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Abstract

When experimental subjects can interact with each other, the outcome of one individual may be affected
by the treatment status of others. In many social science experiments, such spillover effects may occur
through multiple networks, for example, through both online and offline face-to-face networks in a Twit-
ter experiment. Thus, to understand how people use different networks, it is essential to estimate the
spillover effect in each specific network separately. However, the unbiased estimation of these network-
specific spillover effects requires an often-violated assumption that researchers observe all relevant networks.
We show that, unlike conventional omitted variable bias, bias due to unobserved networks remains even
when treatment assignment is randomized and when unobserved networks and a network of interest are
independently generated. We then develop parametric and nonparametric sensitivity analysis methods, with
which researchers can assess the potential influence of unobserved networks on causal findings. We illustrate
the proposed methods with a simulation study based on a real-world Twitter network and an empirical
application based on a network field experiment in China.

Keywords: causal inference, interference, potential outcomes, SUTVA, network experiments

Introduction

Existing methodologies for causal inference often assume the absence of spillover effects, that is,
people are affected only by treatments directly assigned to them and not by those assigned to oth-
ers (Cox 1958; Rubin 1980). However, in typical social science experiments, where individuals can
interact with each other, spillover effects might naturally arise, and this causal interdependence
across peopleis often of theoretical interest. Indeed, a growing number of political science studies
use experiments to estimate spillover effects on a variety of outcomes, such as voting behavior
(Nickerson 2008; Sinclair 2012; Sinclair et al. 2012; Foos and de Rooij 2017), electoral irregularities
(Ichino and Schiindeln 2012; Asunka et al. 2019; Bowers et al. 2018), the responsiveness of
legislators (Coppock 2014), information diffusion in ethnic networks (Larson and Lewis 2017), and
social norms in schools (Paluck et al. 2016).

In many of such social science applications, people can interact with each other through
multiple channels, and thus, spillover effects often arise through multiple networks. For example,
even though online network experiments typically focus only on online networks, people can also
communicate with each other through their offline face-to-face network (Bond et al. 2012; Aral
2016; Coppock et al. 2016; Taylor and Eckles 2017). Other common types of multiple networks
include friendship, neighbors, ethnic, kinship, and partisan networks, among many others (Fowler
et al. 2011; Sinclair 2012). Therefore, it is important to estimate the spillover effect specific to
each network. A substantive question is often not only about whether there exists any spillover
effect but also about which networks people use to share information and influence each other’s
behavior. By estimating network-specific spillover effects, researchers can examine the mechanism
of spillover effects.

However, the unbiased estimation of these network-specific spillover effects is challenging in
practice. It requires making an often-violated assumption that researchers observe all relevant
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networks. For example, while scholars might carefully measure an ethnic network in a field
experiment on ethnicvoting, they might be unable to measure other types of network interactions,
such as neighbors, friendship, and kinship networks. In this case, existing approaches,
which assume no unobserved networks, can misattribute the spillover effects in unobserved
networks to the ethnic network, resulting in biased estimates of network-specific spillover
effects.

Inthis article, we address this methodological challenge by formally characterizing the bias due
to unobserved networks and developing sensitivity analysis methods, with which researchers can
assess the potential influence of unobserved networks on substantive findings.

In Section 2, we first extend the potential outcomes framework (Neyman 1923; Rubin 1974) to
settings with multiple networks and then formally define the average network-specific spillover
effect (ANSE). This new estimand represents the average causal effect of changing the treatment
status of neighbors in a given network, without changing the treatment status of neighbors in
other networks. The ANSE can be estimated without bias using an inverse probability weighting
estimator as long as researchers can observe the network of interest and all other networks in
which spillover effects exist. In Section 3, we then consider a scenario of unobserved networks
and derive the exact bias formula. It is a function of the spillover effects through unobserved
networks and the overlap between observed and unobserved networks. This bias formula implies
that, unlike the conventional omitted variable bias, the bias for the ANSE is nonzero even when (a)
treatment assignment is randomized and (b) unobserved networks and the network of interest
are independently generated.

In Section 4, we propose parametric and nonparametric sensitivity analysis methods for evalu-
ating the potentialinfluence of unobserved networks on causal conclusions. Using these methods,
researchers can derive simple formal conditions under which unobserved networks would explain
away the estimated ANSE. Researchers can also use them to bound the ANSE using only two sensi-
tivity parameters. Although the parametric sensitivity analysis method focuses on one unobserved
network for the sake of intuitive interpretation, the nonparametric method can handle multiple
unobserved networks.

We provide two empirical illustrations, each from the most popular types of network exper-
iments; an online social network experiment and a network field experiment. The first is a
simulation study based on the real-world Twitter network (Coppock et al. 2016) where we simulate
a variety of unobserved offline face-to-face networks to assess the performance of the proposed
approach (Section 5). The second is a reanalysis of the field network experiment in rural China (Cai
etal. 2015). We apply the proposed sensitivity analysis methods and assess the robustness of the
original findings to unobserved networks (Section 6).

Our paper builds on a growing literature on spillover effects (e.g., Hong and Raudenbush 2006;
Sobel 2006; Rosenbaum 2007; Hudgens and Halloran 2008; Tchetgen Tchetgen and VanderWeele
2010), especially spillover effects in networks (e.g., Aronow 2012; Bowers et al. 2013; Toulis and
Kao 2013; Liu and Hudgens 2014; Ogburn and VanderWeele 2014; Athey et al. 2018; Forastiere et al.
2016; Aronow and Samii 2017; Eckles et al. 2017; Tchetgen Tchetgen et al. 2017; Bowers et al. 2018).
See Halloran and Hudgens (2016) for a recent review about spillover effects in general. The vast
majority of the work has mainly focused on the case where all relevant networks are observed.
Only recently has the literature begun to study the consequence of unobserved networks. One way
to handle unobserved networks is to consider the problem as “misspecification” of the spillover
structure (Aronow and Samii 2017; Savje 2019). Although proposition 8.1 of Aronow and Samii
(2017) implies that the inverse probability weighting estimator is biased for the ANSE unless all
relevant networks are observed, the exact expression of bias is difficult to characterize in general
settings. In this paper, we instead focus on one common type of misspecification—the network
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2.1

of interest is observed, but other relevant networks are unobserved. We, therefore, can explicitly
derive the exact bias formula and develop sensitivity analysis methods.

Other approaches to deal with unobserved networks include randomization tests (Luo et al.
2012; Rosenbaum 2007) and the use of a monotonicity assumption (Choi 2017). While these
approaches are robust to unmeasured networks, estimands studied in these papers are designed
to detect the total amount of spillover effects in all networks, rather than spillover effects specific
to a particular network, which are the main focus of this paper. Savje et al. (2017) discuss the esti-
mation of the expected average treatment effect in the presence of unknown interference. While
their result applies to general types of interference, their causal estimand is different from ours,
that is, the direct effect of treatments rather than the spillover effect. Bhattacharya et al. (2019)
propose to estimate underlying networks by structural learning algorithms under the assumption
of a chain graph model. We take a different approach of the potential outcomes framework, and
our focus is to characterize the exact bias and develop sensitivity analysis methods rather than
recovering underlying networks.

Spillover Effects in Multiple Networks

Causal inference in randomized experiments often assumes no interference (Cox 1958; Rubin
1980), that is, units are affected only by treatments directly assigned to them, and not by treat-
ments assigned to other units. However, when units are connected in networks, treatments can
have spillover effects on other units, and this causal interdependence is of theoretical interest.
While the recent literature on interference has focused on settings with one network, this sec-
tion extends the potential outcomes framework to settings with multiple networks. This setup
serves as the foundation for analyzing unobserved networks and developing methodologies in
Sections 3 and 4.

Asourrunning example, we consider an online social network experiment (Aral 2016; Taylor and
Eckles 2017), such as political mobilization experiments on Facebook (e.g., Bond et al. 2012) and
on Twitter (e.g., Coppock et al. 2016). Although typical online network experiments only measure
online networks of interest, people are often embedded in other networks, most importantly, an
offline face-to-face network. Thus, experimental subjects can share information with one another
through Facebook as well as through their offline face-to-face interactions, inducing spillover
effectsin both online and offline networks. To introduce the multiple network framework, we focus
on such spillover effects in online and offline face-to-face networks as an illustrative example. In
Sections 5 and 6, we provide two detailed empirical illustrations; a simulation study based on the
Twitter network (Coppock et al. 2016) and a reanalysis of the field network experiment in rural
China (Cai et al. 2015), respectively.

The Setup
Consider arandomized experiment with sample size Nand each unitisindexed by /e {1,2,...,N}.
Define a treatment assignment vector T = (T3,..., Ty) " where binary treatment variable 7; € {0, 1}

denotes the treatment received by unit i. For example, 7; = 1 would mean that unit i receives an
informational message, and 7; = 0 would mean unit i is in a control group who does not receive
any message. Based on the experimental design, treatment assignment probability Pr(T = t) is
known for all t € {0, 1}". Using the potential outcomes framework (Neyman 1923; Rubin 1974),
let Y;(t) denote the potential outcome of individual i if the treatment assignment vector T is set
to t. Importantly, the potential outcome of individual i is affected not only by her own treatment
assignment, but also by the treatments received by others. Thus, we allow for spillover/interference
between individuals (Cox 1958; Rubin 1980). In our running example, voting behavior of a
given individual can be affected not only by whether she directly receives the informational
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Online Network

Offline Network

Figure 1. Example of two networks. Note: The same set of people are connected differently by an online
network and an offline network. Neighbors in the two networks overlap, i.e.,some, but not all, pairs of people
are connected in both online and offline networks.

message, but also by messages assigned to her friends as people can share information with one
another.

To formalize whose treatment status can affect a given individual, we rely on networks. In
particular, consider two networks G and U connecting units with different edge sets. For example,
people can be connected with Facebook and their offline face-to-face network. Formally, we define
an adjacency matrix of network G to be A9 where Ag = Ajgl. =1 if unit i is connected to unit j

(and zeros on the diagonal). We can also incorporate directed ties when we define Ag =1ifuniti
“follows” unit j, for example, on Twitter. By assigning different weights to each tie, this framework
can accommodate the strength of ties as well. We then define individual i’s neighbors in network
G to be other individuals to whom she is connected in network G, formally, ng ={j: Ag #0}. We
define AY and NI.(” similarly. For example, neighbors are those with whom individual i is friends
on Facebook (Nl.g; neighbors on an online network) or those who individual i meets in personon a
daily basis (N/.ﬂ; neighbors on an offline face-to-face network). Importantly, neighbors in the two
networks can overlap; we meet some but not all of our Facebook friends on a daily basis. Figure 1
visualizes an example with two networks.

We explicitly incorporate these two networks into the potential outcomes. In particular, we
extend the stratified interference assumption (Hudgens and Halloran 2008) to multiple networks.
We assume that the potential outcomes of individual i are affected by her own treatment assign-
ment and the treated proportions of neighbors in networks G and U (Manski 2013; Toulis and Kao
2013; Liu and Hudgens 2014; Forastiere et al. 2016).

Assumption 1 (Stratified Interference with Multiple Networks) For all /,
Yi(t) = Yi(d. g, u),

where d is her own treatment assignment, g and u are the proportions of treated neighbors in
networks G and U, respectively:

S Ljendti Zjenuty
= I" g = s u=
INS| INH|

where ¢; is the treatment received by individual /. ZjeN.g t; is the total number of treated units

among individual i’s neighbors in network G and |N,.g| is the total number of individual i’s
neighborsin network G. ZjeN_u tjand |N;”| are similarly defined.
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2.2

2.2.1

The potential outcomes depend on the treatment assignment of herself d and the fractions
of treated neighbors in each network (g,u). For example, the potential outcome of unit i is a
function of whether she receives the informational message (d), the proportion of Facebook
friends who receive the message (g), and the proportion of offline friends who receive the message
(u). Although this assumption can only allow for spillover effects through treated proportions in
multiple networks, it is more flexible than the conventional assumption of no interference, which
requires that the treatment status of neighbors do not change potential outcomes at all. Formally,
Assumption 1can also be viewed as an exposure mapping f (t, (Al.g, A;”)) setto athree-dimensional
vector (d, g, u) (Aronow and Samii 2017).

Several points about Assumption 1 are worth clarifying. First, because this assumption is
made at the individual level, an equivalent statement of Assumption 1 is that the potential
outcomes depend on the treatment assignment of herself and the number (rather than propor-
tions) of treated neighbors in each network. The only change is that when defining causal esti-
mands, we should explicitly condition on the total number of neighbors in each network. Second,
Assumption 1is violated when neighbors in the same network have different spillover effects. For
example, suppose a given individual i has three Facebook friends { Fi, F, F3}, and F; has a larger
spillover effect than the other two. In this case, even when g = 1/3, the potential outcomes of
unit / differ depending on whether F; is treated or one of the other two is treated, which violates
Assumption 1. Third and most importantly, unlike the previous literature, Assumption 1is defined
with multiple networks. Therefore, researchers can make the assumption more plausible by
specifying networks more precisely. In the example above, suppose F; has a larger spillover effect
than the other two because F; is also a friend of unit i on Twitter, whereas the other two are not.
Then, we can restore Assumption 1 with respect to three networks; the Facebook network, the
Twitter network, and an offline network. However, it is important to note that as we consider more
networks, itis more difficult to observe all relevant networks, whichis the central topic of the paper
we further discuss in Sections 3 and 4.

We define networks to be causally relevant if treated proportions in such networks have
nonzero causal effects.

Definition 1 (Relevant Networks) Network G is causally relevant if Y;(d,g,u) # Y;(d,g’,u) for
someiand (d,g,u),(d,g’,u) € A; where A; is the support of treatment exposure vector (7;, G;, U;).
The relevance of network 1 is similarly defined.

For example, if people do not talk about elections at all on Facebook, Facebook would be causally
irrelevant because messages received by other Facebook friends would have no effect on voting
behavior through Facebook when fixing treated proportions in the offline network.

Finally, as in the standard causal inference setting, we observe only one of many potential
outcomes. Foralli, Y; = ¥y g uyea, 1{Ti = d,G; = g,U; = u} Y;(d, g, u) (Holland 1986).

Causal Quantities of Interest
Without loss of generality, we assume two networks G and U are causally relevant and define our
quantities of interest using these two networks.

Direct Effects and Network-Specific Spillover Effects. First, we define the direct effect of a treat-
ment. It is the difference between the potential outcomes under treatment and control, averaging
over the distribution of treatment assignment (G;, U;). Formally, we define the average direct effect
(ADE) as follows.

Naoki Egami | Political Analysis 291


https://www.cambridge.org/core
https://www.cambridge.org/core/terms
https://doi.org/10.1017/pan.2020.28

Downloaded from https://www.cambridge.org/core. IP address: 106.154.125.186, on 08 Jun 2021 at 23:42:47, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/pan.2020.28

PA

Definition 2 (Average Direct Effect)

N
NZ D {¥il1,8,u)-Yi(0,8,u)} Pr(G; = g, Ui = u) ., (1)

=1 (g.u)ens”

where the support is defined as A?“ = {(g,u) : Pr(G; = g,U; = u) > 0}.

Itis the weighted average of the causal effects, Y;(1, g, u) - Y;(0, g, u), which hold the proportions of
treated neighborsin the two networks constant. Intuitively, this effect quantifies the causalimpact
of the treatment directly received by herself. Thus, the ADE could represent the direct causal effect
of the informational message on voting behavior. The ADE is a simple extension of the expected
average treatment effect (Savje et al. 2017) to the two-network settings. We keep the term of the
direct effect in order to distinguish it from spillover effects we define next.

Spillover effects describe the causal effects of the neighbors’ treatment status on a given
individual. It is the change in the potential outcome when the proportion of treated neighbors
goes from a lower proportion to a higher proportion. Formally, it is the difference between the
potential outcome for a given individual when g/’ x 100% of her neighbors in G are treated and the
other potential outcome for the same individual when g* x 100% of her neighbors in G are treated,
holding her own treatment assignment and averaging over the proportions of treated neighbors
in U. Two constants g and g' stand for “Higher” and “Lower” percent. We define the average
network-specific effect (ANSE) as follows.

Definition 3 (Average Network-Specific Spillover Effect)

N
t(g".g";d) Z DoAvild. g u)-Yild g )} Pl =u| Ti=d,Gi=g") . (2)

i:l uehy

where the supportisdefinedas A = {u:Pr(U; =u | T;=d,Gi =g Hy>0and Pr(U;=u|T;=d,G; =
g") > 0}. The ANSE for network‘LI is defined similarly.

It is the weighted average of the spillover effects specific to network G, Yi(d,g",u) - Yi(d,g", u),
which hold her own treatment assignment and the proportion of treated neighbors in U constant.
Thus, for example, the ANSE (g’ = 0.8,g- = 0.2;d = 0) could represent the Facebook-specific
spillover effect where we change the treated proportion of one’s Facebook friends (from gt = 20%
to g = 80%) while holding constant one’s own treatment assignment (d = 0) and averaging over
the treated proportion of one’s offline friends (u). Similarly, the ANSE (u" = 0.8,u- = 0.2;d =
0) could represent the offline network-specific spillover effect where we change the treated
proportion of one’s offline friends (from ut = 20% to u" = 80%) while holding constant one’s
own treatment assignment (d = 0) and averaging over the treated proportion of one’s Facebook
friends (u).

Importantly, the ANSE captures the spillover effect specific to each network separately. Thus,
when Facebook (the offline network) is causally irrelevant, as defined in Definition 1, the ANSE in
Facebook (the offline network) will be zero. By estimating the ANSE for each network, researchers
can unpack the mechanism of spillover effects; which networks do people use to share information
and influence each other’s voting behavior? In Appendix B, we additionally show that the ANSE
decomposes the total spillover effect, a popular estimand in the literature (Hudgens and Halloran
2008), into each network.
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2.3 Estimation

In this section, we study the estimation of the ADE and the ANSE. We begin by introduc-
ing a common assumption made in practice; the no omitted network assumption defined
below.

Assumption 2 (No Omitted Network) All causally relevant networks are observed.

For example, in the Facebook mobilization experiment (Bond et al. 2012), this assumption of
no omitted network means that the Facebook network is the only relevant network and an
unobserved face-to-face network is irrelevant; experimental subjects could affect one another
through Facebook but not through their unobserved offline interactions. We first examine the
estimation under this assumption and then discuss its violation in the subsequent sections.

Following the recent literature (e.g., Hudgens and Halloran 2008; Tchetgen Tchetgen and
VanderWeele 2010; Kang and Imbens 2016; Sussman and Airoldi 2017), we start with design-based,
inverse probability weighting (IPW) estimators for the ADE and ANSE (Horvitz and Thompson
1952; Aronow and Samii 2017). Importantly, researchers can compute the treatment exposure
probability Pr(T; = d, G; = g, U; = u) from the experimental design under the no omitted network
assumption.’ Thus, we rely on the following weighting estimators.

Theorem 1 (Estimation of the ADE and the ANSE)  Under Assumption 2, the treatment exposure
probability Pr(T; = d, G; = g,U; = u) is known for all (d, g,u) € A; and all i. Therefore, the average

direct effect and the average network-specific spillover effect in G can be estimated by the
following inverse probability weighting estimators.

E[6]=6 and E[#(g".g55d)]=1(g".g"d).

where the expectation is taken over the experimental design Pr(T = t), and

N N
~ 1 1
55N;ur,-:nwm—N;HT;:O}Wm (3)
1Y 1Y
t(g".ghd) = 2 T =d.G, =g”}w,-Y,-—N;1{T,- =d,G; =g"}wv,, (4)
and weights are defined as
_ 1 Pr(U; | T;,G; = g") 1
=——— and w;= .
YT Gho) O YT RGN TG Pr(TLGY)

We provide the proof in Appendix C.1. Although the IPW estimators are unbiased, researchers
might want to increase efficiency by incorporating covariate information and some parametric
assumptions (Sarndaletal. 1992). In particular, we build on the design-based IPW estimator above
and propose a weighted linear regression estimator. This alternative approach reduces standard
errors at the expense of some bias due to parametric modeling assumptions. In particular, we
consider

It is important to emphasize that the treatment exposure probability is a function of both network structure and experi-
mental design.

Naoki Egami | Political Analysis 293


https://www.cambridge.org/core
https://www.cambridge.org/core/terms
https://doi.org/10.1017/pan.2020.28

Downloaded from https://www.cambridge.org/core. IP address: 106.154.125.186, on 08 Jun 2021 at 23:42:47, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/pan.2020.28

PA

Y ~a+,BT,-+yoG,-+y1(T,-><G,-)+X,-TG with weights w;. (5)

The key assumptions are the linearity of G; and the inclusion of pretreatment covariates X;.2
We emphasize an important tradeoff. On the one hand, both assumptions are parametric in the
sense that they are not directly justified by the experimental design. On the other hand, they
tend to greatly reduce variance. Especially in settings with multiple networks, treatment exposure
probabilities Pr(T;, G;,U;) are usually small, and in many applied contexts, the standard IPW
estimator has large standard errors. The weighted linear regression estimator aims to balance this
bias-variance tradeoff in practice. See Toulis and Kao (2013) for a Bayesian approach, and Sarndal
et al. (1992); Rosenbaum (2002) and Aronow and Samii (2017) for the design-based covariate
adjustment.

Exact Bias Formula

We can obtain an unbiased estimate of the ANSE when we observe all relevant networks. However,
this assumption of no omitted network is often violated in practice, and if so, the ANSE even in the
observed network cannot be estimated without bias. For example, in Bond et al. (2012), while
the Facebook network is observed, an offline face-to-face network is unobserved. In this case,
even with randomized experiments, an estimate of the Facebook-specific spillover effect is biased
because people can potentially share information with offline friends. Bond et al. (2012) write,
“it is plausible that unobserved face-to-face interactions account for at least some of the social
influence that we observed in this experiment” (p. 298). In this section, to explicitly characterize
sources of such bias, we derive the exact bias formula for the ANSE. We provide the exact bias
formula for the ADE in Appendix C.2.1.

We consider a common research setting in which the main network of interest is observed but
other relevant networks are not observed. In particular, we assume G is an observed network of
interest and U is unobserved.? Thus, the quantity of interest is the ANSE in the observed network
G. For simplicity, we refer to the ANSE in G as the ANSE, without explicitly mentioning G.

Since network U is unmeasured, we cannot use weights w; discussed in Section 2.3. Instead,
we can only rely on partial weights w? = 1/Pr(T;, G;) where we only adjust for the direct treatment
assignment T; and the treated proportion in the observed network G;. For example, the IPW
estimator based on such partial weights becomes

N

1

N 21T = 0.6 = " }wEY, - 1{T = d.G; = g wPvif. (6)
i=1

We use 7g(g'’, g-; d) to denote any estimator with partial weights w}3, including both the IPW
estimator and the regression estimator discussed in Section 2.3. For the regression estimator, the
bias formula we derive next can be seen as the lower bound where we focus only on the bias due
to unobserved networks and not on bias due to functional form assumptions.

The next theorem shows the exact bias formula for #5(g'’,gt;d) in settings where the no
omitted network assumption does not hold.

Itis also possible to incorporate higher-order polynomial terms of G;.

If even the main network of interest is partially unobserved, it is impossible to identify the ANSE without strong assump-
tions because the treatment variable itself (the proportion of treated neighbors in the main network) is unobserved. If
researchers are interested in estimating the ANSE in the observed part of the main network, the same results in Sections 3
and 4 hold by viewing the unobserved part of the main network as a separate unobserved network.
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Theorem 2 (Bias for the ANSE due to Omitted Networks) When the no omitted network
assumption (Assumption 2) is violated, estimator #z(g", g*; d) is biased for the ANSE.

Elts(g”. g% d)] - (g, g";d)

N
=SS 0l g™. )~ Vild. £ PHU; = ol = 0. Gy = 8~ Pr(Us = ulT = 0, G; = £},

i=1 uen?
forany u’ € A.

We provide the proof in Appendix C.2. This bias can be decomposed into two parts: (1) the
spillover effects attributable to the unobserved network U, Y;(d,g",u) - Y;(d,g",u’) and (2) the
dependence between the fraction of treated neighbors in G and the fraction of treated neighbors
inU,PrUi=u|T;=d,G;i=g")-Pr(U;=u | T; =d,G; = g").

Based on this decomposition, we offer several implications of the theorem. First, when treat-
ment assignment to U has no effect (i.e., U isirrelevant), Y;(d,g",u) - Yi(d,g",u’) = Oforanyi.
In this simple case, the bias is zero; this formula includes the assumption of no omitted network
as a special case.

Second, the dependence between the fraction of treated neighbors in G and the fraction of
treated neighbors in U determines the size and sign of the bias. In theory, when G; and U; are
independent given T;, the bias is zero. However, G; and U; are in general dependent given T;.
Two points about this dependence are worth noting. First, some randomization of treatment
assignment, such as a Bernoulli design, can make T; independent of (G;,U;), but G; and U;
are dependent given T; even after any randomization of treatment assignment because some
neighborsin G are also neighbors in the other network U; networks G and U overlap each other.
Formally, G; and U; are dependent because both are functions of the treatment assignment to
common neighbors. Second, based on the same logic, G; and U; are not independent given T;
even when two networks G and U are independently generated because the two networks can
still overlap each other.

For example, the Facebook network and an unobserved face-to-face network are likely to
overlap each other. For some users, their Facebook friends are also close friends to whom they
have offline interactions and vice versa. As long as the spillover effects in the face-to-face network
are non-zero, an estimator ignoring this unobserved offline network (Equation (6)) would be
biased for the Facebook-specific spillover effect.

Finally, we illustrate the bias with a simple linear model, Y;(T;, G;,U;) = a+B8T; +yG; + AU; +
€; where ¢; is an error term. Under the model, the potential outcome of individual i depends on
neighborsin both G and U, and such two network-specific spillover effects do not interact. In this
simple setup, the bias can be simplified as follows.

N
. 1
Elts(g".g"d)] ~1(g". g% d) = Ax - ) {E[U;| T = d.Gi = g"] ~E[U; | T; = d.Gi = g"1).
i=1

It is clear that the bias depends on the ANSE in the unobserved network U (i.e., A) and the
association between U; and G; given T;. This bias is not zero unless the unobserved network U
isirrelevant because E[U; | T; =d.G; = g # E[U; | T; = d,G; = g"] in general.

Sensitivity Analysis
We address the potential violation of the no omitted network assumption by developing paramet-

ric and nonparametric sensitivity analysis methods for the ANSE.
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4.1

Parametric Sensitivity Analysis

Although the exact bias formula in Theorem 2 does not make any assumption about the unob-
served network U, in order to use it in applied work, it requires specifying a large number of
sensitivity parameters. To construct a practical parametric sensitivity analysis method, we rely on
a simplifying parametric assumption. In particular, we consider the assumption that the network-
specific spillover effect in an unobserved network is linear and additive (Sussman and Airoldi
2017).

Assumption 3 (Linear, Additive Network-Specific Spillover Effect in U/)

1
_— Y/(d, s )_Y/(d, ’ ,) :A( ~ /),
Zﬁ] 1{Si = s} fi;s{ v g.u')} u—u

with some coefficient A for all (d,g,u),(d,g,u’) € A; where A; is the support of (d,g,u) for i
with the neighbors’ profile S; = s. The neighbors’ profile S is defined such that the probability of
treatment exposure is the same for those who have the same neighbors’ profile. Formally, fori # J,
Pr(T;=d,Gi=g,Ui=u)=Pr(T; =d,G; = g,U; =u) when S; = S;. For example, when the Bernoulli
or completely randomized design is used, S, is simply a vector of three values; the number of
neighborsin G and U, and the number of neighbors common to the two networks.

While this linear additive assumption is strong, it is commonly used in the causal inference
literature to derive intuitive, easy-to-use sensitivity analysis methods. For example, the widely
used sensitivity analysis methods for unobserved confounders in observational studies rely on
similar assumptions (VanderWeele and Arah 2011). We also consider nonparametric sensitivity
analysis in the next section under weaker assumptions.

Under Assumption 3, the general bias formula becomes the multiplication of two terms: the
network-specific spillover effect in U, that is, A, and the effect of G; on U; given T;, that is,
NN {E[U; | Ti=d,Gi=g"]-E[U; | T; = d,G; = g"]}. The following theorem shows a simplified
bias formula for settings with sparse G.

Theorem 3 (Parametric Sensitivity Analysis) Under Assumption 3, a bias formula is approxi-
mated as follows.

Elts(g". g5 d)] - 1(g", g d) ~ Ax gy x (g" - g"), (7)

where Aisthe ANSE in network U and gy isthe overlap, thatis, the fraction of neighborsin ¢ who
are also neighbors in G. Formally, 7oy = X, {IM9™|/INH|}/N where N9 is the number
of unit i’s neighbors common to the two networks. If an experiment uses a Bernoulli design, the
approximation is exact regardless of the sparsity of network G.

We provide the proofin Appendix C.3. This simplified bias formula offers severalimplications. First,
the biasis small when ngy is small, that s, the overlap of neighborsin G and U is small. Hence, the
bias is close to zero when the network G is sparse and neighbors in G and U are disjoint. Second,
even if two networks G and U are independently generated, the bias is not zero because 7gy # 0.
We derive a similar parametric bias formula for settings with nonsparse G in Appendix C.3.

For example, the overlap between the Facebook network and the unobserved face-to-face
network is defined to be the fraction of offline friends who are also friends on Facebook. When
thisoverlapis large (small), we expect the bias for the Facebook-specific spillover effect to be large
(small).

Naoki Egami | Political Analysis 296


https://www.cambridge.org/core
https://www.cambridge.org/core/terms
https://doi.org/10.1017/pan.2020.28

Downloaded from https://www.cambridge.org/core. IP address: 106.154.125.186, on 08 Jun 2021 at 23:42:47, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/pan.2020.28

PA

4.2

To use this formula for a sensitivity analysis, researchers need to specify two sensitivity param-
eters: the network-specific spillover effect in an unobserved network (i.e., A) and the fraction of
neighbors in U who are also neighborsin G (i.e., 7gy). Once these two parameters are specified,
we can derive the bias. Subsequently, because the bias utilizes only sensitivity parameters and
(g7 — g"), we can obtain a bias corrected estimate by subtracting this bias from #5(g", g%;d). A
sensitivity analysis is to report the estimated ANSE under a range of plausible values of A and 7gy
where 0 < gy < 1. Note that A = 0 corresponds to the no omitted network assumption.

Nonparametric Sensitivity Analysis

Now, we provide a nonparametric sensitivity analysis that makes only one assumption of non-
negative outcomes. While we introduce our method using a random variable U; for simplicity,
the same method can be applied to a random vector U; and accommodate multiple unobserved
networks. The proposed method is an extension of a sensitivity analysis developed for observa-
tional studies with no spillover effect (Ding and VanderWeele 2016) to experimental settings where
spillover effects in unobserved networks induce bias.

As the parametric sensitivity analysis, we use two sensitivity parameters: intuitively, the
network-specific spillover effect in U, and the association between U; and G;. To capture the
network-specific spillover effect in U, let MRyy(g,s) = max, ¥;.s,=; Yi(d,g,u)/min, 25,5 Vi
(d, g,u) denote the largest potential outcomes ratios of U; on Y; given T; = d,G; = g and §; = s.
For notational simplicity, we drop subscript d whenever it is obvious from contexts. Then, we
define MRyy = maX,¢gr 1) ses MRuy(g,s) as the largest potential outcomes ratio of U; on Y;
overg € {g",g"} and s € S. Thus, MRyy quantifies the largest possible potential outcomes ratio
of U; on Y;. This ratio captures the magnitude of the network-specific spillover effect in U. When
network U isirrelevant, MRyy = 1.

Furthermore, to quantify the association between G; and U;, we use RRgy(g.g’,u, s) = Pr(U; =
ul|Ti=d,Gi=g)/Pr(U;=u|T; =d,G; = g’)to denote the relative risks of G; on U; for all i with
Si=5.RRgu = MaX(g g)e(gh gl)uenvses RRGu(g. &', u, s) is the maximum of these relative risks.
This risk ratio captures the association between G; and U;.

Using these ratios, we can derive an inequality that the ANSE in the observed network G needs
to satisfy as long as outcomes are non-negative. The next theorem shows that we can obtain the
bound for the ANSE with two sensitivity parameters, MRyy and RRgy.

Theorem 4 (Bound on the ANSE) When outcomes are non-negative,

o (d. oH o
E[%—Bfﬁ(d,gL) < T(gH,gL;d) <E Bfﬁ(d,g”)_¥ ,

where B = (RRgy X MRyy)/(RRgu + MRyy — 1) and rii(d, g) = & X, 1{T; = d,G; = g}wtY; for g €
{g".g"}.

We provide the proof in Appendix C.4. Note that MRyy = 1 corresponds to the no omitted
network assumption, and E[m(d,g") — m(d,g")] = E[ts(g".g";d)] = 7(g",g";d) under the
assumption. B is an increasing function of both RRgy and MRy, implying that the bound is wider
when the network-specific spillover effect in the unobserved network U is larger and the effect of
G; on the distribution of U; is larger. In fact, the size of the bound is given by (B — %)[E[m(d,g"’) +
m(d, gh)]. It is important to note that the bound is not location-invariant because we use mean
ratios and risk ratios as sensitivity parameters (Ding and VanderWeele 2016). The bound is valid
as far as outcomes are non-negative, but how informative it is can vary. To conduct the sensitivity
analysis, one can compute the bound for a range of plausible values of MRy and RRgy. Compared
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to the parametric sensitivity analysis, MRyy and RRgy correspond to A and ngy, respectively.
Finally, asin Section 2.3, we can also use a weighted linear regression estimator for f(d, g) instead
of the IPW estimator.

Simulation Study: Twitter Mobilization Experiment

Based on the real-world Twitter network (Coppock et al. 2016), we conduct a simulation study
where we generate a variety of unobserved offline face-to-face networks. We evaluate how well
the sensitivity analysis methods estimate the Twitter-specific spillover effect.

We vary the simulation setup along two dimensions; (1) the overlap between the observed
Twitter network and a simulated unobserved offline network and (2) the outcome data generating
process—a linear additive model or an interactive model. With this design, we illustrate three
key results we derived analytically. First, the bias increases when the overlap between the online
network and the unobserved offline network increases (Theorem 2). Second, the parametric
sensitivity analysis can recover unbiased estimates under a linear additive model but suffers
from bias under an interactive model (Theorem 3). Finally, the nonparametric sensitivity analysis
provides bounds for the ANSE under both models, but it has larger confidence intervals than the
parametric version under the linear additive model (Theorem 4).

Background.

To make our simulation as realistic as possible, we rely on the real-world Twitter network studied
in Coppock et al. (2016). The original authors conducted a political mobilization experiment over
the Twitter network to estimate the effectiveness of online mobilization appeals. In particular,
they sampled followers of the Twitter account of a nonprofit advocacy organization, the League of
Conservation Voters (LCV), and measured a network adjacency matrix among them. Each node of
the network is a Twitter user who follows the LCV’s account and a directed edge exists from user i
to userj when user i follows user j. Instead of artificial simulated networks, we use this real-world
Twitter network as the basis of our simulations after preprocessing as described below.

Simulation design.
To make the comparison of sensitivity analysis methods clear, we preprocess the Twitter network
of Coppock et al. (2016). First, to avoid the influence of outliers, we remove units that are above
the 95th percentile of the distribution on the size of Twitter neighbors (also known as the out-
degree distribution). To have well-defined treated proportions G; (explain more below), we also
remove those who follow less than five other units. The resulting network contains 2,430 units
with the mean number of neighbors equal to 18.5. We simulate an unobserved offline network U
with four different values of the overlap ngy € {0.0,0.2,0.4,0.6} where we expect no bias in the
case of mgy = 0. We use the Bernoulli design to randomly assign treatments with probability 0.5.

We consider two outcome data generating processes. For the linear additive model, we gen-
erate potential outcomes for individual i by Y;(T;,G;,U;) = 5+ 2T; + G; + 1.5U; + ¢}, where ¢;
is randomly drawn from a normal distribution with (4, o) = (0.0,0.5). G; and U; denote treated
proportions of neighbors in the observed Twitter network and unobserved treated proportions of
neighbors in the offline network, respectively. For the interactive model, we use Y;(T;, G;,U;) =
5+42T;+G; + 2T, x U; + 2G; x U; + 0.5U; + €. As the main causal estimand, we consider the ANSE,
7(0.6,0.4;0), where we compare g = 0.6 relative to g- = 0.4 when d = 0 (to have G, = 0.6 and
G; = 0.4 both well-defined, we focus on a subset of units who follows at least five units). In the
linear additive model, the true ANSE is equal to 0.2, and in the interactive model, the true ANSE is
approximately equal to 0.4 (the exact values change according to the overlap ngy).

The offline network U is unmeasured and thus, we can rely only on a linear regression Y; ~
a + BT + yoGi + y1(Ti x G;) with weights w? = 1/Pr(T;,G;). An estimator, 0.2 X yy, is biased for
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7(0.6,0.4;0) due to unobserved network 2. The parametric sensitivity analysis provides a bias-
corrected estimate, 0.2 X yp — 0.2 X A X wgy, with two sensitivity parameters; the overlap 7guy
and the spillover effect in the unobserved network A.* The nonparametric sensitivity analysis
computes bounds with sensitivity parameters (MRyy,RRgy).> We evaluate an estimator that
ignores unobserved offline networks, the parametric sensitivity analysis, and the nonparametric
sensitivity analysis with the 2,000 Monte Carlo simulations.

Results.

Figure 2 presents simulation results. The first column reports estimates, 0.2 X yp, that ignore
the unobserved network U, with the 95% confidence intervals (Cl). Both settings of the linear
additive and interactive models illustrate that the estimator is biased unless the overlap ngy is
zero, and the bias increases as the overlap increases. The second column shows the results for the
parametric sensitivity analysis with the 95% CI. In the linear additive model setup (the first row),
the parametric sensitivity analysis recovers approximately unbiased estimates. In contrast, in the
interactive model setup (the second row), it still suffers from bias as the linear additive assumption
(Assumption 3) is violated. Finally, the third column reports bounds from the nonparametric
sensitivity analysis (thick bars) and the 95% Cl of the bounds (thin bars). When the overlap 7gy
is zero, the bound converges to an unbiased point estimate of the ANSE. Importantly, the bounds
cover the true ANSE in both linear additive and interactive model settings as Theorem 4 implies.
It also reveals an important limitation; while the nonparametric bounds cover the true ANSE, they
are much wider than the 95% Cl of the parametric sensitivity analysis under the linear additive
model. This is the case especially when the overlap between the main network of interest and the
unobserved network is large.

Empirical Application: Network Field Experiment

Caietal. (2015) are interested in understanding how farmers in rural China use social networks to
make important financial decisions, that is, insurance take-up. They designed an experiment with
China’s largest insurance provider, the People’s Insurance Company of China (PICC), to randomly
assign households to different information sessions about the insurance. While they estimate the
direct treatment effect as a first step, the primary focus of the original analysis is to estimate the
spillover effect of such information on the insurance take-up.

As in many other network field experiments, they use a social network survey to ask experi-
mental subjects to name their network connections. In particular, they asked household heads
to name five close friends with whom “they most frequently discuss rice production or financial
issues” (Caietal. 2015, p. 88). Although thisis a popular strategy, there are several reasons to afraid
of unobserved networks. First, as carefully noted in the original paper, almost all households listed
the maximum number of friends (the average number of listed friends is 4.9 where respondents
can only list up to 5 friends), which suggests that respondents could have listed more friends if
other forms of network surveys were used (Larson and Lewis 2020). Second, networks among
experimental subjects are dense; “the average path-length is about 2.67, which means that a
household can be connected to any other household in the village by passing on average of two
to three households” (Cai et al. 2015, p. 89). This suggests that there are many potential network
connections through which experimental subjects can communicate with each other. Forexample,
insuchrural Chinese villages, a kinship network is of greatimportance (e.g., Xiong and Payne 2017).

gy € {0.0,0.2,0.4,0.6}. Inthelinear additive model case, A = 1.5. Inthe interactive model case, while A is not well-defined,
we use the main effect of U; (0.5) as an example and show that the parametric sensitivity analysis cannot remove bias due
to the violation of the linear additive assumption.

Imputing the potential outcome model into the definition, MRyy = 1.16 (linear additive model) and MRyy = 1.14
(interactive model). Using the definition of the overlap, RRgy = (0.6 X tgy +0.5% (1 —ngy)) /(0.4 X ngy +0.5% (1 — mgy))
(both models).
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Figure 2. Simulation results on bias and sensitivity analysis for the Twitter experiment. Note: The first
(second) row reports results from the linear additive (interactive) model. The first column demonstrates the
bias in estimators that ignore the unobserved offline network. The second column shows that the parametric
sensitivity analysis can recover unbiased estimates of the ANSE under the linear additive model but not
under the interactive model. The third column demonstrates that bounds from the nonparametric sensitivity
analysis coverthe true ANSE, but are much wider than the parametric version under the linear additive model.

We extend the original analysis by estimating the spillover effect specific to the observed
financial network while accounting for unobserved networks, such as the kinship network.

Setup.

Cai et al. (2015) designed the experiment with two rounds to estimate the spillover effect. A total
of 2,175 households were invited to the first round and they were randomly assigned into one of
two information sessions, simple or intensive. The simple session took about 20 min and the
PICC agents explained the insurance contract. The intensive sessions took about 45 min and
provided all the information given in the simple session, plus an additional detailed explanation
of expected benefits and costs of purchasing the insurance. Three days after the first round, a
different set of households were invited to the second round and randomly assigned into the
simple or intensive sessions. We follow the original analysis and focus on 1,317 households who
were invited to this second round and only received information from the simple or intensive
session (657 and 660 households, respectively).® The main outcome of interest is a binary variable
whether each household in the second round takes up the insurance. Table 1 summarizes the
relevant aspects of the experimental design. See Cai et al. (2015) for details and other features
of the design.

For participants in the second round, the original authors define the main exposure variable of
interest G; to be the proportion of peers in their financial network who attended the first round
intensive session. Thedirecttreatment T; is defined as anindicator variable taking 1 if household
i receives the intensive session and 0 otherwise. Following their analysis, we focus on the ANSE

In the original paper, these groups are labeled as Simple2-NoInfo and Intensive2-NolInfo. There were two other randomly
assigned groups who received additional information about the take-up rates in the first round. The original analysis (table
2 in the original paper) focuses on the first two groups, which we follow.
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Table 1. Experimental design.

First round Second round
Simple Intensive Simple Intensive
1079 1096 657 660

Total: 2,175 Total: 1,317

specific to the observed financial network and compare g = 0.2 and g- = 0 under no direct
treatment receipt d = 0, formally 7(g" = 0.2, g- = 0;d = 0), as they show the biggest difference
is between no treated peer and one treated peer (table 3 of the original paper). In addition, to
satisfy the standard overlap assumption (Imbens and Rubin 2015), we analyze units who listed the
maximum number of five households’ in the financial network question (1,207 households, more
than 90% of all the samples).

To estimate spillover effects, the original authors estimate the following linear regression
(model 4 in table 2 of Cai et al. (2015)) with standard errors clustered at the village level.

Vi = a+BT; +10Gi +11(Ti X G) + X[ 6+, )

where pretreatment covariates X; include the size of neighbors, village fixed effects, and other
household characteristics (gender, age, education of household head, rice production area, risk
aversion, and perceived probability of future disaster). Thus, if the observed financial network is
the only causally relevant network (i.e., the no omitted network assumption holds), an estimator
0.2 X yo is unbiased for the ANSE, 7(g" = 0.2,g- = 0;d = 0) where yo = 0.444 (SE = 0.109) in
the original paper. However, as studied in Section 3, when the no omitted network assumption
is violated—for example, people might share information through their kinship network, the
estimator is biased for the ANSE specific to the financial network.

Sensitivity analysis.

We use the proposed sensitivity analysis methods to investigate the robustness of the original
findings to unobserved networks. First, for the parametric sensitivity analysis, we consider three
values for each of the two sensitivity parameters, the spillover effect in the unobserved network
A€(0.1,0.2,0.4) and the overlap ngy € (0.2,0.4,0.6), producing a total of nine scenarios. The three
values of A are chosen to represent different scenarios in which we expect spillover effects in the
kinship network is much smaller than, smaller than, or similar to the total spillover effect in the
financial network (yo = 0.444). Similarly, the three values of 75y cover from smallto large overlaps.
For the nonparametric sensitivity analysis, we also investigate three values for each of the two
sensitivity parameters MRyy € (1.3,1.5,1.8) and the overlap RRgy € (1.3,1.5,1.8). Although these
are relatively small risk and mean ratios (e.g., see table 1 in Ding and VanderWeele (2016)), we
see below that substantive conclusions change according to different sensitivity parameters.
Finally, while the original paper uses a linear regression without weights, we use a weighted linear
regression with weights WIB =1/Pr(T;, G;) as proposed in Section 4 for both analyses.

Figure 3 presents results from the parametric (left) and nonparametric sensitivity analysis
(right). In the left panel, the leftmost point shows an estimate of the ANSE that ignores the
unobserved kinship network with its 95% CI (8.87 percentage point; 95% Cl = [3.31,14.42]).
The nine other points represent estimates from the parametric sensitivity analysis with their
95% Cl. Importantly, point estimates are relatively stable over a range of sensitivity parameters

If the size of neighbors is smaller than five, g = 0.2 is impossible for such units, which violates the overlap assumption.
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Figure 3. Parametric and nonparametric sensitivity analysis for the field network experiment in China. Note:
The left (right) panel reports the parametric (nonparametric) sensitivity analysis with different sensitivity
parameters. In both panels, the leftmost point shows an estimate of the ANSE that ignores unobserved
networks. In the left panel, the nine other points represent estimates from the parametric sensitivity analysis
with their 95% confidence intervals. In the right panel, the thick bars represent nonparametric bounds on the
ANSE and the thin bars are their 95% confidence intervals.

and the 95% Cl covers zero only when the effect in the unobserved kinship network is large
(A = 0.4) and the overlap between the observed financial network and the unobserved kin-
ship network is relatively large (mgy = 0.6). Thus, the parametric sensitivity analysis suggests
that, while point estimates of the ANSE specific to the observed financial network are smaller
than the original estimates, estimates are still positive and statistically significant at the con-
ventional level of 0.05. Although this parametric sensitivity analysis is simple and intuitive, it
requires the parametric linear additive assumption as discussed in Section 4.1. We now turn
to the nonparametric sensitivity analysis which requires weaker assumptions at the expense of
efficiency.

The right panel of Figure 3 shows results of the nonparametric sensitivity analysis where the
leftmost point reproduces the same ANSE estimate that ignores the unobserved kinship network
as a reference point. The thick bars represent nonparametric bounds on the ANSE and the thin
bars are their 95% Cl. Although lower bounds are positive for small bias scenarios, such as
(MRyy,RRgy)=(1.3,1.3),(1.5,1.3),(1.3,1.5), all the 95% Cl are inconclusive about the sign of the
ANSE. Importantly, this result reveals that the positive ANSE estimates are sensitive to different
assumptions about unobserved networks in the nonparametric sensitivity analysis, in contrast to
the parametric sensitivity analysis above.

This difference in results from the parametric and nonparametric sensitivity analysis can arise
for two reasons. First, the linear additive assumption (Assumption 3) required for the parametric
sensitivity analysis could be violated and therefore, the nonparametric bounds are more credible.
Second, the nonparametric bounds are in general less efficient than parametric methods and thus,
large nonparametric bounds simply indicate insufficient statistical power for detecting the ANSE
nonparametrically. In this China experiment, as the original authors detect the nonlinearity in the
total spillover effect in the financial network (table 3 of Cai et al. (2015)), it is more likely that the
linear additive assumption is violated and thus, the nonparametric sensitivity analysis is more
credible. In practice, it is important to conduct both parametric and nonparametric sensitivity
analysis methods as they are complementary and evaluate the robustness of the ANSE estimates
under different assumptions.
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Concluding Remarks

Although early work in the causal inference literature has assumed no interference, a growing
number of both applied and methodological papers now explicitly incorporate spillover effects
to understand causal interdependence across people. In this paper, we propose a framework for
analyzing spillover effects in common social science settings of multiple networks, and introduce
anew causal estimand, the average network-specific spillover effect (ANSE), to separately quantify
the amount of spillover effects in each network. We show that the unbiased estimation of the
ANSE requires an often-violated assumption of no omitted network. Unlike conventional omitted
variable bias, the bias due to unobserved networks remains even when treatment assignment
is randomized and when the network of interest and unobserved networks are independently
generated. To account for this bias, we provide parametric and nonparametric sensitivity analysis
methods, with which researchers can assess the robustness of causal conclusions to unobserved
networks. The proposed methods are illustrated by two common types of network experiments;
an online social network experiment and a network field experiment.

There are a number of future extensions that can further improve the methodologies proposed
in this paper. First, although we made the assumption of stratified interference throughout this
paper, we can potentially derive the exact bias formula and sensitivity analysis methods without
it. This direction will be particularly important since not only the no omitted network assumption,
but also the assumption of stratified interference might be strong in many applied settings.
Second, while we focused on the estimation of the ANSE in this paper, it would also be of significant
interest to study how to incorporate observed and unobserved networks into the rich literature
of the Fisher randomization test for interference (e.g., Rosenbaum 2007; Aronow 2012; Bowers
etal. 2013; Athey et al. 2018; Basse et al. 2019). Third, it is useful to study how we can effectively
incorporate a supplementary survey to estimate the overlap between the main network of interest
and an unobserved network. For example, in an online network experiment, even though it
might be difficult to measure an offline face-to-face network for every subject in the experiment,
researchers can use a network survey method (e.g., Bisbee and Larson 2017) to randomly sample
subjects and use the estimated overlap for the sensitivity analysis. Fourth, this paper primarily
focused on the bias due to unobserved networks, but another important extension would be to
study implications of omitted relevant networks to variance estimation. A promising approach
would be to consider a range of sensitivity parameters and compute the worst-case confidence
interval (e.g., Berger and Boos 1994; Aronow et al. 2016). Finally, as discussed in the paper, the
estimation accuracy is often of concern in settings with multiple networks. Thus, it would be useful
to extend the literature on experimental design for spillover effects to settings of multiple networks
and study how to design the optimal experiment (e.g., Hudgens and Halloran 2008; Sinclair et al.
2012; Basse and Airoldi 2018; Bowers et al. 2018; Jagadeesan et al. 2020).

Supplementary Appendix

Appendix A. Details of Setup

We describe regularity conditions for the support of treatment exposure probabilities to ensure
well-defined causal estimands.

The required regularity conditions are as follows: (1) the support of Pr(G; = g,U; = u|T; = 1) is
equal to the support of Pr(G; = g,U; = u|T; = 0) for all i, and (2) the support of Pr(U; = u|Ti = d, G; =
g')is equal to the support of Pr(U; = u|T; = d,G; = g*) for all i. We discuss them in order.

When we define the unit level direct effect, we avoid ill-defined causal effects by focusing on
settings where the support of Pr(G; = g,U; = u | T; = 1) isequal to the support of Pr(G; = g, U; = u |
T; = 0) for alli. This can be violated when the total number of treated units is small so that for some
(g,u),Pr(G=g,U=u|T;=1)=0and Pr(G = g,U = u|T; =0) > 0. One extreme example is that when
we use complete randomization with the total number of treated units equal to 1. In this case,
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whenever T; =1,Pr(G = g,U =u|T; =1) =0forall(g,u),butwhen T; =0,Pr(G=g,U =u|T; =0) >0
for some (g, u). Another extreme example is that the total number of treated units is too large. For
example, when we use complete randomization with the total number of treated units equal to
N —1.In this case, whenever T; =0, Pr(G = g,U = u|T; =0) = 0forall (g, u) except for (g,u) = (1,1),
butwhen 7; =1, Pr(G = g,U = u|T; = 1) > 0 for some (g, u) other than (g, u) = (1,1). Itis clear that
when researchers use a Bernoulli design, the support of Pr(G; = g,U; = u | T; = 1) is equal to the
support of Pr(G; = g,U; = u | T; = 0) for all i.

When we define the unit level network-specific spillover effect, we avoid ill-defined causal
effects by focusing on settings where Pr(U; = u | T} = d,G; = g"’) and Pr(U; =u | T, = d,G; =
g") have the same support for all i. This requires that g and g’ are small enough so that the
distribution over the fraction of treated neighbors in network U is not restricted, especially Pr(U; =
0|Ti=d,Gi=g")>0andPr(U; =0| T; =d,G; = gb) > Oforalli. Formally, g, g- < g; where
gs = min{1 = INS 1/ INF ).

The desired support condition can be violated when the total number of treated units is too
small so that for some u, Pr(U = u|T; = 1,G; = g") = 0 and Pr(U = u|T; = 1,G; = g) > 0. One
extreme example is that when we use complete randomization with the total number of treated
unitsequalto 1+g"" x |Nl.g|. In this case, whenever G, = g",Pr(U = u|T; =1,G,; = g") =0forallu >
NG| /INH) butwhen G, = gL < g, Pr(U = u|T; =0,G; = g*) > 0for some u > N9 | N ).
Finally, itis clear that Pr(U; =u | T; = d,G; = g") and Pr(U; = u | T; = d, G, = g*) have the same
support for all i if researchers use a Bernoulli design and g/, g~ < gs.

Appendix B. Connection between Total Spillover Effects and
Network-Specific Spillover Effects
Here, we connect the ANSE to the popular estimand in the literature. In particular, we show that
the ANSE can be seen as the decomposition of the average total spillover effect (Hudgens and
Halloran 2008).
First, by extending Hudgens and Halloran (2008) to settings with multiple networks, the indi-
vidual average potential outcome are defined as follows.

Yild.g)= ) Yild.g.u)PrUi=u|T;=d,G; = g), (A1)

ueh?

where the potential outcome of individual i is averaged over the conditional distribution of the
treatment assignment Pr(U; = v | T; = d, G; = g). Here, the individual average potential outcome
represents the expected outcome of unitiwhen she receives the direct treatment d and the treated
proportion gin network G. Taking the difference in the two individual average potential outcomes,
the average total spillover effect (ATSE) in network G is defined as follows (Halloran and Hudgens
2016).8

N
vig". g5 d) Z {Yi(d.g")-Yi(d.g")}. (A2)

This causal quantity is the total spillover effect of changing the treated proportion in network
G from gt to g" as the following decomposition of the ATSE demonstrates.

wig" gt d) =(g", g5 d)+ (A3)

This quantity is called the average indirect causal effect in Hudgens and Halloran (2008). We define it as the average total
spillover effect to clarify how it combines multiple network-specific spillover effects.
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—Z D vild g u)-Yild.g" W )HPI(U; = u | T; = d.G; = g") —Pr(U; =u | T: = d,G; = g")},

i=1 \ueA!

foranyu’ € AY. Thefirsttermis the ANSE in network G (Definition 3), which quantifies the spillover
effect specific to network G. The second term represents the spillover effect in U, Yi(d,g",u) -
Yi(d,g",u’), weighted by the change in the conditional distribution of U; due to the change in
Gi,PriUi=u | T; =d,G; = g")=Pr(U; =u | T; = d,G; = g1). This is because U;, the treated
proportion of neighbors in the other network €, is not fixed at constant and thus, they change
as G;j, the treated proportion of neighbors in G, changes. Thus, the ATSE captures the sum of
the spillover effect specific to network G and the spillover effect specific to U induced by the
change in U; associated with the change in G;. For example, the ATSE of changing from gt to g"
on the Facebook network captures two spillover effects together; (1) the spillover effect specific to
the Facebook and (2) the spillover effect in the face-to-face network. This is because the treated
proportion in the offline network U; is associated with the change in the treated proportion in
the Facebook network G;. We discuss this issue in further details when we derive the exact bias
formulain Section 3. When network U, such as the offline network, is causally irrelevant, the ATSE
is equal to the ANSE in the Facebook network, but in general, the two estimands do not coincide.
While both the ATSE and the ANSE quantify spillover effects, their substantive meanings differ.
The ATSE is useful when researchers wish to know the total amount of spillover effects that
result from interventions on an observed network. For instance, politicians decided to run online
campaigns on Twitter and want to estimate the total amount of spillover effects they can induce
by their Twitter messages. These politicians might not be interested in distinguishing whether the
spillover effects arise through Twitter or through unobserved face-to-face interactions. Thus, the
ATSE is of relevance when the target network is predetermined and the mechanism can beignored.
In contrast, the ANSE is essential for disentangling different channels through which spillover
effects arise. It is the main quantity of interest when researchers wish to examine the causal role
of individual networks or to discover the most causally relevant network to target. For example, it
is of scientific interest to distinguish how much spillover effects arise through the Twitter network
or through offline communications. By estimating the ANSE, researchers can learn about the
importance of online human interactions.

Appendix C. Proofs
This section provides proofs for all theorems in the paper.

Proof of Theorem 1

C.1.1 Average Direct Effect.  First, we rewrite the estimator with the standard IPW representation.

O
=2

1 N

] )
= LT =W = ) U T =0y,

i=1

lz Z PrG g,U_ ){1{7','=1,G;=g,U/=U}Y;_1{7',-:O,G,-=g,U,-=U}Y,-}'
= ga)ear Pr(T:=1,Gi=g,Ui=u)  Pr(T;=0,G;=g,U; =u)

=1

2

Then, the theorem follows from the standard proof for the IPW estimator.
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E[8]
1 N
:NZ PI’(G,'Zg,U,'ZU)X
i=1 (g,u)EA‘ig”
{ E[1{T; =1,G; =g, Ui = u}Y;] [E[1{T 0,Gi=g,U —u}Y]}
Pr( i—1,Gl—g’U/—u) Pr(T; =0,G; = g,U:—U)
1 N
:NZ Pr(Gi=g,U; = u) x
i=1 (g,u)EA‘ig”
{Pr(T; =1.Gi =g, Ui =u)Yi(l.g,u) Pr(Ti=0,G,=g,U; = U)Y/(O,g,U)}
Pr(T;=1,G; = g,U; = u) Pr(T; =0,G; = g,U; = u)
N
1
=52 Pr(G; = g,U; = u){¥i(1,8,u) - Y;(0,g,u)}
=1 (g.u)ens”
=65
where the second equality follows from the consistency of potential outcomes. m]

C.1.2 Average Network-Specific Effect.  First, we rewrite the estimator with the standard IPW repre-
sentation.

N

N N
1
N§ HTi=d.Gi=¢ }WIYI_N § HTi=d,Gi=¢g }W/ i

i=1

NiZPr U=ul|Ti=d, G =g")x
=lu

€AY

{1{7'/=d,Gi=gH,Ui=U}Yi B 1{7_/=d’Gi=gL,Ui=U}Yi}
PI’(T,' =d,G; =gH,U,' =u) PF(T,' =d,G; =gL,U,' =u)

Then, the theorem follows from the standard proof for the IPW estimator.

E[%(g.g";d)]

=—ZZPr i=u|Ti=d,G;=g")x

i=1 ueAy
E[1{Ti=d,Gi=g".Ui=u}Yi] E[1{Ti=d,G;=g"U;=u}V]
{ Pr(T; =d,G; =gH,U; =u) B Pr(T; =d,G; =gt,U; = u) }
N
ZZPr(U,:uw,-:d,G,-:gL)x
i= uehy
Pr(Ti=d.Gi=g".U;=u)Yi(d.g".u) Pr(Ti=d,Gi=g" Ui =u)Yi(d.g",u)
{ Pr(T; = d,Gi = g",U; = u) - Pr(T; = d,G; = gb,U; = u) }

:-ZZPr i=u| T =d,G; =gh){Yi(d.g".u)-Vi(d.g" u)}

i=1 ueh!
=1(g".g"; ),
which completes the proof. m|
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C.2 Proof of Theorem 2
The expectation of an estimator 7g(g'’, g5;d) is

Eltslg".g"5)] = D [ELY) | T =d.G = g™ ~El%; | T: = 4,G; = "1

i=

N
ZZ{ (d. g™, u)PrUi=u | Ti=d,Gi=g")-Yi(d,g-,u)Pr(U;=u | T = d,G; g)}
uehy

=1
Therefore, we get

Elts(g”. g% d)] - (g, g";d)

=—ZZ{ng ){Pr(Uj=u | T;=d,G; =g")~Pr(U;=u| T = d,Gi = g")}
lluEA“
~Yi(d.g" u) {Pr(Ui=u|Ti=d,Gi=g")-Pr(U; =u| T; = d,G; = g")}}

:_ZZ{{ng u)-Yi(d.g",u')}

i=1 ueA”

X{PrUi=u|Ti=d,G;=g")-Pr(U;=u| Ti = d,G; = g")}}.
forany u’ € A. O
C.2.1 Lemma: Bias in ADE.  First, we can rewrite the estimator as the standard IPW estimator.
N

1 _
(T =1}w Y—NZHT,:O}W?Y,-

i=1

) prGy =)W= LG =8} 11T =0Gi= 1)
genf

2 I

Sk
i

2 I

Pr(T;=1,G;=g) Pr(T;=0,G,=g)

We have the following equality for any g,

E[1{Ti=d.G =g}Yi]

=E[ ). HTi=d,Gi=g,U;=u}Y(d,g,u)l
uehi(g)

= > Pr{Ti=d,G;=g,U;=u)Y(d,g.u)
ueh!(g)

where AY(g) is the support {u : Pr(U; = u | G; = g) > 0}. Therefore, the expectation of Sgis

E[85]
;i pr(G = g)|ELT= 1.0 =l¥] _ELI(T =0.6i=g)vi])
N : Pr(T;=1,G, = g) Pr(7,=0,G; = g)
i=1 geAlg
1N
=52, 2. PlGi=¢)
i=1 gEAf"
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{ Z { Ti=1 G =8, Ui =u)Y; -(Lg,U)_Pr(Ti=0,G;=g,Uf=U)Yf(0,g,U)}}
& T=1 G,_ 2) Pr(T; =0.G, = g)

N

Z £)
{ {Y,-(1,g,u)Pr<u,-=u|T,-=1,G;=g)—Y,-(o,g,u)Pr(u,-=u|T,-=o,G,-=g)}}.

ueh!(g)

Then, we have
E[os] -6

NZ D PrilGi=g)] ), Yill.g.u){Pri(U;=u | T;=1,Gi = g) ~Pry{U = u| G; = g)}

i=1 gEAg ueA!

ueA;‘

N
= %Z D PG =g)
= gent

{Yi(Lg»U)_Yi(Lg»Ul)}{Pr(Ui =u | 7—1 = 1»GI' :g)_Pr(Ui =u | Gi :g)}
ueh!(g)

- {Yi(0,g",u)-Yi(0,g",u")} {Pr(Ui=u | Ti=0,Gi=g)-Pr(Ui=u | Gi=g)} ¢,
ueh!(g)

which completes the proof. O

C.3 Proof of Theorem 3
Using Theorem 2, under Assumption 3,

Elts(g", g5 d)] -1(g", g5 d)

—Ax—Z{[E i =u|T=d,Gi=g"|-E[Ui=u| T =d,Gi = g"]}.

From here,wefocuson E[U; | T; = d, G; = g"']. For notational simplicity, we use ng (i) to denote
the number of neighbors in the network G for individual i and ny(i) is similarly defined. Also,
for individual i, let 75y (i) be the fraction of the neighbors in U who are neighbors in G as well.
Formally, ng(i) = INZ 1, ny(i) = IN¥| and zgu(i) = NS /INH].

First, we consider Bernoulli randomization with probability p. Under this setting,

E[Ui | T;=t,Gi = g"] = nguli) x g" + (1 = nguli) x p.

Therefore, we have

El#s(g". g5 d)] -1(g".g"55d)
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where the final equality follows from the definition of gy .
Next, we consider complete randomization with the number of treated units K. Under this
setting,

E[U; | T =d.G; = g"]

_ ) xrouli)xgh - K=d=ngli)x g

ny (/) N—1-ng(i)
—d- 7 H
= rouli) x g + (1 - rouli) “FE"LXE
. ] . K-d .
= {roul) - 572 (1 - waui g + 5 (1 - 7uli)

When N is much larger than ng(i), ng(i)/(N — 1= ng(i)) ~ 0. Then, we have

. K-d .
E[U; | T =d.Gi = g"] » nguli)g” + )(1 —76uli)),

N—T-noli
_ __H _ _ L NH L
E[Ui|Ti=d,Gi=g " |-E[U;i=u|Ti=d,Gi=g" ] =nguli)g" —g").

Therefore, when N is much larger than ng (i) for all i, we get the simplified bias formula.
Elts(g”. g5 d)-1(g".g%d)
1 ‘ H L
=}lxNZ{[E[U,-=u | T;=d,Gi=g"1-E[Ui=u|T,=d,G; = g"]}.
i=1
1 N
~ A% > meuli) x (g - g")
i=1
=Axngyx (g -gh).

Finally, we consider a situation when N is not large enough to have the aforementioned
approximation. Suppose N ~ (C + 1)ng(i) + 1 for all i. Then,

C+1 L] K—-d
E[Ui| Ti=d.Gi=g"] ~{ c ”GU(/)_E}XgH"'m“_ﬂGU(/))’
H L C+1 I TR
E[Ui | Ti=d,Gi=g"1-E[Ui=u|Ti=d.Gi=g"] ~ { - ”GU(/)_E}(g -g).

Therefore, the bias can be written as,
Elts(g”. g5 d)]-1(g".g5d)
1N
=Ax— Y {E[Ui=u|T;=d,G;=g"|-E[U;=u| T;=d,G; =g"]}.
N
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c c
C+1
=Ax{ C nGU— =} X gh (A4)

C.4 Proofof Theorem 4

First, we set the following notations. We define the support A{ to be the support AY for all / with
S; = s. We drop subscript s whenever it is obvious from contexts. For z € {g",g"},

)= > Vild.gu)

i:Si=s
Zueae{rg(u)—min, rz(u)} Pr(Ui=u|Ti=d,G; = g

vgr(8) = maxy rz(u) —min, rz(u)
_ Suca {rglv) = miny rg (@)} PriU; = u | ;= d,G; = &)
o (&) = max, rz(u) —miny rz(u)
gy Vo) _ Zucss (r5e) = min, rglu) PrlUi = | T = d.Gi = ")

Vee(8)  Tyeas{rg(u)—ming rg(u)}Pr(Ui=u|T; = d.G, = g1
Suear (W) PrUi=u | Tr=d,G; = g")
Suear et (W)Pr(Uj=u| T = d,G; = gt)
Yuens rgn(U)Pr(Ui=u| T =d,G; = g)
Zueps gt (W)Pr(Ui=u|T; =d,G; = g)

MR (gH gh;s) =

MRY“(g",g";s) =

where 0 < v,1(g), vge(g) < 1 because of non-negative outcomes.

Lemma1 For (g",gt),

MR*(g".gt5s) _ o MR™(gM.glis) o
MRY“(g".ghs) = MRI(gH.ghs) —
MRObS(gL,gH;S) < B MRobs(g ,gH,S) < B
MRY (gt g"s) =~ MRI(ghg;s)

Proof. This proof closely follows Ding and VanderWeele (2016). The key difference is that we
study bias due to an unmeasured relevant network in the presence of interference in multiple
networks in contrary to bias due to an unmeasured confounder in observational studies without
interference (Ding and VanderWeele 2016).

Forg e {g", g} ands,

ZueAg{"g(U) -min, rz(u)}Pr(U;=u | Ti=d,G; = g

rg) = .
Yuens{rg(u)—ming rz(u)}PriU;=u | T; = d,Gi = g")
. Pr(U;=u|T;=d,G;=
| Senr{rglv)—min, ry ()} pp =S SE L PrU; = u | T = d,G; = £Y)
Zueaedrg(u)=min, rz(u)} Pr(Ui=u | T; = d,G; = g*)
< RRgu
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Also, for g € {g", gl } and s,

1 Duear{rg(u)—ming rz(u)}Pr(U; =u | T; = d,G; = g")
T8 Tucarlrgw)—min, rg(u)}Pr(U;=u|T; = d,G; = g")
| Saenrlrglu) - min, rg(u)} OIS EZE L Pr{U; = u | T; = 0. G = ")

Zuensl{rg(u)—ming rg(u)} Pr(Ui=u | T; = d,G; = g")

< RRgy.

Then, we have

MR (g". g";s)
MR “(g".g":s)

Yucay rgnW)PrUi=u|Ti=d.Gi=g")  Fyepsrgt(u)Pr(Ui=u|Ti=d.G;=g")
Suens rgt (U)Pr(Ui=u | Ti=d,Gi=gl)  ZEyepurgn(U)Pr(Uj=u|T;=d,Gi = g")
Yueas g (U)Pr(U; = u | Ti = d,G; = g")

" SuensrnW)PHUi=u | T = d,G; = gb)
{maxur w(u) =miny rgn(u)}vgr ( )+m|n,,rgH(u)
{maxy rgu(u) —ming rgn(u )} g +m|nu 2+ (1)

From Lemma A.1in Ding and VanderWeele (2016), when I"(g") > 1, % is increasing in

vgr(g"). Therefore, it takes the maximum value when v« (g") = 1.

MR***(g".g"5s) _ _I(g")xMRuy(g".s)
MRY““(g".g%;s) ~ I(g")+MRyy(gH,s) -1
RRgu X MRyy
~ RRgu+MRyy — 1

~

where the second inequality comes from Lemma A.2 in Ding and VanderWeele (2016) and " (g') <

RRGu, MRyy = max, s MRyy (g, s).

. . H MRobs(gH gL )
From Lemma A.1in Ding and VanderWeele (2016), when I (g") <1, VRT (7 gT) is nonincreas-
gL

ingin v, x(g"). Therefore, it takes the maximum value at v, (g") = 0.

MR (g",g's) _ . RRguxMRyy
MRY“*(g".g%s) =~ RRou+MRuy —1

where the second inequality comes from Lemma A.2 in Ding and VanderWeele (2016) and RRgy >
1,MRyy > 1.
Hence, we obtain the desired result.

MR?**(g".g';s) _ _RRou X MRyy
MR;’L”e(gH,gL;s) ~ RRgu+MRyy —1°

Similar derivations apply to the other three inequalities. O
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Proof of the theorem. For notational simplicity, we use the following representation.

1
m(d.g;s) =+ > ELYi|Ti=d.Gi=g]
i:Si=s
1 Z Yuenr Pr(Ti =d,Gj = g,U; = u)Yi(d, g,u)
_NI,SI Pr(Ti =d,G; = g)
:-Z D PHU =u|T; = d,G = g)Y(d.g.u)
i:Si=sueh
1
= 2% 2 vidgu|PrUi=u|Ti=d.G =)
uehy i:Si=s
= rg()Pr(U; =u|T;=d,G; =g).
uely

'Y

We want to show that, for g/, g*,

d.g"; 1 d.gl;
mid.£7;s) ’g ’S)—me(d,gL;s) <N ti(g". g5 d) sme(d,g”;s)——m( 5 5)

fZSi=S

Because this implies the desired result.

d H. 1 d L.
M85 gy mid,gtss) < Z tlg!. gbd) < Bxmid, g";s) - TI%E39) ’Bg :9)

Tees|{ T4 - Bxm(d. gt
Zses{NZi:s,:sTi( ’gL d)}

E[h(d,g")]
B

} ZSES{NZIS, 7i(g ,gL;d)}
< Zses{me(d,g ;s)_m(d,TgL;s)}

E[rﬁ(d,gL)].

-BxE[m(d,g")] < t(g".g"d) < BXxE[m(d,g")] - =

First, using Lemma 1,

m(d,g";s)
Zuenu rgn(U)Pr(U; =u | T = d,G;i = gh)

_ Dueps rgn(U)Pr(Ui=u| T; =d,G; = g")
" Dueas W) PrUi=u | Ti=d,G; = g-)
_ Zue g WPAU; =u|Ti=d.G=g")  SyensrgtW)PrlU;=u|Ti=d.Gi=¢")
" Bueas g WPHU =u T =d,Gi=g") ~ Ryeas rgnW)Pr(U; =u | T; = d,G; = g)

_ MRebs(gH gl;s)
MR “(g".8";5)

where the final equality follows from the lemma. Therefore,

m(d,g";s)
TEES < 3 ranl)PrlUi = u | Ti=d,G; = gh). (AS)
uehy
Also, since B > 1,
D rgU)PHU; = u | Ty = d,Gi = g") = m(d.g";s) < Bxm(d.g";s). (A6)
uehy
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Finally, taking Equations (A5) and (A6) together,

m(d,g";s)
B

< D rgrWPHU=u | T,=d,Gi=g") = ) 1y

uehy

= D {rgnlu) = rge (W)} Pr(U;

uel!

:—ZZ{ng ,u)

ii:Si=suehy
1
= 2, ule™.ga).

iSj=s

Similarly, we want to prove

1
N .
IN
First, since B > 1,

m(d,g";s)

-Bxm(d.g";s)

7i(g", g5 d) < Bxml(d,g";s) -

(U)Pr(U;=u | T; =d,G; = g")

uehy

=u|T=d,G;=g")

(d,gL’u)}PI’(U,- =ul|T;=d,G; :gL)

m(d,g";s)
5 .

< mld.ghs) = ) e ()PrUi=u | Ti=d.Gi = g"). (A7)

Then, using Lemma 1,

ueh!

Zuepe rgn(W)PrUi=u|Ti=d,Gi =g Ly

m(d,gH;s)

ZueAur VPr(Ui=u|T; =

d,G;=g")

(u
ZueAurH(u) ( =u|7',-=d,G,-=g )

Suens rgn(W)PHU =0 | T;= d. G = gY)  Tyensrge()PriU=u| T; = d.G; = gt)
() Prl

ZueAur t(u)
obs({,L LH.
MR°**(g",g";s) <B
MR””e(gL,gH,s)

Therefore, we have

D rga(U)PrU;

uehy

X
PriUi=u|Ti=d,Gi=g")  Xyepurgn(U)Pr(Ui=u|Ti=d,G; = g")

g

=u|Ti=d,Gi=g") < Bxm(d,g";s). (A8)

Finally, taking Equations (A7) and (A8) together,

> > rW)PrU=u|Ti=d.Gi=g") = ) ry

d.gh;
B
uehy
= > {rgnl (u)} Pr{U;
ueh!
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1
=~ 2 D, ild.g"u)-Yild.g" u)yPriUi=u| T; = d.G; = g")
i:Si=suel}
1
=N (g, g";d).
i:Sj=s

Hence we have

m(d,g";s 1 m(d.gb; s
%—me(d,gﬂs) < Ni;Sri(g”,gL;d) < me(d,gH;s)—%,
which completes the proof. O
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