“h:i_y) —n(x;y)}f(y)dy

for some open set V CC U. As

1[ (:c+he¢—y _ (z—y _,1.(_9_7;_ T—y
h n € " € € Ox; €

uniformly on V, %ZL:(Q:) exists and equals

U
for each multiindex a. This proves (i).

2. According to Lebesgue’s Differentiation Theorem (§E.4),

(3) lim |f(y) — f(z)|dy =10
r— B(zx,r)

for a.e. z € U. Fix such a point z. Then

f*(x) — f2)| =

/ (e - ) [f (W) — F(@) dy
B(z,c)

<X [ (”” - y) 1)~ F(@)l dy
€7 JB(x,e)

€

<C |f(y) — f(z)|dy - 0 ase—0,
B(x,¢)
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by (3). Assertion (ii) follows.

3. Assume now f € C(U). Given V CC U we choose V CC W cc U
and note that f is uniformly continuous on W. Thus the limit (3} holds
uniformly for z € V. Consequently the calculation above implies f¢ — f
uniformly on V.

4. Next, assume 1 < p < oo and f € LY (U). Choose an open set

loc

V CC U and, as above, an open set W so that V CC W CccC U. We claim
that for sufficiently small € > 0

(4) W eovy < W Fllpeqw)-

To see this, we note that if 1l <p <o and r € V,

(@) = / ne( — ) f(y) dy

b

< / e~y - )l ()] dy

1-1/p
< ( fB o ne(x — y) dy) ( /B o ne(x — Y f ()P dy)

Since [g, o 7e(z —y) dy = 1, this inequality implies

/V (@) Pdz < ]V ( /B 5 ne(x—y)lf(y)lpdy) do

< /W F@)P ( /B R dx) dy = ]W F)Pdy,

provided ¢ > 0 is sufficiently small. This is inequality (4).
5. Now fix V.cCc W ccC U, é§ > 0, and choose g € C(W) so that

1/p

Nf —gllppowy < 6.
Then
15 = Flleeevy S I = glleeev) + 1l9° — glleqvy + 119 = Fllizeqv)

<2\ f —glleeewy + lg° — gllzeevy by (4)
<26+ ||lg° - gllzrvy)-

Since g — ¢ uniformly on V', we have limsup,_q ||f* = fllzr(vy < 26. O
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C.5. Inverse Function Theorem.

Let U C R” be an open set and suppose f : U — R" is C!, f =
(fY,..., ™). Assume zg € U, z = f(z0).

Notation. Remember from §A.4 that we write

A
Df = = gradient matriz of f.

rmn rn
\J.‘L‘1 e Jl'n/ nXn

DEFINITION.

a(fL, ..., f")

Jf = Jacobian of £ = |det Df| = Az |
1y-+-1Tn

R Rm

THEOREM 7 (Inverse Function Theorem). Assume f € C1(U;R™) and

JE(zo) # 0.

Then there exist an open set V C U, withxg € V, and an open set W C R",
with zg € W, such that

(i) the mapping

<
!

18 one-to-one and onto, and

(i) the inverse function

L. WwW-ovVv
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is C1.
(iii) Iff € C*, then f 1€ C* (k=2,...).

I ¥ 1AL

C.6. Implicit Function Theorem.
Let n,m be positive integers.

Notation. We write a typical point in R*t™ as

(x7y) = (xl,"'yxniylv""ym)

for z € R™, y € R™, O

Let U C R™™ be an open set and suppose f : U — R™ is C!, f =
(f17 .- 7fm) Assume (xo’y()) € U7 20 = f(xo’y())'

Notation.
foo o fon fo fy
Df = : '
m m m fm
ry Tn Yy m / mx(n+m)
= (D.f, D,f) = gradient matriz of f.
G
DEFINITION.

B(fL,..., fm
Jyf=|detDyf|=|a((?J;l ;’m))‘.
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Rn+m

Rn [ ]
THEOREM 8 (Implicit Function Theorem). Assume f € CY(U;R™) and

.Imf(xn 'Hn‘ :£ D_

vy Uy 5U) 7

Then there exists an open set V C U, with (xo,y9) € V, an open set W C
R", with zo € W, and a C* mapping g : W — R™ such that

(i) glzo) = vo,

(ii) f(z,g(z)) =20 (z € W),

and
(iii) if (z,y) € V and f(z,y) = 29, then y = g(x).
(iv) Iff € C% theng e C* (k=2,...).

The function g is implicitly defined near z¢ by the equation f(z,y) = zo.

Rn+m

/e

C.7. Uniform convergence.

We record here the Arzela-Ascoli compactness criterion for uniform con-
vergence:



APPENDIX D: LINEAR FUNCTIONAL ANALYSIS 635

Suppose that {fi,}52 is a sequence of real-valued functions defined on
R", such that
fel@)| <M (k=1,..., z€R")

for some constant M, and the {fi}7, are uniformly equicontinuous. Then
there exists a subsequence {fx; }72; C { fe}32; and a continuous function f,
such that

fr; = f umiformly on compact subsets of R".

To say the {fi}32, are uniformly equicontinuous means that for each € > 0,
there exists § > 0, such that |x — y| < & implies |fi(z) — fr(y)| < €, for
z,yeR* k=1,....

APPENDIX D: LINEAR FUNCTIONAL ANALYSIS

D.1. Banach spaces.

Let X denote a real linear space.

DEFINITION. A mapping || | : X — [0,00) is called a norm if
(1) JJu+v| < |lul| + ||v] for all u,v € X.
(i) ||Au| = |All|u]| for alluw e X, A € R.
(iii) llu]) = 0 if and only if u= 0.

Inequality (i) is the triangle inequality.

Hereafter we assume X is a normed linear space.

DEFINITION. We say a sequence {ug}ze, C X converges to u € X,
written
Uk — U,

if

lim |lug —u| = 0.
k—oo

DEFINITIONS. (i) A sequence {ux}32, C X is called o Cauchy sequence
provided for each € > O there exists N > 0 such that

luxk — w|| <€ forallk,I> N.

(iiy X is complete if each Cauchy sequence in X converges; that is, when-
ever {ug}pe, is a Cauchy sequence, there exists u € X such that {ug}ie,
converges to u.

(iii) A Banach space X is a complete, normed linear space.
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DEFINITION. We say X is separable if X contains a countable dense
subset.

Examples. (i) L? spaces. Assume U is an open subset of R”, and 1 <p <
oo. If f: U — R is measurable, we define

(Jy 1ffPdz)'” if1<p<oo
esssupy | f| if p = o0.

| fll ey == {

We define LP(U) to be the linear space of all measurable functions f :
U — R for which || f||z»y) < 00. Then LP(U) is a Banach space, provided
we identify two functions which agree a.e.

(ii) Holder spaces. See §5.1.
(iii) Sobolev spaces. See §5.2. O

D.2. Hilbert spaces.

Let H be a real linear space.

DEFINITION. A mapping (, ): H x H — R is called an inner product
if
(i) (u,v) = (v,u) for allu,ve H,
(i) the mapping u — (u,v) s linear for each v € H,
(iii) (u,u) >0 forallu€ H,
(iv) (u,u) =0 if and only if u = 0.

Notation. If (, ) is an inner product, the associated norm is
() ol = ()2 (we )

The Cauchy-Schwarz inequality states
(2) |(u, 0) < llullllvl|  (u,v € H).

This inequality is proved as in §B.2. Using (2), we easily verify (1) defines
a norm on H.

DEFINITION. A Hilbert space H is a Banach space endowed with an
inner product which generates the norm.

Examples. a. The space L?(U) is a Hilbert space, with

(f.9) = /U fgdz.
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b. The Sobolev space H(U) is a Hilbert space, with

(f,9) = /U fg+Df - Dgda.

DEFINITIONS. (i) Two elements u,v € H are orthogonal if (u,v) = 0.

(ii) A countable basis {wg}ie,; C H is called orthonormal if

{(wk,wl)=0 (k,l=1,...;k #1)
lwe||=1 (k=1,...).

If u e H and {wg}2; C H is an orthonormal basis, we can write

(U, wk)wky
1

o0
U =
k=

the series converging in H. In addition

x

lall = 3y wi).

k=1

DEFINITION. If S is a subspace of H, S+ = {u € H | (u,v) =0 for all
v € S} is the subspace orthogonal to S.

D.3. Bounded linear operators.
a. Linear operators on Banach spaces.
Let X and Y be real Banach spaces.
DEFINITIONS. (i) A mapping A: X — Y is a linear operator provided
Al u + pv] = Au + pAv

for allu,v e X, A\, u € R.
(ii) The range of A is R(A) :={v e Y | v = Au for some u € X} and
the null space of A is N(A) .= {v € X | Au = 0}. a

DEFINITION. A linear operator A: X — Y is bounded if

Il := sup{[| Aully | [lullx <1} < oo.

It is easy to check that a bounded linear operator 4 : X — Y is contin-
uous.
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DEFINITION. A linear operator A : X —'Y is called closed if whenever
ur — u in X and Aug — v in'Y, then

Au = v.

THEOREM 1 (Closed Graph Theorem). Let A : X — Y be a closed,
linear operator. Then A is bounded.

DEFINITIONS. Let A: X — X be a bounded linear operator.
(i) The resolvent set of A is

p(A) = {n € R | (A—nl) is one-to-one and onto}.
(ii) The spectrum of A is
g(A) =R - p(A).

If n € p(A), the Closed Graph Theorem then implies that the inverse
(A—nI)~!: X — X is a bounded linear operator.

DEFINITIONS. (i) We say n € o(A) is an eigenvalue of A provided
N(4 ~nl) £ {0}.

We write o,(A) to denote the collection of eigenvalues of A; op(A) is the
point spectrum.

(ii) If n is an etgenvalue and w # 0 satisfies
Aw = nw,
we say w 1S an associated eigenvector.

DEFINITIONS. (i) A bounded linear operator u* : X — R is called a
bounded linear functional on X.

(ii) We write X* to denote the collection of all bounded linear functionals
on X; X* is the dual space of X.

DEFINITIONS. (i) Ifue€ X, u* € X* we write
(u*, u)

to denote the real number u*(u). The symbol ( , ) denotes the pairing of X*
and X .

(ii) We define
Ju*|| := sup{(w”, w} | ||| < 1}.
(iii) A Banach space is reflexive if (X*)* = X. More precisely, this
means that for each u** € (X*)*, there exists u € X such that
(w*,u*y = (u*,u) for allu* € X~
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b. Linear operators on Hilbert spaces.
Now let H be a real Hilbert space, with inner product ( , ).

THEOREM 2 (Riesz Representation Theorem). H* can be canonically
identified with H; more precisely, for each u* € H* there exists a unique
element v € H such that

(u*,v) = (u,v) forallve H.

The mapping u* — u s a linear isomorphism of H* onto H.

DEFINITIONS. (i) If A : H — H is a bounded, linear operator, its
adjoint A* : H — H satisfies
(Au,v) = (u, A*v)
for all u,v e H.
(ii) A is symmetric if A* = A.
D.4. Weak convergence.

Let X denote a real Banach space.

DEFINITION. We say a sequence {ur}pre, C X converges weakly to
u € X, written
Uk — U,
if
(u*, ug) — (", u)

for each bounded linear functional u* € X*.

It is easy to check that if uy — u, then ug — u. It is also true that any
weakly convergent sequence is bounded. In addition, if ux — u, then

lu]l < lim inf [lug.
k—oo

THEOREM 3 (Weak compactness). Let X be a reflexive Banach space
and suppose the sequence {ux}ye, C X is bounded. Then there erists a
subsequence {uk; }32, C {ur}i2; and u € X such that

'U'kj — Uu.

In other words, bounded sequences in a reflexive Banach space are
weakly precompact. In particular, a bounded sequence in a Hilbert space
contains a weakly convergent subsequence.

Mazur’s Theorem asserts that a convex, closed subset of X is weakly
closed.
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IMPORTANT EXAMPLE. We will most often employ weak conver-

gence ideas in the following context. Take U C R" to be open, and assume
1 < p < oo. Then

the dual space of X = LP(U) is X* = LY(U),

where %—l—% =1, 1 < g < co. More precisely, each bounded linear functional
on LP(U) can be represented as f — {; gf dz for some g € L7(U). Therefore

fi — f weakly in LP(U)

mearns

(3) /gf;m!w—»/gfdz as k — oo, for all g € LI(U).
U U

Now the identification of LI(U) as the dual of LP(U) shows that
LP(U) is reflexive if 1 < p < oc.

In particular Theorem 3 then assures us that from a bounded sequence in
IP(U) (1 < p < o0) we can extract a weakly convergent subsequence, that
is, a sequence satisfying (3). This is an important compactness assertion,
but note very carefully: the convergence (3) does not imply that f, — f
pointwise or almost everywhere. It may very well be, for example, that the
functions {fx}32; oscillate more and more rapidly as ¥ — oc. See Problem

4 ~ . o —
1 in Chapter 8. O
D.5. Compact operators, Fredholm theory

Let X and Y be real Banach spaces.
DEFINITION. A bounded linear operator

K: X-Y

is called compact provided for each bounded sequence {urp}p>, C X, the
sequence {Kuy}32, is precompact in Y, that is, there exists a subsequence
{ur,}52, such that {Ku,}32, converges inY.

Now let H denote a real Hilbert space, with inner product (, ). It is
easy to see that if a linear operator K : H — H is compact and up — u,
then Kup — Ku.

THEOREM 4 (Compactness of adjoints). If K : H — H is compact, so
isK*:H— H.
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Proof. Let {ur}7, be a bounded sequence in H and extract a weakly
convergent subsequence ux, — u in H. We will prove K*up, — K*u.
Indeed,

K *ug, — K*ul|® = (K up; — K*u, K™ [ug, — u])

= (KK"u; — KK"u,uy, — u).

Now since K™ is linear, K uy, — K*u, and so KK"u, — KK"z. Thus
K*ukj — K™*u. O

THEOREM 5 (Fredholm alternative). Let K : H — H be a compact
linear operator. Then

(i) N{I — K) is finite dimensional,

(i) R(I — K) is closed,

(i) R(I - K)= N - K*)*,

(iv) NI-K)={0} ifand only if R(I — K)=H,
and

(v) dim N(I — K) =dim N(I — K*).

Proof. 1. If dim N(I — K) = 400, we can find an infinite orthonormal set
{ur}2, ¢ N(I — K). Then

Kukzuk (k::l,...).

Now |[ug—w]|? = |Jugl®*—2(uk, w)+|lw|* = 2if k # 1, and so || Kug—Kw|| =
V2 for k # 1. This however contradicts the compactness of K, as { Kuy }2° ;

would then contain no convergent subsequence. Assertion

el LAX lll AARS LU il £ 1

(i) is proved.
\/J r

2. We next claim there exists a constant v > 0 such that
(4) lu — Kul| > v||u|| forallue N(I—-K)*.

Indeed, if not, there would exist for k = 1,... elements u, € N(I — K)*
with |Jug|| = 1 and ||ux — Kug|| < %. Consequently

(5) Uk — K ur — 0.
But since {uj}32 , is bounded, there exists a weakly convergent subsequence

ug, — u. By compactness Kuy, — Kwu, and then (5) implies ux, — u. We
therefore have u € N(I — K) and so

(ug;, u) =0 (G=1,...).

Let k; — oo to derive a contradiction to (4).



642 APPENDICES

3. Next let {vg}°, C R(I — K), vx — v. We can find u; € N(I — K)*

— Kuy = v, Using (4\ we deduce

solving u..
solving ug Using {4) we deduce

vk — vl 2 y||uk — wl].

Thus ux — u and u — Ku = v. This proves (ii).

4. Assertion (iii) is now a consequence of (ii) and the general fact

R(A) = N(A*)* for each bounded linear operator A : H — H.

5. To verify (iv), let us suppose to start with that N(I — K) = {0}, but
Hy = (I — K)(H) € H. According to (ii) H; is a closed subspace of H.
Furthermore He = (I — K)(H1) C Hj, since I — K is one-to-one. Similarly if
we write Hy = (I - K)*(H) (k=1,...), we see that Hy, is a closed subspace
of H, Hyy1 C Hi (k=1,...).

Choose uy, € Hjy with |lug| = 1, ux € H,ﬂ-ﬂ. Then Kup — Ku; =
—(ugp— Kug)+ (up— Kug)+ (v —w). Nowifk >, Hpyy € Hy € Hi1 € H.
Thus ux — Kug, u; — Kuy, uxp € Hyyq. Since u; € Hlﬁrl, luf|| = 1, we deduce
|Kur — Kw|| > 1 (k,l =1,...). But this is impossible since K is compact.

6. Now conversely assume R(I — K) = H. Then owing to (iii) we see
that N(I — K*) = {0}. Since K* is compact, we may utilize step 5 to
conclude R(I — K*) = H. But then N(I — K) = R(I — K*)* = {0}. This
conclusion and step 5 complete the proof of assertion (iv).

7. Next we assert
dim N(I — K) > dim R(I — K)*.

To prove this, suppose instead dim N(I — K) < dim R(I — K)*. Then there
exists a bounded linear mapping A : N(I — K) — R(I — K)* which is one-
to-one, but not onto. Extend A to a linear mapping A : H — R(J — K)* by
setting Au = 0 for u € N(I — K)*. Now A has a finite dimensional range
and so A, and thus K + A, are compact. Furthermore N(I — (K + A)) =
{0}. Indeed, if Ku + Au = u, then u — Ku = Au € R(I — K)*; whence
u— Ku=Au = 0. Thus u € N(I — K) and so in fact u = 0, since A is
one-to-one on N(I — K). Now apply assertion (iv) to K = K + A. We
conclude R(I — (K + A)) = H. But this is impossible: if v € R(I — K)*,
but v ¢ R(A), the equation

u—{Ku+ Au) =v

has no solution.
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1 1

ol s ey | Ars T > . ) -
8. Since R(I — K*)* =N - K),w uce from step 7

dim N(I — K*) > dim R(I — K*)*
=dim N(I — K).

The opposite inequality comes from interchanging the roles of K and K™.
This establishes (v). |

Remark. Theorem 5 asserts in particular either

() {for each f € H, the equation u — Ku = f
a
has a unique solution
or else
) the homogeneous equation u — Ku = 0
has solutions u # 0.

This dichotomy is the Fredholm alternative. In addition, should (3) obtain,
the space of solutions of the homogeneous problem is finite dimensional, and
the nonhomogeneous equation

() u—Ku=f

has a solution if and only if f € N(I — K*)*. O

Now we investigate the spectrum of a compact linear operator.

THEOREM 6 (Spectrum of a compact operator). Assume dim H = oo
and K : H — H is compact. Then
(i) 0 € o(K),
(i) o(K)— {0} = op(K) — {0},
d
mz...) { o(K) — {0} is finite, or else
ii
: o(K) — {0} is a sequence tending to 0.
Proof. 1. Assume 0 ¢ o(K). Then K : H — H is bijective and so

I = K o K71 being the comp031tion of a compact and a bounded linear
operator, is compact. This is impossible, since dim H = oc.

2. Assume 57 € o(K), n # 0. Then f N{(K — nI) = {0}, the Fredholm
alternative would imply R{K —nl) = H. But then € p(K), a contradic-

tion.

3. Suppose now {7}, is a sequence of distinct elements of o (K)— {0},
and 7 — n. We will show n = 0.
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Indeed, since 7, € op(K) there exists wy # 0 such that Kwy, = npwyg. Let
Hj, denote the subspace of H spanned by {wi,...,wg}. Then Hy C Hp
for each k = 1,2, ..., since the {wy}3, are linearly independent.

Observe also (K — mpI)Hy C Hy_1 (k = 2,...). Choose now for k =
1,... an element uy € Hy, with u; € H,i_l and |jug]l = 1. Now if k > [,
Hl—l g Hl Q Hk—l g Hk. Thus

K’U,k K’U,l _|

since Kuyp — mpug, Kup — quy, wy € Hy 1. If ;¢ — n # 0, we obtain a
tion t ac

£ I~
1 Iy . D

Kup —mu Ku; - mu
(K — ) (Kw —mw)

T m™m
L It

>1

— bl

A

Now let S : H — H be bounded, symmetric, and write

m = inf (Su,u), M := sup (Su,u).
ucH H

uc
[Jull=1 ufl=1

LEMMA (Bounds on spectrum). We have
(i) o(S) C [m,M], and
(ii) m, M € o(S5).

Proof. 1. Let n > M. Then

(nu— Su,u) > (n— M)|lul® (u€ H).
Hence the Lax—Milgram Theorem (§6.2.1) asserts n/ — S is one-to-one and
onto, and thus n € p(S). Similarly n € p(S) if p < m. This proves (i).

2. We will prove M € ¢(S). Since the pairing [u,v] := (Mu — Su,v)
is symmetric, with [u,u] > 0 for all u € H, the Cauchy—Schwarz inequality
implies

(Mu — Su,v)| < (Mu — Su,u)Y?(Mv — Sv,v)l/?
for all u,v € H. In particular
(6) [Mu — Su|| < C(Mu — Su,u)*? (ue H)

for some constant C.
Now let {uy}32; C H satisfy |lug]l =1 (k=1,...) and (Sug,ux) — M.

=1

Then (6) implies || Mux — Sug|| — 0. Now if M € p(S), then

-1

ALT

up = (MI - 5)

a contradiction. Thus M € ¢(9), and likewise m € o(S). O
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THEOREM 7 (Eigenvectors of a compact, symmetric operator). Let H
be a separable Hilbert space, and suppose S : H — H is a compact and
symmetric operator. Then there exists a countable orthonormal basis of H
consisting of eigenvectors of S.

Proof. 1. Let {n} comprise the sequence of distinct eigenvalues of S,
excepting 0. Set no = 0. Write Hy = N(S), Hr = N(S—mI) (k=1,...).
Then 0 < dim Hyp < o0, and 0 < dim Hi < oo, according to the Fredholm
alternative.

2. Let v € Hy, v € H; for k # 1. Then Su = nu, Sv = mv and so

me(u, v) = (Su,v) = (u, Sv) = gy, v).
As nx # mi, we deduce (u,v) = 0. Consequently we see the subspaces Hy
and H; are orthogonal.

3. Now let H be the smallest subspace of H containing Hg, H,... .
Thus H = {37 apux | m € {0, .. .}, ukx € Hg,ax € R}. We next demon-
strate H is dense in H. Clearly S(H) C H. Furthermore S(HL) C H':
indeed if u € H* and v € H, then (Su,v) = (u, Sv) = 0.

Now the operator 5 = S| f7. is compact and symmetric. In addition
o(S) = {0}, since any nonzero eigenvalue of S would be an eigenvalue of S
as well. According to the lemma then, (Su,u) = 0 for all w € H+. But if
u,v e -

2(Su v) = (8(u +v),u +v) — (Su,u) — (Sv,v) = 0.

Hence S = 0. Consequently H- C N(S) c H, and so H+ = {0}. Thus H
is dense in H.

4. Choose an orthonormal basis for each subspace Hy (k = 0,...),
noting that since H is separable, Hp has a countable orthonormal basis. We
obtain thereby an orthonormal basis of eigenvectors. O

Most of these proofs are from Brezis [BR1]. See also Gilbarg—Trudinger
[G-T, Chapter 5] and Yosida [Y].

APPENDIX E: MEASURE THEORY
This appendix provides a quick outline of some fundamentals of measure

theory.

E.1. Lebesgue measure.

Lebesgue measure provides a way of describing the “size” or “volume”
of certain subsets of R".
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DEFINITION. A collection M of subsets of R™ is called a o-algebra if
(i} B, R™ € M,
(ii) A € M impliesR" — A e M,

and

(iii) if {Ag}S2, C M, then U2, Ak, N, Ax € M.

THEOREM 1 (Existence of Lebesgue measure and Lebesgue measurable
sets). There ezist a o-algebra M of subsets of R™ and a mapping

| |: M — [0, +oc]

with the following properties:

(i) Every open subset of R™, and thus every closed subset of R™, belong
to M.

(ii) If B is any ball in R™, then |B| equals the n-dimensional volume of
B.

(iil) If {Ar}32, C M and the sets {Ax}52, are pairwise disjoint, then

U
k=1

(iv) If AC B, where B€ M and |B| =0, then A € M and |A| = 0.

(1)

= Z |Ax|  (“countable additivity”).
k=1

Notation. The sets in M are called Lebesgue measurable sets and | - | is
n-dimensional Lebesgque measure. a

Remarks. (i) From (ii) and (iii), we see that |A| equals the volume of any
set A with piecewise smooth boundary.

(ii) We deduce from (1) that
(2) 0] =0,

oo
< Z |Ax| (“countable subadditivity”)
k=1

(3)

0
k=1

for any countable collection of measurable sets {Ax} ;.

Notation. If some property holds everywhere on R™, except for a mea-
surable set with Lebesgue measure zero, we say the property holds almost
everywhere, abbreviated “a.e.”. d
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E.2. Measurable functions and integration.

DEFINITION. Let f:R" — R. We say f is a measurable function if
i) em
for each open subset U C R.

Note in particular that if f is continuous, then f is measurable. The
sum and product of two measurable functions are measurable. In addition
if {fx}32, are measurable functions, then so are limsup f; and liminf f.

THEOREM 2 (Egoroft’s Theorem). Let {fi}2,, f be measurable func-
tions, and
fx—f ae onA

U Ty

where A C R™ is measurable, |A| < co. Then for each £ > 0 there ezists a
measurable subset E C A such that

(i) [A-E|l<e

and

(ii) fx — f uniformly on E.

Now if f is a nonnegative, measurable function, it is possible, by an
approximation of f with simple functions, to define the Lebesgue integral

[ ra

Cf. §E.5 below. This agrees with the usual integral if f is continuous or
Riemann integrable. If f is measurable, but is not necessarily nonnegative,
we define
fdr= ftdz — f~dz,
R~ Rr R~
provided at least one of the terms on the right hand side is finite. In this
case we say f is integrable.

DEFINITION. A measurable function f is summable if

/]Rn |fldz < co.

Remark. Note carefully our terminology: a measurable function is inte-
grable if it has an integral (which may equal +o0c or —oo) and is summable
if this integral is finite. O
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Notation. If the real-valued function f is measurable, we define the essen-
tial supremum of f to be

esssup f :=inf{u e R | |{f > u}| =0}

E.3. Convergence theorems for integrals.

The Lebesgue theory of integration is especially useful since it provides
the following powerful convergence theorems.

THEOREM 3 (Fatou’s Lemma). Assume the functions {fr}32,, f are
nonnegative and summable. Then

THEOREM 4 (Monotone Convergence Theorem). Assume the functions
{fx}32, are measurable, with

H<fh< < i< fer1 <0

Then

/ lim fidzr = lim fr dx.
Rr k—o0 k—oo JRn

THEOREM 5 (Dominated Convergence Theorem). Assume the functions
{fe}$2, are integrable and

fk — f a.e.

Suppose also
|fk| < g a.e.,

for some summable function g. Then

/nfkdxA/Rnfda:.

E.4. Differentiation.

An important fact is that a summable function is “approximately con-
tinuous” at almost every point.
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THEOREM 6 (Lebesgue’s Differentiation Theorem). Let f : R®™ — R be
locally summable.
(i) Then for a.e. point p € R,

]l fdz — f(zg) asr—0.
B

(.’EU,T‘)

(ii) In fact, for a.e. point o € R",

(4) ]' |f(x) — flzo)|dz = 0 asr— 0.
B$0T

A point zg at which (4) holds is called a Lebesgue point of f.

Remark. More generally, if f € LT (R") for some 1 < p < oo, then for a.e.
point zg € R™ we have

][ |f(z) — f(zo)Pdz -0 asr—0.
B(zg,r)

E.5. Banach space-valued functions.
We extend the notions of measurability, integrability, etc. to mappings
£f:00,7] - X

where T > 0 and X is a real Banach space, with norm

{

DEFINITIONS. (i) A function s : [0,T] — X is called simple f it has
the form

(5) s(t) = Z xE (tui (0<t<T),

where each E; is a Lebesgque measurable subset of [0,T] and u; € X (i =
1,...,m).

(ii) A function £ : [0,T] — X is strongly measurable if there exist simple
functions s : [0,T] — X such that

sp(t) = f(t) forae 0<t<T.

(iii) A function f : [0,T] — X is weakly measurable if for each u* € X*,
the mapping t — (u*,f(t)) is Lebesgue measurable.
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DEFINITION. We sayf: [0,7] — X is almost separably valued if there
erists a subset N C [0,T], with |N| = 0, such that the set {f(t) | t €
[0,T) — N} is separable.

THEOREM 7 (Pettis). The mapping f : [0, T] — X is strongly measurable
if and only if £ is weakly measurable and is almost separably valued.

~ T s sm - AW R S S SO SN
DEFINITIONS. (i) Ifs(t) =>_" | x&,(t)u; is simple, we define

m

T
(6) ‘/0 S(t) dt .= Z |Ez\'u1

i=1
(ii) We say f : [0,T] — X is summable if there exists a sequence {s;}3>,
of simple functions such that
T
(7) j Is(t) — £()|| dt — 0 as k — oc.
0

(iii) If f is summable, we define

T T
(8) fo f(t)dt = lim [ si(t)de

0 Jo

THEOREM 8 (Bochner). A strongly measurable function f : [0,T) — X
is summable if and only if t — ||£(t)|| is summable. In this case

~T »rT

) dt” I1£(2)|l dt,

<u*,/0Tf(t) dt> = /OT(u*,f(t))dt

A good book for measure theory is Folland [F2]. See Yosida [Y, Chap-
ter V, Sections 4-5] for proofs of Theorems 7, 8.

and

for each u* € X*.
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nonlinear, 511
regularity, 59, 61
unigueness, 56, 58
Helmholtz’s equation, 3, 305
Hilbert space, 636
Hille-Yosida Theorem, 418, 421, 423
hodograph transform, 197
homogeneous PDE, 2
homogenization, 218-221. 235
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Hopf’'s Lemma, 330, 333, 341, 343, 344, 519
Hopf-Cole transformation, 195
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Huygens’ principle, 80
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constant coefficients, 408—412
nonlinear, 573
symmetric, 402408
hyperbolicity, 398, 401
for symmetric system, 401
strict, 401, 573, 578, 595
uniform, 403
hyperelastic materials, 457

Implicit Function Theorem, 105, 212, 217,
465, 518, 576, 577, 585, 633
incompressibility, 472-476
inequality
Cauchy’s, 622
with €, 622

Cauchy—Schwarz, 624, 636
Gagliardo—Nirenberg—Sobolev, 10, 262-266
general Sobolev-type, 269
Gronwall’s
differential form, 624
integral form, 625
Holder’s, 622
Harnack’s, 32, 86, 333, 370
interpolation, 290
Jensen’s, 621
Minkowski’s, 249, 623
Morrey’s, 10, 266-269
Poincaré’s, 265, 275-276, 448
Young's, 622
with €, 622
initial-value problem
Burgers’ equation, 140
conservation law, 136, 144, 150, 568, 604,
606
Hamilton-Jacobi equation, 115, 124, 129,
135, 539, 542, 546, 550, 560
heat equation, 47, 188, 191
quasilinear parabolic equation, 194, 540
Schrédinger’s equation, 188
telegraph equation, 190
transport equation, 18, 85
viscous Burgers’ equation, 195
wave equation, 67, 189, 192, 208
initial /boundary-value problem
beam equation, 427
heat equation, 57, 88, 168
parabolic equation, 511
quasilinear parabolic equation, 535
reaction-diffusion system, 499

second-order h\rnnrhnhr eouation. 378
secong-orger perbolic equation, 378

second-order para.bollc equation, 350
wave equation, 69, 83
nnnnn nraoduct 838

inner pr UUuce, 5o

integral solution, 137, 148, 570, 607
integration by parts formula, 627

interior ball condition, 330, 515
Inverse Function Theorem, 106, 197, 198,
591, 592, 632

inversion through sphere, 39
irreversibility, 189, 538
irrotational fluid equations, 197

k-contact discontinuity, 588

k-rarefaction wave, 582

k-shock wave, 589

k-simple wave, 580

Kirchhoff’s formula, 73

Kolmogorov’s equation, 4
Korteweg—deVries (KdV) equation, 5, 174
Kovalevskaya’s example, 235
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Lagrange multiplier
as eigenvalue, 464
as function, 471
integral constraints, 464
pressure as, 472
Lagrangian, 116, 432, 437
duality with Hamiltonian, 122
null, 439, 441, 487, 488
Laplace transform, 191-194, 417
applications, 191-194
definition of, 191
Laplace’s equation, 3, 9, 20-43, 295
analyticity, 31
derivation, 20
Green'’s function, 33-41
Harnack’s inequality, 32
Liouville’s Theorem, 30
mean-value formulas, 25
regularity, 28, 29
Laplace’s method, 204
Lax—Milgram Theorem, 297, 299, 301, 345,
483, 644
Lax—Oleinik formula, 10, 144-162, 206
Lebesgue measure, 645
Lebesgue point, 186, 649
Lebesgue’s Differentiation Theorem, 281, 630,
648
Legendre transform, 121, 122, 561
classical, 198
Leibniz’ formula, 12, 247
linear degeneracy, 581, 587
linear operator, 637
bounded, 637
closed, 638
symmetric, 335, 639
linear PDE, 2
Liouville’s
equation, 3
Theorem, 30
Lipschitz continuity, 616
and differentiability a.e., 279
and weak partial derivatives, 279
lower semicontinuity, 523
weak, 445, 525

majorants, 227, 231
maximum principle, 10
Cauchy problem for heat equation, 57
strong, 339, 341
heat equation, 54
Laplace’s equation, 27
second-order elliptic equation, 330-333
second-order parabolic equation, 375-
377

weak

second-order elliptic equation, 327-329
second-order parabolic equation, 368-

370

Maxwell’s equations, 6, 88
Mazur’s Theorem, 449, 525, 639
mean-value formulas

heat equation, 52

Laplace’s equation, 23, 26
measurable function, 647
method of descent, 74, 79
minimal surface equation, 5, 198, 435
minimax methods, 347, 480
minimizer, 433, 438, 443
mollifier, 250, 629
momentum, generalized, 119
Monge-Ampeére equation, 5

Monotone Convergence Theorem, 447, 648

monotone vector field, 492
monotonicity, 11, 524

strict, 497
Morse Lemma, 212
Mountain Pass Theorem, 480, 485
moving plane method, 521-522
multiindices, 12, 617
Multinomial Theorem, 12, 227

N-wave, 159
Navier-Stokes equations, 6
Neumann boundary conditions, 345, 425
Newton’s law, 66, 119, 569
noncharacteristic

boundary data, 104, 106

surface, 223, 224
noncharacteristic surface, 226
nondivergénce form PDE, 294, 350
nonexistence of solutions, 511-517
nonhomogeneous problem

heat equation, 49, 51

transport equation, 19

wave equation, 81
nonlinear eigenvalue problem, 464
norm, 241, 635, 636
normal derivative, 627
normal to surface, 626
notation for estimates, 619
notation for functions, 615-619
notation for matrices, 613-614
null Lagrangian, 439, 441, 487 488

O, o notation, 619
obstacle problem, 467
Oleinik, O., 165
optimality conditions, 553
orthogonal elements, 637
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p-Laplacian, 5
p-system, 568, 606
traveling waves for, 602
Palais-Smale condition, 477, 478, 480, 484
parabolic
boundary, 52
cylinder, 51
parabolic approximation, 204
parabolicity, 350
partial differential equation
definition of, 1
partition of unity, 251, 253, 256, 260, 290
penalty method, 537
Perron-Frobenius Theorem, 334
phase, 207
phase plane, 176
Plancherel’s Theorem, 183
plane wave, 172, 401
Poisson’s equation, 20, 23, 295
nonlinear, 5, 435
Poisson’s formula
ball, 41, 86
half-space, 37, 87
wave equation, 74, 80
Poisson’s kernel
ball, 41
half-space, 37
polar coordinates, 628
polyconvexity, 456
porous medium equation, 5, 170, 180
Barenblatt’s solution of, 182
potentials, 196, 198
projected characteristics, 98
propagation speed, 182
finite, 78, 84, 163, 394-397
infinite, 49, 375
proper function, 523

quasilinear PDE, 2

Rademacher’s Theorem, 128, 281
radial solution, 22
Rankine-Hugoniot condition, 140, 141, 144,
572
rarefaction curve, 580
rarefaction wave, 141, 582
Rayleigh's formula, 336
reaction-diffusion equation, 511
bistable, 175
scalar, 5
system, 6, 499
reflection, 69, 255, 521
reflexive space, 638
regularity, 8
heat equation, 59, 61
Laplace’s equation, 28, 29
minimizers, 458-462

second-order elliptic equation, 308-326
second-order hyperbolic equation, 387-393
second-order parabolic equation, 358-367
Rellich-Kondrachov Compactness Theorem,
272
resolvent, 191
identity, 417
nonlinear, 526
resolvent set, 417, 638
response of system to controls, 551
retarded potential, 82
Riemann invariants, 593-599
blow-up, 597
Riemann’s problem, 12, 154-157, 579-592
local solution of, 530
Riesz Representation Theorem, 284, 298, 299

scalar conservation law, 570
Schauder estimates, 462
Schrédinger’s equation, 4, 173, 234
second variation, 436, 488
second-order elliptic equation, 10, 293-347
bilinear form for, 296
boundedness of inverse, 306
eigenvalues and eigenfunctions, 334-344
existence theorems, 301-306
Harnack’s inequality, 333
maximum principles, 326-333
regularity, 308--326
boundary, 316-326
second-order hyperbolic equation, 11, 377-
400, 402
as semigroup, 423
finite propagation speed, 394-397
in two variables, 397-400
canonical forms, 399
regularity, 387-393
weak solution of, 380-387
second-order parabolic equation, 11, 349-
377
as semigroup, 421
Harnack’s inequality, 370-374
maximum principles, 367-377
regularity, 358-367
weak solution of, 351-358
semiconcavity, 130, 131
semigroup, 191
linear, 11, 412-424
nonlinear, 11, 523, 528-536
semilinear PDE, 2
separable space, 636
separation of variables, 167-171
shallow water equations, 570, 611
shock set, 583
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shock wave, 8, 140, 143, 573, 583, 589, 599,
600, 604
nonphysical, 141, 589
signature of matrix, 210
similarity solutions, 45, 172-182
simple function, 649
simple waves, 579
singular integral, 95
singular perturbation, 199
Sobolev inequalities, 261-271
Sobolev space, 10, 241-292
approximation by smooth functions, 250
254
compactness, 271-274
completeness of, 249
convergence in, 245
definition of, 244
differentiability a.e., 280
extensions, 254-257
fractional, 283
norm, 245
traces, 257-261
soliton, 175
solution
classical, 7
weak, 8, 508, 542
sound speed, 579, 595
spectrum, 305, 638
compact operator, 643
compact, symmetric operator, 644
complex, 340
point, 638
spherical means, 67, 70
star-shaped
level sets, 517
set, 514, 515
state of system, 551
state space, 568
stationary phase, 208-217
Stokes’ problem, 472
strain, stress, 578
strict hyperbolicity, 573
strongly measurable function, 649
subdifferential, 523
subscripts, superscripts, 438, 619
subsolution, 88, 327, 346, 508, 537
summable function, 647
supersolution, 327, 508, 537
system
analytic PDE, 228
conservation laws, 567-606
constant coefficient, hyperbolic, 408-412
Euler’s equations, 196
Euler-Lagrange, 437-441, 453-457
irrotational flow, 197

ODE, 176
reaction-diffusion, 499
semilinear hyperbolic, 573
system of partial differential equations, 2

Taylor’s formula, 13, 31, 32, 226

telegraph equation, 4, 190, 426

terminal-value problem
Hamilton—Jacobi equation, 557
heat equation, 63
transport equation, 152

test function, 242

traces, 257-261, 291

transport equation, 3, 9, 18-19, 67

traveling wave, 172, 174, 176, 234
conservation law, 573, 600-602

uniqueness
backwards in time, 63
Cauchy problem for heat equation, 58
conservation law, 151, 607
Hamilton-Jacobi equation, 132-135
heat equation, 62
in calculus of variations, 449
Poisson’s equation, 27
quasilinear elliptic equation, 497
viscosity solution, 547

value function, 552
vanishing viscosity method, 204, 205, 540,
543, 605
variational formulation, 296
variational inequality, 467-470, 489, 537
version of a function, 269
viscosity solution, 539-565
definition of, 542
existence, 550
uniqueness, 546, 547

wave
N-, 159
plane, 172, 401
rarefaction, 141, 582
shock, 143, 573, 583, 589, 599, 600, 604
simple, 579
traveling, 172, 174, 176, 234, 573, 600-602
wave equation, 4, 9, 65-85, 173
d’Alembert’s formula, 68
derivation, 66
dimension
even, 7880
odd, 74-78
one, 19, 67-69, 75
three, 71-73
two, 73-74
equipartition of energy, 88
generalized, 4
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wave equation (continued)
Kirchhoff’s formula, 73
method of descent, 74, 79
nonhomogeneous, 65
nonlinear, 5, 569, 578
Poisson’s formula, 74
wave speeds, 172, 401
weak continuity of determinants, 454
weak convergence, 444, 495, 540, 639
weak partial derivative, 242-254
definition of, 242
examples of, 243-244, 246-247
properties of, 247-248
uniqueness of, 243
weak solution
conservation law, 150-154, 570, 607
Euler-Lagrange equation, 450
first-order hyperbolic system, 401, 403
Hamilton—Jacobi equation, 126-136
second-order elliptic equation, 295-307
second-order hyperbolic equation, 378-387
second-order parabolic equation, 351-358
transport equation, 19
weakly measurable function, 649
well-posed problem, 7, 234

Yosida approximation, 526, 530



