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Abstract
Identification and estimation of causal peer effects are challenging in observational studies for two reasons. 
The first is the identification challenge due to unmeasured network confounding, for example, homophily 
bias and contextual confounding. The second is network dependence of observations. We establish a 
framework that leverages a pair of negative control outcome and exposure variables (double negative 
controls) to non-parametrically identify causal peer effects in the presence of unmeasured network 
confounding. We then propose a generalised method of moments estimator and establish its consistency 
and asymptotic normality under an assumption about ψ-network dependence. Finally, we provide a consistent 
variance estimator.
Keywords: causal inference, causal inference with networks, interference, negative control, peer effect, proximal 
causal learning
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1 Introduction
Social and biomedical scientists have long been interested in how people’s behaviours are affected 
by peer behaviours. For example, social scientists have studied peer effects on voting behaviours, 
educational outcomes, criminal behaviours, and job opportunities. Epidemiologists and research
ers in public health have studied related concepts such as ‘contagion’ effects of infectious disease 
and health behaviours.

Despite its importance, identification and estimation of causal peer effects have been challenging 
for two reasons. The first issue is that it is often difficult to identify causal peer effects in observa
tional studies due to unmeasured network confounding, such as homophily bias and contextual 
confounding (Manski, 1993; Ogburn, 2018; VanderWeele & An, 2013). Homophily bias arises 
when people become connected due to unobserved characteristics. Contextual confounding exists 
when peers share some unobserved contextual factors. Highlighting concerns about these poten
tial biases, influential papers across disciplines have criticised prior peer effect analyses from ob
servational studies (e.g. Angrist, 2014; Lyons, 2011). Shalizi and Thomas (2011) argue that it is 
nearly impossible to credibly estimate causal peer effects in observational studies using direct con
founding adjustment methods (e.g. regression-based adjustment) due to pervasive concerns about 
unmeasured network confounding.

In addition to unmeasured network confounding, another important challenge is that one needs 
to account for network dependence of observations in order to obtain valid statistical inference. 
When such network dependence is ignored, standard errors may be underestimated, and confi
dence intervals may be anti-conservative (Lee & Ogburn, 2021). While recent studies have al
lowed for some extent of network dependence across units in observational causal inference 
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(Forastiere et al., 2020; Leung, 2021; Ogburn et al., 2017; Tchetgen Tchetgen, Fulcher, et al., 
2021; van der Laan, 2014), they have largely relied on an assumption of no uncontrolled network 
confounding.

In this paper, we propose to resolve these challenges by using a pair of negative control outcome 
(NCO) and negative control exposure (NCE) variables [double negative controls (DNCs)]. An 
NCO (also known as a placebo outcome) is an outcome variable that is known not to be causally 
affected by the treatment of interest. Likewise, an NCE (also known as a placebo treatment) is a 
treatment variable that does not causally affect the outcome of interest (Lipsitch et al., 2010). 
There is a long-standing tradition in biomedical and social sciences of using negative controls to 
detect unmeasured confounding. A non-null effect of the treatment on the NCO or a non-null ef
fect of the NCE on the outcome of interest amounts to compelling evidence of unmeasured con
founding. In the literature of causal peer effects, Egami (2018) exploits an NCO, and Liu and 
Tchetgen Tchetgen (2020) use an NCE to address unmeasured network confounding. While 
they require relatively weak assumptions to detect unmeasured network confounding, both works 
require much stronger assumptions for identification of causal peer effects as they each use only 
one type of negative control variable but not both. Recently, a series of papers (Deaner, 2018; 
Kallus et al., 2021; Kuroki & Pearl, 2014; Miao, Geng, et al., 2018; Miao, Shi, et al., 2018; Shi 
et al., 2020; Tchetgen Tchetgen, Ying, et al., 2020) propose to use DNCs for identification of 
causal effects (also known as proximal causal learning), but they have focused on i.i.d. or panel 
data settings, and to date none of these papers has considered network data.

Our contribution is to propose a general framework for using DNCs for identification and 
estimation of causal peer effects in the presence of uncontrolled network confounding while taking 
into account network dependence. We first derive non-parametric identification of causal peer 
effects in the presence of unmeasured network confounding by exploiting DNCs that are associ
ated with unmeasured confounders. In particular, we incorporate DNC variables via a network 
outcome confounding bridge function, a network version of the outcome confounding bridge 
function studied in Miao, Shi, et al. (2018), Shi et al. (2020), and Tchetgen Tchetgen, Ying, 
et al. (2020). We discuss general approaches for selecting negative controls from network data 
in practice. In particular, one can use auxiliary variables that (a) do not affect network relation
ships and (b) do not affect variables of other units. These auxiliary variables can be seen as proxies 
that have no causal network effects but are associated with unmeasured network confounders. We 
then propose a semi-parametric estimation framework using a generalised method of moments 
(GMM) estimator (Hansen, 1982) for the causal peer effect, and we establish consistency and 
asymptotic normality of the resulting estimator under correct specification of the network 
confounding bridge function, and an assumption about ψ-network dependence (Kojevnikov 
et al., 2021), which expresses the degree of stochastic dependence between variables in terms of 
network distance. This assumption of ψ-network dependence restricts the speed by which network 
dependence decays as network distance increases, and the speed by which the density of the 
network changes as sample size increases. Finally, we provide a network heteroskedasticity and 
autocorrelation consistent (network HAC) variance estimator, with which researchers can 
construct asymptotic confidence intervals of causal peer effects.

The paper is organised as follows. In Section 2, we consider dyadic data to introduce the use of 
DNCs for identification of causal peer effects. In Section 3, we examine a more general setting 
where one observes data from a single network. We study identification as well as estimation 
and inference by accounting for ψ-network dependence. In Section 4, we illustrate our methods 
by applying them to the Add Health network data to infer the extent of causal peer effects in 
education. Section 5 concludes the paper. In online supplementary Appendix, we assess the finite 
sample performance of our proposed estimators via extensive simulations and provide proofs of 
all the results described in the main text.

1.1 Related literature
This article builds on a growing literature on causal peer effects. Various methods have been pro
posed to address concerns about uncontrolled network confounding in observational studies. A 
popular approach for identification of causal peer effects is the so-called instrumental variable 
(IV) method. Bramoullé et al. (2009) use IVs to deal with simultaneity in the linear-in-mean models 
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(Goldsmith-Pinkham & Imbens, 2013; Manski, 1993). O’Malley et al. (2014) propose to use 
genes as instruments to study causal peer effects of body mass index among friends. In addition 
to the well-known exclusion restriction, both methods assume (conditional) exogeneity of IVs. 
However, this assumption may be untenable in a wide range of applications because it is violated 
as long as IVs are associated with unmeasured variables at the source of homophily or contextual 
confounding. In contrast, our methods allow for and in fact leverage such association between 
negative controls and unobserved confounders. McFowland and Shalizi (2023) propose a consist
ent estimator of causal peer effects, which adjusts for estimated latent homophilous attributes in 
settings where the data generating process is linear and the network grows according to either a 
stochastic block model or a continuous space model. In contrast, we establish non-parametric 
identification of causal peer effects by using DNCs, and our results accommodate both latent ho
mophily and contextual confounding. Also, our asymptotic results make an alternative assump
tion of ψ-network dependence (Kojevnikov et al., 2021) instead of assuming specific network 
models, and we allow for asymptotic normality and construction of asymptotic confidence inter
vals in addition to consistent estimation of causal peer effects. The main distinction is that our pro
posed method and McFowland and Shalizi (2023) rely on different causal assumptions. While 
McFowland and Shalizi (2023) assume that researchers can model the network formation process 
and that estimated latent variables are sufficient for controlling for homophily bias, our approach 
relies on two negative controls (NCO and NCE) and gives corresponding causal assumptions suf
ficient for identification. We view these methods as complementary to each other, and researchers 
can use domain knowledge to evaluate which identification strategies are most credible in a given 
application.

2 DNCs for dyadic data
In this section, to ground ideas, we focus on identification of causal peer effects from dyadic data. 
In general, even in this simple setting, causal peer effects are not identified based on standard co
variate adjustment in the presence of unmeasured network confounding, such as latent homophily 
and contextual confounding. We propose an alternative approach based on negative controls. We 
consider a more general network setting in Section 3.

2.1 Notation and definitions
We consider data on dyads, i.e. pairs of two individuals. For each dyad i, let Si = 1 when the two 
units are connected and Si = 0 when the two units have no tie between them. For example, in dyad
ic data based on a students’ friendship survey, Si = 1 encodes the two students being friends with 
each other and Si = 0 otherwise.

Suppose one has observed n independent and identically distributed samples of connected dyads 
(Si = 1) where each dyad is labelled i ∈ {1, . . . , n}. For each unit within dyads, we observe focal 
behaviour Y at two time points, baseline and a single follow-up. Define Ykt to be the focal behav
iour of unit k ∈ {1, 2} at time t ∈ {1, 2}, where t = 1, 2 denotes baseline and follow-up, respective
ly. Without loss of generality, define k = 1 to be the ego—a unit on whom we estimate a causal peer 
effect—and define k = 2 to be the peer—a unit whose effect on the ego we estimate.

The outcome of interest is ego’s behaviour at follow-up Y12. The treatment variable of interest is 
peer’s behaviour at baseline Y21. Using the potential outcome framework (Neyman, 1923; Robins, 
1986; Rubin, 1974), define Y12(y21) to be the potential outcome had possibly contrary to fact, the treat
ment variable been set to Y21 = y21, which we assume to exist and to be well defined. Throughout the 
paper, we make the standard consistency assumption linking observed and potential outcomes:

Y12 = Y12(Y21), a.s. (1) 

Our goal is to estimate the average causal peer effect (ACPE), defined as

τ(y21, y′21) := E{Y12(y21) − Y12(y′21) ∣ S = 1}, 

where y21, y′21 ∈ Y21 and Y21 is the support of Y21. We condition on S = 1 because we only consider 
connected dyads.
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2.2 Identification challenge
Covariate adjustment based on conditional ignorability is the most common approach to identi
fication of causal effects in observational studies (Robins, 1986; Rosenbaum & Rubin, 1983). In 
causal peer analysis, conditional ignorability entails assuming

Y12(y21)⫫Y21 ∣ Y11, X, S = 1, (2) 

where X represent observed pre-treatment covariates for the dyad. However, such approach is, in 
general, not plausible when estimating the ACPE due to unmeasured homophily (Shalizi & 
Thomas, 2011) and contextual confounding (VanderWeele & An, 2013). Homophily bias arises 
when people become connected due to unobserved characteristics. Contextual confounding exists 
when peers share some unobserved contextual factors. In this paper, we use the term unmeasured 
network confounding to refer to confounding that violates conditional ignorability in causal peer 
analysis, and thus it contains unmeasured homophily and contextual confounding as special cases.

Figure 1a represents a causal-directed acyclic graph (DAG) illustrating latent homophily. We 
use Uk with k ∈ {1, 2} to represent unobserved characteristics that affect a tie relationship S as 
well as focal behaviour Y. Because the tie relationship S is affected by U1 and U2, variable S is a 
collider in the terminology of graph theory. To estimate the ACPE, we condition on S = 1, and 
therefore, there is an unblocked back-door path Y21 ← U2 → S = 1 ← U1 → Y12, where U1 

and U2 are unobserved, and the square box around S = 1 means that we observe dyads conditional 
on S = 1 (Shalizi & Thomas, 2011). Thus, even in the simple setting of dyadic data, identification 
of the ACPE is not possible without additional assumptions.

Figure 1b represents a causal DAG illustrating contextual confounding. Here, we use U to re
present an unmeasured shared context that affects both the ego and peer. Due to the unblocked 
back-door path Y21 ← U→ Y12, conditional ignorability is violated.

2.3 Identification with DNCs
In this section, we consider an alternative approach for identification and estimation by exploiting 
auxiliary variables called negative controls. In particular, we will use NCO and NCE variables, 
which we define below.

We first make the latent ignorability assumption, which states that conditional ignorability 
holds if we could measure all factors at the source of network confounding.

Assumption 1.1 (Latent ignorability). For all y21 ∈ Y21,

Y12(y21)⫫Y21 ∣ U, X, S = 1.

(a) (b)

Figure 1. DAGs for dyadic data in the presence of unmeasured network confounding. (a) Unmeasured homophily. 
(b) Contextual confounding. The thick arrows from Y21 to Y12 indicate the causal peer effects of interest. We use 
shaded (dotted) nodes to denote observed (unobserved) variables. For simplicity, we suppressed observed 
covariates X. In panel (a), the square box around S = 1 represents that we observe dyads conditional on S = 1. 
DAGs = directed acyclic graphs.
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Assumption 1.1 states that U and X suffice to account for confounding of the relationship between 
Y21 and Y12(y21) conditional on S = 1, whereas X alone may not. This assumption is often plausible 
as there is no direct restriction on the nature of the latent characteristic U. However, this assumption 
alone is not sufficient for identification given that we do not observe the latent characteristic U.

The key to the proposed approach is to suppose that one can measure two auxiliary variables, 
NCO W and NCE Z that satisfy the following conditions.

Assumption 1.2 (Negative controls).

1. Negative control outcome (NCO):

W⫫Y21 ∣ U, X, S = 1. (3) 

2. Negative control exposure (NCE):

Z⫫Y12 ∣ Y21, U, X, S = 1 and Z⫫W ∣ Y21, U, X, S = 1. (4) 

Assumption 1.2(1) states that W is an auxiliary variable that is conditionally independent of the 
treatment Y21 given the latent confounder U, observed pre-treatment covariates X, and the dyadic 
type S. Assumption 1.2(2) means that Z is an auxiliary variable that is conditionally independent 
of the outcome Y12 and NCO W given the treatment Y21, the latent confounder U, observed pre- 
treatment covariates X, and the dyadic type S = 1.

In practice, plausible candidates for negative controls are auxiliary variables that (a) do not af
fect network relationships and (b) do not affect variables of other units. Figure 2 represents exam
ples of causal DAGs that extend Figure 1a and encode Assumption 1.2. In Figure 2a and b, W and 
Z are auxiliary variables that do not affect the dyadic relationship S or do not affect variables of the 
other unit. A variety of relationships between the focal behaviours and negative controls can be 
accommodated. In Figure 2a, W and Z are pre-treatment variables affecting the focal behaviours, 
while in Figure 2b, W and Z are intermediate variables between focal behaviour at baseline Yk1 
and focal behaviour at follow-up Yk2. In addition, in both Figure 2a and b, Y11 may also serve 
as the NCO.

Example (Negative controls). In the context of Add Health data, Cohen-Cole and 
Fletcher (2008) estimated peer effects on three health outcomes—acne, height, 
and headaches—known ex ante not to exhibit peer effects. The purpose of 
Cohen-Cole & Fletcher’s (2008) analysis was to investigate the validity of 

(a) (b)

Figure 2. Examples of causal DAGs with double negative controls. Auxiliary variables W and Z are added to 
Figure 1a. The causal relationships between focal behaviours Ykt , unmeasured confounder Uk , and the tie 
relationship S are the same as those in Figure 1a. In Figure 2a, W and Z are pre-treatment variables, while in Figure 
2b, W and Z are intermediate variables. DAGs = directed acyclic graphs.
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popular statistical approaches that assume the absence of unmeasured homo
phily and contextual confounding (e.g. Christakis & Fowler, 2007). By finding 
implausible peer effects on the three health outcomes mentioned above, 
Cohen-Cole and Fletcher (2008) warn that latent homophily and contextual 
confounding may be operating in studies of peer effects based on Add Health 
data.

In the proposed DNC approach, the three health outcomes can be used not 
only for detecting confounding but also as negative controls to potentially cor
rect for such confounding. For example, whether a student has headaches is un
likely (a) to causally affect whether students are friends to each other and (b) to 
causally affect peers’ headaches. In our empirical application (Section 4), unob
served study habits are important potential unmeasured network confounders 
and are likely to be correlated with headaches. If these conditions are plausible 
in applied contexts, an ego’s headache and a peer’s headache can be used as the 
NCO and NCE, respectively. In general, the choice of negative controls should 
be justified by domain knowledge in each application by evaluating 
Assumption 1.2.

Upon selecting valid NCO and NCE variables, one approach supposes that there exists an out
come confounding bridge (Miao, Shi, et al., 2018) that relates the confounders’ effects on negative 
control outcome W to the confounders’ effects on outcome of interest Y12.

Assumption 1.3 (Outcome confounding bridge function). There exists a function 
h(W, Y21, X) such that for all y21 ∈ Y21,

E(Y12 ∣ Y21 = y21, U, X, S = 1)

= E{h(W, y21, X) ∣ Y21 = y21, U, X, S = 1}.
(5) 

Assumption 1.3 states that the confounding effect of U on outcome Y12 is equal to the confound
ing effect of U on h(W, y21, X), a transformation of W. One simple yet important implication of 
this assumption is that W should be associated with U conditional on the treatment, observed co
variates, and the dyadic relationship.

This assumption formally connects the confounding effect on the outcome Y12 and the con
founding effect on the NCO W. Instead of assuming complete knowledge of its relationship, 
the proposed DNC approach will use NCE Z to identify it, as described below in Theorem 1.

Formally, equation (5) is a Fredholm integral equation of the first kind (Kress, 1989). Existence 
of a solution to this equation can be established under regularity conditions regarding the negative 
control relevance and a certain singular value decomposition of the operator defining the integral 
equation. These conditions are somewhat technical and we reserve their details to online 
supplementary Appendix A.1. In practice, the existence of an outcome confounding bridge can 
be established when the number of NCOs W is at least as large as the number of unobserved con
founders U (the number of levels in W should be at least as large as the number of levels in U when 
both are categorical variables).

To further understand the meaning of the outcome confounding bridge assumption, we provide 
two examples below. The first is a linear confounding bridge. While it is restrictive, it contains a 
popular difference-in-differences (DID) method (Sofer et al., 2016) as a special case, and it pro
vides clear intuition. The second is a case when unmeasured confounder U and NCO W are cat
egorical (Shi et al., 2020). In this second example, we can simplify sufficient conditions for the 
existence of the outcome confounding bridge.

Example (Linear confounding bridge). Suppose researchers posit a linear confounding 
bridge h(W, Y21, X; γ) = (1, W, Y21, X)⊤γ. Then, Assumption 1.3 implies that 
the confounding effect of U on the primary outcome Y12 is proportional to 
the confounding effect of U on the negative control outcome W. With unknown 
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value of γW, we have

E(Y12 ∣ Y21 = y21, U = u, X = x) − E(Y12 ∣ Y21 = y21, U = u′, X = x)
􏽼���������������������������������������������􏽻􏽺���������������������������������������������􏽽

Confounding effect of U on Y12

= γW × E(W ∣ Y21 = y21, U = u, X = x) − E(W ∣ Y21 = y21, U = u′, X = x)
􏽼�������������������������������������������􏽻􏽺�������������������������������������������􏽽

Confounding effect of U on W

.

(6) 

While this assumption might seem unfamiliar, the parallel trends assumption 
necessary for the widely used DID method is a special case of this assumption 
(i.e. strictly stronger than Assumption 1.3). This is because the DID method 
uses the baseline outcome Y11 as the NCO and a priori sets γW = 1 (i.e. the con
founding effect of U on the primary outcome Y12 is exactly equal to the con
founding effect of U on NCO W). In contrast to the DID method, we only 
assume that the confounding effect on the primary outcome is proportional to 
(not necessarily equal to) the confounding effect on the NCO. Importantly, 
we do not need to assume the value of γ. Rather, as shown below, one can 
use an appropriate choice of NCE Z to identify and estimate γ. In Section 
2.3.1, we provide additional discussions about the connection between the 
DID and the DNC approach.

Example (Categorical variables). Suppose W and U are categorical variables. We define 
possible values for W and U as wi and uj for i = 1, . . . , |W|, j = 1, . . . , |U|, 
where | · | denotes the cardinality of a categorical variable. Define 
Pr(W ∣ y21, U, x, S = 1) to be a |W| × |U| matrix with Pr(W ∣ y21, U, x, 
S = 1)ij = Pr(W = wi ∣ y21, U = uj, x, S = 1). In this case, sufficient conditions 
for the existence of the confounding bridge function can be simplified. As 
long as  Pr(W ∣ y21, U, x, S = 1) have full column rank (which implies that 
|W| ≥ |U|), the confounding bridge function h(W, y21, x) exists as a 
solution to E(Y12 ∣ y21, U, x, S = 1) = h(W, y21, x)Pr(W ∣ y21, U, x, S = 1), 
where h(W, y21, x) is a 1 × |W| vector.

Finally, we make the following assumption about negative control relevance.

Assumption 1.4 (Negative control relevance). For any square integrable function f and 
any y21 and x, if E{f (W) ∣ Z = z, Y21 = y21, X = x, S = 1} = 0 for almost 
all z, then f (W) = 0 almost surely.

This assumption states that Z is sufficiently informative about W, which is essential to ensure 
identification of the outcome confounding bridge function h. This condition is formally known 
as a completeness condition, a well-known technical condition central to the study of sufficiency 
in statistical inference. Many commonly used parametric and semi-parametric models, such as 
semi-parametric exponential family and semi-parametric location-scale family, satisfy the com
pleteness condition (Newey & Powell, 2003).

The completeness condition has been widely used to achieve identification in non-parametric IV 
models (e.g. Newey & Powell, 2003). In the IV literature, completeness formalises the IV relevance 
condition and generalises the rank condition of linear IV models. Thus, Assumption 1.4 essentially 
means that Z is relevant for W conditional on (Y21, X, S).

Remark To gain intuition, we consider implications of the completeness condition. 

(Categorical variables) Consider a special case of categorical NCO and NCE. In 
this case, Assumption 1.4 requires that the number of levels in NCE must be at 
least as large as the number of levels in NCO.
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(Continuous variables) When both NCO and NCE are continuous, Assumption 
1.4 requires that the number of NCEs must be at least as large as the number 
of NCOs.

It is important to note that the negative control relevance assumption can be violated in practice. In 
online supplementary Appendix E, we conduct simulation studies where this assumption is violated 
and demonstrate that the proposed DNC estimator has small bias and corresponding confidence in
tervals maintain reasonable coverage when the violation is small. However, as one might expect, the 
larger is the violation, the bias is larger and coverage performance of corresponding confidence inter
vals becomes poorer. Simulation studies also show that, when association between negative controls 
and unmeasured confounders is weak, finite sample performance of the proposed methods could be 
poor, even though the ACPE is in principle identified. This highlights the practical importance of se
lecting negative controls that are strongly associated with unmeasured confounders.

To understand the potential impact of the violation of the negative control relevance assump
tion, we also provide a sensitivity analysis method in online supplementary Appendix C. We 
extend the first sensitivity analysis for negative control methods in a linear confounding bridge 
case (Cobzaru et al., 2022). In particular, we generalise their result to accommodate two import
ant aspects of the causal peer effect analysis: continuous treatments and network-dependent 
errors. Therefore, the sensitivity analysis method provided in online supplementary Appendix C
can accommodate the dyadic data (Section 2) and the network data (Section 3).

Remark Importantly, the assumption of negative control relevance with respect to W and Z 
is not testable for unrestricted models in the sense that no test will have power great
er than size against any alternative: this is a general impossibility theorem estab
lished in Canay et al. (2013) for unrestricted models. However, for restricted 
models, the violation of the negative control relevance [Assumptions 1.4 and 
2(4)] can be analysed as the identification problem in the GMM (Wright, 2003). 
For example, in a linear confounding bridge case, researchers can use a weak instru
ment test discussed in Andrews et al. (2019) to detect the violation of the negative 
control relevance assumption. For the network data (Section 3), these tests need to 
be generalised to take into account network-dependent errors, which requires add
itional substantial theoretical analysis, and is an important topic of future studies.

Remark Finally, we note that alternative completeness conditions are also sufficient for iden
tification of the ACPE. We establish non-parametric identification of the ACPE 
under these alternative completeness conditions in online supplementary 
Appendix A.6. We further discuss completeness condition in online supplementary 
Appendix A.2.

The following theorem establishes non-parametric identification of the ACPE under the stated 
assumptions.

Theorem 1 Under Assumptions 1.1–1.4, the confounding bridge function is identified as 
the unique solution to the following equation:

E(Y12 ∣ Z, Y21, X, S = 1) = E{h(W, Y21, X) ∣ Z, Y21, X, S = 1}.

Using the identified confounding bridge function h(W, Y21, X), the ACPE is 
identified by

τ(y21, y′21) = E{h(W, y21, X) − h(W, y′21, X) ∣ S = 1}.

Importantly, under Assumptions 1.1–1.4, we have identified the ACPE without imposing any 
parametric restriction on the confounding bridge function. We provide a proof in online 
supplementary Appendix A.5.
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Example (Identification under linear confounding bridge). While Theorem 1 establishes 
non-parametric identification of the ACPE, here we provide intuition behind 
identification using a simple case with a binary treatment and a binary NCE 
without any pre-treatment covariates, which admits a closed-form solution. 
Because this part of discussions is general about the DNC approach, we use 
A to denote the binary treatment and Y to denote the outcome variable.

Consider a linear confounding bridge function: h(W, A; γ) = γ0 + γ1W + γ2A. 
Then, the ACPE is identified as

τ(1, 0) = E{E(Y ∣ A = 1, Z) − E(Y ∣ A = 0, Z)}

− E{E(W ∣ A = 1, Z) − E(W ∣ A = 0, Z)}

×
E{E(Y ∣ A, Z = 1) − E(Y ∣ A, Z = 0)}
E{E(W ∣ A, Z = 1) − E(W ∣ A, Z = 0)}

.

We provide the proof in online supplementary Appendix A.8. The first term 
E{E(Y ∣ A = 1, Z) − E(Y ∣ A = 0, Z)} corresponds to a biased estimator of the 
ACPE; a regression of outcome Y on treatment A conditional on Z, which is equal 
to the ACPE only in the absence of unmeasured confounder. The second term 
E{E(W ∣ A = 1, Z) − E(W ∣ A = 0, Z)} captures the confounding effect on W, 
which would be zero in the absence of unmeasured confounding. This captures 
the amount of confounding to be corrected. Finally, the third term E{E(Y ∣ A, Z = 
1) − E(Y ∣ A, Z = 0)}/E{E(W ∣ A, Z = 1) − E(W ∣ A, Z = 0)} represents a ratio 
of the confounding effects on the outcome Y and on NCO W, which is identified 
by using NCE Z. It is clear here that the negative control relevance (Assumption 
1.4) is essential to guarantee E{E(W ∣ A, Z = 1) − E(W ∣ A, Z = 0)} ≠ 0. 
Intuitively, the DNC approach subtracts an estimated bias (the second term) 
scaled by the differential confounding effects on the outcome and on the NCO 
(the third term) from the original biased estimator (the first term).

This explicit form contains two important special cases: (a) conditional 
ignorability (i.e. no unmeasured network confounding) and (b) the well-known 
DID design. First, under conditional ignorability, E{E(W ∣ A = 1, Z) − 
E(W ∣ A = 0, Z)} = 0, and thus, τ(1, 0) = E{E(Y ∣ A = 1, Z) − E(Y ∣ A = 0, Z)}, 
which reduces to the standard identification formula under conditional ignorabil
ity. Second, the formula reduces to DID when the confounding effect on the out
come is equal to the confounding effect on the NCO. Sofer et al. (2016) argue 
that DID uses a pre-treatment outcome ( Y11 in our dyadic data setting) as W 
and assumes the entire bridge function is known, i.e. not only a functional form 
but also the value of coefficient γ, without using any NCE. In particular, the widely 
used assumption of parallel trends states that the confounding effects on the out
come Y12 and on pre-treatment outcome Y11 (used as the NCO) are equal, and 
thus, the third term is equal to one.

In contrast, the DNC approach can use any valid W (including pre-treatment 
outcome Y11 as a special case). Most importantly, we use NCE Z to estimate the 
confounding bridge function—the differential confounding effects on the out
come Y and on NCO W—as the ratio E{E(Y ∣ A, Z = 1) − E(Y ∣ A, Z = 
0)}/E{E(W ∣ A, Z = 1) − E(W ∣ A, Z = 0)} in the third term. It is important to 
emphasise that, while we use this closed-form solution in the linear confound
ing bridge case to provide intuition behind the DNC approach, our identifica
tion results do not impose any parametric restriction on the confounding bridge 
or negative controls.

2.3.1 Connection to other identification strategies
The proposed DNC estimator is connected to a wide range of existing identification strategies used 
for causal peer effect analysis. (a) Egami (2018) examines identification of the causal peer effect 
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when only one NCO is available. In this case, to identify the ACPE, researchers need to assume 
that the confounding effect of U on the primary outcome is the same as the confounding effect 
of U on the NCO. This is equivalent to the parallel trends assumption required in the DID method 
and the time-invariant confounder assumption required in a fixed effect estimator (Sofer et al., 
2016). This is a special case of the confounding bridge assumption (Assumption 1.3). (b) Liu 
and Tchetgen Tchetgen (2020) examine identification of the causal peer effect when only one 
NCE is available by focusing on the dyadic data with homophily bias. To identify the ACPE, 
Liu and Tchetgen Tchetgen (2020) assume the correct specification of network formation process. 
The DNC approach does not require a model of network formation as we have an additional 
NCO. (c) The DNC approach is also connected to the IV method (Bramoullé et al., 2009; 
O’Malley et al., 2014). In particular, the IV exclusion restriction is similar to the NCE condition. 
However, the key differences are other causal assumptions required for causal identification. 
While the IV method requires the IV exogeneity, the IV relevance as well as monotonicity or 
the no-interaction assumption, the DNC approach instead requires the latent ignorability, the 
NCO condition, the outcome confounding bridge function, and the NC relevance. Thus, the 
DNC method and the IV method allow for causal identification in different scenarios and they 
are complementary to each other.

2.4 Estimation and inference
We now propose a strategy for estimation and inference of the ACPE. Suppose that an analyst has 
specified a parametric or semi-parametric model for the confounding bridge h(W, Y21, X; γ) with 
parameter γ. Then, based on Theorem 1, one can estimate γ by solving the following empirical mo
ment equations:

1
n

􏽘n

i=1

{Yi12 − h(Wi, Yi21, Xi; γ)} × η(Zi, Yi21, Xi) = 0, 

where η is a user-specified vector function with dimension equal to that of γ. For example, under a 
linear confounding bridge function, i.e. h(W, Y21, X; γ) = (1, W, Y21, X)⊤γ, one can use 
η(Z, Y21, X) = (1, Z, Y21, X)⊤.

Once the bridge function h is estimated, one can estimate the ACPE by

1
n

􏽘n

i=1

{h(Wi, y21, Xi;􏽢γ) − h(Wi, y′21, Xi;􏽢γ)}.

To appropriately account for uncertainty of the estimated bridge function and for the possibility 
that dimension of η might be larger than that of γ, one can combine both moments into GMM with 
parameter θ = (τ, γ) (Hansen, 1982; Miao, Shi, et al., 2018). Define a moment for dyad i to be

m(Yi12, Yi21, Wi, Zi, Xi; θ) = τ − {h(Wi, y21, Xi; γ) − h(Wi, y′21, Xi; γ)}
{Yi12 − h(Wi, Yi21, Xi; γ)} × η(Zi, Yi21, Xi)

􏼚 􏼛

.

Then, the GMM estimator is given by

􏽢θ = argmin
θ

m(θ)⊤Ωm(θ), (7) 

where m(θ) = 1
n

􏽐n
i=1 m(Yi12, Yi21, Wi, Zi, Xi; θ) and Ω is a user-specified positive-definite weight 

matrix. Asymptotic properties described below hold for any positive-definite weight matrix Ω 
and for alternative GMM estimators, such as the two-step GMM and continuously updating 
GMM.

The proposed DNC estimator 􏽢τ(y21, y′21) for τ(y21, y′21) is the first element of 􏽢θ defined in equa
tion (7). Because we consider i.i.d. samples of dyads in this section, the moment 
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m(Yi12, Yi21, Wi, Zi, Xi; θ) is also i.i.d., and thus, under the standard regularity conditions for 
GMM (Hansen, 1982; Newey & McFadden, 1994), the DNC estimator is consistent and asymp
totically normal. We provide expressions for asymptotic variance and its consistent estimator in 
online supplementary Appendix B.

3 DNCs for network data
In this section, we consider a sample of interconnected units in a single network. Extending results 
in Section 2, we propose the DNC approach to identification of the ACPE in the presence of un
measured network confounding. We then examine estimation and inference while accounting for 
both unmeasured network confounding and network dependence of observations.

3.1 Notation and definitions
Suppose one has observed data on a population of n units interconnected by a network. We let 
Nn = {1, . . . , n} be the set of unit indices. We consider an undirected network Gn where ties or links 
between units are mutual, and connected units can affect each other. While we focus on an undir
ected network to ease the presentation, the proposed approach equally applies to directed net
works. Formally, define Gn = (Nn, G), i.e. a set of units Nn connected by mutual ties, 
represented by a network adjacency matrix G. The network adjacency matrix G depends on sam
ple size n, but the index will be suppressed in the following discussion as it eases the exposition 
without confusion. The entry Gij takes the value of one if unit i and j are connected and takes 
the value of zero otherwise. We follow the convention that Gii = 0 for i ∈ Nn, and we call units 
i and j peers if Gij = 1. We also define two network notations useful throughout the paper. We de
fine network distance dn(i, j) to be the length of the shortest path between nodes i and j on network 
Gn. We define N n(i; s) to be a set of nodes that are at distance s from node i:

Nn(i; s) = {j ∈ Nn : dn(i, j) = s}.

For each i ∈ Nn, one observes (Yi1, Yi2, Xi), where Yit denotes the focal behaviour of unit i at time 
t ∈ {1, 2}, and Xi are covariates of unit i measured prior to Yi1. Xi can include network- 
characteristics, such as the network degree of unit i, as well as covariates of peers, e.g. the average 
age of peers. We call t = 1 baseline and t = 2 follow-up.

For the sake of clarity in the exposition, we restrict presentation of all main results to the causal 
effect of peers. It is important to emphasise that results in this section, however, do not assume null 
causal effects from higher order peers (e.g. peers-of-peers); we only consider such higher order peer 
effects as nuisance. In online supplementary Appendix F, we discuss similar results for a general 
case where higher order peer effects (e.g. the causal effect from peers-of-peers) are the main causal 
estimands of interest.

As the outcome variable, we focus on focal behaviour at follow-up Yi2. In principle, it is possible 
to perform causal inference by defining a multivariate treatment variable based on focal behav
iours of peers at baseline {Yj1:j ∈ N (i; 1)}. However, in practice, researchers may need to make 
a dimension-reducing assumption, known as an exposure mapping (Aronow & Samii, 2017), 
to define the treatment variable, Ai = ϕ({Yj1:j ∈ N (i; 1)}) ∈ R, where function ϕ is specified by a 
researcher based on subject matter knowledge. For example, the most common choice is 
Ai =

􏽐n
j=1 GijYj1/

􏽐n
j=1 Gij, while our results can accommodate any choice of ϕ. The potential 

outcome Yi2(a) is defined as the outcome that would realise when the treatment variable is set 
to Ai = a. We make the standard consistency assumption linking observed and potential outcomes, 
Yi2 = Yi2(Ai), throughout the paper. Our goal is to estimate the ACPE, defined as

τ(a, a′) :=
1
n

􏽘n

i=1

E Yi2(a) − Yi2(a′)
􏼈 􏼉

, (8) 

where a, a′ ∈ A and A is the support of A. We define the expectation conditional on the observed 
network Gn, while we omit this conditioning event for notational simplicity. Unlike typical causal 
parameters in i.i.d. settings, units’ potential outcome may not share a common expectation, i.e. 
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E{Yi2(a) − Yi2(a′)} ≠ E{Yj2(a) − Yj2(a′)} for i ≠ j. Thus, the causal estimand is explicitly written as 
the network average of individual level causal effects.

To identify the ACPE, existing works rely upon the assumption that the observed variables are 
sufficient to account for confounding of the relationship between Ai and Yi2(a), i.e.

Yi2(a) ⫫ Ai ∣ Yi1, Xi, 

where observed pre-treatment covariates Xi can include observed covariates of peers of unit i or 
covariates of other units who are indirectly connected to unit i. Even though some recent methods 
allow for network dependence across units (e.g. Ogburn et al., 2017; Tchetgen Tchetgen, Fulcher, 
et al., 2021), they assume such latent network dependence does not confound the main outcome- 
treatment relationship. However, as discussed in Section 2.2, such assumption may be untenable 
in many applications due to unmeasured network confounding, including unmeasured homophily 
and contextual confounding.

Remark We note that an exposure mapping ϕ can be misspecified in practice. Because it is 
impossible to identify the ACPE while accounting for all types of misspecification 
of the exposure mapping, we consider one common type of misspecification in 
online supplementary Appendix F.2: the observed network might miss some net
work ties between units. By connecting it to the general theory of the GMM, we 
provide a framework to test this type of misspecification. Examining more gen
eral forms of misspecification is an important topic of future studies, given that, 
even in randomised experiments settings without unobserved network con
founding, only few papers consider the possibility of misspecification (e.g. 
Aronow & Samii, 2017; Egami, 2021; Sävje, 2021) and, as far as we know, there 
is no prior work that handles misspecification in the observational network data 
settings even in the absence of unmeasured network confounding.

3.2 Identification assumptions with DNCs
We propose an alternative approach based on DNCs. We generalise Assumptions 1.1–1.4 in 
Section 2 to the network setting.

Assumption 2 1. (Latent ignorability) For all a ∈ A and all i ∈ Nn,

Yi2(a) ⫫ Ai ∣ Ui, Xi.

2. (Negative controls). For all i ∈ Nn,

(Negative control cutcome) Wi ⫫ Ai ∣ Ui, Xi,

(Negative control exposure) Zi ⫫ Yi2 ∣ Ai, Ui, Xi, and

Zi ⫫ Wi ∣ Ai, Ui, Xi.

3. (Outcome confounding bridge). There exists an outcome confounding 
bridge function h(Wi, Ai, Xi) such that for all a ∈ A, and all i ∈ Nn,

E(Yi2 ∣ Ai = a, Ui, Xi) = E{h(Wi, a, Xi) ∣ Ai = a, Ui, Xi}. (9) 

4. (Negative control relevance). For any square integrable function f and 
any a and x, if E{f (Wi) ∣ Zi = z, Ai = a, Xi = x} = 0 for almost all z, 
then f (Wi) = 0 almost surely.

We emphasise that Xi can include network-characteristics, such as the network degree of unit i, as 
well as covariates of peers, e.g. the average age of peers.
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3.3 Selecting negative controls in network settings
In the proposed DNC approach, selection of NCO and NCE is essential in practice. While in prin
ciple any negative controls satisfying Assumption 2 can be used, we discuss two convenient strat
egies to select negative controls in the network setting.

3.3.1 Using auxiliary variables
As in Section 2, a plausible candidate is an auxiliary variable Ci that (a) is a priori known not to 
affect network relationships Gn and (b) not to affect other units. For example, in the context of Add 
Health data, whether a student experiences headaches is likely to satisfy this condition (see 
‘Example (Negative Controls)’ in Section 2.3). More generally, these auxiliary variables can be 
seen as proxies that have no causal network effects but are associated with unmeasured network 
confounders.

Figure 3 represents an example of a DAG with unobserved homophily where Assumption 2.2
holds. We view Unit 2 as ego, who has two peers (Units 1 and 3) and one peer-of-peers (Unit 
4). In this graph, C2 satisfies NCO conditions and three variables {C1, C3, C4} satisfy NCE con
ditions. Importantly, not only auxiliary variables of peers but also those of peers-of-peers also sat
isfy NCE conditions. While we use a DAG with unobserved homophily as an example here, the 
same argument also applies to contextual confounding.

Finally, we provide primitive conditions that imply negative control conditions. In particular, the 
following conditions capture a general approach for using auxiliary variables as negative controls.

Ci ⫫ {(Cj, Yj1) : j ≠ i} ∣ Ui, Xi, (10) 

Yi2 ⫫ {Cj : j ≠ i} ∣ Ai, Ui, Xi. (11) 

Equations (10) and (11) formalise the notion that Ci should not affect network relationships and 
should not affect peers’ variables. Lemma 1 below shows that auxiliary variable Ci can serve as a 

Figure 3. Example of a DAG with unobserved homophily. For concreteness, we show Unit 2 as the ego. The thick 
arrows from Y11 to Y22 and from Y31 to Y22 indicate the causal peer effects of interest. We use shaded (dotted) nodes 
to denote observed (unobserved) variables. For simplicity, we suppressed observed covariates X. Here, the square 
box around G represents that we observe variables conditional on network G. DAG = directed acyclic graph.
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valid negative control if it satisfies the stated conditions (Figure 3 is an example).

Lemma 1 Suppose auxiliary variable Ci satisfies the two conditions (equations (10) and 
(11)). Then, Assumption 2(2) holds with Wi = Ci and Zi = {Cj : j ≠ i}.

Several points are worth noting. First, these are sufficient conditions, not necessary conditions 
for Assumption 2(2). Therefore, any negative controls that satisfy Assumption 2 can in principle 
be used for identification. Second, when this assumption is violated, researchers can consider an 
additional unobserved variable on which they can restore the conditional independence after con
ditioning. In this case, by including the additional unobserved confounder, Assumption 2(2) 
may be more credible, while Assumption 2(4) (the negative control relevance) may be less plaus
ible, and thus, researchers may use a sensitivity analysis to investigate robustness of causal 
findings (see online supplementary Appendix C for details on such a sensitivity analysis). Third, 
Lemma 1 suggests that in practice, there may be multiple NCEs because one can use auxiliary var
iables of all other units {Cj : j ≠ i}. Therefore, it may be possible to enhance identification and in
crease estimation efficiency by exploiting a large number of NCEs. We plan to examine optimal 
selection and specification of NCEs in future work. Finally, it is important to emphasise that, while 
the DNC approach requires an additional negative control compared to previous negative control 
methods that use only one type of negative control (e.g. Egami, 2018; Liu & Tchetgen Tchetgen, 
2020), researchers can use one auxiliary variable Ci for two different purposes (NCO and NCE), 
and thus, the DNC approach can be used without additional practical complications.

3.3.2 Using focal behaviours
Second, in certain settings, we may also use focal behaviours Yit of peers and those measured at baseline 
as plausible candidates for negative controls. In particular, ego’s focal behaviour at baseline may serve 
as valid NCO and focal behaviours of peers-of-peers {Yjt : j ∈ N (i; 2), t ∈ {1, 2}} may constitute valid 
NCEs. In Figure 3, Y21 also qualifies as NCO and variables {Y41, Y42} qualify as NCEs. More generally, 
when focal behaviours of peers-of-peers constitute valid NCEs, focal behaviours of units at least of net
work distance 2 from node i may be credible NCEs. A hybrid approach might entail combining the aux
iliary variables and focal behaviours as negative controls. In Figure 3, one may also use focal behaviour 
measured at baseline Y21 as NCO (instead of C2) and auxiliary variables of peers {C1, C3, C4} as NCEs.

This selection of negative controls is particularly plausible when focal behaviours do not have direct 
causal relationships with peers’ focal behaviours measured concurrently. In Figure 3, while peers’ focal 
behaviours measured at baseline affect egos’ focal behaviours measured at follow-up (e.g. Y11 and Y31 

affect Y22), peers’ focal behaviours cannot causally affect egos’ focal behaviours measured concurrently 
(e.g. Y11 and Y31 do not affect Y21; Y12 and Y32 do not affect Y22). This absence of causal simultaneity has 
previously been assumed in the literature of causal peer effects (Egami, 2018; Liu & Tchetgen Tchetgen, 
2020; McFowland & Shalizi, 2023; Ogburn & VanderWeele, 2014; Shalizi & Thomas, 2011).

In practice, this assumption is most credible when researchers know a priori that the focal be
haviours of units are indeed measured concurrently. For example, in Add Health data, students’ 
grade-point average (GPA) are likely to be measured at the same time for students within a school, 
and thus, a student’s GPA cannot be affected by peers’ GPA in the same semester. Importantly, a 
student’s GPA can be affected by peers’ GPA in the prior semester, and a student’s study habit 
might be affected by peer’s study habits within the same semester. These, however, do not invali
date the use of GPA of peers-of-peers as NCEs as long as students’ GPA within the same semester 
do not have direct causal relationships with each other. We further discuss practical considerations 
related to selection of negative controls in online supplementary Appendix A.7.

As in Section 3.3.1, we provide primitive sufficient conditions for valid negative controls. In par
ticular, the following conditions provide a general approach for leveraging focal behaviours as 
negative controls.

Yi1 ⫫ {Yj1 : j ≠ i} ∣ Ui, Xi, (12) 

Yi2 ⫫ {Yj1 : j ∈ N (i; s), s ≥ s̃} ∣ Ai, Ui, Xi, with user specified s̃. (13) 
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Equation (12) formalises the notion that focal behaviours do not have direct causal relationships 
with the peers’ focal behaviours measured concurrently. Equation (13) captures the assumption 
that only peers closer than distance s̃ can have causal peer effects on an ego. While we focus on 
the causal effect from peers as the causal estimand, we do not necessarily need to assume the ab
sence of higher order peer effects.

Lemma 2 below establishes that focal behaviours can serve as valid negative controls when they 
satisfy the stated conditions.

Lemma 2 Suppose that focal behaviours satisfy conditions (12) and (13). Then, 
Assumption 2(2) holds with Wi = Yi1 and Zi = {Yj1 : j ∈ N (i; s), s ≥ s̃}.

Again, we emphasise that these conditions are sufficient for Assumption 2(2), and thus, there 
may be other strategies to justify negative control selection. Any negative controls that satisfy 
Assumption 2 may be used for identification of the ACPE. Similarly to Lemma 1, Lemma 2 also 
shows that there exist multiple NCEs in practice. In our empirical application (Section 4), we 
use the average GPA of peers-of-peers at baseline as the NCE.

3.4 Non-parametric identification
Analogous to Theorem 1, we now establish non-parametric identification of the ACPE under 
Assumption 2.

Theorem 2 Under Assumption 2, the confounding bridge function is identified as the 
unique solution to the following equation:

E(Yi2 ∣ Zi, Ai, Xi) = E{h(Wi, Ai, Xi) ∣ Zi, Ai, Xi},

and the ACPE is identified by

τ(a, a′) =
1
n

􏽘n

i=1

E{h(Wi, a, Xi) − h(Wi, a′, Xi)}.

We provide a proof in online supplementary Appendix A.5. Despite the complexity of network 
data, the identification assumptions and formula of the ACPE are remarkably similar to those in 
the dyadic study design. An important difference from the dyadic case emerges in estimation and 
inference where one must appropriately account for network dependence, a challenging task we 
consider next.

3.5 Estimation and inference
In this section, we consider estimation and inference for the ACPE while allowing for network- 
dependent observations.

We define a triangular array of Rv-valued random vector, Ln,i = (Yi2, Ai, Wi, Zi, Xi) for i ∈ Nn, 
adapted to a network Gn, where v is the length of the vector Ln,i. Similar to Section 2, we define a 
moment estimating function with parameter θ = (τ, γ).

m(Ln,i; θ) = τ − {h(Wi, a, Xi; γ) − h(Wi, a′, Xi; γ)}
{Yi2 − h(Wi, Ai, Xi; γ)} × η(Ai, Zi, Xi)

􏼚 􏼛

.

The GMM estimator for θ is

􏽢θ = argmin
θ

m(θ)⊤Ω m(θ), (14) 

where m(θ) = 1
n

􏽐n
i=1 m(Ln,i; θ) and Ω is a user-specified positive-definite weight matrix. Therefore, 
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the proposed DNC estimator 􏽢τ(a, a′) for τ(a, a′) is the first element of 􏽢θ defined in equation (14). 
Asymptotic results we derive below hold for the two-step GMM or other alternative GMM esti
mators, too.

Because we consider a sample of arbitrarily interconnected units in a network, the assumption 
that m(Ln,i; θ) is independently and identically distributed is unrealistic. Below, we consider as
sumptions on the observed data law that are considerably weaker, but still allow for valid infer
ences about the ACPE in network settings. For ease of exposition, we consider a setting in which 
the expected causal peer effect, E{Yi2(a) − Yi2(a′)}, is constant across units, while otherwise allow
ing for network-dependent (i.e. non-independent) errors. In online supplementary Appendix D.5, 
we extend our results to more general settings of heterogeneous ACPE.

We define ψ-network dependence (Kojevnikov et al., 2021), which encodes the degree of sto
chastic dependence between variables in terms of network distance.

Definition 1 (ψ-Network dependence—Kojevnikov et al., 2021). The triangular array 
{Vn,i}i∈Nn

, n ≥ 1, Vn,i ∈ Rv, is called conditionally ψ-weakly dependent given 
Gn, if for each n ∈ N, there exist a Gn-measurable sequence 
βn = {βn,s}, s ≥ 0, βn,0 = 1, and a collection of non-random functions 
(ψq1,q2

)q1,q2∈N, ψq1,q2
:Lv,q1 × Lv,q2 → [0, ∞), such that for all (Q1, Q2) ∈ 

Pn(q1, q2; s) with s > 0 and all f1 ∈ Lv,q1 and f2 ∈ Lv,q2 ,1

|Cov(f1(Vn,Q1 ), f2(Vn,Q2 ) ∣ Gn)| ≤ ψq1,q2
(f1, f2)βn,s a.s. (15) 

We call the sequence βn = {βn,s}
∞
s=1 the weak-dependent coefficients of 

{Vn,i}i∈Nn
.

Coefficient βn,s captures network dependence between units that are at network distance greater 
than or equal to s in network Gn in terms of the covariance of non-linearly transformed variables. 
Thus, a sequence of coefficients βn = {βn,s}

∞
s=1 captures how fast network dependence between units 

decays as network distance s increases. Assumption 3, which we will introduce next, restricts the 
rate by which this network dependence decays. Importantly, ψ-network dependence permits de
pendence between units i and j that are only indirectly connected in the network, and thus, any 
two units can be dependent as long as there is a network path between them. This is in contrast 
to two other popular approaches; (a) dependency graphs (e.g. Stein, 1972), which can allow units 
to be dependent only when they are adjacent in a given network and (b) Markov random fields 
(e.g. Besag, 1974; Tchetgen Tchetgen, Fulcher, et al., 2021), which impose conditional independ
ence restrictions based on the network structure (e.g. a given unit’s observed data are independent 
of data observed for all units in the network conditional on observed data for its first-order net
work peers).

Using the notion of ψ-network dependence, we make the following assumptions about the ob
served data distribution that accommodate relatively strong network dependence, but still allow 
for making valid inferences about the ACPE.

Assumption 3 The triangular arrays {m(Ln,i; θ)}i∈Nn ,n≥1 and { ∂
∂θ m(Ln,i; θ)}i∈Nn,n≥1 are 

conditionally ψ-weakly dependent given Gn, respectively, for all θ ∈ Θ 
with the weak dependent coefficients βn that satisfy the following 
conditions, supn≥1 maxs≥1 βn,s < ∞, and for some constant λ, 
ψq1,q2

(f1, f2) ≤ λ × q1q2(‖f1‖∞ + Lip(f1))(‖f2‖∞ + Lip(f2)), where Lip(f ) 
represents Lipschitz constant of f, and ‖ · ‖∞ denotes the sup norm, i.e. 
‖f‖∞ = sup|f (x)|. There exist p > 4 and a sequence ξn →∞ such that 

1. β(p−1)/p
n,ξn

= oa.s.(n−3/2),

1 Pn(q1, q2; s) denotes the collection of two sets of nodes of size q1 and q2 with distance between each other of at 
least s. Formally, P(q1, q2; s) = {(Q1, Q2) : Q1, Q2 ⊂ Nn, |Q1| = q1, |Q2| = q2, and dn(Q1, Q2) ≥ s}. Lv,q1 and Lv,q2 de
note the collection of bounded Lipschitz real functions on Rv×q1 and Rv×q2 , respectively.
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2. for each k ∈ {1, 2},

1
nk/2

􏽘

s≥0

rn(s, ξn; k)β1−(k+2)/p
n,s = oa.s.(1), 

where we define the neighbourhood shell:

rn(s, ξn; k) = inf
α>1

1
n

􏽘

i∈Nn

|N n(i; s)|
α

α−1

􏼨 􏼩1−1
α

×
1
n

􏽘

i∈Nn

max
j∈N n(i;s)

|􏽥N n(i; ξn) \ 􏽥N n(j; s − 1)|kα

􏼨 􏼩1
α

(16) 

and the within-s peers 􏽥Nn(i; s) = {j ∈ Nn : dn(i, j) ≤ s}. We use | · | to de
note the cardinality of a set.

This is an adaptation of Condition ND in Kojevnikov et al., (2021) to our set-up. Assumption 
3(1) restricts the speed by which weak-dependent coefficients βn,s decay as network distance s in
creases. The first term of rn captures the number of peers at the network distance s and the second 
term captures the extent to which edges in the network tend to cluster together. Therefore, 
Assumption 3(2) restricts the speed by which the density of the network changes as sample size 
increases. When network dependence βn,s decays faster with network distance s, it can accommo
date denser networks. See Kojevnikov et al., (2021) for further discussion on these conditions.

We are now ready to state asymptotic properties of the proposed DNC estimator.

Theorem 3 Under the conditions given in Theorem 2, Assumption 3 and standard 
GMM regularity conditions,2 as n goes to infinity, the DNC estimator is 
consistent:

􏽢τ(a, a′)→
p

τ(a, a′),

and asymptotically normal:

􏽢τ(a, a′) − τ(a, a′)
������
σ2/n

􏽰 →
d

Normal(0, 1), 

where →
p 

denotes convergence in probability and →
d 

denotes convergence in 
distribution. The asymptotic variance σ2 is the (1, 1)th element of matrix 
Σ where

Σ = Γ0Λ0Γ⊤
0 , Λ0 = Var

1
��
n
√

􏽘n

i=1

m(Ln,i; θ0)

􏼠 􏼡

,

Γ0 = (M⊤
0 ΩM0)−1M⊤

0 Ω, M0 =
1
n

􏽘n

i=1

E
∂
∂θ

m(Ln,i; θ0)
􏼚 􏼛

,

and we define θ0 to be the true parameter such that, for all units i ∈ Nn, 
E{m(Ln,i; θ)} = 0 only when θ = θ0.

2 In online supplementary Appendix D, we provide the regularity conditions widely used in the GMM framework 
(Hansen, 1982; Newey & McFadden, 1994).
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We provide a proof in online supplementary Appendix D. We also provide simulation studies in 
online supplementary Appendix E.

To estimate the standard error of the DNC estimator, the key is to estimate Λ0. To account for 
network-dependent errors, we rely on the network HAC variance estimator (Kojevnikov et al., 
2021) adapted to our setting:

􏽢Λ =
􏽘

s≥0

ω(s/bn)
1
n

􏽘

i∈Nn

􏽘

j∈N n(i;s)

m(Ln,i;􏽢θ)m(Ln,j;􏽢θ)⊤

⎧
⎨

⎩

⎫
⎬

⎭
, (17) 

where a kernel function ω(·) is defined as follows: ω : R→ [ − 1, 1] such that ω(0) = 1, ω(c) = 0 
for |c| ≥ 1 and ω(c) = ω( − c) for all c ∈ R. Examples include the truncated, Parzen, and 
Tukey-Hanning kernels. bn denotes a bandwidth of the network HAC variance estimator. This 
bandwidth determines the extent to which 􏽢Λ takes into account long range network dependence; 
kernel weight ω(s/bn) > 0 for s < bn and ω(s/bn) = 0 for s ≥ bn.

The variance estimator of the DNC estimator can be computed as the (1, 1)th element of matrix 
􏽢Σ defined as

􏽢Σ =􏽢Γ􏽢Λ􏽢Γ⊤, (18) 

where 􏽢Γ = (􏽢M⊤Ω􏽢M)−1􏽢M⊤Ω, and 􏽢M = 1
n

􏽐n
i=1

∂
∂θ m(Ln,i;􏽢θ).

We now establish consistency of this network HAC variance estimator. The following result formally 
restricts the speed by which bandwidth bn should increase as sample size increases. When network de
pendence βn,s decays slower and the average number of network peers at distance s, captured by ρn(s), 
increases faster with network distance, bandwidth bn should increase faster as sample size increases.

Theorem 4 Under the conditions given in Theorem 3, suppose the choice of bandwidth 
and kernel satisfies the following condition with p that satisfies Assumption 3.

lim
n→∞

􏽘

s≥0

|ω(s/bn) − 1|ρn(s)β1−2/p
n,s = 0 a.s., (19) 

where ρn(s) = 1
n

􏽐n
i=1 |N n(i; s)|. Then, 􏽢Σ→

p
Σ.

We provide a proof in online supplementary Appendix D.
In practice, we recommend using the default choice of bandwidth bn provided by Kojevnikov 

et al., (2021), i.e.

bn = constant ×
log (n)

log { max (average degree, 1.05)}
. (20) 

In our simulation studies (online supplementary Appendix E), we set the constant in equation (20) 
to 1.0 and find this default choice performs well across various settings.

Finally, under conditions given in Theorem 4, we obtain an asymptotically valid (1 − α) confi
dence interval for τ(a, a′) by [􏽢τ(a, a′) − Φ(1 − α/2) ×􏽢σ/

��
n
√

, 􏽢τ(a, a′) + Φ(1 − α/2) ×􏽢σ/
��
n
√

] where 􏽢σ 
is the square root of the (1, 1)th element of matrix 􏽢Σ defined in equation (18) and Φ(·) denotes the 
quantile function for the standard normal distribution.

3.6 Linear DNC estimator
While the theoretical results in the previous section apply to any parametric and semi-parametric 
confounding bridge functions, here we discuss an important special case under a linear specifica
tion for the confounding bridge function, which admits a closed-form solution. Suppose we 
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assume a linear confounding bridge:

h(Wi, Ai, Xi; γ) = γα + γAAi + γWWi + γ⊤
XXi.

Under this linear model, τ(a, a′) = γA × (a − a′). We can estimate coefficients γ = (γα, γA, γW , γ⊤
X)⊤ 

by fitting the linear GMM estimator:

􏽢γ = (V⊤
WVZΩV⊤

ZVW)−1V⊤
WVZΩV⊤

ZY, (21) 

where VW is a matrix with n rows with ith row ViW = (1, Ai, Wi, X⊤
i )⊤, VZ is a matrix with n rows 

with ith row ViZ = (1, Ai, Z⊤
i , X⊤

i )⊤, and Y is a n-dimensional vector with ith element equal to Yi2.
To account for network dependence, we adopt the network HAC variance estimator in Section 

3.5. The key is to estimate

Λlin
0 = Var

1
��
n
√

􏽘n

i=1

ei2ViZ

􏼠 􏼡

and ei2 = Yi2 − γ⊤ViW. (22) 

Using the network HAC variance estimator, we can estimate the variance of 􏽢γ as

􏽤Var(􏽢γ) = n(V⊤
WVZΩV⊤

ZVW)−1V⊤
WVZΩ􏽢ΛlinΩV⊤

ZVW(V⊤
WVZΩV⊤

ZVW)−1, 

where

􏽢Λlin =
􏽘

s≥0

ω(s/bn)
1
n

􏽘

i∈Nn

􏽘

j∈N n(i;s)

􏽢ei2􏽢ej2ViZV⊤
jZ

⎧
⎨

⎩

⎫
⎬

⎭
, and 􏽢ei2 = Yi2 −􏽢γ⊤ViW.

Remark In general settings of network-dependent errors (Section 3.5), one must estimate 
bandwidth bn for the network HAC variance estimator because how far network 
dependence persists is a priori unknown. However, in some settings, we prove 
that one can analytically select the bandwidth. We provide technical details as 
Lemma 7 in online supplementary Appendix D.4.

Remark When specifying the functional form of the outcome confounding bridge func
tion, it is useful to recall that the outcome confounding bridge function is defined 
such that the confounding effect of Ui on the primary outcome Yi2 is equal to the 
confounding effect of Ui on h(Wi, a, Xi). Therefore, especially when NCO W is 
the pre-treatment outcome variable (e.g. examples in Section 3.3.2 and the em
pirical application in Section 4), it is intuitive to specify a model for h(·) as 
they are on the same scale and h(·) should capture how much the confounding 
effect of U on the focal behaviour changes over time (i.e. effects on Yi2 and Yi1).

Existing methods use parametric or semi-parametric estimation under an as
sumption of no uncontrolled network confounding (e.g. Forastiere et al., 
2020; Ogburn et al., 2017; Tchetgen Tchetgen, Fulcher, et al., 2021; van der 
Laan, 2014). We follow the existing literature and use parametric or 
semi-parametric estimation in this paper in order to consider a more challenging 
scenario with unmeasured network confounding. However, the potential 
misspecification of the functional form for the outcome confounding bridge is 
an important practical concern. Without additional functional form assump
tions, arbitrary misspecification of h(·) can induce unbounded bias.
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In practice, researchers can mitigate concerns about functional form misspeci
fication by considering more flexible estimation of the outcome confounding 
bridge function. In the i.i.d. data setting, an increasing number of papers develop 
non-parametric estimation and inference methods for the DNC approach by in
corporating modern machine learning estimators (Ghassami et al., 2022; Kallus 
et al., 2021; Mastouri et al., 2021; Singh, 2020). The mathematical structure is 
also similar to the non-parametric IV problem (Canay et al., 2013; Newey, 2013; 
Newey & Powell, 2003), which also recently incorporates various machine 
learning estimators (e.g. Bennett et al., 2023; Lewis & Syrgkanis, 2018) in the 
i.i.d. data setting. Extending those non-parametric estimation to the DNC ap
proach in the network data setting (by incorporating network-dependent errors) 
is a fruitful direction for future work.

Finally, when there are multiple NCEs, researchers can also conduct an over- 
identification test within the GMM framework to test misspecification of the 
functional form of h(). It is important to note that selected NCE variables might 
be invalid in practice, and thus, such a test should be seen as an omnibus test of 
the negative control assumption and model misspecification of the outcome 
bridge function. Rejection in such a test should be interpreted as global alarm 
to misspecification.

4 Empirical application: causal peer effects in education
We apply our method to Add Health data to evaluate causal peer effects of education outcomes in 
a friendships network. The study of causal peer effects in education has a long history in the social 
sciences, and many studies have shown moderate positive peer effects (e.g. Sacerdote, 2011). 
While some papers have used experimental or quasi-experimental methods where classmates or 
roommates are randomly assigned by schools, the vast majority of existing evidence comes 
from observational studies of causal peer effects. In the absence of randomisation, researchers 
have adjusted for a variety of observed pre-treatment covariates and a host of fixed effects (e.g. 
fixed effects for schools or network components). However, such approaches rely on a conditional 
ignorability assumption, and assume away unmeasured latent homophily or contextual confound
ing. For example, students who have higher education performance might become friends with 
other high-performing students due to unobserved characteristics. In this case, strong association 
between one’s education outcome and her friends’ outcomes cannot be interpreted as the causal 
peer effect. Potential bias due to such unmeasured network confounding can undermine the val
idity of causal conclusions. To explore the possibility of unmeasured network confounding, we 
use the proposed DNC approach to identify and estimate the ACPE.

4.1 Data
Add Health project collected survey data from students in grades 7–12 from a nationally represen
tative sample of over 100 private and public schools in years 1994–1995 in the United States. 
There were two types of surveys conducted in years 1994–1995, both of which provide informa
tion about social and demographic characteristics of respondents, education level and occupation 
of their parents, and their friendship links (i.e. their best friends, up to five females and up to five 
males). The first type was an in-school survey, which were administered to students in schools 
from September 1994 until April 1995. It includes over 90,000 students across about 140 schools. 
Each school administration occurred on a single day within one 45- to 60-min class period. The 
second type was an in-home survey, in which students answered a 90-min in-home interview. It 
includes over 20,000 students. The in-home interview was conducted at least 90 days after the in- 
school survey, except for 10 students who we exclude from analysis. Our analysis focuses on 
10,264 students who completed both in-school and in-home surveys and answered questions re
lated to variables we use below. The in-school survey serves as the baseline time period and the 
in-home survey as the follow-up period.

We examine a network based on the friendship information collected in the in-school survey. 
We define friendships as symmetric relationships: the pair of students i and j in the same school 
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are coded as friends if either i lists j as a friend, or j lists i as a friend, or both. The average degree of 
the friendship network is 6.20.

4.2 Set-up
We use the GPA at follow-up period Yi2 as the outcome variable. GPA ranges between 1 and 4, 
and is computed based on the average grade-point of four subjects; English, Mathematics, 
History/Social Studies, and Science. The treatment variable is the average GPA of the network 
peers at baseline Ai =

􏽐
j∈N (i;1) Yj1/|N (i; 1)|, where |N (i; s)| denotes the number of the sth order 

network peers of unit i.
Following Section 3.3, we consider two sets of negative controls. First, we consider focal behav

iours of peers and those measured at baseline as negative controls. In particular, we use the GPA at 
baseline Yi1 as the NCO, i.e. Wi = Yi1. We then use the average GPA of peers-of-peers at baseline 
as the NCE, i.e. Zi =

􏽐
j∈N (i;2) Yj1/|N (i; 2)|. These are valid negative controls when the GPAs of 

students are recorded concurrently within schools. Second, we also use an auxiliary variable for 
negative controls. To make the assumption about the confounding bridge function (Assumption 
2(3)) more plausible, we again use the GPA at baseline as the NCO, i.e. Wi = Yi1, while we use level 
of peers’ headaches as the NCE. Specifically, we use the average level of headaches of peers as 
NCE, i.e. 􏽥Zi =

􏽐
j∈N (i;1) Cj/|N (i; 1)|, where Cj captures level of headaches by student j measured 

at baseline. According to Cohen-Cole and Fletcher (2008), whether a student has headaches is a 
plausible negative control because it is unlikely (a) to causally affect whether students are friends 
to each other and (b) to causally affect headaches of other units.

In accordance with prior analyses of these data in the literature, we also include a series of ob
served pre-treatment covariates Xi, including fixed effects for each school, the number of friends, 
age, gender, race, born in the United States, health status, physical fitness, school attendance, stu
dent grade, motivation in education, school attachment, homework, self-esteem, household size, 
living with mother, living with father, parental care, mother’s education, father’s education, 
whether both parents work, relationship with teachers, and relationship with friends.

Following Section 3.6, we use a linear DNC estimator. In particular, we specify a linear con
founding bridge as,

h(Wi, Ai, Xi; γ) = γα + γAAi + γWWi + γ⊤
XXi, 

where (Ai, Wi) are the treatment variable and the NCO, and Xi represent observed pre-treatment 
covariates defined above, including fixed effects for schools.

Our causal estimand is γA, which captures the causal effect on a given student’s GPA induced by 
one point increase in the average GPA of her peers. We use the proposed network HAC variance 
estimator to compute standard errors and 95% confidence intervals. We report standard errors 
based on the default choice of the bandwidth, while results for the analytical bandwidth selection 
are similar and therefore not reported.

We compare our proposed DNC estimator to the ordinary least squares (OLS) regression esti
mator, which relies on the assumption of conditional ignorability where we adjust for pre- 
treatment outcome Yi1 and Xi. In absence of unmeasured network confounding, we expect 
DNC estimates and OLS estimates to be comparable (i.e. within sampling variability). For the 
OLS estimator, we apply the network HAC variance estimator (Kojevnikov et al., 2021) to resid
uals in order to make comparison clear. We note that the estimated standard errors for the OLS are 
valid only when there is no unmeasured network confounding.

4.3 Results
Table 1 reports estimates of the ACPE, standard errors, p-values, and 95% confidence intervals for 
each method. The OLS estimate suggests that the estimated ACPE is as large as 0.176 and statis
tically significant. However, our proposed DNC estimator indicates that there may be a large 
amount of unmeasured network confounding operating in this network which cannot be ac
counted for by a standard regression analysis, despite having accounted for a large number of pre- 
treatment covariates. The DNC estimate based on NCE Zi is 0.033, is less than 20% of the OLS 
estimate, and is not statistically significant. We can empirically assess the negative control 
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relevance assumption with the following test: we first regress the NCO on the NCE, treatment, and 
observed pre-treatment covariates, and then test the null hypothesis that coefficients of the NCE 
are zero. We find that the F-statistic is 81.44 and the p-value is .00, suggesting the negative control 
relevance holds.

The DNC estimate based on NCE 􏽥Zi shows a similar pattern: a point estimate is 0.078 and is not 
statistically significant. We find that a test of the negative control relevance yields the F-statistic 
4.76 and the p-value is .03, suggesting the association between the NCO and NCE is weaker 
for this second NCE. This is why the standard error based on the second NCE 􏽥Zi is larger than 
the one based on the first NCE (Miao, Shi, et al., 2018). These results show that the OLS estimator 
under conditional ignorability can suffer from more than 100% bias.

5 Concluding remarks
In this article, we have developed the DNC approach to identification and estimation of causal 
peer effects. In contrast to existing literature, we take into account both unmeasured network con
founding and network dependence of observations. We then provide a GMM estimator for the 
ACPE and establish its consistency and asymptotic normality under conditions of ψ-network de
pendence. We also derive the network HAC variance estimator, with which researchers can con
struct asymptotic confidence intervals.

While this paper has focused on the causal peer effect, we can straightforwardly extend our 
results to a related but different causal quantity of interest, the spillover effect (Ogburn & 
VanderWeele, 2014). The causal peer effect is defined as the causal effect of peers’ focal behaviours 
on an ego’s focal behaviour (e.g. the GPA of peers serves as the treatment and ego’s GPA as the 
outcome), whereas to define the spillover effect, one has a treatment variable defined separately 
from the focal behaviour of interest (e.g. scholarships received by peers as the treatment and 
ego’s GPA as the outcome). See Ogburn and VanderWeele (2014) and online supplementary 
Appendix F for further discussion on the difference between causal peer effects and spillover ef
fects. Despite this difference, by selecting appropriate negative controls, researchers can rely on 
the same proposed DNC approach to identify and estimate spillover effects in the presence of un
measured confounding in observational studies.

Our findings have established a theoretical basis for future research on non-parametric estima
tion of causal peer effects with DNCs for unmeasured network confounding. This will be able to 
extend previous studies that consider more flexible semi-parametric and non-parametric estima
tion for DNC adjustment in i.i.d. settings (e.g. Ghassami et al., 2022; Kallus et al., 2021; Shi 
et al., 2020) and methods that examine network effects without unmeasured network confound
ing (e.g. Forastiere et al., 2020; Ogburn et al., 2017; Tchetgen Tchetgen, Fulcher, et al., 2021).
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