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seqcomp-package seqcomp: Sequential Comparison of Probabilistic Forecasts

Description

seqcomp provides tools for comparing probabilistic forecasters sequentially, following the anytime-
valid framework of Choe and Ramdas (2024). For three or more forecasters, the package addition-
ally implements Sequential Model Confidence Sets following Arnold, Gavrilopoulos, Schulz and
Ziegel (2026).

Details

The package is built around the score difference

St = S(pt»yt) - S(qtvyt)v

where scores are positively oriented, so larger values are better. Positive score differences favor
forecaster p; negative score differences favor forecaster q.

Main workflow

For most applications, start with compare_forecasts(). It computes pointwise scores, running
mean score differences, confidence sequences, and e-processes in one call.

Scoring rules

The package includes positively oriented scoring rules such as brier_score(), log_score(),
spherical_score(), tick_loss(), qlike_score(),winkler_score(), crps_normal(), crps_empirical(),
and crps_std().

Confidence sequences

Use cs_hoeffding() for Hoeffding-style confidence sequences, cs_bernstein() for empirical
Bernstein confidence sequences, and cs_asymptotic() for asymptotic confidence sequences when
finite-sample boundedness is not available.

E-processes

Use eprocess() for the main sub-exponential mixture e-process and eprocess_rejections() to
extract first rejection times. For multi-step forecasts, see eprocess_lag(). For predictable time-
varying bounds, see eprocess_predictable().
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Multiple forecasters

For three or more candidate forecasters, use smcs_compare() as the main entry point. It ex-
tends the pairwise workflow above to a Sequential Model Confidence Set (SMCS): the running

set of models not yet shown to underperform some competitor. Lower-level access is available

via smcs_strong() (strong or uniformly weak null, via closure testing) and smcs_weak () (time-
varying weak null, via joint confidence sequences), with vovk_wang_merge () and eprocess_betting()
as supporting building blocks. To construct optimal adaptive betting fractions for the strong null, use
build_agrapa_betting_array() or build_ons_betting_array() for constant-bound scores,

and build_quantile_betting_arrays() for conditionally bounded rules such as tick loss.

Winkler scores

For binary probability forecasts with unbounded base scores, use winkler_score(),winkler_cs(),
winkler_etest(), or winkler_compare().

References
Arnold, S., Gavrilopoulos, G., Schulz, B. and Ziegel, J. (2026). Sequential model confidence sets.
Journal of the Royal Statistical Society Series B: Statistical Methodology, gkag066.

Choe, Y. J. and Ramdas, A. (2024). Comparing Sequential Forecasters. Operations Research, 72(4),
1368-1387.

Howard, S. R., Ramdas, A., McAuliffe, J. and Sekhon, J. (2021). Time-uniform, nonparametric,
nonasymptotic confidence sequences. The Annals of Statistics, 49(2), 1055-1080.

Waudby-Smith, I. and Ramdas, A. (2024). Estimating means of bounded random variables by
betting. Journal of the Royal Statistical Society Series B: Statistical Methodology, 86(1), 1-27.

brier_score Brier score for binary and categorical forecasts

Description
Computes the positively oriented Brier/quadratic score. Vector probability input is treated as binary;
matrix probability input is treated as categorical.

Usage

brier_score(p, y)

Arguments
p Numeric vector in [0, 1] for binary forecasts, or a numeric matrix whose rows
are probability vectors for categorical forecasts.
y For binary vector input, numeric vector in {@, 13}. For categorical matrix input,

integer vector in {1, ..., K3}, where K =ncol(p).
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Details
For binary forecasts, this computes
S(p,y) =—(p—y)*.

For categorical forecasts, this computes

1
Sp.9) =~ lp — ey,

where e_y is the one-hot vector of the realised category.

With the convention that category 2 corresponds to the binary event y = 1, the categorical formula
recovers the binary formula exactly when K = 2.
Value

Numeric vector of scores in [-1, @]. Higher is better.

Bounds

Score differences lie in [-1, 1], so use ¢ = 1 for Theorem 1 and ¢ = 2 for Theorems 2 and 3.

Examples

p <- c(0.2, 0.7, 0.9)
y <-c(o, 1, 1)
brier_score(p, y)

build_agrapa_betting_array
Build 3D Parameter Array for aGRAPA Betting

Description

Pre-computes the dynamic, pair-specific betting fractions required to evaluate the Sequential Model
Confidence Set under the strong null hypothesis, using the aGRAPA algorithm.

Usage
build_agrapa_betting_array(scores, c_mat, period = 1, ...)
Arguments
scores AT x m matrix of positively-oriented scores.
c_mat A numeric scalar, an m X m matrix, or a 7' X m X m array of predictable bounds
(matching the c_param argument of smcs_strong()).
period Integer. If greater than 1, uses the periodic betting variant of aGRAPA, which

updates the betting fraction only every period time steps.

Additional arguments passed to lambda_betting_agrapa() (e.g., kappa, prior_mean,
prior_variance, fake_obs).
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Value

A T'xmxm numeric array of predictable betting fractions, suitable for passing to the lambda_param
argument of smcs_strong().

See Also

lambda_betting_agrapa(), eprocess_betting(), smcs_strong()

Examples

set.seed(42)

y <- rbinom(50, 1, 0.5)

forecasts <- matrix(runif(150), nrow = 50, ncol = 3)

scores <- matrix(@, nrow = 50, ncol = 3)

for (i in 1:3) scores[, i] <- brier_score(forecasts[, il, y)

# For Brier scores, differences are bounded in [-1, 1], so c = 2
lam_array <- build_agrapa_betting_array(scores, c_mat = 2)
dim(lam_array) # 50 x 3 x 3

build_ons_betting_array
Build 3D Parameter Array for ONS-m Betting

Description

Pre-computes the dynamic, pair-specific betting fractions required to evaluate the Sequential Model
Confidence Set under the strong null hypothesis, using the Online Newton Step (ONS-m) algorithm.

Usage
build_ons_betting_array(scores, c_mat, period =1, ...)
Arguments
scores A T x m matrix of positively-oriented scores.
c_mat A numeric scalar, an m X m matrix, or a 7' X m X m array of predictable bounds
(matching the c_param argument of smcs_strong()).
period Integer. If greater than 1, uses the periodic betting variant of ONS-m, which
updates the betting fraction only every period time steps.
Additional arguments passed to lambda_betting_ons() (e.g., eta).
Value

A T xmxm numeric array of predictable betting fractions, suitable for passing to the lambda_param
argument of smcs_strong().
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See Also

lambda_betting_ons(), eprocess_betting(), smcs_strong()

Examples

set.seed(43)

y <- rbinom(50, 1, 0.5)

forecasts <- matrix(runif(150), nrow = 50, ncol = 3)

scores <- matrix(@, nrow = 50, ncol = 3)

for (i in 1:3) scores[, i] <- brier_score(forecasts[, i], y)

# For Brier scores, differences are bounded in [-1, 1], so c = 2
lam_array <- build_ons_betting_array(scores, c_mat = 2)
dim(lam_array) # 50 x 3 x 3

build_quantile_betting_arrays
Build 3D Parameter Arrays for Quantile Betting

Description

Pre-computes the dynamic, pair-specific bounding arrays (c_array) and betting fractions (1ambda_array)
required to evaluate the Sequential Model Confidence Set for quantile forecasts under the strong null
hypothesis.

Usage

build_quantile_betting_arrays(forecasts, scores, tau, eps = 1e-08)

Arguments
forecasts A T x m matrix of raw quantile forecasts.
scores AT x m matrix of positively-oriented tick-loss scores.
tau Numeric scalar in (@, 1). The quantile level.
eps Positive numeric scalar. Used both as the denominator safeguard in 1ambda_betting_quantile()
and as the minimum predictable bound returned in c_array. Default: 1e-8.
Value

A list containing two 7' X m X m numeric arrays: c_array and lambda_array.

Note

Scale Translation: This function assumes forecasts and scores are evaluated on the raw, linear
scale. To replicate the exact log-scale bounds used in the Arnold et al. (2026) Covid-19 case study,
the forecast matrix and outcomes must be log-transformed prior to passing them to this pipeline.
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Examples

set.seed(3)

fcsts <= matrix(runif(150), nrow = 50, ncol = 3)

y <- rbinom(50, 1, 0.5)

scores <- matrix(@, nrow = 50, ncol = 3)

for(i in 1:3) scores[, i] <- tick_loss(fcsts[, il, y, tau = 0.5)

arrays <- build_quantile_betting_arrays(fcsts, scores, tau = 0.5)
dim(arrays$c_array) # 50 x 3 x 3

calibrate_p_to_e P-to-e calibrator

Description
Converts anytime-valid p-values to e-values using the mixture or simple calibrator, as used in CR24
Section 4.4.

Usage

calibrate_p_to_e(p, strategy = "mixture"”, eps = 1e-16)

Arguments
p Numeric vector of p-values in (0, 1].
strategy Character. "mixture” (default, from Vovk & Wang 2021) or "simple”. See
Details for the formulas.
eps Numeric. Numerical guard for log(0). Default: le-16.
Details

Mixture calibrator (default, matches Python comparecast behaviour):

_ 1—p+plog(p)
o) = p (log p)?

Simple calibrator (strategy = "simple"):

Value

Numeric vector of e-values >= 0.
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Examples

p <- c(0.5, 0.1, 0.01)
calibrate_p_to_e(p)
calibrate_p_to_e(p, strategy = "simple")

cm_boundary Normal mixture (CM) boundary

Description

Normal mixture (CM) boundary

Usage

cm_boundary(v, alpha, rho)

Arguments

v Numeric vector >= 0. Intrinsic time values (V_t or t).

alpha Numeric in (0,1). ONE-SIDED significance level.

rho Numeric > 0. Tuning parameter. Obtain via rho_from_vopt().
Value

Numeric vector of boundary values (cumulative-sum scale, before /t).

See Also

rho_from_vopt() to compute rho from a target v_opt.

Examples

rho <- rho_from_vopt(v_opt = 10, alpha = 0.025)
u <- cm_boundary(v = 1:500, alpha = 0.025, rho = rho)
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compare_forecasts

compare_forecasts Compare Two Sequential Forecasters

Description

Computes pointwise scores for two probabilistic forecasters and compares them sequentially using
confidence sequences and, when valid finite-sample bounds are available, e-processes.

Usage
compare_forecasts(
P,
q,
Y,
scoring_rule = c("brier"”, "spherical”, "log"),
alpha = 0.05,
cs_type = NULL,
compute_cs = TRUE,
compute_e = TRUE,
v_opt = 10,
boundary = "mixture”,
lcb_only = FALSE,
ucb_only = FALSE,
eps = le-15,
clip_max = 1e+07
)
Arguments
p Forecasts from forecaster 1. For binary outcomes, a numeric vector of proba-
bilities for event y = 1. For categorical outcomes, a numeric matrix whose rows
are probability vectors.
Forecasts from forecaster 2, in the same format as p.
y Outcomes. For binary vector forecasts, a numeric vector in {@, 13}. For cate-

scoring_rule
alpha

cs_type

compute_cs

compute_e

gorical matrix forecasts, integer class labels in {1, ..., KJ.

Character. Scoring rule used to compare forecasts. Currently supports "brier”,
"spherical”, and "log".

Numeric in (@, 1). Significance level. Default is 0. @5.

Character or NULL. Confidence sequence type: "bernstein”, "hoeffding”,

"asymptotic”, or "none”. If NULL, the wrapper uses "bernstein” for bounded
scoring rules ("brier"” and "spherical”) and "asymptotic” for "log".

Logical. If TRUE, compute a confidence sequence. Default is TRUE.

Logical. If TRUE, compute two one-sided e-processes. Default is TRUE. This is
only allowed for bounded score differences under the current wrapper, namely
"brier"” and "spherical”.
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v_opt Numeric > 0. Intrinsic time at which the mixture boundary or e-process is tuned
to be tightest. Default is 10.

boundary Character. Boundary type passed to cs_hoeffding() or cs_bernstein(). De-
fault is "mixture”.

lcb_only Logical. If TRUE, compute a lower one-sided empirical Bernstein CS. Only used
when cs_type = "bernstein”.

ucb_only Logical. If TRUE, compute an upper one-sided empirical Bernstein CS. Only
used when cs_type = "bernstein”.

eps Numeric. Probability floor passed to 1log_score() when scoring_rule = "log".
Default is 1e-15.

clip_max Numeric. Maximum e-process value before clipping. Passed to eprocess().
Default is 1e7.

Details

This is a convenience wrapper around brier_score(), spherical_score(), log_score(), cs_hoeffding(),
cs_bernstein(), cs_asymptotic(), and eprocess(). It is designed for the common workflow

where the user has two forecast streams p and g, an outcome stream y, and wants a single tidy

output object.

All scoring rules in seqcomp are positively oriented: higher scores are better. Therefore

515 = S(Pt,yt) - S(‘]tayt)

is positive when forecaster p performs better than forecaster g at time t.

For "brier"” and "spherical”, score differences are bounded in [-1, 1]. The wrapper therefore
uses ¢ = 1 for Hoeffding-style confidence sequences and c = 2 for empirical Bernstein confidence
sequences and e-processes.

For "log", score differences are unbounded. The wrapper therefore defaults to cs_asymptotic()
and refuses to compute finite-sample e-processes. For binary log-score comparisons where the
Winkler construction is appropriate, use winkler_compare() instead.

Value
A data. frame with one row per time point and columns:

t Time index.

score_p Pointwise score of forecaster p.

score_q Pointwise score of forecaster g.

delta Pointwise score difference, score_p - score_q.

estimate Running mean score difference. Positive values favour forecaster p; negative values
favour forecaster q.

lower, upper Confidence sequence bounds. These are NA if compute_cs = FALSE or cs_type =
"none".

e_pg, e_gp One-sided e-processes. e_pq tests whether forecaster p outperforms q; e_gp tests the
reverse direction. These are NA if compute_e = FALSE.
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Interpretation

The confidence sequence estimates the running average score advantage of p over g. If the whole
interval lies above zero, the data favour p; if the whole interval lies below zero, the data favour q.

The e-processes are evidence processes for one-sided null hypotheses. At level alpha, the two-sided
rejection threshold used by eprocess() is 2 / alpha.

Examples

set.seed(1)

y <- rbinom(200, 1, 0.5)
p <- rep(0.5, 200)

g <- runif(200)

out <- compare_forecasts(p, q, y, scoring_rule = "brier")
tail(out)
crps_empirical Negated CRPS for empirical predictive distributions
Description

Wrapper over scoringRules: :crps_sample using method = "edf" (empirical distribution func-
tion, O(n log n) via quantile decomposition of Laio & Tamea, 2007). Positively oriented: higher =
better.

Usage

crps_empirical(ensemble, y)

Arguments
ensemble Matrix. T x n matrix of forecast draws. Each row corresponds to one observation
in y and comprises n simulation draws from the predictive distribution. For
Historical Simulation: each row is the past WINDOW returns.
y Numeric vector of length T. Realised observations.
Details

Requires nrow(ensemble) == length(y). Passes dat = ensemble directly to crps_sample which
handles vectorisation over rows natively. show_messages is suppressed as the "edf" method re-
quires no bandwidth selection messages.

Value

Numeric vector of length T of CRPS values in (-Inf, @] (negated loss).
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Examples

if (requireNamespace("scoringRules”, quietly = TRUE)) {
ensemble <- matrix(c(@.1, 0.2, 0.3, 1.0, 1.1, 1.2), nrow = 2, byrow = TRUE)
crps_empirical (ensemble, y = ¢(0.25, 1.05))

3

crps_normal Negated CRPS for normal predictive distributions

Description

Computes the Continuous Ranked Probability Score for a normal predictive distribution using
scoringRules: :crps_norm() and negates it so that higher values are better.

Usage

crps_normal (mu, sigma, x)

Arguments
mu Numeric vector. Location parameters (conditional means).
sigma Numeric vector. Scale parameters (conditional SDs, > 0).
X Numeric vector. Realised observations.

Details

Calls scoringRules: :crps_norm(y = x, mean =mu, sd = sigma) and negates. Use for GARCH(1,1)-
norm forecasts where mu is the conditional mean and sigma is the conditional standard deviation.

Value

Numeric vector of CRPS values in (-Inf, @] (negated loss).

Examples

if (requireNamespace(”scoringRules”, quietly = TRUE)) {
crps_normal(mu = c(@, 1), sigma = c(1, 2), x = ¢c(0.2, 1.3))
3
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crps_std Negated CRPS for Student-t predictive distributions

Description

Wrapper over scoringRules: : crps_t. Positively oriented: higher = better. The dof > 2 constraint
ensures finite variance, which is required for the CRPS to be well-defined for the t-distribution.

Usage

crps_std(mu, sigma, dof, x)

Arguments
mu Numeric vector. Location parameters (conditional means).
sigma Numeric vector. Scale parameters (conditional SDs, > 0).
dof Numeric vector or scalar. Degrees of freedom (> 2). May be scalar if constant
across all observations (e.g. estimated once per rolling window).
X Numeric vector. Realised observations.
Details

Calls scoringRules: :crps_t(y = x, df =dof, location =mu, scale = sigma) and negates. Use
for GARCH(1,1)-std forecasts where dof is the estimated degrees-of-freedom parameter from ugarchroll.

Value

Numeric vector of CRPS values in (-Inf, 0] (negated loss).

Examples

if (requireNamespace(”scoringRules”, quietly = TRUE)) {
crps_std(mu = c(0, 1), sigma = c(1, 2), dof =5, x = c(0.2, 1.3))
3
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cs_asymptotic Asymptotic confidence sequence (EC.3, Eq. EC.29, Choe & Ramdas
2024)
Description
Asymptotic, not finite-sample: coverage >= 1 - alpha holds only as t -> infinity. Valid

without requiring bounded score differences — requires only that hat_delta_t has finite variance
— so it’s appropriate for tick loss and other scoring rules where hard bounds depend on unbounded
realised values. Suitable for large evaluation windows.

Usage

cs_asymptotic(scoresl, scores2, alpha = 0.05, t_star = NULL)

Arguments
scores| Numeric vector. Scores for forecaster 1.
scores?2 Numeric vector. Scores for forecaster 2.
alpha Numeric in (0,1). Significance level. Default: 0.05.
t_star Numeric > 0. Sample size at which CS is tightest. Default: length(scoresl)
(tightest at end of sample).
Details

o 2 2,2 1 St r2 /2 1
CA _ At + (tatp + ) IOg tatp +
t t2p2 @

where 07 = 1 371 (8; — A;_1)? and rho is tuned to be tightest at t_star:

P(tstar) = \/ 2log(1/a) + log(1 + 2log(1/a))

tstar

The running variance estimator uses the predictable mean hat_Delta_{t-13} (not the current mean
hat_Delta_t) to maintain predictability, with hat_Delta_0 := 0.
Value

data.frame with columns t, estimate, lower, upper.

Examples

scoresl <- c(-0.4, -0.2, -0.3, -0.1, -0.2)
scores2 <- c(-0.5, -0.3, -0.4, -0.2, -0.3)
cs_asymptotic(scoresl, scores2, alpha = 0.05)
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cs_bernstein

Empirical Bernstein confidence sequence (Theorem 2, Choe & Ram-
das 2024)

Description

Constructs a variance-adaptive time-uniform CS using empirical intrinsic time V, = Zizl(& —
7:)2. Tighter than the Hoeffding CS when score differences have low variance.

Usage
cs_bernstein(
scoresl,
scores2,
alpha = 0.05,
c =2,
v_opt = 10,
boundary = "mixture”,
gammas = NULL,
lcb_only = FALSE,
ucb_only = FALSE
)
Arguments
scores| Numeric vector. Scores for forecaster 1.
scores?2 Numeric vector. Scores for forecaster 2.
alpha Numeric in (0,1). Significance level. Default: 0.05.
c Numeric > 0. Sub-exponential scale. The process must satisfy |hat_delta_il <=
c¢/2. For score differences in [a-b, b-al, c=b - a (e.g. ¢ =2 for Brier score
differences in [-1, 1]). Default: 2.
v_opt Numeric > 0. Optimal intrinsic time. Default: 10.
boundary Character. "mixture" (default, GE mixture) or "stitching" (polynomial stitched)
or "hardcoded" (CR24 example formula, only valid for alpha=0.05, c=1).
gammas Numeric vector or NULL. Predictable centering sequence. If NULL, constructed
as lagged running mean (default).
lcb_only Logical. If TRUE, return lower CS only: [lower, +Inf). Requires finite lower
bound on hat_delta_i; provide c.
ucb_only Logical. If TRUE, return upper CS only: (-Inf, upper].
Details
The CS is:

CEP = Ay £S5V p.o) /1
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Value

data.frame with columns t, estimate, lower, upper. lower = -Inf if ucb_only = TRUE; upper = Inf if
Icb_only = TRUE.

Examples

scores1 <- c(-0.04, -0.09, -0.01, -0.16)
scores2 <- c(-0.09, -0.16, -0.04, -0.25)
cs_bernstein(scores1, scores2, alpha = 0.05)

cs_hoeffding Hoeffding-style confidence sequence (Theorem 1, Choe & Ramdas
2024)

Description

Constructs a time-uniform confidence sequence for the mean score difference A; = % Zle E [& |
Fi-l.

Usage
cs_hoeffding(
scoresl,
scores2,
alpha = 0.05,
c =1,
v_opt = 10,
boundary = "mixture”
)
Arguments
scores| Numeric vector. Scores S(p_t, y_t) for forecaster 1.
scores? Numeric vector. Scores S(q_t, y_t) for forecaster 2.
alpha Numeric in (0,1). Significance level. The CS has coverage 1 - alpha uniformly
over all t. Default: 0.05.
c Numeric > 0. Sub-Gaussian scale. The process must satisfy [hat_delta_il <= c
for all i. For scores in [a,b], the difference is in [a-b, b-al, soc=Db - a.
Default: 1 (appropriate for Brier score differences in [-1,1]).
v_opt Numeric > 0. Intrinsic time at which the CS is tightest. Default: 10 (recom-
mended by CR24).
boundary Character. "mixture" (default, recommended) or "stitching".
Value

data.frame with columns t, estimate, lower, upper.
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Assumption

Requires hat_delta_i to be c-sub-Gaussian given F;_1,i.e. |hat_delta_i| <= cforall i.

Boundary

CFf = Ay £ uSH(Prp) 1

where u“M is the normal mixture boundary and ¢t is the intrinsic time for a c-sub-Gaussian

process with deterministic variance proxy. The intrinsic time for Theorem 1 is v_t = ¢*2 x t, not
v_t = t: the CM boundary implicitly assumes 1-sub-Gaussian inputs, so the c*2 scaling must be
applied explicitly. This matches the H21 convention, where the boundary absorbs the sub-Gaussian
parameter via the variance process definition.

Relation to Python comparecast: Python uses v_t = sigma * t where sigma = (hi -1lo)/2=c.
This is equivalent to our c*2 * t only when c = 1. For ¢ != 1 the parametrisations differ; we follow
the paper.

Output
Returns a data. frame with one row per t and columns t, estimate (the running mean hat_Delta_t),
lower, and upper, with coverage guarantee P(Vt > 1: A, € [lower, upper,]) > 1 — a.

Examples

scores1 <- c(-0.04, -0.09, -0.01, -0.16)
scores2 <- c(-0.09, -0.16, -0.04, -0.25)
cs_hoeffding(scores1, scores2, alpha = 0.05)

eprocess Sub-exponential mixture e-process (Theorem 3, Choe & Ramdas 2024)

Description

Constructs two simultaneous one-sided e-processes for sequentially testing whether forecaster 1 (p)
outperforms forecaster 2 (q) or vice versa.

Usage

eprocess(
scoreslt,
scores2,
alpha = 0.05,
c =2,
v_opt = 10,
alpha_opt = NULL,
gammas = NULL,
clip_max = 1e+07
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Arguments
scores] Numeric vector. Scores S(p_t, y_t) for forecaster 1.
scores?2 Numeric vector. Scores S(g_t, y_t) for forecaster 2.
alpha Numeric in (0,1). Significance level. Rejection threshold is 2/alpha for the two-
sided test. Default: 0.05.
c Numeric > 0. Sub-exponential scale. Must satisfy |hat_delta_il <= c¢/2 for all
i. For score differences in [-(b-a), b-al: ¢ = 2*(b-a). Default: 2 (for Brier
score differences in [-1,1]).
v_opt Numeric > 0. Intrinsic time at which e-process grows fastest. Default: 10 (rec-
ommended by CR24).
alpha_opt Numeric in (0,1). One-sided alpha used to compute rho. Default: alpha/2
(matches comparecast two-sided convention).
gammas Numeric vector or NULL. Predictable centering sequence. If NULL, constructed
as lagged running mean.
clip_max Numeric. Maximum e-process value before clipping. Default: 1e7 (matches
Python comparecast).
Details

The mixture e-process at time t is: ‘ .

EP™ =m(S, Vi)
where S; = 22:1 5, Vi = 22:1(81' — v;)?, and m(s,v) is the Gamma-Exponential mixture
function (Proposition EC.3, CR24).

VARIANCE PROCESS: The intrinsic time V_hat_t uses NO floor. The GE mixture m(s, v) is well-
defined at v=0 (returns 1 when s=0), so no floor is needed. Adding a floor would yield less power
in the e-process.

SCALE CONVENTION: c is the sub-exponential scale parameter such that |lhat_delta_il <= c/2.
This is the Theorems 2 & 3 convention from CR24. For Brier score differences in [-1,1]: ¢ = 2.
For Winkler scores (bounded above by 1): ¢ =2.

LOG-SPACE: E-process values are computed in log-space and clipped before exponentiating to
avoid numerical overflow.

Value

data.frame with the following columns:

t Time index.

e_pqg, e_gp One-sided e-processes. e_pq tests H_0*w(p, q): whether forecaster p outperforms q;
e_gp tests H_0"w(q, p): whether forecaster q outperforms p.

log_e_pqg, log_e_gp Log-scale values of the e-processes, clipped at log(clip_max).

Rejection rule

Atlevel alpha: reject HY (p, ¢) (conclude p outperforms q) when e_pq >= 2/alpha; reject HY (g, p)
(conclude q outperforms p) when e_qgp >= 2/alpha. Use eprocess_rejections() to extract the
first crossing time for each.
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Examples

scoresl <- c(-0.04, -0.09, -0.01, -0.16)
scores2 <- c(-0.09, -0.16, -0.04, -0.25)

ep <- eprocess(scoresl, scores2, alpha = 0.05)
head(ep)

eprocess_betting

eprocess_betting Betting-style e-process for the strong null hypothesis

Description

Implements the product-form test martingale

for testing the strong null H§(p, q) : 6; < 0 for all t.

Usage

eprocess_betting(scores1, scores2, c_t, lambda_t = NULL, clip_max = 1e+@7)

Arguments
scores] Numeric vector. Scores S(p_t, y_t) for forecaster 1.
scores?2 Numeric vector. Scores S(qg_t, y_t) for forecaster 2.
c_t Numeric scalar or vector (same length as scores) of predictable bounds such that
Iscores] - scores2| <= c_t /2 almost surely at every step.
lambda_t Optional numeric vector of predictable betting fractions in [0, 1/c_t]. If NULL
(default), uses the fixed fraction lambda_t =1/ (2 * c_t).
clip_max Numeric. Maximum e-process value before clipping. Default: 1e7.
Value

data.frame with columns t, e_pq, e_qp, log_e_pq, log_e_qp.

Examples

set.seed(123)
T_sim <- 100
y <= rbinom(T_sim, size = 1, prob = 0.7)

# Forecaster 1 has a genuine edge (closer to true probability 0.7)
pl <- runif(T_sim, 0.5, 0.9)

# Forecaster 2 is just guessing uniformly

p2 <- runif(T_sim, 0.1, 0.9)
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# 1. Compute positively oriented Brier scores
s1 <- brier_score(pl, y)
s2 <- brier_score(p2, y)

# 2. Establish the bound.

# Brier scores lie in [-1, 0], so the maximum absolute difference is 1.

# eprocess_betting() requires |s1 - s2| <= c_t / 2, so c_t = 2 is globally valid.
res <- eprocess_betting(scoresl = s1, scores2 = s2, c_t = 2)

# The e-process e_pq tests the null that Forecaster 1 is NOT better than Forecaster 2.
# Because Forecaster 1 is genuinely better, e_pq accumulates massive evidence.
head(res)

tail(res, 3)

eprocess_lag Lag-h e-process for sequential forecast comparison (Propositions 5 &
6)

Description

For h-step-ahead forecasts, constructs an anytime-valid e-process by stream splitting and combining
h individual e-processes.

Usage

eprocess_lag(
scoreslt,
scores2,
h=1,
alpha = 0.05,
c =2,
v_opt = 10,
null = "pw",
calibrate = TRUE,
cal_strategy = "mixture”

Arguments

scores] Numeric vector. Scores for forecaster 1.
scores? Numeric vector. Scores for forecaster 2.

h Integer >= 1. Forecast lag. For h=1, reduces to standard eprocess() — no split-
ting.

alpha Numeric in (0,1). Significance level. Default: 0.05.

c Numeric > 0. Sub-exponential scale. Default: 2.
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v_opt Numeric > 0. Default: 10.
null Character. Null hypothesis type:
* "pw" — period-wise weak null (average combination).
e "w" — standard weak null (minimum combination).
calibrate Logical. Apply p-to-e calibration. Default: TRUE.

cal_strategy Character. "mixture" (default) or "simple".

Details

For h = 1: calls eprocess() directly and returns its output unchanged.

For h >=2: 1. Split xs into h streams 2. Compute e-process on each stream independently 3.
Combine using the appropriate null rule 4. Convert to p-process, combine, calibrate back to e-
process 5. Unroll to original time scale

The period-wise ("pw") null is less conservative than the standard ("w") null but tests a different
(weaker) hypothesis. See CR24 Section 4.4.

Value

data.frame with columns t, e_pq, e_qp, log_e_pq, log_e_qp.

Examples

scoresl <- c(-0.04, -0.09, -0.01, -0.16, -0.04, -0.09)
scores2 <- c(-0.09, -0.16, -0.04, -0.25, -0.09, -0.16)
ep <- eprocess_lag(scoresl, scores2, h = 2, alpha = 0.05)
head(ep)

eprocess_predictable  Fixed-lambda e-process with predictable bounds (Proposition EC.7)

Description

Constructs a valid e-process when score difference bounds vary over time but are predictable
(known at time i-1 before observing hat_delta_i).

Usage
eprocess_predictable(
scoreslt,
scores2,
c_seq,
lambda = NULL,
alpha = 0.05,

gammas = NULL,
clip_max = 1e+07,
strict = FALSE



eprocess_predictable 23

Arguments
scores] Numeric vector. Scores for forecaster 1.
scores?2 Numeric vector. Scores for forecaster 2.
c_seq Numeric vector. Predictable bound sequence (c_i), same length as scores1. Must
satisfy |scores1[i]-scores2[i]| <= c_i/2 and c_i> O for all i.
lambda Numeric in [0, 1/c_0). Betting parameter. Must be strictly less than 1/c_0
where c¢_0 = max(c_seq). If NULL, uses the recommended default lambda =
0.5/c_0.
alpha Numeric in (0,1). Significance level for rejection rule. Default: 0.05. Not used
in computation, only for API consistency. Pass the same value to predictable_rejections()
when evaluating rejection.
gammas Numeric vector or NULL. Predictable centering sequence. If NULL, constructed
as lagged running mean.
clip_max Numeric. Maximum e-process value. Default: 1e7.
strict Logical. If TRUE, any violation of the bound condition at any time point will
stop execution with an error. If FALSE (default), a warning is issued but the e-
process is still computed. Note that violations invalidate the e-process guarantee,
so strict = TRUE is recommended for formal inference.
Details

The e-process is computed as:

t

log Ex(A) = S [A6i = e, (V) (6 — 7

=1

where
—log(1 —cA) —eA
2

VE.(A) =
is evaluated at each step with the current c;.

LAMBDA CHOICE: lambda = 0.5/c_0 is a conservative default that stays well within the valid
domain [@, 1/c_0). For better power, lambda can be tuned to the expected signal size, but must
never reach 1/c_0.

VALIDITY CHECK: The function verifies lhat_delta_il <= c_i/2 at each step and warns if violated.
Violations invalidate the e-process guarantee.

C

Value

data.frame with columns: t, e_pq, e_qp, log_e_pq, log_e_qp, c_seq, lambda_used

Predictability

The bound sequence c_seq (and the centering sequence gammas) must be predictable: c_i is fixed
and known at time i - 1, before scores1[i]/scores2[i] (and hence hat_delta_i) are observed
— formally, ¢; is F;_;-measurable. A bound chosen after seeing hat_delta_i (e.g. derived
from the realised data range) invalidates the e-process guarantee, even if it numerically satisfies
|hat_delta_i| <= c_i/2.
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Examples

scoresl <- c(0.10, 0.20, 0.15, 0.25)

scores2 <- c(0.05, 0.10, 0.10, 0.20)

c_seq <- rep(1, length(scores1))

ep <- eprocess_predictable(scores1, scores2, c_seq = c_seq)
head(ep)

eprocess_rejections

eprocess_rejections Determine rejection times for an e-process output

Description

Determine rejection times for an e-process output

Usage

eprocess_rejections(ep, alpha = 0.05)

Arguments

ep data.frame. Output of eprocess().

alpha Numeric. Significance level. Threshold is 2/alpha.
Value

Named list with elements:

* threshold — rejection threshold (2 / alpha).

* tau_pg — first t where e_pq >= threshold (NA if never crossed).
» tau_gp — first t where e_gp >= threshold (NA if never crossed).
* reject_pq— logical: was HY (p, q) ever rejected?

* reject_gp — logical: was H{ (g, p) ever rejected?

Examples

scores1 <- c(-0.04, -0.09, -0.01, -0.16)
scores2 <- c(-0.09, -0.16, -0.04, -0.25)

ep <- eprocess(scoresl, scores2, alpha = 0.05)
eprocess_rejections(ep, alpha = 0.05)
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ge_boundary Gamma-exponential mixture boundary

Description

Gamma-exponential mixture boundary

Usage

ge_boundary(v, alpha, rho, c, s_lo = -10, s_hi = 500)

Arguments

v Numeric vector >= 0. Intrinsic time values.

alpha Numeric in (0,1). ONE-SIDED significance level.

rho Numeric > 0. From rho_from_vopt().

c Numeric > 0. Sub-exponential scale.

s_lo Numeric. Lower search bound for uniroot. Default: -10.

s_hi Numeric. Upper search bound for uniroot. Default: 500.
Details

Computes ugg (v; a, p,c) = sup{s : m(s,v) < 1/a} by solving m(s, v) = 1/alpha numerically
for s via uniroot (), separately for each v_i.

Root-finding fallback: the search starts in [s_lo, s_hi];if m(s_hi, v_i) has not yet crossed the
target, s_hi is doubled once and retried. If it still fails, a warning is issued and s_hi is returned as
a conservative fallback value. Increase s_hi directly if this warning appears often (e.g. at large v
or small alpha); increase abs(s_10) if no root is found at small v.

Computed elementwise; can be slow for long vectors — consider caching boundary values when
the same (alpha, rho, c) arereused.
Value

Numeric vector of boundary values (cumulative-sum scale).

Examples

rho <- rho_from_vopt(v_opt = 10, alpha = 0.025)
ge_boundary(v = 1:3, alpha = 0.025, rho = rho, ¢ = 2)
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lambda_betting_agrapa Approximate GRAPA (aGRAPA) betting fractions for a constant bound

Description

Constructs a predictable betting-fraction sequence for the product-form strong-null e-process (eprocess_betting()),
by mapping the constant-bound score-difference stream onto [0, 1] and applying the aGRAPA plug-

in estimator of Waudby-Smith & Ramdas (2024), Online Supplementary Material, Section B.3,

evaluated at the fixed null m = 1/2.

Usage
lambda_betting_agrapa(
XS,
c,
kappa = 0.5,

prior_mean = 0.5,
prior_variance = .25,

fake_obs = 1

)

Arguments

Xs Numeric vector. Score-difference stream &, = S (P, yt) — S(qs, yt)-

c Numeric > 0. Either a scalar (constant bound) or a length-length(xs) pre-
dictable vector c_t (must satisfy |xs_t| <= c_t/2 pointwise, with c_t known
before xs_t is observed). Scalars are recycled to a vector of the same length as
XS.

kappa Numeric in (0, 1]. WSR’s internal truncation safeguard on the Y-scale ([-2*kappa, 2*kappal).
Default 0.5. Note on saturation: Because seqcomp applies a strict [0, 1] ex-
plicit projection after WSR’s native truncation to ensure one-sided null validity,
any kappa >= 0.5 is mathematically equivalent. The lower bound -2xkappa
is always superseded by the @ floor, and for kappa >= 9.5, the upper bound
2*kappa >=1 is superseded by the 1 cap. kappa only actively restricts the bet
size when kappa < 0.5 (e.g., kappa =0.1).

prior_mean Numeric. Regularization prior for the running mean estimator on the Y-scale.

Default 0.5 (WSR’s own default; also happens to equal the fixed null m=1/2
here, which is why the very first returned value is exactly 0).

prior_variance Numeric in (0, 0.25]. Regularization prior for the running variance estimator.
Default 0. 25 (WSR’s own default).

fake_obs Numeric > 0. Number of "fake observations" for regularization. Default 1
(WSR’s own default).
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Details

Derivation (constant ¢ only): map Y; = d&;/c + 1/2 € [0,1], so the null gz, < 0 becomes
E[Y; | Fi—1] < 1/2. WSR’s aGRAPA plug-in is run exactly as published, fixed at m=1/2, on
the Y-scale running mean/variance. Two clips are then applied in sequence: WSR’s own native
truncation [-2xkappa, 2xkappal, followed by an explicit floor/cap onto [@, 1]. The floor is
important for the one-sided composite null mu <= @ to remain valid, the played 1ambda_t must be
nonnegative on every round. WSR’s raw aGRAPA value routinely goes negative whenever the
running mean currently sits below the null, which happens routinely under the null itself. The cap
enforces Arnold’s own Prop 3.2 bound lambda_d <= 1/c, which is strictly tighter than WSR’s native
bankruptcy-avoidance bound.

The floor/cap projection and the m_@ = 1/2 null hold identically for a predictable, time-varying c_t.
Because c_t is F;_j-measurable, Y; = x;/c; + 1/2 still satisfies E[Y; | F;—1] < 1/2 under the
strong null, and the same aGRAPA plug-in can be run unmodified at the fixed null m = 1/2; only the
final Y — d conversion (1am_Y / c) becomes pointwise. This time-varying extension is original to
this package.

Value
Numeric vector of length length(xs): predictable \; valuesin [@, 1/c], for use as eprocess_betting()’s
lambda_t argument together with c_t = c.

References
Waudby-Smith, I. and Ramdas, A. (2024). Estimating means of bounded random variables by
betting. Journal of the Royal Statistical Society Series B: Statistical Methodology, 86(1), 1-27.

Examples

xs <- c(0.6, -0.2, 0.4)
lambda_betting_agrapa(xs, ¢ = 2)

lambda_betting_ons Online Newton Step (ONS-m) betting fractions for a constant bound

Description

Constructs a predictable betting-fraction sequence for the product-form strong-null e-process (eprocess_betting()),
by mapping the constant-bound score-difference stream onto [0, 1] and running WSR’s ONS-m al-

gorithm (Waudby-Smith & Ramdas 2024, Online Supplementary Material, Algorithm 1, Section

B.5), projected each round onto [@, 1] instead of their native symmetric box, and evaluated at the

fixed null m = 1/2.

Usage

lambda_betting_ons(xs, c, eta = 2/(2 - log(3)))
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Arguments

XS Numeric vector. Score-difference stream &; = S (P, yr) — S(qs,yt)-

c Numeric > 0. Either a scalar (constant bound) or a length-length(xs) pre-
dictable vector c_t (must satisfy |xs_t| <= c_t/2 pointwise, with c_t known
before xs_t is observed). Scalars are recycled to a vector of the same length as
XS.

eta Numeric > 0. WSR’s ONS step-size constant. Default 2 / (2 - 1og(3)), WSR’s
own stated value (natural log).

Details

Same Y_t = xs_t/c + 1/2 mapping as lambda_betting_agrapa(). WSR’s Algorithm 1 is run
exactly as stated, but using the standard OCO gradient for minimizing the negative log-wealth
—log(1 + Ay:), and replacing WSR’s own projection target [-c/(1-m), c/m] with [@, 1]. Fol-
lowing generic online-convex-optimization theory, ¢ is projected onto [0, 1] before being used
to compute the next round’s gradient. Validity of the resulting e-process only requires the played
lambda_d, t to lie in [@, 1/c] regardless of derivation.

This modification is original to this package.

Value
Numeric vector of length length(xs): predictable \; valuesin [@, 1/c], foruse as eprocess_betting()’s
lambda_t argument together with c_t = c.

References
Waudby-Smith, I. and Ramdas, A. (2024). Estimating means of bounded random variables by
betting. Journal of the Royal Statistical Society Series B: Statistical Methodology, 86(1), 1-27.

Examples

xs <- c(0.6, -0.2, 0.4)
lambda_betting_ons(xs, ¢ = 2)

lambda_betting_quantile
Adaptive betting fraction for quantile-forecast strong-null tests

Description
Implements the quantile-specific adaptive betting scheme of Arnold et al. (2026), translating their
log-scale loss convention to seqcomp’s positively-oriented scores.

Usage

lambda_betting_quantile(p_t, g_t, tau, delta_hat_lagl = NULL, eps = 1e-08)
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Arguments
p_t Numeric vector. Quantile forecasts of the first forecaster.
qg_t Numeric vector. Quantile forecasts of the second forecaster.
tau Numeric scalar in (0, 1). The quantile level.

delta_hat_lagl Numeric vector. The previous step’s score difference. Must have delta_hat_lag1[1]
= 0.

eps Positive numeric scalar. Used as a denominator safeguard against zero. Default:
le-8.

Details

If two forecasts are identical at a time point, their tick-loss difference and its analytic bound are
both zero. To accommodate the strictly positive bound required by eprocess_betting() and the
adaptive betting rules, this function replaces such bounds (and any smaller bounds) by eps. This is
a conservative predictable enlargement of the bound; the corresponding Arnold betting fraction is
capped at 1 / c_safe.

Value

A list with c_t and lambda_t vectors for eprocess_betting().

Note

Scale Translation: This function assumes p_t, q_t, and delta_hat_lagl are calculated on the
raw, linear scale. To replicate the exact log-scale bounds used in the Arnold et al. (2026) Covid-19
case study, the forecast vectors passed to this function must be log-transformed prior to evaluation.

Examples

set.seed(456)
T_sim <- 100

y <= rnorm(T_sim)
tau <- 0.90

# Forecaster 1 correctly predicts the true 90th percentile (~1.28)
p_t <- rep(gnorm(tau), T_sim)

# Forecaster 2 is biased and incorrectly predicts the median (0.0)
g_t <- rep(0.0, T_sim)

# 1. Compute pointwise tick loss (positively oriented)
s_p <- tick_loss(p_t, y, tau)
s_q <- tick_loss(q_t, y, tau)

# 2. Compute the lagged score difference required by Arnold's heuristic
Xs <= s_p - s_q
delta_lagl <- c(@, head(xs, -1))

# 3. Generate the predictable bounds (c_t) and betting fractions (lambda_t)
bnds <- lambda_betting_quantile(p_t, g_t, tau, delta_hat_lagl = delta_lagl)
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# 4. Plug these directly into the betting e-process
res <- eprocess_betting(

scores1l = s_p,

scores2 = s_q,

c_t = bnds$c_t,

lambda_t = bnds$lambda_t
)

# View the final evidence accumulation
tail(res[, c("t", "e_pq", "e_gp")], 3)

log_score Logarithmic score for binary and categorical forecasts

Description
Computes the positively oriented logarithmic score. Vector probability input is treated as binary;
matrix probability input is treated as categorical.

Usage

log_score(p, y, eps = le-15)

Arguments
p Numeric vector in [0, 1] for binary forecasts, or a numeric matrix whose rows
are probability vectors for categorical forecasts.
y For binary vector input, numeric vector in {@, 13}. For categorical matrix input,
integer vector in {1, ..., K3}, where K=ncol(p).
eps Numeric. Probability floor used before taking logarithms. Default is 1e-15. Set
to @ to disable clipping.
Details

For binary forecasts, this computes
S(p,y) = ylog(p) + (1 — y)log(1 — p).
For categorical forecasts, this computes
S(p,y) = log(py),

where p_y is the forecast probability assigned to the realised category.

Value

Numeric vector of scores in (-Inf, @]. Higher is better.
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Use with seqcomp

The logarithmic score is unbounded below. It should not be used directly with the finite-sample
bounded-difference confidence sequences or e-processes. For binary outcomes, use winkler_score()
and winkler_cs() when the Winkler construction is appropriate. For unbounded score differences,
use cs_asymptotic() or supply genuine predictable bounds to eprocess_predictable().

Examples

p <- c(0.2, 0.7, 0.9)
y <-c(o, 1, 1)
log_score(p, y)

predictable_rejections
Summarise predictable bounds e-process

Description

Summarise predictable bounds e-process

Usage
predictable_rejections(ep, alpha = 0.05)

Arguments
ep data.frame. Output of eprocess_predictable().
alpha Numeric. Significance level.

Value

Named list matching the eprocess_rejections() format (threshold, tau_pq, tau_qgp, reject_pq,
reject_gp), plus:

* c_range — range of c_seq used.

e lambda — lambda value used.

Examples

scores1 <- ¢(0.10, 0.20, 0.15, 0.25)

scores2 <- c(0.05, 0.10, 0.10, 0.20)

c_seq <- rep(1, length(scoresl))

ep <- eprocess_predictable(scoresl, scores2, c_seq = c_seq)
predictable_rejections(ep, alpha = 0.05)
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ps_boundary Polynomial stitched (PS) boundary

Description

Alternative boundary for both Theorem 1 and Theorem 2 constructions, included for completeness
and for cross-checking CR24 Table results.

Usage

ps_boundary(v, alpha, v_opt = 10, c =1, s = 1.4, eta = 2)

Arguments
v Numeric vector >= 0. Intrinsic time values.
alpha Numeric in (0,1). ONE-SIDED significance level.
v_opt Numeric > 0. Optimal intrinsic time (= m in H21). Default: 10.
c Numeric > 0. Sub-exponential scale.
s Numeric > 1. Stitching parameter. Default: 1.4.
eta Numeric > 1. Geometric spacing. Default: 2.
Details

This is not the recommended primary boundary: the CM/GE mixture boundaries (cm_boundary (),
ge_boundary ()) are tighter in CR24 and are used by default throughout seqcomp. Use ps_boundary ()
only when you specifically need the polynomial-stitched construction.

Value

Numeric vector of boundary values (cumulative-sum scale).

Examples

ps_boundary(v = 1:5, alpha = 0.025, v_opt = 10, c = 1)
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glike_score Negated QLIKE score for variance forecasts

Description

Computes the positively oriented (negated) QLIKE quasi-likelihood loss for variance forecasts.

Usage

glike_score(sigma2_hat, sigma2)

Arguments
sigma2_hat Numeric vector. Forecast variance (strictly positive).
sigma2 Numeric vector. Realised variance (strictly positive).
Details
Standard QLIKE loss is

o? o?
Lor(6%,0%) = Fri logﬁ -1

This is loss-oriented (lower = better, minimum 0 at a perfect forecast), so the function negates it:

SQL = —LQL.

Literature note: some sources define QLIKE as log(sigma2_hat) + sigma2 / sigma2_hat, which

differs by constants from the form above. Here the loss is normalised to have minimum 0 and is
then negated for positive orientation.

Value

Numeric vector of negated QLIKE scores. Higher is better. Maximum value is 0, achieved at a
perfect forecast sigma2_hat = sigma2. Unbounded below.

Unbounded below

QLIKE is unbounded below. It should not be used directly with the finite-sample bounded-difference
confidence sequences or e-processes. Use cs_asymptotic() for QLIKE-based confidence se-
quences, or use eprocess_predictable() only when genuine ex ante predictable bounds are avail-
able. QLIKE is not compatible with the Winkler construction because Winkler scores are restricted
to binary outcomes and probability forecasts.

Examples

sigma2_hat <- c(1.0, 1.5, 2.0)
sigma2 <- c(1.1, 1.4, 2.2)
glike_score(sigma2_hat, sigma2)
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rho_from_vopt Convert optimal intrinsic time to rho

Description
Maps the user-specified intrinsic time v_opt (the point at which a boundary is tightest) to the rho
tuning parameter, via the Lambert W formula of Howard et al. (2021), Proposition 3 (paper-exact).
Usage
rho_from_vopt(v_opt = 10, alpha = 0.025)

Arguments
v_opt Numeric > 0. Intrinsic time at which the boundary is tightest. Recommended
default from CR24: 10.
alpha Numeric in (0,1). Significance level (one-sided). For a two-sided boundary at
level alpha, pass alpha/2 here.
Details

_ Vopt

—W_1(—a?/e) -1
The lower branch W_; is defined for x in [-1/e, @) and returns values <= -1. For alpha in
(0, 1), -alpha*2/eis alwaysin (-1/e, @), so the branch is well-defined.

p

Value

Numeric > 0. The rho tuning parameter.

Examples

rho_from_vopt(v_opt = 10, alpha = 0.025)

score_bounds Score difference bounds for a named scoring rule

Description
Returns lo, hi and the derived scale parameters c¢_thm1, c_thm23 for the score difference process
hat_delta_t = S(p, y) - S(q, y), in those cases where a genuine, theorem-valid bound is available.
Usage

score_bounds(scoring_rule)
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Arguments

scoring_rule Character. One of:

e "brier”, "spherical” — bounded, exact finite-sample c.
* "winkler" — descriptive helper for the one-sided CS on the log score.
e "tick"” — unbounded; returns NULL with guidance.

non

e "crps”, "crps_normal”, "crps_empirical”, "crps_std" —unbounded;
returns NULL with guidance.

n on

* "log", "qlike" — unbounded; returns NULL with guidance.

Details

Convention (utils.R::score_diff_scales): c_thm1 = (hi - 1o) / 2 # Theorem 1: Idelta_il <= ¢ c_thm23
=hi - lo # Theorems 2 & 3: Idelta_il <= c/2

Value

Named list with elements lo, hi, ¢_thm1, ¢c_thm23 for bounded rules, or NULL for unbounded rules
(with an informative message).

Per-rule notes

* Brier / Spherical — individual scores lie in [-1, @] (Brier) or [@, 1] (Spherical), so score
differences lie in [-1, 1] either way. This bound is exact and yields finite-sample anytime-
valid CS via Hoeffding/Bernstein.

* Winkler — bounded above by 1; the lower bound is problem-dependent, so 1o = -Inf and
only hi =1 is used, as a descriptive helper for the one-sided CS wrapper winkler_cs(). Not
intended for generic Hoeffding/Bernstein use (Theorem 1 requires a finite symmetric interval).

* Tick loss — unbounded on general financial returns. Any bound derived from an empirical
data range is ex-post and not filtration-respecting, so it cannot justify finite-sample anytime
validity. Use cs_asymptotic() for tick comparisons.

e CRPS (normal, t, empirical) — unbounded, since both the predictive distributions and the
realised outcomes are unbounded. A historical data range is again an ex-post surrogate and
does not provide a theorem-valid ¢ for Hoeffding/Bernstein. Use cs_asymptotic(), or supply
genuine ex ante bounds in problem-specific code if available.

* Log / QLIKE — both unbounded. For binary log-score comparisons, use winkler_score()
+ winkler_cs() when the Winkler construction is appropriate. For categorical log-score,
QLIKE, and other unbounded score differences, use cs_asymptotic(), or eprocess_predictable()
only with genuine ex ante predictable bounds.

Examples

score_bounds("brier")
score_bounds("winkler")
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score_diff_scales Score difference bounds -> sub-Gaussian / sub-exponential scale

Description

Given score-difference bounds [lo, hi], computes the two scale constants used elsewhere in
seqcomp:

e c_thml = (hi - 1o) / 2 — sub-Gaussian scale for Theorem 1, where |delta_i| <= c_thm1.

e c_thm23 =hi - 1o — sub-exponential scale for Theorems 2 & 3, where |delta_i| <= c_thm23 / 2.

Usage

score_diff_scales(lo, hi)

Arguments
lo Numeric. Lower bound of score difference (usually a - b).
hi Numeric. Upper bound of score difference (usually b - a).
Details

Both conventions bound the same quantity: after centering, delta_i liesin [-(hi-10)/2, (hi-1lo)/2],
somax|delta_i| = (hi-1lo)/2, which equals both c_thm1 and c_thm23 / 2.

Value

Named list with elements ¢_thm1 and ¢_thm?23.

Examples
score_diff_scales(lo = -1, hi = 1)
smcs_compare Compare Multiple Sequential Forecasters (SMCS)
Description

Evaluates an arbitrary number of candidate forecasters simultaneously, constructing Sequential
Model Confidence Sets (SMCS) that maintain family-wise error rate control over time.
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Usage
smcs_compare(
forecasts,
outcomes,
scoring_rule = c("brier"”, "spherical”, "tick"),
cs_method = c("bernstein”, "hoeffding"),
tau = NULL,
alpha = 0.05,
v_opt = 10,
clip_max = 1e+07,
betting_rule = c("default”, "naive"”, "agrapa”, "ons", "arnold"),
period = 1,
)
Arguments
forecasts A T x m matrix of forecasts. For binary/categorical probability forecasts, these
should be matrices of probabilities. For quantile forecasts, these should be raw
predicted quantiles. Note: to replicate the log-scale bounds of the Arnold et al.
(2026) Covid-19 study, pass log-transformed forecasts and outcomes.
outcomes A numeric vector of T realised outcomes.

scoring_rule

Character. Scoring rule used to compare forecasts. Currently supports "brier”,
"spherical”, and "tick".

cs_method Character. Confidence sequence method for the weak null: "bernstein” or
"hoeffding". Default is "bernstein”.

tau Numeric in (@, 1). The quantile level. Required only if scoring_rule =
"tick".

alpha Numeric in (@, 1). Family-wise significance level. Default is 0. @5.

v_opt Numeric > 0. Intrinsic time at which the weak-null confidence sequence is tuned
to be tightest. Default is 10.

clip_max Numeric. Maximum e-process value before clipping in the strong-null test. De-

betting_rule

period

fault is 1e7.

Character. Strong-null betting-fraction rule. "default” preserves the existing
behavior: "naive"” for "brier” and "spherical”, and "arnold” for "tick".
"naive”, "agrapa”, and "ons" are available for all scoring rules; "arnold” is

available only for "tick".

Positive integer. Number of interleaved periodic sub-streams used by "agrapa”
or "ons”. Must be 1 for "naive” and "arnold"”.

Additional arguments passed to build_agrapa_betting_array() orbuild_ons_betting_array()

for the selected adaptive rule, such as kappa, prior_mean, prior_variance,
fake_obs, or eta.
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Details

This is a high-level wrapper that automates pointwise score calculation, boundary generation, and
multiplicity corrections via smcs_strong() and smcs_weak(). For uniformly bounded scoring
rules, it returns SMCSs under the strong, uniformly weak, and time-varying weak null hypotheses.
For conditionally bounded rules like "tick” loss, it automatically builds the dynamic 3D arrays
required for strong-null adaptive betting.

Value
A list containing:

scores AT x m matrix of evaluated pointwise scores.

smcs_strong A T x m logical matrix tracking inclusion in the strong-null SMCS over time (per-
manent exclusions).

smcs_uniform_weak A T xm logical matrix tracking inclusion in the uniformly weak SMCS over
time (permanent exclusions). Currently NULL for "tick" loss.

smcs_weak A T x m logical matrix tracking inclusion in the time-varying weak-null SMCS over
time (models can exit and re-enter). Currently NULL for "tick” loss.

betting_rule The resolved strong-null betting rule actually used.
period The period supplied for an adaptive betting rule.
betting_args The additional adaptive-rule settings supplied through . . ..

Examples

set.seed(42)
T_sim <- 100
y <= rbinom(T_sim, 1, 0.5)

# Create 3 forecasters:

# M1 is a perfect oracle (always predicts the true y)

# M2 is slightly noisy (adds small uniform noise to y)

# M3 is an anti-oracle (predicts the exact opposite of y)
fcsts <= matrix(NA, nrow = T_sim, ncol = 3)

fests[, 11 <~y

fests[, 2] <- abs(y - runif(T_sim, 0, 0.1))

fests[, 31 <=1 -y

colnames(fcsts) <- c("M1", "M2", "M3")

out <- smcs_compare(fcsts, y, scoring_rule = "brier")

# Print the object to see exclusions (M3 will be dropped rapidly)
out

# View how the set sizes shrink over time
summary (out)

# Additionally, use an adaptive strong-null betting rule
out_agrapa <- smcs_compare(
fcsts, y, scoring_rule = "brier”, betting_rule = "agrapa”
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)

out_agrapa

smcs_strong Sequential Model Confidence Set (Strong & Uniformly Weak Null)

Description

Constructs a Sequential Model Confidence Set (SMCS) evaluating a family-wise intersection null
hypothesis. By maintaining a running intersection over time, any model excluded from the set is
permanently eliminated.

Usage
smcs_strong(
scores,
alpha = 0.05,

method = c("betting”, "mixture"),
c_param = NULL,
lambda_param = NULL,

)
Arguments
scores AT x m matrix of positively-oriented scores.
alpha Numeric in (@, 1). Family-wise significance level. Default is . 5.
method Character. "betting” (uses eprocess_betting(), true strong null) or "mixture”
(uses eprocess(), tests uniformly weak null). Default is "betting".
c_param Numeric scalar, m X m matrix, or 7' X m X m array. The predictable bound pa-

rameter. Required. Time-varying arrays are only allowed if method = "betting”.

lambda_param  Optional parameter for betting fractions, matching the shape allowed for c_param.
Only used if method = "betting”.

Additional arguments passed to the underlying pairwise e-process function (e.g.,
v_opt and clip_max for "mixture”; clip_max for "betting").

Details

Depending on the method chosen, this function tests different hypotheses:

* method = "betting": Tests the Strong Null hypothesis (conditional step-by-step superiority).
Uses a product-form betting martingale.
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* method = "mixture”: Tests the Uniformly Weak Null hypothesis (average superiority over
time). Uses an exponential-mixture martingale. Because strong superiority implies uniform
weak superiority, feeding "mixture” into this closed-testing machinery yields a valid (though
strictly testing the uniformly weak null) SMCS.

The function computes pairwise e-processes between all models, constructs an intersection e-process
for each model, applies a closed-testing multiplicity adjustment via vovk_wang_merge (), and per-
manently excludes models when their adjusted e-value exceeds 1/ .

Value
A list containing:

E_i_dot AT x m matrix of unadjusted intersection e-processes.
E_star AT x m matrix of closed-testing adjusted e-processes.

smcs AT x m logical matrix. TRUE indicates the model remains in the SMCS at time t.

Examples

set.seed(1)

# 3 models, 100 time steps. Model 3 is artificially much worse.
scores <- matrix(runif(300, -0.5, @), nrow = 100, ncol = 3)
scores[, 3] <- scores[, 3] - 0.5

colnames(scores) <- c("M1", "M2", "M3")

# Using the betting method with a global bound c = 2

res <- smcs_strong(scores, alpha = 0.05, method = "betting”, c_param = 2)
tail(res$smcs)
smcs_weak Sequential Model Confidence Set (Weak Null)
Description

Constructs a Sequential Model Confidence Set (SMCS) evaluating the weak null hypothesis that a
model outperforms all other candidate models on average over time.

Usage

smcs_weak (
scores,
alpha = 0.05,
cs_method = c("bernstein”, "hoeffding"”),
c_param = NULL,
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Arguments
scores AT x m matrix of positively-oriented scores.
alpha Numeric in (@, 1). Family-wise significance level. Default is . 5.
cs_method Character. "bernstein” (uses cs_bernstein())or "hoeffding” (uses cs_hoeffding()).
c_param Numeric scalar or m x m matrix. The uniform bound parameter. Must be
constant over time.
Additional arguments passed to the chosen CS function (e.g., v_opt).
Details

Uses a joint confidence sequence decoupling result: a model ¢ remains in the SMCS at time ¢ if
and only if, for every competitor j, the pairwise (1 — a/(m(m — 1)))-confidence sequence for the
average score difference does not strictly rule out that ¢ is better than j.

Unlike the strong null, this SMCS does not maintain a strict running intersection; a model’s average
score can recover over time, allowing it to dynamically exit and re-enter the confidence set.

Value

A list containing:

smcs A T x m logical matrix. TRUE indicates the model is in the weakly superior set at time t.

alpha_adjusted The Bonferroni-adjusted significance level applied to each pairwise sequence.

Examples

set.seed(2)
scores <- matrix(runif (300, -0.5, @), nrow = 100, ncol = 3)
scores[, 3] <- scores[, 3] - 0.5

colnames(scores) <- c("M1", "M2", "M3")
res <- smcs_weak(scores, alpha = 0.05, cs_method = "bernstein”, c_param = 2)
tail(res$smcs)
spherical_score Spherical score for binary and categorical forecasts
Description

Computes the positively oriented spherical score. Vector probability input is treated as binary;
matrix probability input is treated as categorical.

Usage

spherical_score(p, y)
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Arguments
p Numeric vector in [@, 1] for binary forecasts, or a numeric matrix whose rows
are probability vectors for categorical forecasts.
y For binary vector input, numeric vector in {@, 13}. For categorical matrix input,
integer vector in {1, ..., K3}, where K =ncol(p).
Details

For binary forecasts, this computes

_py+(A-pl-y)

S p7y -
v p*+ (1 —-p)?
For categorical forecasts, this computes
p
SV = oy

where p_y is the forecast probability assigned to the realised category.

Score differences lie in [-1, 1], so use ¢ = 1 for Theorem 1 and ¢ = 2 for Theorems 2 and 3.

Value

Numeric vector of scores in [0, 1]. Higher is better.

Examples

p <- c(0.2, 0.7, 0.9)
y <- c(0, 1, 1)
spherical_score(p, y)

split_streams Split a sequence into h interleaved lag streams
Description
For lag h, the k-th stream (k = 1, ..., h)contains indices {k, k + h, k + 2h, ...}, following the

CR24 convention.

Usage

split_streams(xs, h)

Arguments

XS Numeric vector. Score differences hat_delta_t.

h Integer >= 1. Lag (number of steps ahead).
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Value

List of length h. Each element is a numeric vector containing the score differences for that stream.

Examples

split_streams(1:10, h = 3)

# stream 1: indices 1, 4, 7, 10
# stream 2: indices 2, 5, 8
# stream 3: indices 3, 6, 9
tick_loss Negated tick loss for quantile forecasts

Description

Computes the positively oriented (negated) tick/quantile loss (Koenker & Bassett, 1978).

Usage

tick_loss(q, y, tau)

Arguments
q Numeric vector. Quantile forecasts at level tau.
y Numeric vector. Realised outcomes.
tau Numeric in (0,1). Quantile level.

Details

The standard tick loss is
pr(u) =u(r —¥(u<0)),
where u = y — ¢, is the forecast error. This is loss-oriented (lower = better), so the function negates
it:
Sr(a,y;m)=—(y—a) (T =¥y <q).
Tick loss is unbounded on general real-valued outcomes. Bounds derived from an empirical data

range are ex-post and do not provide theorem-valid constants for finite-sample Hoeffding/Bernstein
confidence sequences or e-processes.

Sign convention: the negation means hat_delta_t > @ when forecaster p has smaller tick loss,
hence a better quantile forecast, than forecaster q.

Value

Numeric vector of negated tick loss scores. Higher = better.
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Examples

q <- c(1.0, 1.5, 2.0)
y <= ¢c(1.2, 1.4, 2.3)
tick_loss(q, y, tau = 0.5)

unroll_stream Unroll a stream-wise quantity back to the original time scale

Description

After computing a per-stream cumulative quantity (e.g. e-process values), restores them to the
original length T by zero-padding the first k - 1 positions, repeating each stream value h times, then
truncating to length T.

Usage

unroll_stream(stream_vals, k, h, T_)

Arguments
stream_vals Numeric vector. Values for stream k (length ~ T/h).
k Integer. Stream index (1-based).
h Integer. Lag.
T_ Integer. Total original sequence length.
Value

Numeric vector of length T_.

Alignment only, not theoretical updating

For lagged forecasts (h >= 2), the returned series is aligned to the evaluated score-difference index
after stream splitting. It should not be interpreted as a process that updates at the original forecast-
issuance time. The unrolled process is for visualization and alignment only; the theoretical validity
argument relies strictly on the streamwise sub-filtrations, not on this unrolled representation.

Examples

unroll_stream(c(1, 2, 3), k=2, h =2, T_ = 6)
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vovk_wang_merge Arithmetic-mean closed-testing e-value merge
Description
Given a vector of e-values ey, . . . , e,,, (Where each e; represents the evidence against the intersection

null hypothesis for model ¢), computes the closed-testing adjusted e-values using the arithmetic
mean as the e-merging function.

Usage

vovk_wang_merge(e_values)

Arguments

e_values Numeric vector of non-negative e-values, one per model.

Details

This implements the Accelerated E-Value Calibration algorithm (Tim Stephan, ETH Zurich; Section
H of the supplementary material to Arnold et al., 2026), which solves the Vovk & Wang (2021)
closed-testing minimization in O(m log m) time rather than the naive O(m?).

Value

*
7

A numeric vector of the same length, containing the closed-testing adjusted e-values e}, in the

original (unsorted) order.

Examples

raw_evalues <- c(10, 2, 1)
# Model 1 has strong evidence against it, Model 3 has none.
vovk_wang_merge (raw_evalues)

winkler_compare Full Winkler comparison pipeline (Proposition EC.4)

Description

Convenience wrapper that computes Winkler scores, one-sided CS, and e-process in a single call.
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Usage
winkler_compare(
P,
q,
Y,
alpha = 0.05,
base_score = log_score,
v_opt = 10,
lower_bound = NULL
)
Arguments
p Numeric vector in (0,1).
q Numeric vector in (0,1).
y Numeric vector containing only 0 and 1. Binary outcomes.
alpha Numeric in (0,1). Default: 0.05.
base_score Function. Default: log_score.
v_opt Numeric > 0. Default: 10.
lower_bound Numeric or NULL. See winkler_cs().
Value

Named list with elements:

e winkler_scores — raw Winkler score vector.

e cs —data.frame from winkler_cs().

* etest_p_worse — one-sided e-process testing whether p is worse than g.
* etest_g_worse — one-sided e-process testing whether q is worse than p.

* rejections — list of one-sided rejection summaries.

Examples

p <- c(0.7, 0.6, 0.8,
g <- c(0.5, 0.7, 0.6
y <-c(1, 1, o0, 1)

winkler_compare(p, q, y, alpha = 0.05)

’
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winkler_cs One-sided empirical Bernstein CS for Winkler scores (Proposition
EC4)

Description

Applies the Winkler normalisation and constructs a one-sided upper confidence sequence for the
mean Winkler score W_t = (1/t)*sum w_i. The CS takes the form (-Inf, U_t], valid uniformly
overall t >=1.

Usage
winkler_cs(
P,
q,
Y,
alpha = 0.05,
base_score = log_score,
v_opt = 10,
lower_bound = NULL
)
Arguments
p Numeric vector in (0,1). Forecasts from model 1.
q Numeric vector in (0,1). Forecasts from model 2.
y Numeric vector containing only 0 and 1. Binary outcomes.
alpha Numeric in (0,1). Significance level. Default: 0.05.
base_score Function. Underlying scoring rule. Default: log_score.
v_opt Numeric > 0. Optimal intrinsic time. Default: 10.
lower_bound Numeric or NULL. Analytical lower bound on w_i for two-sided CS via Corol-
lary 2. If NULL (default), returns one-sided CS only. If supplied, must satisfy
w_i >= lower_bound for all i almost surely.
Details

Scale convention: Winkler score bounded above by 1, so ¢/2 = 1, ¢ = 2. This is hardcoded — do
not change ¢ without re-deriving the bound.
Value

data.frame with columns t, estimate, lower, upper. lower = -Inf always (one-sided) unless lower_bound
is supplied.
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Interpretation

If U_t < @ for some t, this is time-uniform evidence that forecaster 1 (p) is worse than forecaster 2
(q) on average — i.e. a rejection is evidence against p, not for it. More generally, W_t > @ suggests
p outperforms q; W_t < @ suggests g outperforms p.

Examples

p <- c(0.7, 0.6, 0.8, 0.65)
q <- c(0.5, 0.7, 0.6, 0.55)

y <-c(, 1, 0, 1)

winkler_cs(p, q, y, alpha = 0.05)

winkler_etest E-process for Winkler scores (Proposition EC.4 + Theorem 3)

Description

Tests whether the mean Winkler score W_t >= 0 for all t. A rejection provides time-uniform evi-
dence that forecaster 1 (p) is worse than forecaster 2 (q) under the base scoring rule.

Usage
winkler_etest(
P,
q,
Y,
alpha = 0.05,
base_score = log_score,
v_opt = 10,
clip_max = 1e+0@7
)
Arguments
p Numeric vector in (0,1). Forecasts from model 1.
q Numeric vector in (0,1). Forecasts from model 2.
y Numeric vector containing only 0 and 1. Binary outcomes.
alpha Numeric in (0,1). Significance level. Default: 0.05.
base_score Function. Underlying scoring rule. Default: log_score.
v_opt Numeric > 0. Default: 10.
clip_max Numeric. Maximum e-process value before clipping. Default: 1e7.
Value

data.frame with columns t, e, log_e.
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Rejection rule

Reject at level alpha when e >=1 / alpha; this provides time-uniform evidence that p is worse
than q.

Examples

p <- c(0.7, 0.6, 0.8,
g <- c(0.5, 0.7, 0.6
y <-c(1, 1, 0, 1)

winkler_etest(p, q, y, alpha = 0.05)

0.65)
0.55)

’

winkler_score Winkler-normalized binary score

Description

Normalises the score difference S(p,y) - S(q,y) by the maximum possible score difference given the
forecaster ordering, mapping the result to (-Inf, 1] (Proposition EC.4, Choe & Ramdas 2024).
Used to apply Theorems 2 & 3 to unbounded scoring rules on binary outcomes.

Usage

winkler_score(p, q, y, base_score = log_score, eps = 1e-08)

Arguments
p Numeric vector in (0,1). Forecasts from model 1.
q Numeric vector in (0,1). Forecasts from model 2.
y Numeric vector containing only 0 and 1. Binary outcomes.
base_score Function. The underlying scoring rule S(p, y). Must accept two arguments:
forecast probability and outcome. Default: log_score (with eps clipping).
eps Numeric. Zero-protection for the normaliser denominator. Default: 1e-8 (matches
Python comparecast convention).
Details

S(p,y) — S(q,y)
p.¥(p>q) — S(g.¥(p>q)

w(p,q,y) = 57

with the convention 0/0 := 0.

The lower bound is problem-dependent (depends on how extreme p and q can be). For a two-sided
CS via Corollary 2, the user must establish a finite lower bound analytically. If no finite lower
bound can be guaranteed, use the one-sided (upper) CS only, as in the CR24 MLB experiments.
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Value

Numeric vector. Winkler scores in (-Inf, 1]. Upper bound of 1 is tight: w =1 wheny = 1(p > q).

When to use

Strictly limited to binary outcomes y in {0, 1} and probability forecasts p, q in (@, 1). Not
applicable to QLIKE or other continuous-outcome scoring rules. See CR24 EC.7 for discussion.

For use in Theorems 2 & 3: upper bound = 1 implies ¢/2 = 1, so use ¢ = 2 in all GE boundary and
e-process calls.

Examples

p <- c(0.7, 0.6, 0.8,
q <~ c(8.5, 0.7, 0.6
y <-c(1, 1,0, 1)

winkler_score(p, q, y)

0.65)
0.55)

’
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