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ABSTRACT. The approximation properties of an irrational number £ can be described by the
set A(E) which consits of all the accumulation points of {x: x=q(q&-p), pe¢ Z, qe Z~10},
p and q relatively prime}. First results about A(£) were obtained by Lekkerkerker who
showed that A(£) is discrete and 0% A(E) if and only if & is a quadratic irrational.
Moreover, he proved that to any compact interval I not containing zero there exists a
number & for which O¢A(E) and I is contained in A(E). In this paper we show that to any
given interval I there exists an irrational & such that A(E) intersected with I is
countable. In addition, we give exact conditions on the continued fraction expansion

of £ for A(E)' to be discrete and OéA(E) 4
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INTRODUCTION

Throughout this paper, £ denotes an irrational number which is represented by the
regular continued fraction [bo’bl’bz’ ] . As usual, we write An/Bn for the n-th
convergent. Moreover, for any set A, we denote by A' and A the set of all real accu-
mulation points of A and the closure of A, respectively, and put |A|={z: z=|a], aEA}-.
The set A is called the derived set of A. Furthermore, for any sequence (an) we write
H(an) for the set of all its real limit points. Moreover, for any £>0 and x¢ R we use
the abbreviation B(x,e):= (x-g,x+g).

A well known theorem of Dirichlet says that there are infinitely many pairs (p,q) £

Z x (ZMO}) such that |q(q&-p)|<l. In order to study the approximation of £ by rational
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numbers, it is therefore natural to introduce the set A(E):={z: z=q(q€-p), p¢ Z,
q¢ZN0}, p and q relatively prime}'. Obiously, x¢ A(E) if and only if for every £>0
there exist infinitely many pairs (p,q)€ Z x (Z™{0}) such that p and q are relatively
prime and (x~€)q_2 < E—pq_1 < (x+e)q_2. Therefore, A(£) is called the approximation set
of £, and if Oef A(E) then the number £ is called badly approximabile. A similar approach
was done by Lekkerkerker [7] who investigated the set D(E) which is the same as A(f),
except that p and q are not required to be relatively prime.
A first result concerning A(f) which is essentially due to Lekkerkerker [7] provides
a characrerization of quadratic irrationals (cf. [1I]):
The set A() is discrete and does not contain zero if and only if £ is a quadratic
irrational.
Moreover, Lekkerkerker proved that to any compact interval I not containing 0 there is
a number £ such that Oé_D(E) and I is contained in D(&), a result which can easily he
extended to A(E). This suggests to ask if there are numbers & such that A(E) is neither
discrete nor contains an interval. In this paper we prove the existence of such
numbers. Even more, we characterize all those numbers & for which A(L)' is discrete
and 04 A(%5). It turns out that their regular continued fraction must belong to some
subset of the class of Maillet's quasiperiodic continued fractions [8] which we call the
class of pseudoperiodic continued fractions (cf. Definition 2).
The proof of this result depends essentially on the relation between A(£) and the
sequence (En) which is implicitely defined by €=[B0,b1,...,bn_1,£n]. In fact, it turns
out that A(Z)' is discrete and 04 A(£) if and only if H(En)' is finite and (En) is bounded.
This new problem is much easier to handle because (En) can be generated by a nice iteration
function T (ecf. Definition 1), whereas it seems to be rather difficult to treat A(E)
directly. The link between A(Z) and H(En) is provided by the sequence 6n=Bn|BnE—An[ which
describes the approximation properties of the convergents of &£. In [10] and [11], one of the
authors used this method in. order to give a short proof of Lekkerkerker's theorem and to

solve related problems in diophantine approximation.



1. PRELIMINARIES
First, we state some well known formulas for continued fractions (e.g. see [§], 8]

which hold for all ae N:
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The following result which is essentially due to Jurkat and Peyerimhoff [5] shows that
the sequence (tSn) is basic for evaluating |A(€) l -
Lemma 1. Suppose g is represented by a continued fraction whose partial quotients arve
bounded by some number k. Let Z:={(a,b): a, be Z, a and b relatively prime} ad for any
e>0 put r'l=r1(c)= g+e and r2=r2(c,k)=(k+l)c +1. Furthermore, let fu,v(m_,y) =

ua® + V1~ duw @ - v’ and B=H((8,,8, _,)). Then we have

KN
laceinco,e) = | U ol viZﬂ(Bm,ri)me,rZ))) |n (0,e) . (10)
(usv)¢g ™
! i B
lacesl=| 1 7 . (11)

{u,v)eg ™



The following result is essentially due to Lekkerkerker Bﬂ .

Lemma 2. Suppose the assumptions of Lemma 1 heold and let g, v(:x:,y) = (u:c2 + (uv-1)ay - 1)92)
-1 e
“(wol) T and H=H((E .0 )). Then

ace)nco,e) = | U g (£n (BCo,2 ) x B0, )))lnm,a) (12)
= YU, U 7 2 J
(U, D)EH
acel=1 U_g, @I (13)
(u,v)eg ™
Next we introduce the T-function which generates the sequence (En). For this we need

the function I(z) which stands for the greatest integer not exceeding z.

I

Definition 1. Let t : R\E =»&; (2} = (2 - I(z))"*.

In the following figure the graph of the T-function is shown
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FIGg. 1

The t—-function has the following properties:



(t) Epp = T(E) for all neW .

(Tz) T is continuously differentiable on R\EZ.

(T3) T is strictly decreasing on every connected subset of R \Z.
(14) ILf H(En) is a compact subset of R“Z then T(H(En))c H(En) and

T 1
T(H(E ) ") CH(E ).
(15) To every compact subset K of R\Z there exist numbers o= a(K)>1

and 8=B(K) such that as|t'(x)|sB for all xeXK.

We restrict ourselves to the proof of <T4)' If x¢ H(En) then there exists a sequence (ni)

such that En converges to x. Now by (Tl) and (12) the sequence En +1=T(En ) converges to
i i i

t(x) and therefore T(x) belougs to H(En). The second part of (14) follows by a similar

argument combined with (13).

When using the t-function a short proof of the following theoremof Ballieu (2] can
be given:

The set H(En) ts finite and (En) is bounded if and only if & is represented by a
pertodic continued fraction.

Actually, in the next lemma we shall show even more, and the proof is a very special case

of our procedure in the next section.

Lemma 3. Suppose tl, t2,.. st € INZ  ave isolated limit points of the sequence (gn) such
that r(tv)=tv+1 jor 1svem-1 and r(tm)--tl. Then £ is represented by a periodic continued
fraction,

Proof. Choose a number £>0 such that Ef?;?gfﬂ H(En)={tv} and ETE;?ETc:BAZ. By (Tz) there

is a number §, 0<8<e, such that T(B(tv,ﬁ))c;B(T(tu),s). Furthermore, our procedure provides

m
a number o with En é E:{CB(tv’E)\ B(tv,é)) for all n> 0" On the other hand there must
be a n,2n ith € B(t,,8). i il it i
 7n, wi Enl ( 1 ). Now by induction it is easy to see that Enl+vm+k.£B(tk’6)'
for all VEMWN_ and all ke {l,...,m}. From this we conclude that the sequence (T(E )
n

. ‘ 1
is periodic and the proof is finished.



2. A NECESSARY CONDITION FOR A(z)' TO BE DISCRETE AND 04 A(g)
In this section we assume that A(§)' is discrete and 0€ A(E) and look for the kind of

structure of the continued fraction of £ involved by these conditions. Our first result is
Lemma 4. Suppose that A(E)' is discrete and 04 A(E). Then H( £,/ ' is finite and ( £) is

bounded.

Proof. Note first that An and Bn are reiatively prime and that the numbers 6k are
distinct. Therefore and because of (8), H((Sn) is a compact subset of |A(€)| s which
implies that H(Gn)' is finite and 0 Ef:H(Gn).
Consider now any x E.H(En). By definition of H(En) there must exist a sequence (ni) such
that En.-i-l converges to x. With the notations F(x,y):=(2x)-l(1-!f1—T:qr‘) and

i

A 1=(5 ,8 ) we obtain from (6) that £ = F(A ) for all i¢N. Since (A ) is
n n’ n-l n, n

i
bounded, we can assume without loss of generality that (An ) converges to some AG.H(An).
i

n. +1
i

But then

x = lim & = 1im F(A ) = F(A) .
oo T se By

Using the same technique, one can show that for each yéH(En)‘ there is some T ¢ H(An)'
such that y = F(I'). Therefore, in order to finish the proof it is enough to show that
H(An)’ is finite.

For this we observe that in any case H(An)' c (H(c?ﬂ)>< H(Gn) ') u (H(Gn) ' x Hfﬁn))- If

H(An) Y H(Gn)'xl{(én)' then we are obvieusly finished. In the other case, consider any
@eH(An)’ N (H(Sn) Ty H(&n) '>. Thgre is a sequence of pairwise distinct elements I‘meH(An)
which converges to 9. Since 8 é H(Gn)'x H(Sn)' and H(An)c H(Gn)x H(Sn), we can assume
without loss of generality that either the fist or the second projection of the vectors Fm
is constant in m. Now 04 A(%) which implies that the partial quotients of the continued
fraction of £ are bounded. Let fu,v(x,y) be as in Lemma 1. Because of (4) and (8) we have
c <3 €1 for some positive constant ¢ and hence, there must exist a <y such that

n

ffr (l,l)l <c0 for all me M. By (10) we get
m

£p (LDela@]n 0,c)  for all mem.
m



Now observe that

2 5 2 )
3 fu v(l’l) = ___ﬁﬂ_.a/ diid il £ v(l’l) = __éxﬂ__%/
ave ? (1-4uv) 2 ju? 2 (1-4uv) 2

which shows that fu,v(l,l) is concave in each of the variables u and v. Thereforg, and
Vsince exactly one of the projections of Fm is constant, we conclude that the sequence
(fr (1,1)) contains infinitely many distinct elements and hence |fe(1,1)|e|A(Ef|ﬂ (O,co).
SupEﬁse H(An)' would be infinite. Then there would exist a sequence (Gm) of distinet
elements all lying in H(An)' \ ﬁi(dn)'x H(dn)'J and without loss of generality exactly
one of the projections of Gm is comstant in m. By the same argument as before, the sequence
(fGJ (1,1)) would contain infinitely many distinct elements. On the other side, we just

- ,

brove& that ’fe (l,l)l EIA(E)‘I(\(O,COJ for all me . Thus we get a contradiction to the
m

hypothesis that |A(E)'|f\(0,co) is finite. This finishes the proof of Lemma 3.

For the rest of this section, we assume that H(En)' is finite, the sequence (En) is
bounded,and describe how these conditions affect the continued fraction of £. The sequence
(En) is basic in this context, since it completely determines the partial denominators of
the continued fraction of Z£.

The hypo#hesis that (En) is bounded is equivalent to the existence of a number k¢/N such
that bn= I(En) sk for all nelN. It is well known (cf.ktHJ )} that

{x: x=[éo,al,a2...], fan|sk for all n&INO} is a compact subset of R\Z. Therefore, the
same holds for H(En), which allows us to apply (Té) and (15) with K=H(£n).

Our next purpose is to describe the elements of H(En) and H(En)'.

Lemma 5. 4dssume that H(En)’ is a finite, nonempty set and the sequence (En) 8 bounded.
Then
a) Each element of H( En) s a quadratic irrational.
b) To each :c€H(£n) there exists a p=p(m)l—:/ﬂ;’0 such that T(p} (x) € H(En) " and
T(v)(m)é H(En)' for 0O< v <p-1.

e) We have F;mQLH(En) for all medm.
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Proof. a) GConsider any x=|h0,al,a2,..3 € H(En) and define xm=[ém,am+1,...] . Clearly, '
xk& H(En) for all k¢ N and the sequence (Xk) is bounded. If two elements of (Xk) coincide
then the assertion follows immediately by Lagrange's theorem. In the other case we must
have H(xk)(:H(En)'. Hence, H(Xk) is finite and the result follows by Ballieu's theorem.
b) We just proved that the sequence (xk) varies only on a finite set T and therefore we
have T(T)CT and T CH(En). If Tf}H(En)‘ would be empty then T consists of isolated
points of H(En). Without loss of gemerality we can assume that T satisfies the hypotheses
of Lemma 3 and hence. the. continued: fraction. of. £ would be periodic. But this contradicts
our assumption that H(En)' is nonempty.

c) This is an easy consequence of part a) and the hypothesis that H(En)' is nonempty.

Now we proceed in the following way to investigate (gn): we start with some number &y
o

which is very close to an element X € H(gn)\ H(gn)'. It follows from the properties of the

o
r—-function that gno+1 = r(gno) is very close to T(Xvo)e H(gn), and hence bn0+l = I(gno+l)
= I(T(xv )). This process is repeated so often, say A times,such that the equality
5 .
¢S
1g, y = T G, )
holds for all k€ {0,...,A=1} but not for k=). Clearly, ) depends on the size of ]gn - x .
v
o o
After this, we look for some other element xv 3 H(gn) which is very close to En , where
1 1

n,= n°+A. Now the whole procedure repeats over and over again and two sequences (ni) and
(vi) will be defined this way. We shall show that (x ) attains only finitely many values,
Vs
i

and these values completely determine the structure of the continued fraction of £. In

order to do so we have to transform our intuitive notions, such as "very close" into precise

mathematical terms.

i) Let H(En)' = {yl,yz,...,yk}. Choose £>0 such that the sets B(yv,a) are pairwise
disjoint and B(yv,s)f\z = @ , lev<k. Moreover, we can achieve that no element of H(En)
lies on the boundary of one of the sets ET;;?ES. Next, according to (TZ) and (TQ) we

can find a § with 0<6<c and T(B(y,,8)) CB(T(y),e) for all v e{l,...k}.



k
ii) Define T = H(En)\ \u[B(yu,6). Similar to the proof of Lemma 5 b) we find that T is
v=1
nonempty. Furthermore, our construction makes it necessary that T is a finite set, say

T = {tl,tz,...,tm}. Now put S = {x: xxr(v) (tu)’ lsugm, 0O<vg p(tu)—l}, which is a finite

set, say S\T = {t .

m'i'l’.“’tm'fr
iii) Since SfWH(En)' = @ , there is a positive number € such that for léjém+r. we
X = N = i
have B(tj,eo)(\H(En) {tj} . B(tj,Eo) Z = ¢ and either B(tj,EO)C.V or
X
B(tj,zo) NV = @, where V = U B(y,,9). When choosing £, smaller, if necessary, we can
v=1
also require that the sets B(tj,eo) are pairwise disjoint. Now we can find a 60 with

0<c50<«30 and I(B(tj,ﬁo)) Id B(T(tj) ,EO).

iv) Finally, we abbreviate

B(Yv):= B(yv,s) and B(yv):= B'(yv,ﬁ) for l<vxk,
B{(t.):= B(t,,¢e and B £,):= B(t.,S for l<j<mtr,
(£):= B(Ege) ()= B(ty,38.) ]
mtr . mr ey k
U:= l.:j B(tj) , Uz= U B(tj) and V:= UB(y\))
_].—l J-l v=1

1R ts Yy "3 Y2 %5
b Nl Lo 1 h| N T W Lo~
LTI IR A & N e ¥ J A LI FO |
y— S et ——t gt [ S——
B(L‘.l) B(tz) B(tl;) B(t3) B(tS)

B(y,) Blyp
FIG, 2

We use this notation in the following lemma.

Lemma 6. If ( gn) 18 bounded and H( £,/ ' 25 nonempty and finite then there are sequences
(n;Js (v.) with

) v € {21,8,....m} for 1€ WO,

i) g, €B(t ) forieW,,

1 T
iii) £ . ¢ (¥

n +q (tu;,)} for all g satisfying 0<g< ne 1M
. _ (q} e
iv) I(E”iﬂl-) =I(t (tvi” for all q satisfying 0<g< ey
e S ; = = ®
v) G ;*ni, z~ﬂvo, and %zm m’i-l—l ni) .

A ]
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Prcof. We shall introduce the sequences (ni), (vi) by induction.
Qur construction ensures the existence of a number no sﬁch that Eng Vol for all n‘;no.

When choosing o bigger, if necessary, we can also require that &:n € 'ﬁl(t\) )} for some

0 o
VOE 1,...,m}.

Suppose now that we have already found 0,V with En £ B(t\) ) and v, € {1,...,m}. Put
; i 7
ni+1=l+ max{n: T(P)(En )EB(T(p)(t\J Y, OSPSn—ni}. This maximum exists, since otherwise
L - i

we get a contradiction to our hypothesis that H(En)' is nonempty. Hence,n is well

i+l
; . ("i417
defined and our construction ensures that £ =T

n,
l)(gn } € B(x)~B(x) , where
G 25 G '

i+1 i
) : ~ ¥ : .
(tvi) . Since gniﬂ. ¢UNU , we must have x¢ H(En) . Hence Eni+1 v
and since ?;nE Vvl for all n%no there exists a unique pe¢ {1,...,m} with En +1€ %(tp) .
i

X

Now we put \)i+1= p and the sequences (ni), (\)i) are well defined. Moreover, it is clear

that these sequences satisfy i)-iv).

It remains to show that V) is fuifilled, too. There is a compact set K¢ RWZ such that
KzVuT. Thus, according to (15), there is a f>I such that |‘c'(x)|‘$8 for all x& Vv U, Now
by v) we can successively apply the mean value theorem and obtain

| 5 g = T(V)(tu_)i = Ir(")(an.) - W CHPIIRS slr(v"l)(sn_) - T(V'L)Ctv')l < Bvlsn_— £,
1 5 2 bl 1 B i il 1

for ve{0,...,n,

1+l-ni}' The right hand side of these inequalities is unequal to zero

according to Lemma 5 c), hence, for v =n

i+l-ni we get
(*i+1 )
e, -t (t )] -
n. Vv, /min{§,§ )

Hows 5 f: B Faaelog A+ - S el | 2 . X143
i+l i log(B) IEB_ - tv,i log(B) | En. - tu,l

i i i i

Recall now that the elements of T are isolated limit points, hence [En -t I converges

i i
to zero, and i) follows from (14). This finishes the proof of Lemma 6.

Remarks. 1) The proof of w) required a lower bound for myRge An upper bound can also

be obtained in quite the same way, namely

1 max(ﬁ,éo)
- L ——
Bi+l T M S Toglay 198 16, - ¢, |

i i

(15)

where o=a{K) as defined in (TS).
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2) Note that the conclusion of Lemma 6 remains valid if we replace (En) by an abitrary
iteration sequence (an) which is generated by a function f satisfying |f’(x)|>l for all
{a_: I.
X & a, ne N
We are now in the position to describe the continued fractiom of £. It feollows immediately

from iv) that the first n -0, partial quotients of the continued fraction of En and t

i+l ¢
i i
coincide. According to Lemma 5 and Lagrange's theorem, each number t, can be represented by
v y v
a periodic continued fraction, say £, = [aé ),...,a; ),si ),...,sév) , and therefore the
u v

continued fraction of § is built up by larger and larger pieces of periodic continued fractions.
This suggests the following definition.

Definition 2. The continued fraction of E is called pseudoperiodic 1f and only if there are

periodic continued fraetions £, = [&£v),...,a;u),sgv),...,siv)_] Igvem, and sequences (vi),
v v

(Ai) and some noeﬁV such that

{1,2,...,m},

1) lsvism and H(vi)

4

oo

i) A.e N and lim A.
7 fow T

00 ol 0,00, 0L 000D )]

J

i) g = s a 87 seven ERERY 2387 aeres 3eced
n, ? puo’ 1 ; kvo, ) p\)I 1 - kvl

g 1

V. V.y v V. ®

Lol 0]
V. v. =0
7 A T
—
where sgv),...,s£V) gtands for the A-fold repetition of S§U),...,s£v) .
v v
A

Remark. Clearly, every periodic continued fraction is pseudoperiodic and every pseudoperiod
continued fraction is quasiperiodic in the sense of Maillet [el.

We are now in the position to prove the main result of this section.

Lemma 7. Suppose £(g)' is discrete amit?éA(E). Then t 12 represented by a pseudoperiodic
continued fraction.

Proof. 1f A(g)'" = § then the result is trivial according to Lekkerkerker's theorem. In the

other case let (ni), (vi) and tv be as in Lemma 6. Without loss of generality we can assume that



P

H(vi) = {1,2,...,m}. Also, since the continued fraction of tv can also be written in the

(v) (v vy () (v) _(v)
= [ao ""’apv+r’sr+l’sr+2’"'Skv »Sy

. A _ oo -
generality if we assume that I Cépﬂ )(tvt)) = skv all iEfNO, where Ai' 0Ly

{

,...,siU)J, 0<r<k,, there is no loss in

form ¢t
v

Now the result follows immediately by Lemma 6.

3. THE CONVERSE OF LEMMA 7

In this section we consider an arbitrary irrational & which is represented by a

pseudoperiodic continued fraction and evaluate A(E). It turns out that A(Z)' is discrete

and 0 %A(E) which is the converse of Lemma 7.

First, we shall show that 0 £A(Z). From the fact that the partial quotients of any pseudoperiodic
continued fraction are bounded we deduce by (7) that OtﬁH(ﬁn). Furthermore, it is well known
(e.g. cf. [2] ) that the inequality |q£—p| < |BnE-Ah| for (p,q) EZxN implies q>Bn. From

this it follows that min |A(£)| = min H(Gn) and hence 0O éA{E).

The fact that the partial quotients of any pseudoperiodic continued fraction are bounded

is also important for the proof that A(E)}' is discrete. Indeed, A(E) can be evaluated

explicitely by means of Lemma 2. But this makes it necessary to investigate the sequence

(@n) defined by ©_:=(

- §n+l’pn)' For this, we need the following lemma.

Lemma 8. Let Fn denote the n-th Fibonacel number and suppose & = [ao,az,...,an,an+1,an+2,..J

r -2
and y = Lao,al,...,aﬂ,aé+l,a£+2,...]. Then |z-y| < F_°.

n
A
Prcof. The special properties of x and y imply that they have the n-th convergent EE in
n
common. Therefore, it follows from (2) that
Ah An Ah An -2
|x=y| = |(x~ g;) = = g—)l < max{|x- g;l, |y E—l} <B " .

Now Bn = Bn(x) is smallest if we put x =[T], but in this case (Bn) satisfies the recursive

= = = = 'l 1 3
formula Bn Bn—l + Bn-2 , n2l, and B_l 0 and BO 1, which is a generating system for the

Fibonacci numbers. This finishes the proof of Lemma 8.
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Suppose that the continued fraction of £ is pseudoperiocdic, say

: : v, v
£ = [acul),..,a(vl),s( 15,_.’5( i3]'w . For 1l a, B8 ém,ilemo and suitable r define
no 0 p\)i 1 % .
i
(d B _ (@) gl (cx) (a) (o) (o:) (a) (a) _(B) 8y _(B) (8
]’.',)\. = ([Sr 3 &R k ’ l 3ee3yS J[r__ll": as-',sl_ ’asz'-’aO skBr"ysl ])
(u B) ._ (B) (B) (S) (B) (G) (a) (G) (ﬂ) (B) (B _(B) (B)
YA = ([;r seeaS) 5S] sesS Tadg ,..,ap S| seesS ] [ 1""51 38 s es8y ])
B A B s 8
xia) = ([sia),..,séa), ia) - (a)] [-iai,..,s§u),séz),..,sgd)])
o
(a,8) ._ (o) (G) (Ot) (a) (Ot) (B) (B)
Ur AN ([ar, )":apd » 1 y*+5S ] [ 1:°', o kB r"ssl .])

We use this notation in the next lemma the proof of which is not difficult but rather tedious.

Lemma 9. Suppose that the continued fraction of § is pseudoperiodic but not pertodic and

define T = H(vf’“i-lj' Then
al H(@)={3:{DL’B) : (a,B) €T, Igsrg k Aeﬂl’}u{ (G’B) {a,B)e T, Isr< k., AWV}
¥ I’,)& . » 3 RSN a’ y £ 3 = BJ o
u {x;a) : Isasm, Isrsk }u{u(a’ 8) {a,B) € T, 0<rg pa},

b} H{(g )= {:cm) : Isasm, Isrs k1,
n r a
c) The set H(E J! 1s finite and (En) 13 bounded.

Proof i = = u.+ + A Fls
Prcof. a) We define a sequence (ui) by uo n and Hipp My qvi Aikvi 1. Roughly
speaking, (ui) indicates the boundaries of two adjacent blocks of the continued fraction

of ¥. Furthermore, if (a,B) & T, there is a sequence (qi) such that (uq ,uq —l) = (0,B)
i

for all i« mo and 1lim qi = «», Now by Lemma 8 we get

i
. (@,8) — .
iii qu.+r u’ , 0sr<g Py
)
3 - J(a,B) ;
1_13 eu +1ka+po;+r = xr,)\ , l<rs ka, Aemo )
e
. - (CL,B)
lim § = lses k., A&Y
orco pq.—(k+l)k3+r—l T, A ! g
i
Moreover,if (v ) is any sequence with lim v = lim (A - v ) = o, then
2 v 1 gme 4 Yy
Lim 8 o 4y 4 T x](:“) . lses k.
i Llq_i 9y a Ta

From this we can see that the union of the sets on the right hand side of the equation in a) is
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contained in H(On). But the other inclusion holds as well, since a subsequence of any

convergent sequence (95 ) with lim Si = = must satisfy one of the four cases considered
i 1o
above.

49

b) The hypothesis that £ is nonperiodic ensures that for any Xq

RN
q r

there exist (a,B) €T

(a,B)
{Xr,)x

s o)
infinitely many distinct elements. Now we observe that {xi

and r¢ {1""’ka} gsuch that and the set = kémo} consists of

P = {x(u’ﬁ) : AEWN }'  and
T,A o

the assertion in b) is proved.

¢} This is an easy consequence of b) and the fact that the partial quotients of pseudo-

periodic continued fractions are bounded.

Remarks. 1) Suppose that the continued fraction of & is pseudoperiodic but not periodic.

Then it.follows from Lemma 9 that for any (u,v) &€ H({f } the numbers u and v are

n+l’pn)

quadratic irrationals. With the notation as in Lemma 1 and Lemma 2 we obtain that g, VGE)
3

is a set of algebraic numbers of an even degree not exceeding four. According to (13) the

same holds for A(gZ). Although the degree 4 is attained in most cases, examples like

g e cnslalt]

®  show that this need not always be the case.
A=1

N Y,

2) 1If E is represented by a pseudoperiodic continued fraction which is not periocdic then

with the notation as in Definition 2 we have that A(E) depends only on the numbers t "

127" g
and the set H((vi,vi_l)). In particular, A(£) does not depend on the sequence (Ki) and the
detailed properties of the sequence (Ui,vi_l). Now by changing the sequence (Ki) we see
that there are uncountably many irrational numbers n such that A(E) = A(n). In particular,
we have that min |A(E)|= min |A(n)| for uncountably many irrational numbers n, a result
which is interesting for the investigation of the Lagrange spectrum L = {z: z=min|A(£)‘,

£e R~ @} (ef. for example.Bﬂaﬂij).

3) Let £ satisfy the hypothesis of Lemma 9 and let tv be as in Definition 2. Define

tV n = T(n)(tv) s lgvgm, né WO, then it follows from Lemma 9 b) that
3
m
|
ag)' = Ulﬁ(tv,n) , (16)
V=

i.e. H(gn)' depends only on the numbers £,
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Next we prove the converse of Lemma /7.

Lemma 10. Suppose & ig represented by a pseudoperiodic continued fraction. Then A(E)' i3
discrete and 04 A(E).

Proof. In the beginning of this section we already proved that 04 A(Z), Hence, it just
remains to show that A(E)' is discrete. If the continued fraction of £ is periodic then this
is tivially true. In the other case Lemma 2 gives us for all >0

la@' a0 ¢ U, lg, (& N(BO,r)xB(0,z,))[N(0,e) . (an
(w,v)e® ™

But according to Lemma 9b, [ = H(E

n+1’pn)' is finite and the proof is fimished.

4. THE MAIN RESULTS
Now we are in the position to state the main results of this paper. We start with a
generalization of Ballieu's theorem which follows immediately from Lemma 9¢ and the results
of in the second section.
Theorem 1. 7he set H(En)‘ ts finite and (§ ) is bounded if and only if £ is represented by
a psaudoperiodic continued fraction.
When combining lemma 7 and Lemma 10 we obtain the most important theorem in this paper.
Theorem 2. The set A(E)' is discrete and 04 A(E) if and only if & is vepresented by a
peeudoperiodic continued fraction.
Remark. By Lekkerkerker's theorem it is obvious that A(E)' is a nonempty and discrete set
if and only if £ is represented by a nonperiodic pseudoperiodic continued fraction.
Formula (6) and Theorem 2 also imply the following extension of a theorem of Jurkat and
Peyerimhoff [5]:
Corollary 1. The set H(Gn) ' L8 discrete and Oéﬂ(én) if and only if the continued fraction
of & 18 pseudoperiodic.
In (5], for any irrational number £ the sequence (nfn&)]) is considered, where
ixil = min{|x-k| : k€ Z} and n ranges over N. The following result is proved in this paper.
The set H(nlngll) is discrete and does wnot contain zero if and only if & 18 represented

by a periodic continued fraction.
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Now an easy reflection shows that H{(nln&ll) = |A(E)|. This and Theorem 2 give us the following
result.
Corollary 2. The set H(n|n&l)’ is discrete and 0 ¢ H(nlng]) if and only if & is represented

by a pseudoperiodic continued fraction.

Next, we want to get more information about |A(EY . S0 far, we only know a set which contains

|A(E)'| but we have no way of how to compute |A(E)"|. Our next theorem fills this gap and

gives complete answer about |A(E)'[(compare (1§) for an analogous result on H(En)').

-

Theorem 3. Suppose & is represented by a nomperiodic pseudoperiodic continued fraction.

Let t(p), 1susm be as in Definition 2. Then
m
lace) ] =\ J |acs™)) . (18)
=1
Proof. We use the notation of Lemma 9. It follows from (13) that
K
2™y =\ lg @] (19)
o ()
r=] x

for all w€{l,...,m}. This together with (17) implies
m
lagy | ¢ \UJae™y] .

H=1
" (1
In order to prove the other inclusion consider any z € \vj [A(t |. Now z=,gxm](a,b)] for
. u=1 7
some x;“)e H(Bn)' and (a,b) ¢ Z. Now there exist (o,R)¢ H(pi’uiul) and rél{l,..-,&u}
such that X;U)# XS:) and the set {xéaés) - selNO} is infinite,
i (o, B) -
Since xr,s £ H(Bn) the numbers zS.—|g#¥£2 (a,b)l belong to [A(E)| for all sElNO.
Moreover, the sequence (zs) converges to z because xgu) = xfx) = lim xia;B). The only

g
thing that remains to show is that the sequence (zs) assumes infinitely many wvalues.

B)

; : . Q .
Observe that the first projection of the vectors x( ; » SE mo, is constant. Therefore,

>

the second projection must assume infinitely many values and z E[A(E)'!. This completes

the proof of Theorem 3.

Remarks, 1) Now the question arises if the equation (18) is still valid when replacing
[A(E)'{ and |A(t(u))| by A(E)' and A(t(n%, respectively. We shall construct a counter-
example which shows that this is not true. For this we need the following well known theorem
of Légendre [6]: Suppose y€ RN\ Q then each irreducible fraction p/q with |q(qy—p)| < %

is a convergent of the continued fraction of y.
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If we put An(y) = Bn(Bny—Ah) (in this case An/Bn denotes the n-th convergent of vy),
We obtain for every c¢ E(O,%]
A(y) N (=c,c) = H(Au(y)) N{-c,c] (20)
A(y) ' m(-c,c) = H(An(y))' Nle,c] . (21)
Furthermore, by (9) we get An(y)=(—l)n5n(y) .

Let E == [131:53.1 ] i=1 = [1’135:1)1)115313531,1’1’531)5;155,131,1,531,---J . Then g is
—l—
(1) -

= El,l,-S—,_I] . Define a;= (C_‘S_P,_l] +[l=i—gj)-1

and [T‘“]+ [B“I] . Now by (1) and (%) we have H(én(t)) ={a1,a2}, H(An(t))z{—al,az}

pseudoperiodic and we can choose m=1 and t=t

and H(An(E))' ={_a1,—a2§ . Clearly a{g'- and az>-§ . Hence by (20), (21) we get

A{E) N (—%,%) = {al} and A(()'N (-— ) {- } and the disproof is finished.
2) There is a companion of the equation (16). In fact, with the notation
6n(y) = Bn(y)anCy)y -An(y)], it is not hard to see from (1) and (4) that
m
G0
oo \
B8 (8" = \J B (™), (22)

p=1
provided that & satisfies the hypothesis of Theorem 3.

3) For any open interval ICR there exists a number & such that A{E)\ I is countably
infinite. For the proof of this we use the function g which is defined in Lemma 2. Clearly,

there exists a k€N such that IC (~k,k). Now we can find an irrational number u, u>1l, such

that
(u®-1)k (k+1) - {2k+L)u
(u2+l)

hw) := g u(k,kﬂ) = € I.

Suppose that u= [ao,al,az,...] then, since the function h is continuous, there exists a

< EN Suc:h- tllat tIle Ilulnber ; [a ] Fx:} Ia a- Ix:3 rererd ] SatleleS tlle relathIl
1} ( E) E I - IIO“ f}: om (l) we can see tllat 111[1 (g Jpz } J (E I g) - Ih-er Eforel wWe lla Ve

that (§,8) ¢ H((E ,an)) and from Lemma 2 it follows that |h(E)] e |A(E)|. Hence, we have

h(%) e a) UA(—&) , and since h(Eye1 , We can assume without loss of generality that

I{\A(E) + @ . Now choose bEN such that bé{ {ao,..r.,a\)} and put &= [b'?O""’av]f_av'_"'ag}

then our conclusion follows from Theorem 3.
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The assertions of Theorems 2 and 3 become plausible by the following point of view:

Recall that two numbers @ and 8 are equivalent if and only if their continued fractions
can be written in the forms o = [go,...,ak,co,cl,...] and B = {}0’°"’bj’co’cl""] ¢
Obviously, Lemma ! implies that [A(a)[=!A(B)I if o and B are equivalent. Suppose that the
continued fraction of £ is pseudoperiodic but not periodic. The sequence (En) gets over
and over again arbitrarily close teo some numbers 1 which are equivalent to the numbers

(W)

t » 1€uém, and these are the only numbers which are approximated in this way. Thus,
5

roughly speaking, & is almost equivalent to each of the numbers t s but to no number

of another equivalence class. Therefore, the approximation properties of & are mainly

determined by the approximation properties of the numbers t(u). Moreover, the infinitely

Moreover, the infinitely many elements of A(f) in each neighborhood of any element of

" (u)) (1) (V)

A( are due to the slow transition of from the influence of t to that of t 5

where (p,v)ElH((ﬂiaBi_l))

The fact that £ can be very well approximated by quadratic irrationals together with
additional growth conditions on (Ai) implies that £ is transcendental. Investigations like
this were done for numbers whose continued fractions belong to the larger class of
quasiperiodic continued fractions. Results were obtained by Maillet [8| who used elementary
methods and Baher I:l] who made use of a well known theorem of W. Schmidt [133. Baher

found the following theoremn.

o0
Suppose that £ is quasiperiodic, say & = [an seeead _1] , and 0 ¢4A(E).
e T i Sl
Then £ is transcendental if i
AL
limsup(;l—?:/>B
i+ i

where B is a constant depending on the upper bound of the sequence (an).

Thus, we can explicitely write down many pseudoperiodic continued fractioms which

represent transcendental numbers.
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5. FINAL REMARKS

In this last section we discuss some generalizations of the results in this paper.

1. The set D(&).

So far we were basicly concerned about the set A(E). However, Theorems 1 and 2 still remain
valid 1f we replace A(E) and A(t(u)) by D(E) and D(t(u)), respectively. The reason why this
holds is that the equatioms (10), (l11) are also true if we write D(&) and @xz)\ 10,0}
instead of A(E) and %, respectively.

2. Extension to the case 0¢ A(f) and A(})'" discrete.

We characterized all the numbers § for which A{§)' is discrete and OéA(g) . Now it is natural '
to look for the characteristic properties of those numbers ¢! for which 0¢ A(f) and A(E)''
is discrete. Are these numbers perhaps represented by continued fractions which are
pseudo-pseudoperiodic in the sense that in Definition 2 we just replace periodic by

pseudoperiodic ?

Indeed, with similar methods as used in section 3 one can show that these continued fractions

have the required approximation property, however, there is at least one other class with

the same property. A characteristic member of this class is

§

[ b 2 ernlsBenlons

FRARSRE S LELERNE R LA N—

sl 22525 Lomwwnlgvns s s o s
p— \.—-’A —

]

Evidently, this continued fraction is not pseudo-pseudoperiodic; nevertheless, one can

show that A(E)'' is discrete and OéLA(i). Perhaps we shall treat this problem in a

subsequent paper.
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